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Quantifying the uniformity of granular mixtures through a study on small-strain
stiffness via DEM
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Abstract. The conventional uniformity coefficient C, fails to capture the uniformity of gap-graded granular mixtures. To
address this limitation, this study introduces a new index CJ* for quantifying mixture uniformity based on their small-strain
stiffness Gy. Granular mixtures with varying fines content (FC) and particle size ratio (PSR) were prepared, and their Gy values
were determined through quasistatic drained triaxial tests. The corresponding C;* values were then derived from the measured
Gy values and expressed as a function of FC and PSR. The rationality of the proposed C* was verified, and it was further
demonstrated that C' can be used to predict the small-strain stiffness of granular mixtures when the mechanical coordination
number (CNp), particle shear modulus of particles (G,), confining stress (o) and C* are known.
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1. Introduction

The uniformity coefficient C, is a commonly used
parameter for characterizing the uniformity of continuous
particle size distributions. In general, a larger C, indicates a
broader particle size distribution. As one of the fundamental
soil properties, C, plays a significant role in various
geotechnical problems, including landslide erodibility (e.g.,
Chang et al. 2011), soil deformation (e.g., Sefi and Lav
2023, Do et al. 2024) and liquefaction (e.g., Monkul ef al.
2021, Banerjee et al. 2023). Conventionally, C, is
determined as the ratio dso/dio from sieve analysis, where
deo and d represent the particle sizes corresponding to 60%
and 10% passing by weight, respectively. The definition of
C, is suitable for continuously graded soils, but it may not
applicable to gap-graded granular mixtures for two main
reasons. First, for mixtures with specific fines content (FC),
such as FC=10% and 60%, the particle size distribution
exhibits a distinct gap, making it impossible to determine
the characteristic diameters deo and dio. Without these
characteristic particle sizes, the calculation of C, is not
feasible in these cases. For other FCs without such gaps, C,
can still be calculated. Second, the fundamental assumption
of C, is that a broader particle size span generally improves
packing efficiency, as smaller particles fill the voids
between larger ones. Thus, it is expected that the void ratio
e decreases as C, increases (Youd 1972). However, as
shown in Fig. 1, which presents the relationships between
maximum (emsx) and minimum (emin) void ratios and for
sand-silt mixtures (data from Polito and Martin 2001), both
emax and emin exhibit three distinct stages: decreasing,
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plateau, and increasing. This observation contradicts the
expectation of a continuous decrease with increasing C,,
further illustrating that the traditional C, fails to adequately
characterize the uniformity of gap-graded mixtures
Granular mixtures are gap-graded and have been
verified that they are easy to suffer liquefaction failure
under earthquake, specifically at the low fines content (FC)
(e.g., Polito and Martin 2001, Thevanayagam et al. 2002).
Soil stiffness takes a maximum value at very small strain
levels (i.e., <107), denoted as Go in the case of shear
stiffness, is one of the fundamental properties of soil and
plays a vital role in a variety of geotechnical problems. The
typical application of Gy is to evaluate the liquefaction
potential. Accordingly, numerous experimental and
numerical studies have focused on the Gy of granular
mixtures at the low FC (FC<20%) (e.g., Chen et al. 2020,
Gong et al. 2019, Goudarzy et al. 2016, Papadopoulou and
Tika 2008, Rahman and Undrained 2014, Wang et al. 2022,
Wei and Yang 2014, Wei and Yang 2019, Yang and Liu
2016, Zuo et al. 2023). Recently, some studies (e.g., Cheng
et al. 2019, Shin 2018, Zhu et al. 2020) have paid attention
to the higher FC. Besides the FC, the particle size ratio
(PSR), indicating the size ratio between coarse particle and
fines, is also an important factor for granular mixtures (e.g.,
Thevanayagam et al. 2002, Choo and Burns 2015, Yilmaz
et al. 2023). Granular mixtures with different FC and PSR
essentially indicate the different particle size distributions.
Traditionally, the continuous particle size distribution can
mainly be represented by the mean particle size dso and
uniformity coefficient C,. Indeed, many previous
experimental tests and numerical simulations have studied
the effects of dso and Cy on the Gy of granular materials
(e.g., Gu et al. 2017, Liu et al. 2023, Liu et al. 2021,
Wichtmann and Triantafyllidis 2009). In summary, these
studies found that the Gy values remain nearly unchanged
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Fig. 1 Relationships between emax, emin and C, for sand-
silt mixtures (data adapted from Polito and Martin 2001)

