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Empirical determination of Nusselt number
for Flux prediction in DCMD process
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Abstract.  This study aims to empirically derive a Nusselt number equation for predicting water flux in a direct contact
membrane distillation (DCMD) system under varying cross flow velocities (CFV) and temperatures. The temperature of the
bulk solution and the membrane surface differ due to the heat transfer coefficient. It is essential to determine the temperature
of the membrane’s surface using the heat transfer coefficient, which can be calculated using the Nusselt number, in order to
predict the flux. The heat transfer coefficient varies due to various factors, which include membrane characteristics, operating
conditions, module configurations, and overall system designs. The heat transfer coefficient varies depending on the
characteristics of each system. Directly using previously reported Nusselt equations has limitations in predicting flux. It is
necessary to derive an empirical equation for the system that was used in this study. One influential factor related to heat
transfer is the CFV and temperature. Experiments were conducted under varying CFV (0.069-0.208 m/s) and temperatures
(40-60°C), and an empirical Nusselt number equation was derived based on regression analysis of the experimental data,
distinguishing between laminar and transition regions. A statistical analysis (t-test, MSE, MAPE) and accuracy evaluation
through random experiments supported that the model accurately predicts the flux. The new Nusselt equation accurately
predicted the flux with an error of only 3% (MAPE). This modeling approach can offer a method for empirically deriving a
Nusselt equation suitable for each system and provides deeper insights into the relationships between flux, CFV, temperature,
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and heat transfer.
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1. Introduction

Membrane distillation (MD), which can treat saline
water, saltwater, mine water, wastewater, reverse 0smosis
brine, and radioactive wastewater, is receiving a lot of
attention as a potential technology for water treatment and
purification (Abid et al. 2023). More than 6500 papers on
membrane distillation were published in the last 15 years,
which was from 2008 to 2002, and the number of
publications has increased (Tai et al. 2023). This MD
process is driven by the vapor pressure difference between
the feed solution and the permeate solution using a
hydrophobic membrane (Kim et al. 2017, Moreira et al.
2022, Moreira et al. 2023). The feed solution and the
permeate solution flow across the hydrophobic membrane,
and the liquid cannot pass through the membrane because
of the hydrophobic membrane. Evaporation occurs on the
membrane’s surface of the high temperature feed side, and
water vapor diffuses from the hot feed to the cold permeate
through the porous membrane. Water vapor condenses on
the cold permeate side to produce treated water (Andrjesdattir
et al. 2013, Gryta and Tomaszewska 1998, Loussif and
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Orfi 2016). The MD process has lower membrane fouling
and offers a very high level of water treatment quality
compared to reverse osmosis (RO), which experiences high
membrane fouling due to high operating pressures (Lawson
and Lloyd, 1997, Tibi et al. 2020). Furthermore, utilizing
waste heat from the existing treatment processes to generate
the driving force can make it a highly cost-effective
process. MD can also utilize alternative energy sources,
such as solar energy (Choi et al. 2022). The driving force of
direct contact membrane distillation (DCMD) system is
established by the temperature difference. Polarization of
the temperature reduces the driving force for both mass
transfer and heat transfer, which results in a decrease in
water flux (Wang et al. 2023).

The performance of MD processes is influenced by
various factors, which include membrane characteristics,
operating conditions, module configurations, and overall
system designs. Membrane characteristics include porosity,
tortuosity, and thickness. High porosity reduces mass
transport resistance, and it provides numerous pathways for
vapor to traverse through the membrane, which results in
high flux. The tortuosity and thickness characteristics are
also important design factors in MD processes. A low
tortuosity reduces the distance vapor molecules need to
diffuse across the membrane, thus increasing flux. (Drioli et
al. 2015). A shorter thickness is advantageous for vapor
diffusion, but increased thermal conductivity leads to higher
heat losses as the membrane thickness decreases, which
results in reduced thermal efficiency of the membrane
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(Gonzélez et al. 2017). The thermal conductivity of
membranes is also a factor that influences flux. If the
thermal conductivity of the membrane is high, it can lead to
a decrease in flux due to the temperature polarization,
which results in reduced energy efficiency of the MD
process (Al-Obaidani et al. 2008). The heat lost (Qf) from
the bulk of the feed water to the membrane surface on the
feed side is equal to the sum of the latent heat of
vaporization within the membrane ( Q, , heat of
vaporization) and the heat across the membrane material
and its gas-filled pores (Q., conduction). As a result, there
is a difference in temperature between the bulk solution of
the feed and the membrane surface on the feed side.

One of the influencing factors among the factors related
to heat transfer and operating conditions is cross flow
velocity (CFV). A higher CFV leads to an increased heat
transfer coefficient (h;) at the feed side, which results in
higher heat transfer rates from the bulk of the feed to the
membrane surface (Khayet et al. 2011). It is therefore
possible to reduce temperature polarization near the
membrane surface and expect a higher flux by employing a
higher CFV (Alkhudhiri et al. 2012, Phattaranawik et al.
2003b).

