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1. Introduction 
 

Particle breakage can alter the soil gradation, reduce 

interparticle contact friction induced by shear, and serve as 

a primary mechanism for deformation in geomaterials, 

significantly influencing their engineering mechanical 

properties (Sowers 1965, Marsal 1973, Penman 1976, Veiga 

1983). The extent of particle breakage is governed by 

multiple factors, including grain size distribution (GSD), 

particle strength, geometric morphology, weathering degree, 

moisture content, and stress levels. Based on single-particle 

test data, Weibull (1951) proposed a statistical method to 

characterize the strength and variability of brittle materials, 

which effectively describes the magnitude and dispersion of 

sample strength in statistical processes, offering a robust 

representation of the probability distribution of brittle 

particle fracture strength. Numerous scholars have adopted 

the Weibull distribution to investigate single-particle 

strength (Marsal 1972, Lee 1992, Nakata 1999, Qing 2022, 

Li 2024, Meng 2022). 

In these studies, single-particle strength is typically 

determined through uniaxial compression tests, where a 

particle is subjected to compressive force between two 

parallel rigid plates until fracture occurs. According to 

Griffith’s theory of brittle materials (Griffith 1921), particle  
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strength is influenced by internal microstructure, exhibiting 

an inverse proportionality to the square root of the initial 

microcrack length. Consequently, the distribution of internal 

microcracks and the loading configuration directly affect 

particle strength, leading to considerable data scatter in 

single-particle crushing tests. This is particularly evident 

when analyzing stress paths, as the complex loading history 

makes it challenging to directly extract the compressive 

modulus from individual particle compression curves. 

Moreover, when only fracture strength is statistically 

analyzed, the stress-strain data throughout the compression 

process remain unprocessed, rendering the results incapable 

of reflecting the stress-path characteristics of particles. This 

oversight results in the neglect of strain behavior during 

particle breakage, hindering an accurate description of the 

deformation process. Such limitations are apparent in 

certain numerical simulations (Jiang 2014, Gong 2021), 

where particle stiffness is often treated as a calibration 

parameter rather than experimentally derived property, 

casting doubt on its physical validity. Many scholars have 

conducted research on the breakage of geotechnical 

materials, but have not been able to effectively solve the 

deformation problem during particle breakage (Tu 2022, Xi 

2023, Zhou 2016, Li 2023, Golewski 2024, Golewski 

2025). Thus, it is imperative to introduce a parameter that 

simultaneously captures both stress and strain (or stiffness) 

characteristics to describe particle breakage 

comprehensively. 

Fracture energy serves as an effective metric to 

characterize particle breakage, as it incorporates stress-path  
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Abstract.  Particle breakage can alter the gradation of soil, reduce the interparticle contact friction induced by shear, and serve as 

a primary cause of deformation in geomaterials, significantly influencing their engineering mechanical properties. The single-

particle crushing test is an essential test method for investigating particle breakage and strength. However, merely analyzing 

particle strength neglects the deformation information during the crushing process, leading to an inability to accurately 

characterize the strain state before the particle's overall breakage. In this study, single-particle crushing tests were designed and 

conducted to analyze the particle strength and specific fracture energy of limestone particles. Based on the analytical results, an 

equivalent stiffness was formulated. By introducing the concept of equivalent stiffness, the distribution of specific fracture 

energy was transformed into a particle strength distribution. The validity and reliability of this conversion method were verified, 

demonstrating its effectiveness in statistically characterizing different stress-path features of particles. This study reveals that the 

equivalent stiffness of 10-20 mm Baihetan limestone particles in single-particle crushing test is 4.7×106N/m. This result offers a 

reference value for associated numerical modeling and can inform the corresponding engineering design. 
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Fig. 1 High-accuracy loading instrument 

 

Table 1 Basic parameters of the sample 

Number Mass(g) Width(mm) Length(mm) Height(mm) 

3 0.97 11.40 12.00 6.80 

15 5.31 16.94 17.50 11.74 

17 2.87 11.27 22.41 7.93 

 

 

information and reflects both stress and strain responses 

during fracture. This makes it a suitable descriptor for the 

breakage process, complementing particle strength analysis. 

Tavares (1998, 2002) investigated fracture energy 

distribution through impact tests, demonstrating that this 

approach provides a framework for integrating force and 

displacement characteristics. Building on this work, Wang 

(2025) designed single-particle crushing tests for limestone, 

refining impact-test-derived formulas to better suit quasi-

static compression experiments, while also examining the 

influence of moisture on limestone’s fracture energy 

dissipation. 

Drawing on these advancements, this study introduces 

the concept of equivalent stiffness (nominal stiffness) based 

on characteristic strength and specific fracture energy from 

single-particle crushing tests, offering an approximate 

representation of strain evolution during particle breakage. 