with dso, whereas Gy values gradually decrease with an
increase of C,. Therefore, it is natural to associate that the
effects of FC and PSR to essentially influence the
uniformity to affect the Go of granular mixtures. Recently,
Gong et al. (2024) reported that C, actually reflects the
uniformity distribution feature of contact stiffness inside the
particle sample to affect the Gy value. Furthermore, on the
basis of discrete element method (DEM) simulations, Gong
et al. (2024) proposed an empirical expression to predict Gy
value from a microscale perspective

Go/0o*® = (19.08CN,, — 66.72)

(1
(22.54G,**” + 21.05)/[236.2(1.22 — 0.17C,)]

where G, is the shear modulus of particles; CNy, indicates
the mechanical coordination number of granular materials
(e.g., Thornton 2000). However, the Eq. (1) is only suitable
for the continuous grading since the concept of C, is
possibly not applicable to the gap-graded granular mixtures
as previously mentioned. Given these observations, a basic
question naturally arises: is there an index for granular
mixtures (C') to quantify their uniformity, and whether the
C' can be expressed as a function of FC and PSR?
Furthermore, if the C]' exists, whether the Gy of granular
mixtures can be predicted by the Eq. (1) after replacing the
CT with C,? These questions are the motivation of this
work, wherein we conducted grain-scale modelling via the
DEM, which has been demonstrated to be able to reproduce
certain key features of granular materials (e.g., Gong et al.
2019, Gu and Yang 2013, Gu et al. 2020; Nei et al. 2022,
Otsubo et al. 2020, Ostubo and O’Sullivan 2018, Zhao et al.
2023).

This paper aims to proposea new index Cy}', that can be
expressed of FC and PSR, to quantify the uniformity of
granular  mixtures. Three-dimensional (3D) DEM
simulations are conducted to investigate the effects of FC
and PSR on the Gy of granular mixtures. The Gy of the
samples are determined by quasistatic drained triaxial tests.
The remainder of this paper is organized as follows. DEM
modelling is introduced first, followed by a series of
macroscale and microscale analyses of the simulation
results. Attempts are made to study the underlying
mechanisms related to the variation in Go with FC and PSR.
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Fig. 2 Particle size distribution curves of granular
mixtures with different FCs (PSR = 7.5)

Then, an index of uniformity coefficient for granular
mixtures C]' is proposed. Afterwards, the rationality of the
proposed C" is verified. Finally, some primary conclusions
are summarized.

2. DEM modelling

The well-recognized commercial software PFC3D 5.0
(e.g., Itasca 2014) is used to perform the numerical
simulations in this work. The fines content (FC) and particle
size ratio (PSR) are two important parameters for granular
mixtures when considering particle size distribution in
DEM modelling. According to crystallography, a fine
particle can exactly fill the void created by four tangent
coarse particles with an identical diameter at PSR= 4.45
(e.g., Krishna and Pandey 1981). Considering that PSR=
4.45 is a threshold value, thereby, PSR=2.0, 3.0, 4.45, 6.0,
and 7.5 are employed in this work. The average diameter of
coarse particles is D.=15.0 mm for different PSRs.
Accordingly, the average diameters of fines are D=7.5, 5.0,
3.37,2.5, and 2.0 mm, respectively. The diameters of coarse
particles and fines are evenly distributed within the ranges
of [2/3D., 4/3D.] and [2/3Dy, 4/3Dx], respectively. The C,
values of pure coarse particles (Cy) and fines (Cyr) are
1.429 and 1.412, respectively. The FC is varied from 0% to
100% at intervals of 10%. Fig. 2 shows an example of the
particle size distributions of granular mixtures for different
FCs at PSR = 7.5. It is worthy noting that the absolute
particle size adopted in this study (D.=15.0 mm) does not
represent the actual physical scale of soil particles, but
rather a numerical choice to balance computational
efficiency with the need to capture the effects of gradation.
Since DEM analyses primarily depend on FC and PSR, the
findings remain applicable regardless of the absolute size of
the particles.

