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1. Introduction 
 

Among various engineering vibration problems (Kwak 

et al. 2024, Yang et al. 2025), seismic damage to tunnels 

has been attracting considerable attention from both 

research and engineering communities (Azadi et al. 2020, 

Xue et al. 2020, Zhang et al. 2020). Earthquake damage to 

tunnel has been studied (Wang et al. 2001, Wang et al. 

2009, Jiang et al. 2010), and it is found that the tunnel 

portal is one of the most concentrated sections of tunnel 

damage, with various damage patterns. One of the damage 

patterns is the collapse of the tunnel roof lining and 

overlying surrounding rock near the tunnel portal. In order 

to prevent the tunnel portal from being damaged by 

collapsed rock mass, it is necessary to study the collapse 

mechanism of overlying rock mass. 

At present, there are few theoretical studies on seismic 

collapse mechanism of overlying rock mass at tunnel portal, 

while the analytical solution of static collapse curve of  
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overlying rock mass at shallow tunnel has been proposed by 

several scholars. Fraldi and Guarracino (2009, 2010, 2011) 

proposed that the rock mass overlying the deep tunnel will 

collapse when the internal stress of the rock mass reaches 

the failure strength due to gravity action. They combined 

the upper bound theorem and Hoek-Brown criterion to 

obtain the curve of failure in rock mass, which is the 

boundary of the block that's about to collapse. It regards the 

collapsing block as rigid, so it prevents the rock from 

collapsing when the tunnel width is smaller than the width 

of the collapsing rock block. In addition, the collapse can 

also be prevented by reinforce areas that are predicted to 

collapse. In order to solve the collapse problem of shallow 

tunnels, Yang and Huang (2011, 2013) proposed two-

dimensional and three-dimensional analytical method of 

collapse curves for a shallow tunnel according to the 

analytical methods proposed by Fraldi and Guarracino 

(2009) (Fig. 1). 

Subsequently, the method of calculating the collapse 

curve of the shallow tunnel has been applied to a variety of 

stratum conditions. Huang et al. (2017) applied the 

calculation method of the collapse curve of shallow tunnel 

to the problem of deep tunnel with cave above. Wang et al. 

(2019), Qin et al. (2017, 2018) and Guo et al. (2021) used 

the calculation method of Yang and Huang (2011) to study 

the collapse mechanism of shallow tunnel in multiple rock 

layers. Lyu (2019) put forward an analytical method for the 

asymmetrical collapse mechanism of the tunnel in inclined  
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Abstract.  In order to solve the collapse failure problem of overlying rock mass in shallow tunnels during earthquake, and to 

guide the design of tunnels safety width and the reinforcement of overlying rock mass, the prediction method of collapse failure 

curve under earthquake is studied. The main means is to simulate the seismic wave action on the overlying rock mass by the 

pseudo-dynamic method, establish the virtual power equation in the upper bound theorem based on the Hoek-Brown criterion, 

and solve it by the variational method of the variable endpoint problem. The effects of seismic wave parameters, rock mass 

strength parameters and engineering parameters on the predicted collapse area are analysed. The results show that the horizontal 

seismic acceleration affects the shape of the collapsing rock block, while the vertical seismic acceleration affects the size; the 

rock mass with weak strength and high density has a small size of collapsed rock block. By referring to the influence of 

engineering parameters, reducing the depth of the tunnel and uniform load on the surface and increasing the supporting pressure 

on the overlying rock mass can help to restrain the occurrence of collapse. 
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Fig. 1 Collapse mechanism of shallow tunnel (Yang and 

Huang 2011) 

 

 

Fig. 2 Asymmetric collapse mechanism of shallow tunnel 

 

 

rock stratum. But it is still limited to the application of static 

problems. This is because the variational method of the 

known endpoint problem is used to solve the problem of the 

variable endpoint in above articles, which means that the 

limiting conditions are insufficient. Therefore, the existing 

theoretical solution of the collapse problem should be 

optimized (Liang et al. 2022a, b).  

In addition, in order to apply the complex seismic action 

to the limit analysis of the collapse problem, the pseudo-

dynamic method, which is widely used in the field of 

geotechnical engineering, is used to simplify the seismic 

action. The pseudo-dynamic method, originally proposed by 

Steedman and Zeng (1990), defines the shear wave as a sine 

wave function considering the amplification factor.  

Choudhury and Nimbalkar (2006) took into account the 

combined effects of longitudinal waves and improved the 

pseudo-dynamic analysis. Zhang et al. (2017, 2021) and 

Huang et al. (2021) have applied the pseudo-dynamic 

method to the study of tunnel working face stability. In this 

study, the collapse model considering the combined action 

of longitudinal wave and shear wave is shown in Fig. 2. 

Therefore, the aim of the analytical study is to solve the 

expression of the collapse curve of overlying rock mass 

under the combined action of longitudinal wave and shear 

wave by using the variational method of variable endpoints, 

based on the pseudo-dynamic method and upper bound 

theorem.  