It is necessary to calculate the temperatures on both
sides of the membrane surface (T, and T,,) using the
heat transfer coefficients on the feed side and permeate side
(hs and h,) in order to predict flux. Heat transfer
coefficient can be calculated using the Nusselt number (Nu)
to establish the correlation between Nu and the heat transfer
coefficient (Bergman et al. 2011, Gryta and Tomaszewska
1998). The Nusselt number is a dimensionless constant that
is defined as the ratio of convective heat transfer to
conductive heat transfer across the boundary layer of the
membrane surface (Yunus 2019). The Nusselt number (Nu)
can be expressed as a function of Reynolds number and
Prandtl number. The Nusselt number therefore varies based
on the factors, such as Reynolds number (Re), which
includes CFV, and the module’s characteristic hydraulic
diameter (dj), which results in different heat transfer
coefficients. It is necessary for these reasons, to empirically
determine the appropriate Nusselt number for each specific
module and system (Kim et al. 2018). Research has been
reported over the years to derive empirical expressions for
the optimal Nusselt number thar is suitable for each system
(Andrjesdottir et al. 2013, Chauhan and Tyagi 2023, Gryta
et al. 1997, lzquierdo-Gil et al. 2008, Kim et al. 2018,
Schofield et al. 1987).

In this study, a useful method is presented for enhancing
the accuracy of flux predictions by empirically deriving a
Nusselt equation suitable for each system, considering the
effects of CFV and temperature by distinguishing between
laminar and transitional flow regions. The empirical Nusselt
equations reported in previous studies were utilized to
predict the flux for each experimental condition in this
study. However, discrepancies were observed between the
predicted values and the observed values. To predict flux,
empirical Nusselt equations suitable for DCMD have been
studied (Alkhudhiri et al. 2012, Kim et al. 2018, Martinez-
Diez and Vazquez-Gonzalez 1999, Phattaranawik et al.
2003b, Sieder and Tate 1936, Srisurichan et al. 2006). But,

these equations are not absolute and can vary significantly
depending on the flow system and module geometry
(Hitsov et al. 2015). Additionally, previous studies reported
Nusselt equations limited to laminar flow regions or
turbulent flow regions. The transitional flow region was
either excluded or empirically derived within the laminar
flow range (Alkhudhiri et al. 2012, Kim et al. 2018,
Martinez-Diez and Vazquez-Gonzalez 1999, Phattaranawik
et al. 2003b, Sieder and Tate 1936, Srisurichan et al. 2006).
Therefore, it is necessary to derive an empirical equation
suitable for the system under study by distinguishing
between laminar and transitional flow. The experiments
were conducted in this study in order to observe the changes
in the heat transfer coefficient and flux with variations in
the CFV (0.069-0.208 m/s) and feed temperature (40-60°C).
The observed heat transfer at various CFV values exhibited
different slopes in the laminar layer and transition region.
Therefore, a new Nusselt number equation suitable for this
system was derived by distinguishing between laminar flow
and the transition region. The accuracy of the flux
prediction was evaluated by conducting distillation
experiments under different feed temperature conditions
(55°C). This modeling approach can offer a method for
empirically deriving a Nusselt equation suitable for each
system by distinguishing between laminar and transitional
flow regions. Also, it provides deeper insights into the
relationships between flux, CFV, temperature, and heat
transfer.

2. Theoretical model development
2.1 Mass and heat transfer equations

In the DCMD module, the feed and permeate solutions
flow in opposite directions across the membrane, as
depicted in Fig. 1. In an operating DCMD system, heat
transfer and mass transfer occur simultaneously. The
vaporized water from the feed passes through the membrane
and moves to the permeate, generating flux (J,,, mass
transport). The water flux (J,,) of a DCMD system can be
calculated using the following equation (Andrjesdéttir et al.
2013, Khayet et al. 2011, Termpiyakul et al. 2005)

Jw = Bw(Pv?i,f - PV?I,P) (1)

P‘f,yf and PJ » represent the pure vapor pressures of water
in the feed and permeate, respectively. The pure vapor
pressure of water at different temperatures can be determined
using the Antoine equation (Chauhan and Tyagi 2023,
Khayet et al. 2011)

3816.44 ) @)

0(T) = S
P (T) = exp (23.1964- T—2613

B,, represents the membrane permeability (kg-m™2-
s~1.Pa™1), and the diffusion of water within the membrane
occurs via the mechanism of the combined knudsen/
molecular diffusion, which makes it possible to calculate the
water’s permeability (B,,) using the following equation
(Curcio and Drioli 2005, Khayet et al. 2011).
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M,, represents the molecular weight of the water, P, is the
pressure in the membrane pore, § is the thickness of the
membrane, and t is the tortuosity. D, represents the
diffusion coefficient of H,O molecules in the air, and PD,,
can be calculated using Eq. (4) (Khayet et al. 2011, Khayet et
al. 2004, Phattaranawik et al. 2003a)

PD, = 1.895 x 1075 T2072 ()

Heat transfer occurs due to the latent heat (Q,)
generated during the vaporization and mass transfer through
the membrane, as well as the conductive heat transfer (Q.)
related to the membrane thickness and thermal conductivity.
As a result, a boundary layer is formed between the bulk
fluid and the membrane on both sides, causing a
temperature loss (Fig. 1). Fig. 1 illustrates that heat transfer
is described in three steps, which include (i) heat transfer
through the feed boundary layer (Qf), (ii) heat transfer
through the membrane (Q,,), and (iii) heat transfer through
the permeate boundary layer (Qp). The heat transfer in each
step is in balance with the energy at steady-state conditions,
which is depicted below (Khayet et al. 2011). It is assumed
that the system reaches a steady state under the initially set
operating conditions. Additionally, the fluid flow is
considered incompressible, and heat loss through the acrylic
module body is neglected.