Following previous DEM simulations (e.g., Gong et al.
2019, Gong et al. 2024, Zheng et al. 2025), the samples
were generated using the isotropic compression method.
First, coarse particles and fines were randomly placed
within a cubic domain bounded by six rigid walls. Because
the initially generated particles overlap significantly, the
resulting contact forces are excessively large, causing
particle-wall penetration. To address this, particle velocities
and angular velocities were reset every 10 steps up 20000
steps. The assembly was then isotropic compressed, with a
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(a) FC=10% and PSR=7.5

Fig. 3 Typical numerical specimens with different FCs after reaching equilibrium

servo-control mechanism applied to reach the target
confining stress of 0p=200 kPa. Equilibrium was assumed
once the ratio of the average unbalanced force to the
average contact force fell below 1.0x107° and the deviation
of the wall stress from 200 kPa was within 0.1%. Typical
equilibrated specimens are shown in Fig. 3. Because
frictionless particles were used during sample preparation,
the densest packing was obtained. Accordingly, all samples
in this study are considered to have an identical relative
density of D=100%, following Azema and Radjai (2010,
2013). After isotropic compression, the samples were
subjected to a drained triaxial test at very small strain,
analogous to laboratory experiments. At such strain levels,
the granular materials are generally considered to remain in
an elastic state. Since contact sliding can cause particle
rearrangement and lead to irreversible deformation, it was
restricted in this study, consistent with the approach adopted
by Gu et al. (2017). A small axial strain increment Ag; was
applied, while the lateral stress o» (=ov) and o3 (=0p) were
maintained constant using servo control until the shear
strain y = Ag; — 0.5(Ag, + Agz) reached 1.0x107, where
Ag, and Ae; denote the lateral strain increments. The small-
strain stiffness G, was then determined by G, = Ao, /2y,
where Ao, represents the axial stress increment.

In this study, granular mixtures can be regarded as sand-
gravel mixtures due to ignoring the cohesion between
particles. As reported by Gu et al. (2013), the linear contact
law cannot reflect stress-dependent small-strain stiffness.
Therefore, a nonlinear Hertz-Mindlin contact law is used to
capture the force-dependent contact stiffness and thus
stress-dependent small-strain stiffness. The main input
microscale parameters used in our DEM simulations are
summarized in Table 1. Among these, the particle material
properties-particle density p=2650 kg/m?®, shear modulus
G,=29 GPa and Poisson's ratio v, = 0.15-are employed with
reference to the experimentally determined values for
Leighton Buzzard sand (e.g., Sandeep and Senetakis 2018,
2019). These parameters have also been widely employed
in previous DEM simulations investigating the small-strain
stiffness of granular materials (e.g., Gong et al. 2019, Gu et
al. 2017, Liu et al. 2023, Gong et al. 2024, Gu and Yang
2013, Goudarzy et al. 2020, Gu and Yang 2018). A local
damping factor of 0.7 is adopted to accelerate the process of

(b) FC=30% and PSR=7.5

(c) FC=60% and PSR=7.5

Table 1 Input microscale parameters in the DEM
simulations
Parameter Values
Particle density, p (kg/m?) 2650
Shear modulus, Gp (GPa) 29
Poisson’s ratio, vp 0.15
Inter-particle frictional coefficient, u 0.0

reaching quasistatic equilibrium by dissipating the kinetic
energy (e.g., Abbireddy and Clayton 2010). It is remarkable
that the local damping can only weaken the accelerating
forces and has a negligible influence on the fabric evolution
at the small strain stage (e.g., Wang and Yan 2012).