 

 

2. Method of analysis 
 

The main analysis method of this study is to set up the 

virtual power equilibrium equation according to the upper 

bound theorem and Hoek-Brown strength criterion, and to 

solve the virtual power equilibrium equation by the 

variational method to obtain the collapse curve expression. 

The assumptions and main analysis methods are introduced 

in the following. 

 
2.1 Assumption 
 

The expressions of horizontal acceleration ah(y, t) and 

vertical acceleration av(y, t) in pseudo-dynamic analysis of 

retaining wall problem are (Choudhury and Nimbalkar 

2006) 

( ) ( ), 1 1 sinh k h

s

Y y Y y
a y t f k g t

Y v

  − − 

= + − −   
     

 

(1) 

( ) ( ), 1 1 sinv k v

p

Y y Y y
a y t f k g t

Y v

  − − 

= + − −            

(2) 

where Y is the retaining wall height; y is the value of the y-

coordinate; fk is the amplification factor; kh and kv are 

horizontal and vertical acceleration coefficients 

respectively. ω is angular frequency of base shaking, ω = 

2πf, where f is frequency. vs is shear wave velocity, vs = 

(G/ρ)1/2 ,and vp is longitudinal wave velocity, vp = [2G(1-

υ)/ρ(1-2υ)]1/2 ,where G is shear modulus; ρ is density of 

soil or rock; υ is poisson’s ratio. Some assumptions need to 

be set to make the pseudo-dynamic analysis suitable for 

tunnel collapse: 1) Seismic waves are transmitted from the 

bottom of the rock stratum, i.e., Y is the thickness of the 

rock stratum; 2) For simplicity, ignoring the effects of 

tunnels on seismic waves; 3) Since the depth y near the 

surface has almost no effect on the seismic acceleration in 

this study, y = 0 can be set. 

The magnitude of the resultant acceleration, ga(t), is 

( ) ( ) ( )cos sina v hg t g a t a t = + +  

 

(3) 

which is made up of gravity acceleration g, vertical seismic 

acceleration av(t) and horizontal seismic acceleration ah(t). 

And the angle θ between ga(t) and y-axis are calculated by 

( ) ( ) 1arctan h va t g a t
−

= +  

 

(4) 

It should be noted that assumption 2) may lead to an 

underestimation of the seismic acceleration. In reality, the 

presence of the tunnel exhibits an amplification effect on 

seismic waves (Zhu et al. 2024, Abdelhalim et al. 2025). It 

is therefore recommended that, in engineering practice, an 

amplification factor be introduced into Eqs. (1) and (2) to 

account for the actual conditions.  

In the study of Yang and Huang (2011), since the failure 

of the boundary of the collapsing block is only caused by its 

gravity, the geometry and mechanical state of the collapsing 

block are symmetric along the y-axis (Fig. 1). Therefore, 

half of the collapsing block divided along the y-axis satisfy 

the virtual power equation. When the combined action of 

shear wave and longitudinal wave is considered, the  
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(a) xo1y coordinate system 

 
(b) xo2y coordinate system 

 
(c) xoy coordinate system 

Fig. 3 The geometrical relation between xoy, xo1y and 

xo2y coordinates 

 

 

collapsing block is only affected by the resultant 

acceleration ga(t). Similarly, an axis in the direction of ga(t) 

can be found to divide the collapsing block and both sides 

of the rock block respectively satisfy the virtual power 

equation. And the two parts of the collapsing rock block can 

be regarded as independent research objects. 

Since the position relationship between the collapsing 

block and ga(t) axis is unknown, the position of ga(t) axis 

can be assumed first, that through the origin of xoy 

coordinate system (Fig. 2). And new coordinate systems 

xo1y and xo2y are built for the two parts of the collapsing 

block (Figs. 3(a)-(b)). The collapse curves F1(X) and F2(X) 

and the widths Li (i = 0, 1, 2, 3) in the xoy coordinate 

system can be represented by f1(x), l1 and l3 in the xo1y 

coordinate system and f2(x), l2 and l4 in the xo2y coordinate 

system, respectively (Fig. 3). 

 

2.2 Energy analysis and variational solution 
 
The upper bound theorem of limit analysis is a method 

to determine the approximate maximum solution of 

deformation load, by combining the principle of virtual 

work and the principle of maximum dissipation work. In 

other words, the minimum volume can be calculated when 

the internal force of the collapsing block boundary reaches 

the ultimate failure. The generalized expression of virtual 

power equation is shown in Eq. (5) (Chen 1975, 1990).  

* * *

i i i i ij ij
S V V
T v dS F v dV dV + =  

 

(5) 

where Ti and Fi are external forces on the surface and body 

forces; vi* is virtual velocity of kinematically admissible 

velocity field; S is the surfaces of external forces; V is the 

volume of the body; and are stresses and strain rate of 

deformations, compatible with the external forces Ti on the 

surface and with Fi in the body. The surface force acting on 

the collapsing rock mass consists of support pressure and 

uniformly load on the surface, as shown in Fig. 2. And 

based on the hypothesis in Section 2.1, the expressions of 

physical force are the functions of f1(x) and f2(x), and the 

internal stresses are defined by Hoek-Brown strength 

criterion. 