Qf = Qm = Qp (5)

of Heat transfer in DCMD

The heat transfer through the membrane (Q,,) is by
conduction (Q.) and latent heat (Q,,). The heat transfer for
the feed side, membrane, and permeate side can be expressed
using the equation below by applying the heat transfer
coefficient (h) to each side:

k
he(Tpp = Tomy) = ym (Tomr — Tnp) + JwAH,

6
= hp(Tb,p - Tm,p) =H(Tp,r = Top) ©
where h;y and h, are the heat transfer coefficients in the
feed and permeate boundary layers, respectively, and k., is
the thermal conductivity of the membrane. H is the global
heat transfer coefficient of the DCMD process (Khayet et al.
2011). The heat transfer through the boundary layers is
recognized as the limiting factor of the DCMD efficiency.
The temperature of the membrane boundary (T,,, s and T, ,,)
differs from the temperature of the bulk solution (T}, s and
Ty ) (Lawal and Khalifa 2014), which is due to the presence
of boundary layers adjoining the membrane surfaces at both
the feed and permeate sides. The temperature polarization
coefficient (TPC) is defined as (Drioli et al. 2015,
Phattaranawik et al. 2003b):
Tof— Tmp

TPC(8) = (7

Tb’f - Tb,p

A TPC value close to 1.0 indicates that the temperature
difference between the membrane surface on the feed side
and the permeate side is approximately equal to the
temperature difference between the bulk solution on the
feed side and the permeate side. In other words a higher
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Table 1 Nusselt number equation derived from the previous research.

No. Flow regime Empirical equations Eq.
@ Laminar Ay 033 16)
a i3 1
(Re < 2100) 186 (Re Pro )
1/3
(b) Laminar 1.86Re0%pr1/3 (T) an
(c) Laminar 150 < Re < 3500 0.298Re 0646 py 0316 (18)
Laminar 0.104 RePr (ﬁ)
©) + L” (19)
(Re < 2100) 14 0.0106(RePr(d,/L))"
0.0871e%027TRepr¢
() - . . . (20)
(cis 0.3 for feed side, 0.4 for permeate side)
Turbulent flow Nu = 0.023Re%8prn
(f) (2500<Re<1.25x 105) . ) (21)
0.6<Pr<100 (n=0.4 for heating, n=0.3 for cooling)

*(a) Eq. (16) (Alkhudhiri et al. 2012, Andrjesdéttir et al. 2013, Martinez-Diez and Vazquez-Gonzalez, 1999, Sieder and Tate, 1936,
Srisurichan et al. 2006), (b) Eq. (17) (Alkhudhiri et al. 2012, Izquierdo-Gil et al. 2008), (c) Eq. (18) (Gryta et al. 1997), (d) Eqg. (19)
(Andrjesdattir et al. 2013, Phattaranawik et al. 2003a, Thomas, 1992), (e) Eq. (20) (Kim et al. 2018), and (f) Eq. (21) (Srisurichan et al. 2006)

TPC value indicates a decreased formation of temperature
polarization through the boundary layer between the bulk
solution and the membrane surface (Kim et al. 2018).

The temperature at the surface of the membrane in the feed
side and the temperature at the surface of the membrane in
the permeate side can be determined from using the equation
below.

k h
T’”(Tb,f + éTb,f) +heTy s — JwAH, o
Tmf =
, k k
P (14 5)

k h
T’”(Tb,f + h—}’c’Tb,p) + h,Typ, — JwAH,,
= o yoh (14
5 P Shy

To predict the flux in DCMD while accounting for heat
transfer using the above equation, it is necessary to derive
the heat transfer coefficient (h) by applying the appropriate
Nusselt equation for the DCMD system. The Nusselt
number (Nu) is a dimensionless quantity used in heat transfer
to characterize the ratio of convective to conductive heat
transfer across a fluid boundary layer (Incropera et al. 1996).
The Nusselt number can be expressed as a function of the
Reynolds number and the Prandtl number, as shown in Eq.
(10) (Khayet and Matsuura, 2011, Kim et al. 2018). The
heat transfer coefficient on the feed and permeate sides can
be calculated using the Nusselt number (Nu) and the Prandtl
number (Pr) based on the Reynolds number (Re). Where k is
the thermal conductivity of fluid, d, is the hydraulic
diameter and h is the heat transfer coefficient (Lawson and

©)

Lloyd 1997).  is viscosity, C, is the specific heat capacity,
and d is density. u is velocity (= Cross flow velocity, CFV). L
is channel length (Phattaranawik et al. 2003b)

Nu = f(Re, Pr) = aRe?Pr¢ (10)
h-d

Nup = 22 (11)
ky
h,d

Nu, = 22 (12)
kp
HGy

Pr= — 13

r=— (13)
pud

Re= 14

P (14)
4Ac

= — 15

dp Pe (15)

The heat transfer coefficient is affected by several
parameters, which include the cross-sectional area of the
module flow (A4.), the length of the wall that is in contact
with water (Pe), the cross-flow velocity (CFV), the density
(p), the hydraulic diameter (d,), the viscosity (u), the
specific heat (C,), and the thermal conductivity of the
membrane (k,,) (Khayet et al. 2011, Lawson and Lloyd
1997). Some studies were conducted to derive empirical
equations, which is shown Table 1 (Alkhudhiri et al. 2012,
Kim et al. 2018, Martinez-Diez and Vazquez-Gonzalez
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Table 2 Properties of the membrane (GVHP, Millipore)

