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1. Introduction 
 

Nanotechnology has resulted in the creation of nano-

engineered composite materials that possess increased 

mechanical properties, which made the relevance of nano-

engineered materials even greater in structural applications. 

The modelling can be divided into two categories of atomic 

modeling and continuum mechanics (Chen et al. 2025, Cui 

et al. 2024, Deng et al. 2022, 2024, Gong and Li 2024). 

More interesting developments that have made concrete 

notable advances in the improvement of its mechanical 

properties including sole enhancement of stiffness and 

strength directly impacting the dynamic response of 

concrete elements includes the addition of nanoparticles to 

the cementitious matrices (Tang et al. 2025, Yao et al. 2023, 

2025, Zhang et al. 2023a, b). An example of such 

nanoparticles is the nanoparticle graphene oxide (GO) 

(Chen et al. 2020, Hong et al. 2020, Wu et al. 2020, Zhang 

et al. 2025). 

New developments over nanomaterials have exhibited 

drastic impact on the mechanical ability and capacities of 

composite structures and concrete materials (He et al. 2024,  
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Huang et al. 2022, Liu et al. 2024, Niu et al. 2024, Prakash 

et al. 2025). A number of works have been devoted to the 

reinvention of the composite materials of nanoscale 

reinforcements, e.g., carbon nanotubes (CNTs), graphene, 

and nano-SiO2 synthesized and incorporated into the 

traditional materials to enhance strength, durability, and 

multi-functionality (Sun et al. 2017, Tang et al. 2025, Wang 

et al. 2023, 2025, Yang et al. 2024).  A multiscale analysis 

was made on the deflection and stress distribution of 

nanocomposite reinforced beams (Wuite and Adali 2005) 

which showed the positive impact of nano-reinforcements. 

Their publication formed a basis of knowledge in structural 

usage of nanocomposites. Rafiee et al. (2009) investigated 

the strengths of the graphene-reinforced nanocomposites 

when it comes to fracture and fatigue resistances. The 

outstanding mechanical property of graphene was also a 

significant contributor to augmented durability implying 

that graphene could be used in the manufacture of high-

performance materials.  Liew et al. (2014) have studied the 

stability and the postbuckling of carbon nanotube reinforced 

functionally graded cylindrical panel under the compression 

load in the axis of the panel by adopting a meshless 

computational method. Their study established a better 

loading ability and increase stability of the nanocomposite 

panels because of the graded distribution of the CNTs. 

Azandariani et al. (2022) presented a spectral element 
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procedure to discuss the axially-loaded functionally graded 

beams based on the first-order shear deformation theory, 

which provides effective and precise vibration solution of 

complex grading patterns. The vibration characteristics of 

nano-reinforced structures have attracted quite some level 

of interest in recent years, with a number of theoretical and 

methodological modeling options being put forward. To 

give an example, Gholami et al. (2023) have developed a 

dynamic stiffness approach to analyze the free vibration of 

bi-directional functionally graded (BFG) Timoshenko 

nanobeams and therefore this tool can be used as a highly 

accurate method of study in the nano-level dynamic field of 

study. This was taken further by Zare et al. (2024) to 

nonlocal, nonlinear free vibration analysis of BFG 

Timoshenko nanobeams that demonstrated the significance 

of scale-dependent behavior when studying nanostructures. 

Setayesh et al. (2024) examined the response of forced 

vibration of relatively-thick carbon nanotube (CNT)-

reinforced composite plates in the larger context of forced 

vibration of nanocomposite structures, where it was shown 

that when the reinforcement is at nanoscale, the dynamic 

stiffness and damping properties change significantly. Next, 

Hamzehkhani et al. (2024) focused on the bending 

vibrations of pre-twisted sandwich beams by precisely 

formulating a dynamic stiffness matrix representation, and 

the effect of layered systems is evident in such vibrations. 

Labaran et al. (2024) performed an experiment, researching 

how the concrete strength, durability, and cost-efficiency 

are changed by the addition of nano-silica, finding that the 

performance indicators were improved dramatically. Cheng 

et al. (2025) used the numerical model of AI-integrated to 

calculate the nonlinear post-buckling of the Mindlin 

composite plate reinforced with the functionally graded 

carbon nanotube, and suggested the sophisticated skills of 

simulations of the complicated behavior of nanocomposites.  