 

 
2. Single-particle crushing test 

 
A single-particle crushing test was designed to elucidate 

the stress-strain behavior during particle breakage. The test 

material consisted of limestone particles with a grain size of 

10–20 mm, sourced from the Baihetan Hydropower Station. 

Prior to testing, the particles were oven-dried at 105°C for 

24 hours to ensure a consistent moisture-free state. 

The experiments were conducted using a high-precision 

loading apparatus (Fig. 1), with a uniaxial loading rate set to 

0.005 mm/s to meet quasi-static conditions (Tavares 2007). 

The room temperature during the loading process was 18°C, 

with an indoor humidity of 70%. Particle breakage was 

defined as occurring when the volumetric loss of the 

particle exceeded 10% (Gabriel 2011). 

 

 

3. Mechanical data and analysis 
 

The morphological changes before and after breakage of 

particle No.3 are illustrated in Fig. 2. The force- 

 
(a) Particle No.3 before breakage 

 
(b) Particle No.3 after breakage 

Fig. 2 Morphological changes before and after breakage 

of particle No.3 

 

 

Fig. 3 Force displacement curve of the sample 

 

 

displacement curve of each particle during loading was 

recorded by computer for subsequent data analysis.  

Fig. 3 presents the force-displacement curves of 

particles No.3, No.15, and No.17 obtained in this test, the 

basic morphological parameters of these three particles are 

shown in Table 1. As observed, these three particles 

exhibited similar peak forces at failure, all approximately 

1.8 kN. However, the displacements between loading plates 

at failure varied significantly, measuring 0.31 mm for 

particle No.15, 0.55 mm for particle No.3, and 1.21 mm for 

particle No.17 in ascending order. Consequently, relying 

solely on peak force cannot adequately reflect the 

displacement state during particle fragmentation.   

Furthermore, the three curves demonstrate distinct 

characteristics: Particle No.15 displays a single-peak pattern 

with a relatively smooth curve, indicating no significant  
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Fig. 4 Particle breakage energy 

 

 

localized failure prior to complete fracture. In contrast, 

particle No.3 exhibits a double-peak pattern, suggesting one 

notable localized fracture event before overall failure. The 

curve of particle No.17 is the most irregular, with 

pronounced fluctuations and a jagged morphology, 

implying multiple intense localized fractures preceding 

complete disintegration.   

The variations in these curves also demonstrate that the 

peak force at failure cannot fully capture the stress path 

information of the particles. Determining a statistically 

reasonable stiffness parameter from individual particle 

curves remains a critical research challenge. 

To address the limitation of peak force in reflecting 

stress path characteristics, this study introduces fracture 

energy as an auxiliary parameter to investigate particle 

breakage. Taking particle No.3 as an example, the area 

enclosed by its force-displacement curve at fragmentation 

and the x-axis (displacement) represents its fracture energy. 

𝐸 = ∫ 𝐹𝑑𝛥
𝛥𝑐

0

 (1) 

where E is the fracture energy, F is the pressure exerted on 

the particles, Δ is the particle deformation and Δc is the 

deformation at fracture. 

Additional characteristics of the particle are presented in 

Table 1, where: 

Length corresponds to the maximum Feret diameter 

Height represents the minimum Feret diameter 

Width denotes the maximum Feret diameter 

perpendicular to both height and length directions 

As shown in Fig. 4, the fracture energy is calculated as 

the area enclosed by the force-displacement curve at 

particle failure and the X-axis. This value depends on the 

peak stress, corresponding failure displacement, and 

fluctuations in the curve, thereby simultaneously reflecting 

both the stress-strain behavior and stress path characteristics 

during particle breakage. Therefore, subsequent analyses 

will incorporate both the peak force and fracture energy 

distribution features of the particles. 
 

 
4. Prticle strength characteristic 

 
To quantify particle strength, the maximum tensile stress  

 

Fig. 5 Fracture tensile stress of limestone particles 
 
 

σf (Nakata 2001) is introduced as an evaluation parameter. 
Under external compressive loading, tensile stresses 
develop within soil particles. Fracture occurs when these 
tensile stresses reach the particle's bearing capacity limit. 
Cavarretta (2012) conducted systematic analyses of stress 
states in irregular particles during single-particle crushing 
tests and proposed the following expression 

𝜎𝑓 =
0.225𝑁

𝑑2/4
=
0.9𝑁

𝑑2
 (2) 

where N is the force at particle failure and d is the particle 

dimension, taken as d = (d2 d3) 1/2, where d2 and d3 are the 

dimensions of the minimum section of the smallest 

circumscribable cuboid (SCC) of the particle, that is, the 

intermediate and minimum diameters.  