Parameter Unit Value
TR Wk oon
Thickness of membrane (5) m 0.000125
Pore size (d,) um 0.22
Tortuosity (1) - 2.083
Porosity (g) - 0.75
Effective area of the membrane (4,,) m? 0.0021

1999, Phattaranawik et al. 2003b, Sieder and Tate 1936,
Srisurichan et al. 2006). The Nusselt number is a semi-
empirical correlation used to estimate the heat transfer
coefficient in water (Hitsov et al. 2015). However, this form
is not absolute and can vary significantly depending on the
flow system and module geometry (Hitsov et al. 2015). The
parameters influencing heat transfer in the DCMD system
and their relationships are not yet fully understood (Yazgan-
Birgi et al. 2019). Key factors such as the application of the
Nusselt equation in the fluid’s transitional region, changes
in heat transfer rate due to inlet flow, unaccounted heat
losses, and variations in the Nusselt number based on
module size are still under investigation (Dudchenko et al.
2020). A comprehensive Nusselt equation that addresses all
these factors is yet to be developed. Among these factors,
the temperature of the solution affects parameters such as
the vapor pressure of the feed permeate (the driving force of
DCMD), density (p), viscosity (), and specific heat (C,),
ultimately impacting the flux. Additionally, the operating
condition of CFV affects the Reynolds number, so changes
in the CFV of the feed and permeate in the DCMD system
also influence the heat transfer coefficient (Egs. (10)-(12)).
Furthermore, when transitioning from laminar flow to the
transitional region, the formation of eddy currents activates
more intense mixing and enhances the energy of the fluid,
resulting in an increased heat transfer rate (Incropera et al.
1996). Therefore, the changes in heat transfer rates between
laminar and transitional flow will be experimentally
examined, and the results will be discussed in Section 4.

2.2 Flux calculation procedure

It is necessary to determine the temperature of each
surface of the membrane (T, s and T,,) to calculate the
flux. The bulk temperatures of the feed and permeate streams
(Tpy and Tp, ) differ from the temperatures near the
membrane’s surfaces in the DCMD system, which is due to
heat transfer resistances. Furthermore, the surface
temperatures on both sides of the membrane can be
calculated by substituting the flux values that are shown in
Egs. (8)-(9), which represent the latent heat flow from the
feed to the permeate side. The procedure, which is depicted
in Fig. 2, was utilized to compute the water flux.

In the initial stage, the bulk temperatures of the feed and
permeate were assumed as T, and T, respectively.

The vapor pressure (Pf0 and PJ) and the permeability
coefficient (B) at the given temperature were calculated

using Egs. (2)-(3). The flux is calculated using Eq. (1). The
calculated flux value was used to compute T, » and Ty,
using Egs. (8)-(9). T, and Tn, were subsequently
compared with the initially set values of T,, ; and T,,,,. If
the error between these two values exceeded 0.1%, the
process was reset to the initial stage, with the T,  and
Tnp Values from the previous step being assigned as the
new T,, and T,,,. values. This iterative process was
repeated using the procedure that is depicted in Fig. 2. The
iterations continued until the absolute difference between
mf o Im, and T, ¢, Trp, Was less than 0.001. Finally, the
obtained T, and T, ,values were used to calculate the
flux.

3. Materials and methods
3.1 Direct contact membrane distillation system

A schematic diagram of this device is shown in Fig. 3. A
DCMD system was constructed on a scale of 2 L/day. The
feed water was heated in a water bath, while the permeate
water was maintained at a temperature of 20 °C using a
chiller. A PVDF membrane (GVHP, Millipore) from
Millipore Corp was utilized for the experiment. Table 2
presents the thermal conductivity of the membrane, the pore
size, porosity, and thickness of the membrane (Kim et al.
2018, Phattaranawik et al. 2003b). A schematic diagram of
the module configuration is shown in Fig. 3(b). The
membrane is positioned at the center of the module, which
includes a hot feed solution stream flowing in one direction
and a cold permeate solution stream flowing in the opposite
direction. The feed solution (40, 50, 60 °C) was heated with
a Scilab SB-11 water bath from Korea, and it was
continuously introduced into the module using a ColeParmer
console drive gear pump from the USA. The flow meter was
installed from Dwyer to measure the flow rates of the feed
and permeate entering the system.The permeate solution
was simultaneously cooled using a circulation system
(Scilab SCR-P12, Korea) flowing counter to the feed
solution within the module. The temperatures in both the
feed and permeate were measured using multimeters (WTW,
TetraCon® 925, Germany). The temperature was measured
in the bulk solution, with the assumption that heat loss up to
the module inlet is neglected. The mass of the condensed
liquid on the permeate water side was measured every 3
minutes using a balance (Ohaus, arg4202, Germany). The
flux value was calculated by substituting the measured mass
of the permeate water into Eq. (22)

_ Qu Am

= 22
An pwADt 22)

J

3.2 Experimental Estimation of Nu Number

Distillation experiments were conducted using deionized
water at different CFV and temperatures to determine the
suitable Nusselt number. The feed side temperatures were set
at 40, 50, and 60 °C, and the CFV was set at 0.069, 0.104,
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Fig. 2 Scheme of the iteration procedure on the flux computation

0.125, 0.156, 0.181, 0.194, 0.201, and 0.208 m/s for each
temperature condition. A total of 24 sets of flux data were
observed. The distillation test was conducted twice under
the same conditions, and the average value was used. Based
on a Reynolds number of 2300, the flow was categorized into
laminar and transition regimes depending on the temperature

and CFV conditions of each experiment. A new Nusselt
number equation was derived for each case using regression
analysis with the average experimental data, utilizing the
SigmaPlot program.