Hoek-Brown criterion is used to estimate rock strength 

based on rock strength test data and engineering experience 

(Hoek et al. 1997, 2002, 2018). Its generalized expression is 

3

1 3

a

ci b
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m s

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 
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(6) 

where σ1 and σ3 are the maximum and minimum effective 

stresses at failure respectively; σci is the uniaxial 

compressive strength and is derived from the strength test; 

mb is given by  

100

28 14
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D
b im m e

−

−=

 

(7) 

s and a are constants for the rock mass and are defined as  

100

9 3

GSI

Ds e
−

−=

 

(8) 

( )/15 20/31 1

2 6

GSIa e e− −= + −
 

(9) 

The Geological Strength Index GSI, material constant mi 

and disturbance factor D are defined by Hoek-Brown 

criterion based on rock mass strength. The Geological 

Strength Index GSI and disturbance factor D are estimated 

empirically, material constant mi is derived from strength 

tests. Since Eq. (6) can be converted to the expression of 

Mohr-Coulomb criterion, Hoek-Brown criterion can be 

applied to estimate the rock mass strengths over the 

complete range of rock mass types, including different and 

problematic rock masses.  

Since the shape of the collapsing block is not known, 

the correlation between the collapse curve and the principal 

stresses in Eq. (6) cannot be established. Consequently, the 

analysis proceeds with the equivalent Mohr envelope 

B

n t

n ci

ci

A
 

 


 −
=  

 
 

(10) 

x

X

ta
n
θ
l1 θ

y

ta
n
θ
l3

θ

F
1(

X
1)

f1
(x

)

x

H
co

s-
1 θ

ta
n
θ

(l
1-

x)

H

l3

o1

l1

x

Xta
n
θ
l2

F
2(

X
2)

θ

H

o2

l2

y

ta
n
θ
l4

f
2
(x

)

l4

x

H
co

s-
1 θ

θ

o

y

L3

θ

H

x

L2

θ

F2(X 2)

x

o1

f
2(x)

x

L1

F1(X1)

f
1(x)

y

y

θ

L4

o2

199



 

Jiayun Liang, Jie Cui, Yadong Li , Yi Shan, Zhicheng Yang and Marco Donà 

 

where σn and τn are the normal and tangential stresses of 

rock mass when it reaches ultimate failure; σt is tensile 

strength; A and B are the constants of the material, which 

are obtained by fitting the triaxial test results. The details of 

converting the Hoek-Brown criterion to the equivalent 

Mohr envelope are provided in Appendix A. Since the two 

cannot be completely equivalently transformed, the 

methods for determining the values of A, B, and σt need to 

be considered (Suchowerska et al. 2012, Park 2023, 2025). 

When the rock block begins to collapse, the internal 

force at the boundary of the collapsing block reaches the 

mechanical state of Hoek-Brown failure criterion. Based on 

Eq. (10), the expressions of internal energy dissipation rate 

on collapse curve f1(x) and f2(x) are listed in Eqs. (11) and 

(12) respectively, and their derivation process is referred to 

the article published by Fraldi and Guarracino (2009).  

( ) ( ) ( )

*
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11 1
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where v is virtual velocity; w is the width at which plastic 

deformation occurs in the rock mass. Since Fraldi and 

Guarracino (2009) assumes that the collapsing rock block is 

rigid, plastic deformation does not occur on the collapsing 

rock block.  

As shown in Figs. 3(a) and 3(b), the body force power 

of the two parts of the collapse block can be respectively 

expressed as 

( ) ( ) ( )
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(14) 

The expressions of the power of the support pressure 

and the power of the uniformly load on the surface are 

shown in Eqs. (15) and (16), which together constitute the 

power of surface force acting on the collapsing rock block. 

cos 1 2qi i iP qL v ql v i= − = − =， ，
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(18) 

Based on the assumption that the total dissipation rate of 

the collapsing block on both sides of the axis is zero, the 

expression of total dissipation rate can be written as two 

independent equations 
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(20) 

Since iD  and W  act in the direction of v but their values 

are both negative, while Ti is positive, the sign of Ti term is 

opposite to that of iD  and W .  

According to the upper bound theorem, when the 

minimum value of the total dissipation rate is zero, the 

expression functions of the collapse curves f1(x) and f2(x) 

can be obtained. The objective functions of the variational 

calculation are shown in Eqs. (21) and (22). 
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Since there is no known condition to define the position 

of the endpoints of collapse curves f1(x) and f2(x), the 

endpoints are movable during variational calculation. 