The calculated data for individual particles obtained 

from the above equation are presented as scatter points in 

Fig. 5. As can be observed from the figure, soil particles, as 

heterogeneous brittle materials, exhibit variability in 

characteristic strength even among limestone particles 

within the same size range due to their internal structural 

differences. 

To characterize the strength distribution of soil particles, 

McDowell and Bolton (2000) proposed that the relationship 

between particle survival probability and tensile stress 

should be established based on the statistical framework 

developed by Weibull (1951) 

𝑃𝑠 = 𝑒𝑥𝑝 [− (
𝜎

𝜎0
)
𝑚

] (3) 

where Ps represents the probability of a particle surviving 

under a tensile stress σ, σ0 is the characteristic strength, 

defined as the stress level at which 37% of the particles in a 

given volume exhibit a strength equal to or greater than this 

value. The Weibull modulus m, is used to quantify the 

uniformity of particle strength, reflecting the variation in σ 

within a population of particles. A higher value of m 

indicates a reduction in the variability of particle strength. 

The fitted curve using Eq. (3) is shown as the solid line 

in Fig. 5, with the characteristic stress (σ₀) and Weibull 

modulus (m) of the tested samples being 11.38 MPa and 

2.13, respectively. After restructuring the functional form on 

both sides of Eq. (3), the Weibull distribution of the 

limestone particles is presented in Fig. 6. The diagonal line  
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Fig. 6 Weibull distribution of limestone particles 

 

 

in Fig. 6 represents the optimal Weibull fit, and it can be 

observed that most experimental data points cluster near 

this diagonal, indicating excellent fitting results and 

demonstrating good agreement with the Weibull 

distribution. 

 

 
5. Particle energy characteristics 

 
The fracture energy of particles can be calculated from 

the force-displacement curve according to Eq. (1), with its 

value being dependent on the stress path during particle 

breakage. Evidently, larger particles require greater fracture 

energy absorption upon breakage. Therefore, similar to 

particle strength, the fracture energy needs to be 

normalized. The specific fracture energy of each particle is 

defined as the ratio of its fracture energy to mass 

𝐸𝑚 =
𝐸

𝑚
 (4) 

Em : Specific fracture energy, represents the energy 

required to crush each kilogram of particles. 

When the external energy input of the particle is E, the 

probability of material breakage (P0) is represented by Eq. 

(5) (Tavares 2002), where Em* is generated by substituting 

the following Eq. (6) (Tavares 2002). 

𝑃0(𝐸) =
1

2
[1 + 𝑒𝑟𝑓 (

𝑙𝑛 𝐸𝑚
∗−𝑙𝑛 𝐸𝑚,50

√2𝜎2
)]  (5) 

𝐸𝑚
∗ =

𝐸𝑚,𝑚𝑎𝑥𝐸𝑚
𝐸𝑚,𝑚𝑎𝑥 − 𝐸𝑚

 (6) 

Where: 

Em
* :  Relative mass-specific fracture energy of particles 

Em50 :  Median mass-specific fracture energy of particles 

σ2: Truncate the variance of the lognormal distribution on 

the breakage energy 

Em,max :  The maximum mass-specific fracture energy that 

particles can withstand (corresponds to the specific fracture 

energy, beyond which all particles will break in one load.) 

In this equation, both Em50 and Em,max were obtained 

from the distribution of single-particle test results, with 

values of 88.19 J/kg and 403.45 J/kg respectively in the 

current experiments. The specific fracture energy  

 

Fig. 7 Force displacement curve of the sample 

 

 

distribution of the limestone samples is presented as 

scattered points in Fig. 7, where the dashed line represents 

the fitted curve using Eq. (6). Notably, the initial fitting 

results showed poor agreement, potentially attributable to: 

(1) the unique loading mode of single-particle crushing 

tests, and (2) the use of actual particle mass rather than 

graded particle evaluation mass in the experiments. 

Consequently, this study adopted the modified formula 

proposed by Wang (2025) as a replacement for Eq. (7). The 

refitted results, displayed as the solid line in Fig. 7, 

demonstrate significantly improved correlation. 

𝐸𝑚
∗ =

𝛽𝐸𝑚,𝑚𝑎𝑥𝐸𝑚

𝐸𝑚,𝑚𝑎𝑥−𝛽𝐸𝑚
   (7) 

Where parameter β is related to the particle morphology. 

The value of β is in the range (0, 1], and its specific value 

needs to be determined by continuously adjusting β to 

achieve the optimal fitting effect of the equation. By 

examining the functional form of Eq. (7), it can be observed 

that when β equals 1, Eq. (7) is identical to the previous 

version of Eq. (6), which represents the standard spherical 

shape of the particle. As the difference between the particle 

and the spherical shape increases, the value of β approaches 

0. By continuously adjusting the value of β and observing 

the fitting performance, the optimal value of β can be 

determined. For the results of this test, the best fitting 

performance is achieved when the morphological parameter 

β is set to 0.85. 