New studies on the stability of sustainable infrastructure 

have emerged by looking at concrete that has been nano-

engineered. Multifunctional construction materials Song et 

al. (2025) used experimental and numerical modeling to 

enable optimal energy extraction using smart nano-

engineered concrete. Hailin Jia et al. (2025) modeled and 

tested the idea of thermal insulation model of nano-SiO2 

foam concrete and vacuum insulation panel sandwich on 

building exterior surfaces that showed higher benefits of 

thermal performance. A study by Su et al. (2025) examined 

how nano-SiO2 and nano-CaCO3 can be incorporated into 

concrete in combination, saying the result was better 

abrasion resistance and a finer microstructure.  Verma et al. 

(2025) have evaluated different methods of dispersion of 

nano-SiO2 in concrete matrices, at the same time 

mentioning that the successful dispersion of the nano-

particles in uniform distribution of nano-particles is 

assumed to lead to best outcomes. A thorough review of 

nano-engineering progress in cement and concrete was 

presented by Barbhuiya et al. (2025), summarizing a state 

of the art research on progress and future directions. 

Latest development in the field of structural and 

material engineering has resulted in a dotted research to 

enhance the mechanical and dynamic behavior of concrete-

based and composite structures through emerging 

techniques on reinforcement, modeling and addition of 

advanced materials like nanomaterials, and fibers. The 

study conducted by Zhai et al. (2025), the vibration 

response of a composite, doubly-curved, shell with damping 

layers with a view to structural damping was able to attain a 

better dynamic behavior. Yang et al. (2025a,b) 

comprehensively studied how to predict the restrained stress 

in ultra-high-performance concrete (UHPC) by correlating 

long- and in-situ creep behaviors, and provided a proper 

long-term and in-situ stress prediction model with increased 

accuracy of long-span and prestressed buildings. The paper 

by Sun et al. (2017) evaluated the vibration velocity of the 

X-section cast in place concrete (XCC) pile-raft foundations 

of ballastless tracks and offered the knowledge about the 

foundation dynamics based on railway loading. As it can be 

seen in Niu et al. (2024), neural network methods were used 

to model damage of concrete cement under compression; 

the accuracy was found to be high, and the methods used 

have continued to present robust potential in the use of 

smart structural health monitoring. The effects of fiber 

complexity specifically were the prospective results 

provided by Gao et al. (2025) that considered uniaxial 

tensile stress-strain characteristics in regard to 3D/4D/5D 

fibers reinforced by steel to produce an enhanced 

mechanical behavior. Zhang et al. (2025) provide a 

comprehensive perspective on the cohesive zone modeling 

of the interface bond phenomenon wherein the effect of 

fiber-reinforced polymer (FRP) and concrete was 

established. A practical use of the findings has been given 

by Huang et al. (2022) as they explored seismic behavior of 

reinforced concrete columns that have been augmented 

under combined lateral and axial load. This literature 

provided an in-depth overview of nanomaterial-modified 

alkali-activated composites written by Zhang et al. (2023) 

with a focus on their fresh, mechanical, and microstructural 

properties. In reference to this, Yao et al. (2023) tested the 

cyclic behavior of new beam-to-column connections with 

small buttress sections of fuse elements instead of the beam 

sections proposed to provide greater levels of energy 

dissipation and structural resilience during seismic action. 

In spite of all this, study of the vibrational performance 

of GO-reinforced concrete beams has not been studied fully 

and more specifically, the dispersive quality and 

agglomeration effects are not considered in the study 

directly. This is because the model or theory presented in 

the current paper endeavors to fill this gap by modeling the 

vibration properties of GO nanoparticle-reinforced concrete 

beams using the SSDBT and the Mori Tanaka model 

homogenization method. The compressive strength data is 

used to validate the model and the influence of GO content, 

agglomeration, boundary condition, temperature, moisture, 

and geometric parameters occurring on natural frequency 

are studied. 