Therefore, when using the variational method to solve the 

variable endpoints problem, the variational equations are as 

follows 
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 (24) 

where i (i = 1,2,3,4) represent the trajectories of the 

corresponding endpoints, and their expressions are as 

follows 

( ) ( )1 1, tan 0x y y l x = + − =
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(28) 

Since f1(x), f2(x) and li (i = 0,1,2,3) are all undetermined, 

δf1(x), δf2(x) and δli (i = 0,1,2,3) are not zero. Thus, Eqs. 

(23) and (24) can be simplified into the following 6 

equations.  
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    
 (30) 

( )
( ) ( )

1 1

1

3

3

1

1 1

' 0
' '

f f

f

x l

f x
f x x f x

=

  
 − − = 

      (31) 

( ) ( )
2 2

2 2

0
'

f f

f x x f x

  
− = 

      
(32) 

( )
( ) ( )

2 2

2

2

2

2

2 2

' 0
' '

f f

f

x l

f x
f x x f x

=

  
 − − = 

    
 

(33) 

( )
( ) ( )

2 2

2

4

4

2

2 2

' 0
' '

f f

f

x l

f x
f x x f x

=

  
 − − = 

    
 

(34) 

From Eqs. (29) and (32), the general expressions for 

f1(x), f1’(x), f2(x) and f2’(x) can be obtained (Eqs. (35)-(38)). 

( ) ( ) ( )
11 1 1 1

11 1

1 0' =

BB B B
BB B B B

ci a af x A B g t x c g t  

−− − −− −− − −
 

 

(35) 

( ) ( ) ( )
11 1 1 1

11

1 0 1

B B B
BB B B B

ci a af x A g t x c g t c  
− − −− −− = − +

   
(36) 

( ) ( ) ( )
11 1 1 1

11 1

2 2' =

BB B B
BB B B B

ci a af x A B g t x c g t  

−− − −− −− − −
   

(37) 

( ) ( ) ( )
11 1 1 1

11

2 2 3

B B B
BB B B B

ci a af x A g t x c g t c  
− − −− −− = − +

   
(38) 

where ci (i = 0,1,2,3) are unknown integral constants. 

Combining the geometric relations of Figs. 3(a) and 3(b) 

with Eqs. (36) and (38), the endpoints of curves f1(x) and 

f2(x) can be expressed as Eqs. (39)-(42).  

( ) ( ) ( )
11 1 1 1

11

1 1 1 0 1

0

B B B
BB B B B

ci a af l A g t l c g t c  
− − −− −− = − +

 

=  

(39) 

( ) ( ) ( )

( )

11 1 1 1
11

1 3 3 0 1

1

1 3cos tan

B B B
BB B B B

ci a af l A g t l c g t c

H l l

  

 

− − −− −−

−

 = − +
 

= − − −
 
(40) 

( ) ( ) ( )
11 1 1 1

11

2 2 2 2 3

0

B B B
BB B B B

ci a af l A g t l c g t c  
− − −− −− = − +

 

=
 
(41) 

( ) ( ) ( )

( )

11 1 1 1
11

2 4 4 2 3

1

2 4cos tan

B B B
BB B B B

ci a af l A g t l c g t c

H l l

  

 

− − −− −−

−

 = − +
 

= − + −
 
(42) 

Eqs. (39)-(42), combined with Eqs. (35) and (37), are 

substituted into Eqs. (30), (31), (33) and (34) to obtain 

expressions for c1 and c3 (Eqs. (43)-(46)), respectively.  

( ) ( )

( )

11

1

11

1 3 02 tan

a t a

a

c q g t

l l c g t

 

 

−−

−−

= − +

 − − −
   

(43) 

( ) ( )

( )

11

3

11

2 4 22 tan

a t a

a

c q g t

l l c g t

 

 

−−

−−

= − +

 + − −
 

 (44) 

( ) ( ) ( )
1 11 1

1 3 0 tanb t a ac q g t l c g t   
− −− − = − + − −

   
(45) 

( ) ( ) ( )
1 11 1

3 4 2 tanb t a ac q g t l c g t   
− −− − = − + + −

 
 (46) 

where subscripts a and b represent different values of the 

same parameter in different expressions. Eqs. (19), (39)-

(40) and (43) are combined to obtain the values of [l1a, l3a, 

c0a, c1a] of f1a(x). Similarly, the values of [l1b, l3b, c0b, c1b] of 

f1b(x), [l2a, l4a, c2a, c3a] of f2a(x) and [l2b, l4b, c2b, c3b] of f2b(x) 

are obtained. If θ = 0, f1a(x), f1b(x), f2a(x) and f2b(x) will be 

consistent.  