 

 

6. Equivalent stiffness 
 

Assuming particles behave as perfectly elastic bodies, 

the fracture energy E can be expressed as a function of the 

applied compressive force F. Through Eq. (5), Eq. (7), and 

Eq. (8), the specific fracture energy distribution shown in 

Fig. 7 can be transformed into a distribution of particle 

fracture tensile strength. 

In the Weibull distribution of particle tensile strength, 

which is primarily governed by the characteristic strength σ0 

and Weibull modulus m, the parameter m solely quantifies 

the uniformity of strength distribution while the magnitude 

of particle strength is essentially characterized by σ0. To 

facilitate comparative analysis with experimentally  
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Fig. 8 Force displacement curve of the sample 

 

 

measured particle strength distributions, this study adopted 

the same reference point as used in the Weibull distribution. 

Specifically, the specific fracture energy corresponding to a 

37% survival probability was selected as the conversion 

basis. This value was transformed to match the tensile 

strength at 37% survival probability, yielding the 

corresponding stiffness defined as the "equivalent stiffness" 

K0. For the current tests, K0 was determined to be 

4.7×106N/m. Under perfect elasticity, the following 

relationship holds 

𝜎𝑓 =
0.9√2𝐸𝐾0

𝑑2
 (8) 

where d is the particle dimension, taken as d = (d2 d3) 1/2, 

where d2 and d3 are the dimensions of the minimum section 

of the smallest circumscribable cuboid (SCC) of the 

particle, that is, the intermediate and minimum diameters. 

By applying the equivalent stiffness to all data points in 

the specific fracture energy distribution shown in Fig. 8, the 

converted particle strength distribution is presented as red 

scatter points in Fig. 8. 

It should be noted that although both sets of scatter 

points in Fig. 8 represent the tensile strength distribution of 

limestone particles, they do not exhibit a one-to-one 

correspondence. The black data points, obtained 

experimentally, follow an ascending order of particle tensile 

strength, while the red data points, derived from the specific 

fracture energy distribution, are arranged according to 

increasing specific fracture energy. However, a particle's 

tensile strength does not directly correlate with its specific 

fracture energy. Consequently, points sharing the same 

survival probability Ps in both distributions do not 

necessarily represent the same individual particle and thus 

lack strict comparability, serving primarily for statistical 

distribution analysis. 

As shown in Fig. 8, the particle strength data points 

(red) calculated from specific fracture energy using Eq. (8) 

with equivalent stiffness demonstrate fundamentally similar 

distribution characteristics to the experimental data (black). 

However, subtle differences emerge in the low-strength 

region: the experimentally measured strength distribution 

appears more uniform with relatively lower values, whereas 

the processed specific fracture energy distribution shows 

greater concentration with slightly higher values. This 

discrepancy may stem from particles with lower specific 

fracture energy inherently possessing reduced stiffness. The 

uniform application of an equivalent stiffness value 

(K0=4.7×106N/m) in Eq. (8), which exceeds the actual 

stiffness of these particles, could lead to overestimated 

strength calculations. 

Nevertheless, the overall comparison reveals strong 

agreement: the calculated strength distribution ranges 

[4.351, 28.196] MPa closely approximates the experimental 

range [1.773, 28.354] MPa. Moreover, the survival 

probabilities progressively converge with increasing failure 

strength, demonstrating the validity of using specific 

fracture energy data combined with the equivalent stiffness 

concept for strength prediction. These results confirm the 

fundamental rationality of assuming perfect elastic behavior 

with equivalent stiffness in Eq. (8). 

 

 

7. Conclusions 
 

This study designed and conducted single-particle 

crushing tests on limestone particles. Using the force-

displacement curves obtained from these tests, we 

performed comprehensive analyses of both particle strength 

and specific fracture energy for 10-20 mm limestone 

particles. 

1. This study determined the crushing stress 

distribution characteristics of Baihetan limestone 

through single-particle crushing tests. The results 

indicate that the peak strength of 10-20 mm 

particles ranged from 1.77 to 28.35 MPa. These 

findings can serve as a benchmark for numerical 

simulation analysis and provide guidance for 

engineering practice. 

2. This study proposes a novel concept of equivalent 

stiffness under a perfectly elastic assumption. This 

theoretical framework was applied to analyze 

fracture energy data, which was then systematically 

compared with measured particle strength data. The 

derived equivalent stiffness parameter effectively 

addresses deformations prior to particle failure, 

thereby bridging a gap in the existing research. 
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