 

 
2. Mathematical modeling 
 

Fig. 1 presents a concreting the reinforcement of 

graphene oxide nanoparticle inserted into the conventional 

cementitious substance posing an implementation of the  
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Fig. 1 Schematic of a concrete beam reinforced with GO 

nanoparticles 

 

 
nano substances in the standard cementitious concrete. The 
diagram provides accentuation of the even distribution of 
GO nanoparticles in an actual concrete which is essential to 
improve the mechanical properties of the beam like 
stiffness, strength and durability. Inclusion of GO 
nanoparticles also enhances load-bearing not only but also 
leads to improved crack resistance and damping behavior 
under dynamic loading. This figure gives a visual 
description of nanotechnology and how it may be utilized in 
an effective manner to create high-performance structural 
components in the field of high end civil engineering. 

Based on SSDT, the displacement field is (Thai and Vo 

2012) 

𝑢1(𝑥, 𝑧, 𝑡) = 𝑢(𝑥, 𝑡) − 𝑧
𝜕𝑤(𝑥, 𝑡)

𝜕𝑥
+ 𝑓𝜓(𝑥, 𝑡) (1) 

𝑢2(𝑥, 𝑧, 𝑡) = 0 (2) 

𝑢3(𝑥, 𝑧, 𝑡) = 𝑤(𝑥, 𝑡)  (3) 

where u1, u2 and u3 are the  mid-plane deflections in the 

axial, transverse and thickness directions, respectively; 𝜓 

represents the rotation of cross section about y axis; 

sin .
h z

f
h





 
=  

 

 Using Eqs. (1) to (3), the nonlinear strain-

displacement relations based on Von -Karman theory are as 

follows 

𝜀𝑥𝑥 =
𝜕𝑢

𝜕𝑥
− 𝑧

𝜕2𝑤

𝜕𝑥2
+ 𝑓

𝜕𝜓

𝜕𝑥
 (4) 

𝜀𝑥𝑧 = 𝑐𝑜𝑠 (
𝜋𝑧

ℎ
)𝜓 (5) 

The stress relations for the proposed structure are 

𝜎𝑥𝑥 = 𝑄11(𝜀𝑥𝑥 − 𝛼𝑥𝑥𝑇 − 𝛽𝑥𝑥𝐶) (6) 

𝜎𝑥𝑧 = 𝑄55𝜀𝑥𝑧 (7) 

where T and C are temperature and moisture changes, 

respectively; 𝛼𝑥𝑥  and 𝛽𝑥𝑥 are thermal and moisture 

coefficient, respectively.  

 
2.1 Mori-Tanaka model 
 
Here, E and 𝜈 are Young’s modulus and Poison's ratio of 

the GO-reinforced concrete beam which are 

𝐸 =
9𝐾𝐺

3𝐾 + 𝐺
 (8) 

𝜐 =
3𝐾 − 2𝐺

6𝐾 + 2𝐺
 (9) 

where the effective bulk modulus (K) and effective shear 

modulus (G) may be expressed as 

𝐾 = 𝐾𝑜𝑢𝑡 [1 +
𝜉 (

𝐾𝑖𝑛
𝐾𝑜𝑢𝑡

− 1)

1 + 𝛼(1 − 𝜉) (
𝐾𝑖𝑛
𝐾𝑜𝑢𝑡

− 1)
], (10) 

𝐺 = 𝐺𝑜𝑢𝑡 [1 +
𝜉 (

𝐺𝑖𝑛
𝐺𝑜𝑢𝑡

− 1)

1 + 𝛽(1 − 𝜉) (
𝐺𝑖𝑛
𝐺𝑜𝑢𝑡

− 1)
], (11) 

where 

𝐺 = 𝐺𝑜𝑢𝑡 [1 +
𝜉 (

𝐺𝑖𝑛
𝐺𝑜𝑢𝑡

− 1)

1 + 𝛽(1 − 𝜉) (
𝐺𝑖𝑛
𝐺𝑜𝑢𝑡

− 1)
], (12) 

𝐾𝑜𝑢𝑡 = 𝐾𝑚 +
𝐶𝑟(𝛿𝑟 − 3𝐾𝑚𝜒𝑟)(1 − 𝜁)

3[1 − 𝜉 − 𝐶𝑟(1 − 𝜁) + 𝐶𝑟𝜒𝑟(1 − 𝜁)]
, (13) 