According to the limit analysis theory, collapse is more 

likely to occur if the collapsing block is separated by a 

smaller internal energy dissipation rate. Then the expression 

of the collapse curve can be selected by comparing its 

internal energy dissipation rate (Eqs. (47) and (48)).  
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( )
( )

( )

1 1 1

1

1 1 1

,

,

a a b

b a b

f x D D
f x

f x D D

 
= 

  

(47) 

( )
( )

( )

2 2 2

2

2 2 2

,

,

a a b

b a b

f x D D
f x

f x D D

 
= 


 (48) 

where 

( )
1 ,

3 ,

1
2 2

1 , 1 , 1 ,1 '
a b

a b

l

a b i a b a b
l

D wD f x dx = +
 

 

(49) 

( )
2 ,

4 ,

1
2 2

2 , 2 , 2 ,1 '
a b

a b

l

a b i a b a b
l

D wD f x dx = +
   

(50) 

Finally, the collapse curves f1(x) and f2(x) are converted 

into the expressions for F1(X1) and F2(X2) (Eqs. (51)-(55)).  

( ) ( ) ( )1 1 1 1 3 1tan cosF X f x l x l x l = + −     ，

 

(51) 

( ) ( ) 1

1 1 1 3 1tan sin cosX f x l x x l x l  −= + − +     ，
 (52) 

( ) ( ) ( )2 2 2 2 4 2tan cosF X f x l x l x l = − −     ，
 

(53) 

( ) ( ) 1

2 2 2 4 2tan sin cosX f x l x x l x l  −= − − −     ，
 
(54) 

/ cos 1,2,3,4i iL l i= =，
 

(55) 

 

 

3. Results and discussions 
 

For results analysis, parameters are defined as Table 1. 

Compared with the surface width of the rock block 

predicted to collapse, the bottom width needs more 

attention, which limits the safe width of tunnel excavation.  

In addition, in order to eliminate the dimensional 

influence, a dimensionless parameter width-depth ratio L/H 

is defined, where L = L1 + L2. This parameter can not only 

analyze the bottom width of the predicted collapsing rock 

block, but also study the stability of the overlying rock mass 

of the tunnel, that is, a large L/H usually indicates strong 

rock stability. Therefore, in the results analysis, the 

influences of parameters in Table 1 on L/H are discussed. 

 

3.1 The influence of acceleration parameters 
 

 

 

Fig. 4 Effects of acceleration amplitude on width-depth 

ratio 

 

 
(a) ah (m/s2) (av = 0) 

 
(b) av (m/s2) (ah = 0) 

Fig. 5 The influence of seismic acceleration on the 

geometry of collapse curve (σci=10 MPa, mi=2.5, GSI 

=55, D =0.2, ρ=2000 kg/m3, H =4 m, q =10 kPa, σs =5 

kPa) 

 

 

When horizontal and vertical seismic accelerations act 

on rock mass respectively, the influence curve of L/H is 

shown in Fig. 4, and the influence on the geometric shape 

of the collapse curve is shown in Fig. 5. Combined with  

Table 1 The value of the parameters 

Parameters σci (MPa) mi GSI D ρ (kg/m3) υ H (m) q (kPa) 

Value 10 2.5 55 0.2 2000 0.3 4 10 

Parameters σs (kPa) kh kv Y (m) y (m) f (Hz) fk vp (m/s) 

Value 5 0.2 0.13 50 0 3 1.2 2500 
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Fig. 6 The variation of horizontal and vertical seismic 

accelerations with time 

 

 
(a) kh (kv = 0) 

 
(b) kv (kh = 0) 

Fig. 7 The influence of acceleration coefficients on 

width-depth ratio 

 

 

Figs. 4 and 5(a), it can be seen that the geometric shape of 

the collapse curve under the action of horizontal seismic 

acceleration is skewed along the action direction of 

acceleration and has little influence on L/H. As the main 

reason of inducing rock collapse is gravity, vertical seismic 

acceleration acts along gravity direction promote rock 

collapse, and L/H decreases. Correspondingly, Figs. 4 and 

5(b) reflect that the vertical seismic acceleration makes the 

primary contribution to the width-depth ratio without 

altering the shape of the collapse curve. 

When seismic acceleration is defined as a function of 

time t, the magnitudes of horizontal and vertical seismic 

acceleration are shown in Fig. 6. Figs. 7(a) and 7(b) show 

the influence of horizontal and vertical acceleration  

 

Fig. 8 The influence of amplification factor on width-

depth ratio 

 

 

Fig. 9 The influence of longitudinal wave velocity on 

width-depth ratio 

 

 

Fig. 10 The influence of rock thickness on width-depth 

ratio 

 
 

coefficients on L/H in time dimension, respectively. It can 

be found that L/H changes with time, and its amplitude is 

determined by kh and kv, and their influence are consistent 

with Fig. 4.  
When horizontal seismic acceleration and vertical 

seismic acceleration work together, the influence of seismic 
amplification factor on L/H is shown in the Fig. 8. As can 
be seen, the seismic amplification coefficient has a positive 
correlation effect on the amplitude of L/H. The influence of 
longitudinal wave velocity on L/H is shown in Fig. 9. The 
longitudinal wave velocity has a slight influence on the 
change of L/H in time, but has no influence on the 
amplitude of L/H.  
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Fig. 11 The influence of seismic wave frequency on width-

depth ratio 

 

 
(a) Effects of σci on L/H 

 
(b) Effects of σci on the shape of collapse curves 

Fig. 12 The influence of compressive strength σci on 

collapse curves (mi=2.5, GSI =55, D =0.2, ρ=2000 kg/m3, 

H =4 m, q =10 kPa, σs =5 kPa, kh=0.2, kv=0.13, fk=1.2, 

fre=3 Hz, Y=50 m, vp=2500 m/s2, t=0.25 s) 

 

 

Compared with the longitudinal wave velocity, the 

thickness of rock strata has a greater influence on the 

change of L/H in time, and makes the amplitude of L/H 

change periodically (Fig. 10). 