To validate the developed model, additional experiments
were conducted under the following random temperature
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Fig. 4 Experimental results for temperatures of 40, 50, and 60 ‘C under various CFV conditions

conditions: a temperature of 55°C and eight different cross
flow velocities ranging from 0.069 to 0.208 m/s. The
observed fluxes from this experiment were compared with
the fluxes predicted by the model using new Nusselt
equations through a statistical analysis (t-test). A t-test was
performed with a 95% confidence interval to validate the
reliability of the model. Additionally, the accuracy of the
model was verified using MSE and MAPE.

3.3 Model validation method

To validate the accuracy of the developed model, the mean
squared error (MSE) and mean absolute percentage error
(MAPE) were analyzed. (Shin et al. 2024). The MSE, which
stands for mean squared error, is a metric used to evaluate the
performance of a prediction model:

Y (predicted value — observed value)?

MSE =
number of data point (n)

(23)

MAPE is a metric used to measure the accuracy of a
forecasting model. It represents the average of the absolute
percentage differences between the predicted values and the
actual observed values. The formula for MAPE is:
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MAPE
1 z |(predicted value — observed value)
T n | observed value (24)
X 100%
3.4 Sensitivity analysis

The sensitivity analysis was conducted to assess the
stability of the developed model and to simulate the impact
of the targeted parameters on flux in this study. The factors
selected for sensitivity analysis were the operating
conditions of temperature and CFV, as well as the membrane
property Km. All other factors were fixed at initial values
while the values of target factors were varied from — 50% to
+ 50% of the initial value. The sensitivity of the targeted
parameter was defined as follows:

_J@D o
J

0

S(0) %X 100% (25)
i refers to the target parameter, S(i) indicates the
sensitivity of parameter i to the predicted flux, J(i) represents
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Fig. 6 Comparison between the observed flux in this study
and the predicted flux of the previous empirical Nu formula,
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the predicted flux when the value of parameter i is varied
from —50% to +50% of its original value, with all other
parameters held constant, and J, is the initial values for all
parameters (Conditions: 0.125 m/s, feed temperature of
60 °C, Km of 0.041 W/m'K).

4. Results and discussions
4.1 Effect of cross flow velocity

Distillation experiments were conducted under three
temperature conditions (40, 50, 60°C) and eight different
CFV conditions (0.069, 0.104, 0.125, 0.153, 0.181, 0.194,
0.201, 0.208). At a feed temperature of 40°C, the water flux
increased from 4.41 to 7.36 LMH as the CFV increased. At a
feed temperature of 50°C, the water flux increased from 9 to
12.7 LMH as the CFV increased. Under the 60°C condition,
the flux increased from 15.18 to 19.96 LMH as CFV

increased. The experimental results are presented in Fig. 4(a).

The flux of the water also increased as the temperature and
CFV increased. The increase in flux as the temperature rises
is due to Antoine’s law, which leads to a rise in the vapor
pressure of the feed solution as its temperature increases
(Alkhudhiri et al. 2012, Andrjesdottir et al. 2013, Lawson
and Lloyd 1997). In other words, as the temperature of the
feed increases, the vapor pressure of the feed, which serves
as the driving force in MD, also increases. As a result, an
increase in flux was observed with rising temperatures. The

reason flux increases with higher CFV is that, at the same
feed temperature, the heat transfer coefficient increases as
CFV rises. As the cross-flow velocity (CFV) increases, the
Reynolds number (Re) also rises. A higher Reynolds
number enhances the heat transfer rate, reducing thermal
polarization and increasing the vapor pressure gradient
across the membrane (Phattaranawik et al. 2003b). This
results in a greater AB,,, allowing more vapor to permeate
the membrane (mass transport), thereby increasing flux.
The relationship between CFV, heat transfer, and flux will
be explained in detail in the following paragraph.

The bulk temperature of the feed side (T, () and the
temperature of the membrane surface (T, () differ due to
heat transfer resistance, which leads to the occurrence of
temperature polarization (Curcio and Drioli 2005). Heat
transfer occurs according to the following equation in a
steady-state condition (Gryta and Tomaszewska 1998,
Khayet et al. 2011).

hp(Tb,p - Tm,p) = qpdA =dQ

The heat transfer coefficients (hs and hy,) for both the
feed and the permeate were calculated by combining the
observed flux with Egs. (8)-(12). q,, represents the heat flux
through the membrane. A is the membrane’s surface area. As
seen in Egs. (26), changes in the heat transfer coefficient
affect the heat transfer (Q. + Q) through the membrane.
At this point, @Q,, is related to the mass transport (J,,) and the
latent heat associated with the vaporized molecules. As the
cross flow velocity increases, the fluid contacts the
membrane surface at a faster flow rate, resulting in heat
being transferred more quickly across the boundary layer at
the membrane surface. As a result, a substantial temperature
gradient is maintained on both sides, sustaining a high flux
(Khayet and Matsuura, 2011, Lawson and Lloyd, 1997).
That is, as the CFV increases, the thermal boundary layer
(the layer with a temperature gradient formed between the
bulk of the feed and the membrane surface) becomes thinner,
resulting in enhanced heat transfer efficiency. (Hitsov et al.
2015, Yazgan-Birgi et al. 2019). Therefore, as the fluid
velocity increases, the heat transfer coefficient also increases
(Gryta et al. 1997), which can also be observed in Egs. (10)-
(11), and (14). As a result, the temperature gradient across
the membrane increases, leading to a rise in the vapor
pressure difference (AP, ), thereby increasing the flux.
However, the increase in the heat transfer coefficient with
CFV does not lead to an infinite increase in the flux of
DCMD. As the CFV increases, heat transfer occurs more
efficiently, resulting in an increase in flux within the vapor
pressure range that can be generated at the bulk temperature.
An increase in CFV enhances the vapor pressure gradient
across the membrane, but the absolute magnitude of heat
transfer is governed by the bulk temperature (Dudchenko et
al. 2020, Leitch et al. 2017, Phattaranawik et al. 2003b).