𝐺𝑖𝑛 = 𝐺𝑚 +
(𝜂𝑟 − 3𝐺𝑚𝛽𝑟)𝐶𝑟𝜁

2(𝜉 − 𝐶𝑟𝜁 + 𝐶𝑟𝜁𝛽𝑟)
, (14) 

𝐺𝑜𝑢𝑡 = 𝐺𝑚 +
𝐶𝑟(𝜂𝑟 − 3𝐺𝑚𝛽𝑟)(1 − 𝜁)

2[1 − 𝜉 − 𝐶𝑟(1 − 𝜁) + 𝐶𝑟𝛽𝑟(1 − 𝜁)]
, (15) 

where two parameters 𝜉  and 𝜁  describe the agglomeration 

of nanoparticles and 𝐶𝑟  is relates to the SiO2 volume 

fraction. In addition, 𝜒𝑟 , 𝛽𝑟 , 𝛿𝑟 , 𝜂𝑟 
may be calculated as 

𝐺𝑜𝑢𝑡 = 𝐺𝑚 +
𝐶𝑟(𝜂𝑟 − 3𝐺𝑚𝛽𝑟)(1 − 𝜁)

2[1 − 𝜉 − 𝐶𝑟(1 − 𝜁) + 𝐶𝑟𝛽𝑟(1 − 𝜁)]
, (16) 

( ) ( )

( ) ( )

( ) ( )

4 2 4

31
,

2 3 3 75

3 3 7

m r r m

r m r m

r

m m m m m m

m m m r m m

G k l G

k G p G

G K G G K G

G K G m K G



+ + 
+ + + 

=  
+ + +   +

 + + + 

 
(17) 

𝛿𝑟 =
1

3
[𝑛𝑟 + 2𝑙𝑟 +

(2𝑘𝑟 − 𝑙𝑟)(3𝐾𝑚 + 2𝐺𝑚 − 𝑙𝑟)

𝑘𝑟 + 𝐺𝑚
], (18) 

𝜂𝑟 =
1

5

[
 
 
 
 
 
 
2

3
(𝑛𝑟 − 𝑙𝑟) +

4𝐺𝑚𝑝𝑟
(𝑝𝑟 + 𝐺𝑚)

+
8𝐺𝑚𝑚𝑟(3𝐾𝑚 + 4𝐺𝑚)

3𝐾𝑚(𝑚𝑟 + 𝐺𝑚) + 𝐺𝑚(7𝑚𝑟 + 𝐺𝑚)

+
2(𝑘𝑟 − 𝑙𝑟)(2𝐺𝑚 + 𝑙𝑟)

3(𝑘𝑟 + 𝐺𝑚) ]
 
 
 
 
 
 

. (19) 

where kr ، lr ، nr  ، pr and mr are the Hills elastic modulus for 

the nanoparticles (Mori and Tanaka 1973); Km and Gm are 

the bulk and shear moduli of the matrix which can be 

written as 

𝐾𝑚 =
𝐸𝑚

3(1 − 2𝜐𝑚)
 (20) 
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𝐺𝑚 =
𝐸𝑚

2(1 + 𝜐𝑚)
 (21) 

where 𝐸𝑚and 𝜐𝑚 are Young’s modulus and the Poisson’s rat

io of concrete beam, respectively. Furthermore, 𝛽, 𝛼
 
can be 

obtained from 

𝛼 =
(1 + 𝜐𝑜𝑢𝑡)

3(1 − 𝜐𝑜𝑢𝑡)
 (22) 

𝛽 =
2(4 − 5𝜐𝑜𝑢𝑡)

15(1 − 𝜐𝑜𝑢𝑡)
 (23) 

𝜐𝑜𝑢𝑡 =
3𝐾𝑜𝑢𝑡 − 2𝐺𝑜𝑢𝑡
6𝐾𝑜𝑢𝑡 + 2𝐺𝑜𝑢𝑡

 (24) 

 

2.2 Governing equations 
 
One of the ways to obtain the governing equations is 

energy method and the principle of Hamilton. When 

formulating the governing equations, use of the Hamilton 

principle was selected on grounds of appropriateness and 

applicability in complicated composite structures that have 

coupled fields and use higher-order deformation theory (as 

is the case in SSDBT, employed in this work). In contrast to 

other techniques, like Newtonian or Lagrangian mechanics, 

Hamilton principle can be used in the case when both 

potential and kinetic energies are considered by allowing 

both of them to be added together, it has also been useful in 

the derivation of variational equations of systems with 

distributed parameters. This application is especially good 

in nano-reinforced composite cases where nonlinearities, 

shear deformation and coupling are of importance. 