The influence of seismic wave frequency on L/H is 

shown in Fig. 11. The frequency of seismic wave makes 

time has a great effect on L/H, but also does not affect the 

amplitude of L/H.  

In general, the parameters kh, kv and fk have a significant 

effect on the amplitude of L/H because they directly change 

the amplitude of the acceleration (Figs. 7 and 8). Parameters 

vp, Y and f mainly affect the phase difference of seismic 

acceleration, resulting in no effect on the amplitude of L/H 

(Figs. 9-11). 

3.2 The influence of rock strength parameters 
 
As L/H is mainly affected by vertical acceleration, 

compared with horizontal seismic acceleration, the 

maximum and minimum values of vertical acceleration are 

taken to analyze the rock mass strength parameters. And the 

vertical seismic acceleration reaches its peak at about t = 

0.1 s and t = 0.25 s.  

Fig. 12 shows the influence of compressive strength on 

collapse curves. When the two σci - L/H curves at t = 0.1 s 

and t = 0.25 s are plotted in Fig. 12(a), it means that the 

results of L/H are always between the two curves as time 

and compressive strength change. Fig. 12(b) shows the 

influence of compressive strength on the geometry of the 

collapse curve, in which it can also be seen that the 

compressive strength has a great influence on the overall 

width of the collapsing rock block and almost no influence 

on the slope of the collapse curve. Compared with Fig. 12, 

the influence of GSI on the collapse curve is similar (Fig. 

12(b) and 13(b)), but the influence of GSI on L/H is greater 

(Fig. 12(a) and 13(a)). 

The influence of material constant mi on collapse curves 

is shown in Fig. 14. Material constant mi has little influence 

on L/H (Fig. 14(a)), but has great influence on slope of 

collapse curve (Fig. 14(b)). A small material constant mi 

results in a large slope of the collapse curve, which leads to 

a small width at the surface of collapsing block.  

 

 

 
(a) Effects of GSI on L/H 

 
(b) Effects of GSI on the shape of collapse curves 

Fig. 13 The influence of GSI on collapse curves (σci =10 

MPa, mi=2.5, D =0.2, ρ=2000 kg/m3, H =4 m, q =10 kPa, σs 

=5 kPa, kh=0.2, kv=0.13, fk=1.2, fre=3 Hz, Y=50 m, vp=2500 

m/s2, t=0.25 s) 
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(a) Effects of mi on L/H 

 
(b) Effects of mi on the shape of collapse curves 

Fig. 14 The influence of material constant mi on collapse 

curves (σci =10 MPa, GSI =55, D =0.2, ρ=2000 kg/m3, H 

=4 m, q =10 kPa, σs =5 kPa, kh=0.2, kv=0.13, fk=1.2, 

fre=3 Hz, Y=50 m, vp=2500 m/s2, t=0.25 s) 

 

 
(a) Effects of D on L/H 

 
(b) Effects of mi on the shape of collapse curves 

Fig. 15 The influence of D on collapse curves (σci =10 

MPa, mi=2.5, GSI =55, ρ=2000 kg/m3, H =4 m, q =10 

kPa, σs =5 kPa, kh=0.2, kv=0.13, fk=1.2, fre=3 Hz, Y=50 

m, vp=2500 m/s2, t=0.25 s) 

 
(a) Effects of ρ on L/H 

 
(b) Effects of ρ on the shape of collapse curves 

Fig. 16 The influence of ρ on collapse curves (σci =10 

MPa, mi=2.5, GSI =55, D =0.2, H =4 m, q =10 kPa, σs 

=5 kPa, kh=0.2, kv=0.13, fk=1.2, fre=3 Hz, Y=50 m, 

vp=2500 m/s2, t=0.25 s) 

 

 

In addition, both the disturbance factor D and density ρ 

have little effect on L/H and have no effect on slope of 

collapse curves (Fig. 15(b) and 16(b)). In short, the rock 

mass with strong mechanical properties and light weight has 

strong stability and large size of collapsing rock block 

(Figs. 15(a) and 16(a)).  

 

3.3 The influence of the engineering parameters 
 
The influence of the depth of tunnel H on collapse 

curves is shown in Fig. 17. As shown in Fig. 17(a), L/H 

decreases with the increase of H, and the change of L/H 

eventually approaches zero. And it is worth noting that Fig. 