3. Results and discussion
3.1 Effects of FC and PSR

To quantify the effects of fines content (FC) and particle
size ratio (PSR) on the small-strain stiffness Go, Fig. 4
displays the relationship between Gy (in MPa) and FC for
the granular mixtures with different PSRs. As we can see,
the evolutions of Go with FC follow the similar
development for different PSRs. Specifically, with an
increase of FC, Gy first decreases and reaches a valley at
FC=20%, then reversely increases and reaches a peak at a
specific FC, and finally continuously decreases until
FC=100%. The valley and peak Gy are obviously affected
by the PSRs and show a positive correlation with PSR.

Namely, the valley Gp decreases and the peak Go
increases with an increase of PSR. It is remarkable that the
first decrease and then reversely increase of Gy at low to
medium FC is consistent with the observation in previous
experimental studies (e.g., Goudarzy et al. 2016, Shin
2018). Furthermore, it can be observed that for the pure
coarse particles (FC=0%) and fines (FC=100%) with
different PSRs, their Gy values are nearly the same. This
finding indicates the particle size has limited effect on the
Gy values, which also has been demonstrated in previous
experimental and DEM studies (e.g., Gu et al. 2017, Gu et
al. 2020, Dutta et al. 2019). These observations suggest that
the results of DEM simulations in this work are convincing.
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Fig. 4 The relationship between Gy (in MPa) and FC for
the granular mixtures with different PSRs

From the perspective of micromechanics, Gong et al.
(2024) reported that the Gy values are dependent on two
microscale variants, i.e., the mechanical coordination
number CNy, and contact stiffness between particles. Here,
the contact stiffness between particles has two implications.
One is the shear modulus of particles G,. The other is the
non-uniform distribution feature of contact stiffness inside
the particle specimen. The effects of FC and PSR on the
CNy, are first analyzed since many factors influencing on
Go, such as over-consolidation (e.g., Gu and Yang 2018),
depositional fabric (e.g., Gong et al. 2019), and particle
shape (e.g., Gong et al. 2024, Nei et al 2022), are
essentially related to the CNp. Following Thornton (2000),
CNp in this work has eliminated the effect of rattlers.
Specifically, CNy, is calculated as

2N — N}

CNp = ——— P __
™~ N, — (Ng + NI)

2

where N, denotes the number of total contacts, N, indicates
the number of particles, Ng refers to the number of particles
without any contact, and Nf, represents the number of
particles with only one contact. Remarkably, the contacts
between particle and wall are not counted to avoid the
boundary effect on CNy, (e.g., Pinson ef al. 1998). Fig. 5
shows the relationships between CN, and FC for the
granular mixtures with different PSRs. It is clear that for
PSRs ranging from 2.0 to 7.5, curves all exhibit a valley
when FC~20%, then reversely increases and reaches a peak
at FC=90%, and finally decreases until FC=100%. The
trends of the curves are consistent with the results in the
literatures (e.g., Gong et al. 2021, Kristiansen et al. 2005,
Meng et al. 2014). As the PSR increases, the valley locus
moves rightward at FC=20%, which can be attributed to the
smaller size of fines are rattlers and can move in the
skeleton structure formed by coarse particles (e.g., Meng et
al. 2014). When FC>20% at a specific FC, CNy, first
decreases when PSR increases from 2.0 to 3.0, and then
gradually increases with a further increase of PSR. The
CNm decreases with increasing FC when FC<20% exhibits
the similar trend with that of Gy as shown in Fig. 4.
Nevertheless, when FC>20%, the CNy, does not have an
obvious peak at medium FC, which shows a different trend
from that of Gy as indicated in Fig. 4. To elucidate the
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evolution of CNy, with FC, the relationship between particle
numbers (N, Ng and Nll,), contact number (N,) and FC for
PSR=7.5 is illustrated in Fig. 6. As shown, when FC<20%,
Np =0, Ny~NJ, and both of N, and Np gradually
increase with increasing FC. This indicates that most
particles remain in a floating state within the specimens,
leading to a near-zero contact number (N,), as evidenced in
Fig. 6. When FC>20%, both NJ and Nj approach zero,
suggesting that floating particles become rare, while N, and
N, progressively increase with FC. According to Eq. (2),
because both the numerator and denominator
simultaneously approach zero, this explains why the trend
of CNy, with FC differs between the cases of FC<20% and
FC>20%, as shown in Fig. 5.