The heat transfer coefficients experimentally determined
under eight different CFV conditions across the laminar to
transitional flow range for each temperature are shown in
Fig. 4(b). As the CFV increased, the heat transfer coefficient
(h) also increased, however, based on the Reynolds number,

(26)
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Table 3 Evaluation of the accuracy of the observed and
predicted using the existing Nu equation (a)-(f)

Nusselt number Eq. MSE MAPE (%)
@) 17.2 21.7
(b) 16.4 21.4
() 1.6 5.5
(d) 3.4 8.6
(e) 1.1 4.6
® 174 22.9

the rate of increase of the heat transfer coefficient became
steeper as the transitional flow regime was approached.
This is because more intense mixing of the fluid occurs as it
transitions from the laminar flow to the transitional region
Also heat transfer increases as the fluid’s energy becomes
more active, as shown in Fig. 5. (Incropera et al. 1996).
Promoting the generation of eddy currents enhances fluid
flow instability and improves heat transfer (Khayet and
Matsuura 2011, Lawson and Lloyd 1997). Therefore, this
experiment highlighted the necessity of using appropriate
Nusselt equations for predicting flux in both the laminar
and transitional flow regimes.

4.2 Flux prediction using the previous empirical Nu
formula

During MD operation, heat transfer occurs simultaneously
with mass transfer, which generates flux. To accurately
predict the flux, it is essential to understand the heat transfer
within the system. It is difficult to directly measure the
temperature on the membrane’s surface of a DCMD system.
Therefore, the heat transfer coefficient must be calculated
using the empirical Nusselt equation, which is then used to
predict the temperatures on both sides of the membrane in
order to calculate the flux (Khayet et al. 2011). To estimate
the heat transfer coefficient under a fixed set of operating
conditions in a specific MD module, various empirical
Nusselt number (Nu) equations have been reported.
(Alkhudhiri et al. 2012, Andrjesdottir et al. 2013, Gryta et al.
1997, Kim et al. 2018, Phattaranawik et al. 2003a,
Srisurichan et al. 2006).

Fig. 6 compares the observed flux under the 60 °C
experimental condition in this study with the flux predicted
using the previously reported Nu equations. The results of
the accuracy evaluation, which assessed whether the
predicted flux using the existing Nusselt equation
accurately predicts the observed values from this
experiment, are shown in Table 3. The accuracy analysis
results show that the MAPE values for Egs. (a), (b), and (d)
were 21.7%, 21.4%, and 8.6%, respectively, indicating a
significant error compared to the observed values. Eq. (c),
which was empirically derived to include the laminar region
and the transitional region up to a Reynolds number of 3500,
showed a MAPE of 5.5%. However, as CFV decreased, the
accuracy of flux prediction declined. Eq. (e) was derived by
fitting the experimental results across both the laminar and
transitional flow regimes, leading to larger errors in flux
prediction as CFV decreased. In the graph (Fig. 6), it can be

observed that as CFV decreases, the predicted values (Eqg.
(e)) are not within the error bars of the observed values.
Additionally, since Eq. (f) is for turbulent flow, using this
equation in laminar and transitional flow regions resulted in
significant errors in the predicted values.

Fig. 6 and Table 3 demonstrate the limitations of
directly applying previously reported empirical Nusselt
number equations for flux prediction in different systems.
This is because previously reported empirical equations
have difficulty incorporating the effects of geometric
factors, such as variations in pipe size at the module inlet
and fluid flow characteristics (horizontal or vertical inflow),
which differ across systems (Ansari et al. 2021, Dudchenko
et al. 2020, Hitsov et al. 2015). For this reason, modeling is
performed using computational fluid dynamics (CFD).
(Yazgan-Birgi et al. 2019). However, this approach is
complex and consumes excessive time in modeling porous
media, and a model that perfectly reflects heat transfer has
not yet been established. (Ansari et al. 2021). Therefore,
this study aims to present a useful method in the following
section for enhancing the accuracy of flux predictions by
empirically deriving Nusselt equation suitable for each

system, considering the effects of fluid flow by
distinguishing between laminar and transitional flow
regions.

4.3 Empirical Determination of the Nusselt Number

Distillation experiments were conducted under various
temperature and cross flow rate conditions to derive the
Nusselt equation. The graph in Fig. 7 represents the heat
transfer coefficient at various flow rates for each
temperature condition.

The heat transfer coefficient varies depending on the
system, so the constants a, b, and ¢ in Eq. (10) need to be
empirically determined (Kim et al. 2018). The relationship
between heat transfer and CFV is provied below.

h=A x CFVB (27)

As mentioned earlier, as the CFV increases, the thermal
boundary layer becomes thinner, resulting in enhanced heat
transfer efficiency (Hitsov et al. 2015, Yazgan-Birgi et al.
2019). Therefore, according to Eq. (27), h is proportional to
CFVE. The following equation can be expressed as follows
by combining this functional relationship with Egs. (10)-(15),
(Kim et al. 2018).