17(b) shows that the variation of the width of the collapsing 

block increases with the increase of H.  

Figs. 18 and 19 respectively show the influence of 

support pressure q and uniformly load σs on the collapse 

curve. Both of them have little effect on L/H (Figs. 18(a) 

and 19(a)) and have no effect on slope of collapse curve 

(Figs. 18(b) and 19(b)). In fact, compared with the 

uniformly load on the surface, the support pressure has a 

slightly greater impact on L/H. 

 

3.4 Comparative analysis against the horizontal slice 
method 

 
In previous studies on rock mass collapse, the horizontal 

slice method based on the Mohr-Coulomb criterion has also 
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(a) Effects of H on L/H 

 
(b) Effects of H on the shape of collapse curves 

Fig. 17 The influence of H on collapse curves (σci =10 

MPa, mi=2.5, GSI =55, D =0.2, ρ=2000 kg/m3, q =10 

kPa, σs =5 kPa, kh=0.2, kv=0.13, fk=1.2, fre=3 Hz, Y=50 

m, vp=2500 m/s2, t=0.25 s) 

 

 
(a) Effects of q on L/H 

 
(b) Effects of H on the shape of collapse curves 

Fig. 18 The influence of q on collapse curves (σci =10 

MPa, mi=2.5, GSI =55, D =0.2, ρ=2000 kg/m3, H =4 m, 

σs =5 kPa, kh=0.2, kv=0.13, fk=1.2, fre=3 Hz, Y=50 m, 

vp=2500 m/s2, t=0.25 s) 

 
(a) Effects of σs on L/H 

 
(b) Effects of σs on the shape of collapse curves 

Fig. 19 The influence of load σs on collapse curves (σci 

=10 MPa, mi=2.5, GSI =55, D =0.2, ρ=2000 kg/m3, H 

=4 m, q =10 kPa, kh=0.2, kv=0.13, fk=1.2, fre=3 Hz, 

Y=50 m, vp=2500 m/s2, t=0.25 s) 

 

 

been applied to address shallow and asymmetric problems 

(Guo et al. 2019). Guo et al. (2019) adopted the pseudo-

dynamic method to simulate the seismic action, established 

the safety factor equation of the seismic sliding problem of 

the overlying rock mass of the circular tunnel, and obtained  

the shape and position of the sliding surface by calculating 

its extreme value. Although the collapse block in Guo et al. 

(2019) is an inverted trapezoid, the method remains 

applicable to problems with regular trapezoid. Therefore, in 

a rectangular tunnel, the safety factor ksl equation of linear 

sliding problem can be written as 

( )

( )

( )

2 1

2 1

1 tan
tan cos

tan

1 sin cos cos

sin sin

v h v

h s

sl

v h h

v s

W k F F
cl

Wk L qL
k

W k Wk F

F L qL


 

 

  

  

 + + − 
+  

− + − 
=

+ + −

− + −
 

(56) 

( ) ( )
1/2 1/2

2 2sin 1 cos 1k k k 
− −

= + = +， 
 

(57) 

( )
1/2

1 2 1

2 1 1L L Hk l H k k− −= + = +，
 

(58) 

where c and φ are the cohesion and friction angle of rock 

mass, Fh and Fv are the horizontal and vertical forces on the 

section, β and l are the angle and length of the sliding 

surface, respectively (Fig. 20).  
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Assuming that Fv = 0 (Guo et al. 2019), then Fh, L1 and 

k are three unknowns in Eq. (56). The analytical solution of 

the sliding surface can be obtained by calculating the 

extremum problem under the following conditions 

1/ 0slk L  =

 

(59) 

/ 0sl hk F  =
 

(60) 

The collapse curves obtained by the two methods are 

shown in Fig. 21. As can be seen from the figure, the slope 

trend of collapse curves under the action of seismic waves 

is similar. However, the bottom width L of the collapsing 

rock block obtained by force balance equation (Eqs. (56) 

and (61)) is always greater than that obtained by the virtual 

power equation (Eqs. (23) and (24)). Thus, considering the 

seismic action, it is safer to use the width of collapsing rock 

predicted by the method proposed in this study to guide the 

design of tunnel width. 

1slk =
 

(61) 

 

 

4. Conclusions  
 
In this paper, the pseudo-dynamic analysis is used to 

simulate the effect of seismic waves on the overlying rock 

mass of the shallow tunnel, and an analytical method of 

asymmetric collapse curve is proposed. The influences of  

 

 

 

acceleration parameters, rock strength parameters and 

engineering parameters on the collapse curve are studied. 

Based on the results, it is found that: 

• In the pseudo-dynamic analysis of the overlying rock 

mass of shallow tunnel, the width of the rock block 

predicted to collapse will change with time. Therefore, after 

finding the minimum width of the collapsing rock block, the 

width of tunnel excavation should be limited within this 

width to prevent the occurrence of collapse. 