Moreover, Hamilton principle has found common 

application in comparable studies on composite and 

nanostructures, which provide mathematical continuity and 

semantic in obtaining partial differential equations of 

description of dynamic behavior. Potential energy of 

structure can be written as follows 

𝑈 =
1

2
∫(𝜎𝑥𝑥𝜀𝑥𝑥 + 𝜎𝑥𝑧𝜀𝑥𝑧)
𝑉

𝑑𝑉 (25) 

By replacing Eqs. (4) and (5) into Eq. (25), potential 

energy is 

𝑈 =
1

2
∫ (𝜎𝑥𝑥 (

𝜕𝑢

𝜕𝑥
− 𝑧

𝜕2𝑤

𝜕𝑥2
+ 𝑓

𝜕𝜓

𝜕𝑥
)

𝑉

+ 𝜎𝑥𝑧 (𝑐𝑜𝑠 (
𝜋𝑧

ℎ
)𝜓))𝑑𝑉. 

(26) 

The plane forces and moments can be defined as 

(𝑁,𝑀, 𝑃) = ∫(1, 𝑧, 𝑓)𝜎𝑥
𝐴

𝑑𝐴 (27) 

𝑄 = ∫ 𝑐𝑜𝑠 (
𝜋𝑧

ℎ
)𝜎𝑥𝑧

𝐴

𝑑𝐴 (28) 

Hence, the potential energy is 

𝑈 = ∫ (𝑁
𝜕𝑢

𝜕𝑥
−𝑀

𝜕2𝑤

𝜕𝑥2
+ 𝑃

𝜕𝜓

𝜕𝑥
+ 𝑄𝜓)

𝑥

𝑑𝑥 (29) 

The kinetic energy is 

𝐾 =
𝜌

2
∫(𝑢̇1

2 + 𝑢̇2
2 + 𝑢̇3

2)𝑑𝑉 (30) 

By replacing Eqs. (1)-(3) into Eq. (30) we have 

𝐾 =
𝜌

2
∫

(

 
 (
𝜕𝑢

𝜕𝑡
− 𝑧

𝜕2𝑤

𝜕𝑥𝜕𝑡
+ 𝑓(𝑧)

𝜕𝜓

𝜕𝑡
)

2

+(
𝜕𝑤

𝜕𝑡
)
2

)

 
 
𝑑𝑉 (31) 

where 𝜌 is the density of the structure. The inertia moment 

can be defined as 

{
 
 

 
 
𝐼0
𝐼1
𝐼2
𝐼3
𝐼4
𝐼5}
 
 

 
 

= ∫

[
 
 
 
 
 
 
𝜌
𝜌𝑧

𝜌𝑧2

𝜌𝑓(𝑧)
𝜌𝑧𝑓(𝑧)

𝜌𝑓(𝑧)2]
 
 
 
 
 
 

𝑑𝐴 (32) 

Hence, we have 

𝐾 = 0.5∫ [𝐼0 ((
𝜕𝑢

𝜕𝑡
)
2

+ (
𝜕𝑤

𝜕𝑡
)
2

) − 2𝐼1 (
𝜕𝑢

𝜕𝑡

𝜕2𝑤

𝜕𝑥𝜕𝑡
) 

+𝐼2 (
𝜕2𝑤

𝜕𝑥𝜕𝑡
)

2

− 2𝐼3 (
𝜕𝑢

𝜕𝑡

𝜕𝜓

𝜕𝑡
) 

−𝐼4 (
𝜕2𝑤

𝜕𝑥𝜕𝑡

𝜕𝜓

𝜕𝑡
) + 𝐼5 (

𝜕𝜓

𝜕𝑡
)
2

] 𝑑𝑥 

(33) 