_ hd, AXCFV®d,
ok k

(CFV X dhp>b (Cpu>
a P K

First, when the heat transfer coefficient for CFV is fitted

separately under laminar and transitional flow conditions at
various temperature conditions, a linear relationship is
observed, as shown in Fig. 7, with an R? value exceeding
0.9. Therefore, this study assumes a linear relationship
between CFV and the heat transfer coefficient. According to
the experimental results, it can be determined that B=b =1
and ¢ = 0.33 (Khayet et al. 2011). Therefore, ‘a’ can be
calculated by using the following equation.

= aRe®Pr¢
¢ (28)

Nu
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Fig. 7 Heat transfer coefficient (W/m?-K) plotted as a function of CFV for feed temperatures of 40°C, 50°C, and 60°C
using experimental data that distinguished between laminar and transition regions

a=A k_0'67dh0p_1/10'67cp_0'33 (29)

The thermal conductivity (k) of water at temperatures of
20, 40, 50, and 60 °C is 0.596, 0.628, 0.640, and 0.651
W/m-K, respectively (Haynes 2016, Speight 2005). The
hydraulic diameter (d;,) can be calculated by using Eq. (15),
which is d,= 0.007059 m. C, represents the specific heat
coefficient, and its values at 20, 40, 50, and 60 °C are 4184.4,
4179.6, 4181.5, and 4185.1 J/kg-K, respectively (Jengel and
Ghajar 2011, Incropera et al. 1996). p represents density, and
u stands for viscosity.

‘A’ was derived as 12,766, 19,526 and 34,412 as a result
of regression of heat transfer coefficient at 40, 50, and 60 °C
in the laminar layer, which are shown in Fig. 7(a)-(c). As
reported in the previous literature, the heat transfer co-
efficient increased as the temperature increased (Termpiyakul
et al. 2005). The regression equations fitted for the heat
transfer coefficient concerning CFV showed R? values of
0.9866, 0.9981, and 0.9981 at temperatures of 40, 50, and
60 °C, respectively. The equation y = 0.0023e%°49T was
derived when fitting ‘A’ again as a function of temperature
(K), which is shown in Fig. 8(a). ‘a’ for each temperature was
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Fig. 8 The coefficients ‘a’ and ‘A’ were plotted as a function of temperature

computed by using Eq. (29). The graph of ‘a’ fitted against
temperature is shown in Fig. 8(b). The function of y =
6.373E — 08e%03758T \was derived (R?=0.999). The Nusselt
equation for the laminar layer, which was derived using the
values of “a,” ‘b,” and ‘c,” is provided below.

Nu = 6.373E — 08¢%03758T Re pr033
(30)
(laminar layer)

The results of the experiments conducted at three
different temperatures in the transition region were fitted,
and they resulted in values of ‘A’ as 19,647, 29,500, and
57,362, respectively which are displayed in Fig. 7(d)-(f). The
regression equations fitted for the heat transfer coefficient
concerning CFV showed R? values of 0.9838, 0.9879, and
0.9574 at temperatures of 40, 50, and 60 °C, respectively.
The equation y = 9.8E — 4 e%0525T \as derived when
fitting ‘A’ again as a function of temperature, which is shown
in Fig. 8(c). The graph of ‘a’ fitted against temperature is
shown in Fig. 8(d) (R?=0.999). The function of y =
2.716E — 08e%04158T was derived. The Nusselt equation
for the transition region, which was derived using the values
of ‘a,” ‘b,” and ‘c,” is as follows:

Nu = 2.716E — 08¢%-04158T Rg py-0:33
31)
(transition region)

Fig. 9 compares the observed flux with the predicted
flux, calculated using empirical equations corresponding to
the fluid regions that vary with each operating condition
(CFV, temperature). The results showed that the predicted
fluxes closely matched the observed values. Furthermore,
the t-test analysis in Table 4 further validated that the
developed model provided highly accurate flux estimates
within a 5% significance level. Additionally, the MAPE of
the observed values from the experiments conducted at
60 °C and the predicted values obtained using the developed
Nusselt equation was 3%, which was higher than that of
predictions made using existing Nusselt equations. As a
result, by distinguishing between laminar and transitional
flow regions using the method proposed in this study, it is
possible to derive Nusselt empirical equations that are
adapted to the specific conditions of the system and module,
leading to more accurate flux predictions.

4.4 Evaluation of the predictability of flux

Additional experiments were conducted under different
operating conditions to evaluate the predictability of the
empirical Nu equation. The temperature condition on the
feed side was 55 °C, and it was 20 °C on the permeate side.
The fluxes were 12.01, 12.32, 13.39, 14.05, 15.44, 15.87,
16.01, and 16.63 L/m?h at CFV of 0.069, 0.104, 0.125, 0.153,
0.181, 0.194, 0.201, and 0.208 m/s, respectively. The
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Table 4 Statistical analysis (t-test) between the predicted and observed value at 40, 50, 60 °C (5% significance

level, two-tail test)