• Without considering the damage or strength weakening of 

rock mass under earthquake, the horizontal seismic 

acceleration affects the geometry of the rock block 

predicted to collapse. The vertical seismic acceleration 

acting downward makes a smaller size of rock block satisfy 

the collapse condition, that is, the collapse is more likely to 

occur, while the upward action prevents the collapse. 

• The seismic wave parameters (seismic wave amplification 

coefficient, horizontal seismic coefficient and vertical 

seismic coefficient) that affect the amplitude of seismic 

wave will affect the minimum width of the rock block 

predicted to collapse. The longitudinal wave velocity, 

thickness of rock strata and frequency only change the 

phase of seismic wave, but do not change the minimum 

width of the rock block predicted to collapse.  

• The rock mass with strong mechanical properties and light 

weight has strong stability and large width of predicted 

 

Fig. 20 Linear sliding mechanism of shallow tunnel 

 
Fig. 21 Comparison of collapse curves between this study (solid line) and the linear sliding mechanism (dashed line) 

 (σci =10 MPa, mi=2.5, GSI =55, D =0.2, ρ=2000 kg/m3, H =4 m, q =10 kPa, σs =5 kPa) 
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collapse block. The stability of overlying rock mass will be 

weakened with the increase of tunnel depth, and eventually 

tend to be stable. The support pressure of the tunnel on the 

overlying rock mass will enhance the stability of the rock 

mass, while the uniformly load on the surface will weaken 

the stability of the rock mass.  
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Appendix A. Conversion between the Hoek–Brown 

criterion and the Mohr envelope 
 

Within the derivation framework of the classical Hoek-

Brown failure criterion (Hoek et al. 1997), the normal and 

shear stresses are derived from the principal effective 

stresses 
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List of Notation 
 

Symbol Unit Parameters 

σ1 MPa Maximum stresses at failure 

σ3 MPa Minimum stresses at failure 

σci MPa 
Uniaxial compressive strength of the intact 

rock pieces 

σt MPa Tensile strength of the rock mass 

σn MPa Normal stress at failure 

σij MPa Any set of stresses of deformations 

τn MPa Shear stress at failure 

  MPa Plastic potential 
*

ij  s-1 Any set of strain rate of deformations 

n  s-1 Normal plastic strain rate 

n  s-1 Shear plastic strain rate 

t s Time 

G kPa Shear modulus 

θ degree 
The angle between the resultant 

acceleration and the y-axis 

α degree 
Angle between the tangential direction of 

the collapse curves and the x-axis 

β degree 
Angle between the linear sliding surface 

and the x-axis 

Ti N External forces on the surface 

Fi N Body forces 

iD  N/(m2·s) 
Rate of dissipation density of the internal 

forces 

D  N/s 
Rate of total dissipation of the internal 

forces 

W  N/s Total gravitational potential energy power 

qP  N/s Power of support pressure  

s
P  N/s Power of uniformly load on the surface 

  N/s Rate of total dissipation 

q N/m2 
Support pressure at the bottom of the rock 

mass 

σs N/m2 Uniformly load on the surface 

γ N/m3 Weight per unit volume of the rock mass 

ρ kg/m3 Density 

ga(t) m/s2 Resultant acceleration 

ah(t) m/s2 Horizontal seismic acceleration 

av(t) m/s2 Vertical seismic acceleration 

g m/s2 Acceleration of gravity 

vi* m/s 
Virtual velocity of kinematically 

admissible velocity field 

v m/s Velocity of collapsing block 

vs m/s Velocity of shear wave 

vp m/s Velocity of longitudinal wave 

S m2 Surfaces of external forces 

V m3 Volume of the body 

f1(x) m Collapse curve function of coordinate xo1y 

f2(x) m Collapse curve function of coordinate xo2y 

F1(X), 

F2(X) 
m Collapse curves function of coordinate xoy 

l1, l3 m 
Distance from the endpoint of curve to the 

y-axis in coordinate xo1y 

l2, l4 m 
Distance from the endpoint of curve to the 

y-axis in coordinate xo2y 

L1, L2,  m Distance from the endpoint of curve to the 
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L3, L4 y-axis in coordinate xoy 

L m Width of the bottom of collapsing block 

l m Length of the linear sliding surface 

Y m Thickness of the rock stratum 

H m Depth of tunnel 

w m Thickness of the plastic deformation region 

f Hz Frequency 

ω rad/s Angular frequency 

υ N/A Poisson’s ratio 

fk N/A Amplification factor 

kh, kv N/A 
Coefficients of horizontal and vertical 

acceleration  

mb, mi, s, a, 

A, B 
N/A Material constants  

λ N/A Scalar parameter 

c0, c1,  

c2, c3 
N/A Integration constants 

c MPa Cohesion of rock mass 

φ degree Friction angle of rock mass 

Fv, Fh N 
Horizontal and vertical forces on the 

section 

ksl N/A Safety factor 
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