To establish the relationship between Gy and CNy, Fig.
7 illustrates the relationship between Go/ov'? (Go in MPa
and oy in kPa) and CNy, for granular mixtures with different
PSRs. We find that the data are scattered and Go/cp'”
exhibits an obvious nonlinear trend with CNp,. This finding
is different from the linear relationship between Go/op'® and
CNi, as reported in previous studies (e.g., Gong et al. 2024,
Nei et al. 2022, Gu and Yang 2018, Gong et al. 2021).
Considering that G,=29 GPa is identical for all particles, the
scattered data and nonlinear relationship between Go/cp'?



Quantifying the uniformity of granular mixtures through a study on small-strain stiffness via DEM 63

o
L U T é

= I'SH=1.45
%
PSR-40

< 0 ® PSR=TS

Fig. 7 The relationship between Go/cv'® and CNy, for
granular mixtures with different PSRs

.ns
»
060 b\ “u
NI «
1,55 .- " /
. §
11.50 4 .
.
145 ’ " -
- \ 4
S 0.0 z —o— PSR=2.(
Y Y o PSI-3.0
0.354
e al . PSRAAS
0.3 v - -— PSR"6 I
03 - &~ PSR-T5

T T T
(L 2% {[E s L) o 1

Fings comtent, F(

Fig. 8 Evolutions of e with FC for granular mixtures with
different PSRs

and CNy, can be related to the non-uniform distribution
feature of contact stiffness inside the particle samples. Gong
et al. (2024) reported that non-uniform distribution feature
of contact stiffness can be reflected by the C, for the
continuous grading when considering the contact stiffness
on Go. However, as previously mentioned in the
introduction, the traditional definition of C, possibly cannot
reflect the uniformity of granular mixtures. Therefore, a
new uniformity coefficient of granular mixtures should be
proposed.

3.2 Uniformity coefficient of granular mixtures

We expect that the void ratio e has a negative correlation
with the uniformity coefficient of granular mixtures Cy .
Fig. 8 plots the evolutions of e with FC for granular
mixtures with different PSRs. The five types of PSRs show
a trend in which e first decreases, reaching a minimum
value at a specific FC, and then reversely increases with
increasing FC. As we can see, the PSR has an obvious
influence on the minimum value of e and the FC
corresponds to the e at their minimum value. Generally, the
greater the PSR is, the minimum e is. Furthermore, the FC,
corresponding to the e values at their minimum values,
decreases with an increase of PSR. Specifically, for
PSR=7.5, the e reaches the minimum value at FC~30%,
while for PSR=2.0, the e reaches the minimum value at
FC=50%. The same PSR effect on the evolutions of e with
FC has also been found in previous studies (e.g., Yilmaz et
al. 2023, Meng et al. 2014). It is interesting to point out that
the FC, corresponding to the e values at their minimum
values, is nearly the same with the Gy values reach their

. PSR-21)
» e PSR=30
2
. "  PSR=4 45
A
- v PSR=60
4 -
+— PSR=75
} / o e
y .
- E "
§ /" i
ol N\
v ;’
o Tt N
¥ —
L ©

T T -
054 20 0% % M 100

Fines consent, FC
Fig. 9 The relationships between Cy' and FC for granular
mixtures with different PSRs

peaks as shown in Fig. 4. This finding suggests that the Gy
values have a potential correlation with e, possibly the C'
serve as the linking. According to the expectation of
negative correlation between Cy' and e, it infers that the C'
will show a unimodal characteristic with increasing FC.
Furthermore, with an increase of PSR, the peak C' will
gradually increase, and the FC corresponding to the peak
Cy will generally decrease.

Gong et al. (2024) proposed an empirical expression
(Eq. (1)) to predict Go value from a microscale perspective.
Note that the Eq. (1) includes the C, to consider the non-
uniformity distribution feature of contact stiffness inside the
particle sample for the continuous grading. We assume that
the Eq. (1) is also suitable for predicting the Gy value for
granular mixtures after replacing the C, with C', then the
Eq. (1) can be modified as follows.