40 °C 50 60 °C
Predicted Observed Predicted Observed Predicted Observed
Average 6.15 5.86 11.16 11.28 18.34 18.92
Variance 1.19 1.09 2.99 1.80 2.81 4.20
No. observations 8 8 8 8 8 8
Degree of freedom 7 7 7
Null hypothesis, Ho 0 0 0
t-value 5.72 -0.82 -3.30
p-value 0.0007 0.436 0.013
35 280 - 200
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Fig. 9 Comparison between the observed flux and the
predicted flux using the empirical Nusselt number that was
derived from this study
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Fig. 10 Comparison between the observed values and the
predicted values for a feed temperature of 55°C

predicted fluxes using the Nu empirical equation derived in
this study are 10.82, 12.36, 13.40, 14.15, 15.44, 15.87, 16.01,
and 16.63 L/m?-h. Fig. 10 is a comparison of the predicted
flux and the observed flux. The mean squared error (MSE)
and the mean absolute percentage error (MAPE) were
computed to assess the accuracy between the observed and
predicted fluxes. MSE was 0.518, and MAPE was 3.79 %. It
was confirmed that the predicted values closely match the
observed values when using the newly derived Nusselt

Fig. 11 Sensitivity of parameters on the predicted flux

equation for predicting flux. Moreover, the t-test analysis in
Table 5 confirmed that the developed model produced
highly accurate flux predictions, with a significance level of
5%.

A sensitivity analysis of flux was conducted by
simulating the developed model with various parameter
(CFV, the temperature of the feed, thermal conductivity of
the membrane, Km) changes. The results are shown in Fig.
11. To verify that the sensitivity tests were conducted
effectively, a sensitivity analysis was performed on the
membrane characteristic parameter, specifically the thermal
conductivity of the membraneAs the thermal conductivity
of the membrane (K,,,) varied from -50% to +50% of the
initial value, the predicted change in flux ranged from 14%
to -11%. As mentioned in the introduction, an increase in
K,, leads to a reduction in flux due to heat loss (Q.) caused
by thermal conduction (Al-Obaidani et al. 2008). As the
temperature of the feed varies from -50% to +50% of the
initial value (60 °C), the flux is predicted to change between
-89% and 280%. This result is expected, as an increase in
feed temperature raises the vapor pressure, thereby
enhancing the temperature gradient across the membrane
that drives flux generation (Alkhudhiri et al. 2012,
Phattaranawik et al. 2003b). As the CFV varies from -50%
to +50% of the initial value (0.125 m/s), the flux is
predicted to change between -8% and 4%. The results
showed that a high CFV near the membrane surface
disrupts the formation of temperature polarization within
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Table 5 Statistical analysis (t-test) between the predicted
and observed value at 55 °C (5% significance level, two-
tail test)

Predicted Observed
Average 13.94 14.46
Variance 2.73 3.13
No. observations 8 8
Degree of freedom 7
Null hypothesis, Ho 0
t-value -2.8
p-value 0.026

the boundary layer between the bulk solution and the
membrane surface, leading to an increase in flux
(Martinez-Diez and Vazquez-Gonzalez, 1999, Zhang et al.
2010). Additionally, within the vapor pressure range that
can occur at the bulk temperature, a faster CFV leads to
more efficient heat transfer, resulting in an increase in flux.
In other words, an increase in CFV enhances the vapor
pressure gradient across the membrane, but the absolute
magnitude of heat transfer is determined by the bulk
temperature (Dudchenko et al. 2020). For this reason, the
feed solution temperature was found to be the most
sensitive to the predicted flux compared to other
parameters.

5. Conclusions

Heat transfer via each boundary layer acts as a limiting
factor for the efficiency of DCMD. It is not possible to
directly measure the temperature at the membrane’s surface
in DCMD process, so deriving the membrane surface
temperature via heat transfer coefficients allows for the
prediction of flux based on operating conditions. The heat
transfer coefficient can be calculated via the Nusselt
number. Membrane distillation experiments were conducted
under various cross flow velocity and temperature
conditions to derive an empirical Nusselt equation that is
suitable for MD systems in this study. According to the
experimental results, the Reynolds number increased as the
CFV increased at the same temperature, which lead to an
increase in the heat transfer coefficient. The observed heat
transfer coefficient exhibited different trends in the laminar
layer and the transition region based on the Reynolds
number. Empirical Nusselt equations were consequently
derived by distinguishing between these two regions, which
are provided below.

Nu = 6.373E — 08¢003758T Re py0-:33
(laminar layer)
Nu = 2.716E — 08¢004158T Re pr0-33
(transition region)

The empirical Nusselt equation that was derived in this
study can be employed to predict the flux in the direct
contact membrane distillation process. In this study, Nusselt
empirical equations were derived more easily by
distinguishing between laminar and transitional flow

regions, allowing for simpler and more accurate flux
predictions adapted to the specific conditions of the system
and module.This modeling approach can offer greater
insights into the relationship between flux, cross flow
velocity, temperature, and heat transfer.

Through experiments conducted under a wider range of
temperature conditions beyond the tested range of this study
(40 - 60 °C) and at CFV values exceeding 0.208 m/s,
empirical equations can be derived, enabling the
development of a model that is applicable under broader
operational conditions. Further experimental investigations
should be conducted to derive a comprehensive model. The
effects of geometric factors, such as changes in the size of
the inlet pipe within the system, the fluid flow pattern
(horizontal or vertical inflow) due to the module’s internal
structure, as well as the length and size of the module, have
been indirectly reflected in the constants a, b, and c.
However, by introducing each parameter into the empirical
equation in the future, a more accurate understanding of the
heat transfer relationship can be achieved.
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