Hamilton's principle is stated as 

∫ (𝛿𝑈 − 𝛿𝐾)𝑑𝑡 =
𝑡

0

0 (34) 

Hence, the governing equations are 

𝛿𝑢:
𝜕𝑁

𝜕𝑥
= 𝐼0

𝜕2𝑢

𝜕𝑡2
− 𝐼1

𝜕3𝑤

𝜕𝑥𝜕𝑡2
− 𝐼3

𝜕2𝜓

𝜕𝑡2
 (35) 

𝛿𝑤:
𝜕2𝑀

𝜕𝑥2
−
𝜕2𝐹

𝜕𝑥2
+
𝜕𝑄

𝜕𝑥
= 𝐼0

𝜕2𝑤

𝜕𝑡2
+ 𝐼1

𝜕3𝑢

𝜕𝑥𝜕𝑡2
 

−𝐼2
𝜕4𝑤

𝜕𝑥2𝜕𝑡2
+ 𝐼4

𝜕3𝜓

𝜕𝑥𝜕𝑡2
 

(36) 

𝛿𝜓:𝑄𝑥 −
𝜕𝐹𝑥
𝜕𝑥

= 𝐼5
𝜕2𝜓

𝜕𝑡2
− 𝐼3

𝜕2𝑢

𝜕𝑡2
+ 𝐼4

𝜕3𝑤

𝜕𝑥𝜕𝑡2
 (37) 

By substituting Eqs. (6) and (7) into (27) and (28), the 

internal forces and moments are 

𝑁 = ℎ𝑄11
𝜕𝑢

𝜕𝑥
 (38) 

𝑀 = −𝑄11𝐼
𝜕2𝑤

𝜕𝑥2
+
24𝑄11𝐼

𝜋3
𝜕𝜓

𝜕𝑥
 (39) 

𝑃 = −
24𝑄11𝐼

𝜋3
𝜕2𝑤

𝜕𝑥2
+
6𝑄11𝐼

𝜋2
𝜕𝜓

𝜕𝑥
 (40) 
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𝑄 =
𝑄55𝐴

2
𝜓 (41) 

where 

(𝐴, 𝐼) = ∫(1, 𝑧2)𝑑𝐴
𝐴

 (42) 

 
 

3. Analytical solution 
 

Being constrained by a simply supported condition, the 
connecting final three mode shapes of the beam can be 
mathematically written so that they are sinusoidal functions, 
in that they are closed-form solutions of the associated 
governing differential equation of motion in transverse 
vibrations of a beam under pure simply supported boundary 
conditions. These mode shapes define the typical shapes of 
deformation that the beam will take at particular natural 
frequencies and each mode will be defined at a higher 
frequency and differ in complexity of the shape. Both Ends 
of the beams in simply supported beam is free to rotate and 
does not have the ability of resisting the moments and thus 
the displacement of the supports is “zero”. The modes 
proceeds; appropriately, and will be the Sine-functions such 
as fulfill these border conditions, and can be expressed as 

𝑑 = {
𝑢
𝑤
𝜓
} = ∑

{
 
 

 
 𝐴1 𝑐𝑜𝑠(

𝑚𝜋𝑥

𝐿
)𝑒𝑖𝜔𝑡

𝐴2 𝑠𝑖𝑛(
𝑚𝜋𝑥

𝐿
)𝑒𝑖𝜔𝑡

𝐴3 𝑠𝑖𝑛(
𝑚𝜋𝑥

𝐿
)𝑒𝑖𝜔𝑡}

 
 

 
 

∞

𝑚=0

, (43) 

where  represents vibration frequency of the beam, m  is 

axial wave numbers. Replacing Eq. (43) into motion 

equations yields 

[𝐾][𝑑] + [𝑀][𝑑̈] = 0 (44) 

where [𝐾]
 
and

 
[𝑀]

 
are stiffness and mass matrixes, 

respectively. By using the eigenvalue technique, natural 
frequency of the structure can be calculated through solving 
the characteristic equation, which is formed based on 
governing equations of motions. In this method, the 
dynamic response of the system is modeled and generally, it 
is in matrix form with stiffness matrix and mass matrix to 
represent the system structure. Applying the boundary 
conditions and the assumption of harmonic motion the 
system is simplified to an eigenvalue problem where the 
eigenvalues are the square of the natural frequencies, and 
with the eigenvectors being the mode shapes. The solution 
of this problem is a range of discrete frequencies at which 
the structure will spontaneously oscillate at. Such an 
approach, particularly, is effective in structural dynamics 
due to the possibility to predict the vibrational properties 
accurately up to the complex shapes and material 
constitutions, such as those of nanocomposite beams 
supported with materials such as graphene oxide (GO). 
  