Go/0o'® = (19.08CN,, — 66.72)
(22.54G,%%” + 21.05)/[236.2(1.22 — 0.17CM)]

Note that the unit of Gy, oy, and G, are in MPa, kPa and
GPa, respectively. In this work, ;=200 kPa and G,=29 GPa
are given for all the samples, while CN,, and C]' are
changed for various FCs and PSRs. The measured GO and
CN,, for different FCs and PSRs are given in Figs. 4 and 5,
respectively. Taking the C] as the unique unknown
quantity, the Eq. (3) can be written as follows.

C™ = 7.18 — (19.08CN,, — 66.72)

4)
(22.54G,%°7 + 21.05)0,'/%/(40.20G,)

Substituting 0p=200 kPa and G,=29 GPa into the Eq.
(4), then we have

C™ = 7.18 — 34.40(19.08CN,, — 66.72) /G, (5)

Note that the Eq. (5) is sustainable for the given ;=200
kPa and G,=29 GPa in this study, the expression is different
for other values of oy and G,. After substituting the Go and
CNy, of various FCs and PSRs into the Eq. (5), the Cy' for
various FCs and PSRs can be obtained. Fig. 9 illustrates the
relationships between Cy' and FC for granular mixtures with
different PSRs. As we can see, the evolutions of C;' with
FC for different PSRs fulfilled all the anticipations. That is,
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Fig. 10 The fitted lines of C' with FC for granular
mixtures with different PSRs

Table 2 The fitted parameters a and b

PSR 2.0 3.0 4.45 6.0 7.5
a 1.60 3.97 7.00 7.84 9.57
b 0.78 4.33 6.51 8.00 9.05

on the one hand, all curves exhibit a unimodal characteristic
with increasing FC and the peak C' gradually increases
with an increase of PSR. On the other hand, the FC
corresponding to the peak C' generally decreases with an
increase of PSR.

It is found that the evolutions of C' (Fig. 9) and e (Fig.
8) are generally similar and asymmetric about the horizontal
axis. To fit the evolutions of Cy' with FC, the similar fitting
equation referring to the evolutions of e can be used. Yu and
Standish (1988) proposed a two-parameter model to fit the
relationship between e and FC as follows.

e = 2)FC3 — 3y+ BFC? +

6
(r+ B+e —e )FC+ e, ©

where er and e represent the void ratio of pure fines and
coarse particles, respectively; y and S are two fitting
parameters. According to the Eq. (6), the similar fitting
equation referring to the evolutions of C}' with FC can be
expressed as follows.

C™ = 2aFC3 — (3a + b)FC? + (a + b + Cys — Cyo)FC
+ Cyc (7

where Cyr and C,. represent the C, of pure fines and coarse
particles, respectively; and a and b are two fitted
parameters. Eq. (7) ensures that the obtained C' equals to
conventional C, for the boundary granular mixtures, i.e., Cyc
for FC=0% and C,r for the FC=100%. Moreover, Eq. (7)
indicates that the C}' of granular mixtures is independent of
specimen density, even though the results in this study were
derived from specimens prepared at the densest state. This
observation aligns with the intuitive understanding that the
coefficient of uniformity of granular materials is unrelated
to density state, primarily because Eq. (7) is essentially
derived from Eq. (1). Gong et al. (2024) further confirmed
that Eq. (1) can be applied to reliably predict the small-
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Fig. 11 The fitted relationships between a, b and PSR
based on data in Table 2

strain stiffness of specimens across different density states.
Fig. 10 illustrates the data points of C{' and their fitted lines
by using the Eq. (7) for granular mixtures with different
PSRs. It is remarkable that Cy=1.412 and C,=1.429 are
fixed when fitting the data points. The fitted parameters a
and b are listed in Table 2. As we can see, it is evident that
the data points can well be fitted by the Eq. (7). All R?
values are generally greater than 0.89 except R?=0.823 for
PSD=2.0.

Reviewing the Eq. (7), when Cy and C,. values are
specific, the Cy' of granular mixtures can be determined
when the parameters a and b are given. Fig. 11 plots the
fitted relationships between a, b and PSR based on data in
Table 2. It is evident that both the a and b are logarithms
relationship with PSR. Specifically, the a~PSR and h~PSR
relationships can be fitted as follows.

a = 6.13In(PSR) — 2.98 (8)

b = 5.96In(PSR) — 2.47 9)

According to the Egs. (7)-(9), the CJ' of granular
mixtures then can be calculated for a given PSR, FC, Cyr
and Cy.. After the C' is obtained, the Gy values then can be
calculated based on the Eq. (3) from a microscale
perspective.

To examine the reasonability of the obtained C', the
triaxial tests on granular mixtures with PSR=9.0 are
conducted. The FC is varied from 0% to 100% at intervals
of 10%. The sample preparation and microscale parameters
are the same with that introduced in the section of DEM
modelling. Specifically, D~15.0 mm, D=1.67 mm,
Cy=1.412 and C,=1.429. After substituting PSR=9.0 into
the Eq. (8) and Eq. (9), the parameters a and b are obtained.
Then, based on the Eq. (7), the value of CJ' can be
calculated for the different FCs. Afterwards, substituting
Cy', CNy, into the Eq. (3) (Gy=29 GPa and 06v=200 kPa), the
Gy of different FCs can be predicted. Fig. 12 compares the
evolutions of the measured Go/cy'”® and predicted Go/on"?
with FC. The inset shows the relationship between the
measured Go/op'”® and predicted Go/oo'>. The R? is used to
analyses the scatter in the results. It is clear that the
evolution of measured Go/c'® with FC is generally
consistent with that of predicted Go/ov'3. the R?=0.936 also
suggests that the prediction of Go/cy"? compares well with
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Fig. 13 The experimental data in Ruan et al. (2021).

the measured values. In addition, the laboratory
experimental data in Ruan e al. (2021) is also plotted in
Fig. 13 to further examine the reasonability of the obtained
C.'. Notably, the small stiffness Gy was measured and the
CNp, cannot be obtained from the laboratory experiments,
thus we will compare whether the value of CNy, obtained
based on the Egs. (3) and (7)-(9) is reasonable. As shown in
Fig. 13, the value of CNy, falls in a typical range of 4.0~6.0,
which is consistent with the findings in our study and
previous researches (e.g., Yang and Liu 2016, Gong ef al.
2019, Liu et al. 2024). These findings directly and
indirectly demonstrate that the obtained C;' is reasonable
and can be used to accurately predict the Go of granular
mixtures.

As illustrated in Fig. 1, the traditional definition of C,
cannot fulfill the expectation that the void ratios of granular
mixtures e will continuously decrease with an increase of
Cy. To further check the reasonability of the obtained C,
the relationship between the e values and C}" is studied. Fig.
14 presents the variation of e of granular mixtures with
different FCs and PSRs with C]'. Note that the data in Gong
et al. (2024) for the continuous grading are also included
for comparison, in which the horizontal axis represents the
C,. As we can see, for both continuous grading and gap-
graded granular mixtures, the measured e monotonically
decreases with an increase of CI* and C, as expected.
Furthermore, at a given C* for granular mixtures and C, for
continuous grading, the e values are generally scattered.
Nevertheless, the difference between the e values for
granular mixtures and that for continuous grading are not
obvious. Therefore, it concludes that the obtained C' for
the gap-graded granular mixtures has the same meaning as
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Fig. 14 Variation of e with C}' for granular mixtures with
different FCs and PSRs
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the C, for the continuous grading. Additionally, the
expectation of a decrease trend of e with CJ' further
demonstrates that the proposed new index C' is reasonable.

When the CJ', CNp, G, and oy are given, the Gy of
granular mixtures can be predicted based on the Eq. (3),
which is similar with that of the continuous grading (see Eq.

1)

4. Discussion and limitation

Based on the above findings, CI* is introduced to
capture the combined influence of PSR and FC on the
packing efficiency and contact structure of gap-graded
mixtures. A higher CJ* reflects more efficient void filling by
finer particles, leading to a denser and more more stable
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fabric, whereas a lower C' indicates less effective filling
and a more open, unstable structure. This interpretation
enables C" to be directly linked to the evolution of void
ratio and coordination number, which are fundamental
indicators of soil mechanical behavior. The well application
of the proposed index CI* could be found for the
liquefaction resistance analysis of gap-graded granular
mixtures under cyclic loading. Past case histories of
earthquake-induced liquefaction have shown that they are
frequently implicated in liquefaction failures (Monkul et al.
2021, Banerjee et al. 2023). Traditionally, the cyclic
resistance ratio (CRR) has been employed to evaluate the
liquefaction resistance of soils through cyclic shear tests.

To highlight the advantage of C;* over the conventional
parameter C,, Figs. 15(a) and 15(b) illustrate the normalized
liquefaction resistance, expressed as CRR/CRRsng, Of silty
sand with respect to Cy and CT, respectively, where CRRsang
denotes the CRR of clean sand. The data points in Figs.
15(a) and 15(b) were obtained from Monkul et al. (2021) by
digitizing the relevant CRR graphs, which include
variations in fines content (FC) and relative density
information (Dy). From Fig. 15(a), it can be observed that
with increasing C,, the normalized CRR fluctuates within a
certain range across different D, values. The data points
appear scattered and no consistent trend emerges. This
observation is in line with previous studies on the effect of
gradation, where no systematic relationship could be
established between C, and CRR, even for silty sands
(Belkhatir et al. 2011). In contrast, Fig. 15(b) shows that the
data points are more concentrated, and the normalized CRR
exhibits a clear monotonic decrease with increasing C.
This trend is consistent with earlier findings for clean sands,
where liquefaction resistance was found to gradually
decrease with increasing Cy. These results suggest that,
although C{" is derived through numerical simulations and
data fitting, it serves a more reliable parameter than the
traditional C, for characterizing the heterogeneity and
mechanical behavior of gap-graded granular mixtures. In
this study, spherical particles were adopted to isolate the
effects of fines content (FC) and particle size ratio (PSR)
while maintaining computational efficiency. Nevertheless,
it should be noted that realistic particle shape features, such
as angularity and surface roughness, can significantly
influence particle crushing, coordination number, and
stiffness evolution (Zhou et al. 2013, Ru et al. 2017, Gong
et al. 2025). The influence of particle shape will be
investigated in further work.

5. Conclusions

The traditional uniformity coefficient C, cannot reflect
the uniformity of gap-graded granular mixtures. This paper
proposes a new index Cy', that can be expressed of fines
content (FC) and particle size ratio (PSR), to quantify the
uniformity of granular mixtures. To obtain C}', the small-
strain stiffness Gy of granular mixtures with different FCs
and PSRs are studied. The Gy values are determined by a
quasistatic drained triaxial test. The results show that the
evolutions of Gy with FC follow the similar development

for different PSRs. Specifically, with a continuously
increase of FC, Gy first decreases and reaches a valley at
FC=20%, then reversely increases and reaches a peak at a
specific FC, and finally decreases until FC=100%. The
valley Go decreases and the peak Gy increases with an
increase of PSR. Assuming that the empirical expression
(Eq. (1)) also holds true for predicting the Go of granular
mixtures after replacing the C, with C. Afterwards, C" is
calculated based on the measured Gy values. By fitting the
obtained C* values, C" can then be expressed as a function
of FC and PSR. The rationality of the proposed Cj is
verified through two aspects. On the one hand, the proposed
C' is used to predict the GO of granular mixtures with
PSR=9.0. The result indicates that the prediction of Go/cy"3
compares well with the measured values. On the other hand,
the relationship between void ratios e of granular mixtures
and CJ' is validated, together with the data of continuous
grading. As expected, for both continuous grading and gap-
graded granular mixtures, the measured e monotonically
decreases with an increase of C'. The C* can be used to
predict the Gy of granular mixtures when the mechanical
coordination number (CNy), shear modulus of particles
(Gy), confining stress (oo) and Cy' are given.
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