 

4. Experimental analysis 
 

Since the nanoparticles are not solved in water without  

 

Fig. 2 The validation of this paper with Xu et al. (2019) 

 

Table 1 The results of cubic samples compressive strength 

at different ages 

Volume 

percent of 

GO 

Without nanoparticles With 0.02% nanoparticles 

 

Xu  

et al. 

(2019) 

Present 

work 
Diff% 

Xu  

et al. 

(2019) 

Present 

work 
Diff% 

3 days --- 21.57 --- --- 24.69 --- 

7 days 32 32.19 0.59 43 43.55 1.25 

14 days 50 50.22 0.44 62 61.69 0.5 

28 days 59 59.09 0.15 77 76.31 0.89 

 

 

any specific process, before producing concrete samples, 

GO nanoparticles are dispersed by using shaker (10 minutes 

using a mechanical shaker), magnetic stirrer (20 minutes at 

room temperature), and ultrasonic devices (40 minutes 

using a probe-type ultrasonic device) and finally 

mechanical mixer (5 minutes to ensure uniform dispersion 

with the cement paste) based on the amount of used 

nanoparticles than cement at specific times. The concrete 

samples ar cured at a temperature of 23 ± 2°C and relative 

humidity of over 95% in a standard moist curing room. In 

order to determine the average compressive strength of 

concrete, cubic samples with 51*51*51 mm dimensions 

were used based on ASTM C109/C109M standard and the 

compressive strength development process are studied for 3, 

7, 14, and 28-day ages. The reduction in size to 51 mm was 

chosen to enable it to meet the practicalities of the 

experiment easier, eg: limited material availability using 

very expensive GO nanoparticle material and to enable the 

increase in the number of replication required to achieve 

good statistics. Although in routine testing 100 mm cubes 

are generally used, although in comparative studies, 51 mm 

cubes may be used provided they are corrected by proper 

factors and have been used in parallel studies involving 

nanoparticles of other types. The amount of GO 

concentration used to dispense in this research was that 

related to 0.02 by weight of cement otherwise known as the 

intended dose of the specimen preparation. These GO 

nanoparticles were initially suspended in distilled water in 

this ratio and the dispersion by sequential steps (mechanical 
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shaking, magnetic stirring, ultrasonic probe and mechanical 

mixing) was performed. This was to ensure that the 

dispersion medium retained the same concentration which 

would finally get into the cementitious mix. The strength 

developed by cubic samples are given in Table 1 and Fig. 2 

and compared with Xu et al. (2019). Noted that the 

compressive strength tests are conducted based on the 

ASTM C109/C109M – Standard Test Method for 

Compressive Strength of Hydraulic Cement Mortars (Using 

2-in. or [50 mm] Cube Specimens). 

Fig. 2 shows the compressive strength formation in the 

concrete samples with the appearance of different curing 

ages (3, 7, 14, and 28 days), as well as the results of the 

present work and the study of Xu et al. (2019) with and 

without the addition of 0.02% GO nanoparticles. The final 

outcomes indicate that in all instances the strength was 

increasing with time as it should. The experimental setting 

and the methodology is validated in that the values of the 

present work closely match the literature values, 

particularly at higher ages. It is observed that, the addition 

of GO nanoparticles results in increased values of 

compressive strengths of all curing durations, which 

confirms that GO nanoparticle reinforcement has a 

beneficial influence on concrete performance. The 

differences in the datasets are also minimal (less than 1.3 

percent in most cases), which just goes on to prove again 

that the current experimental results were accurate and 

replicable.  

According to the numerical model elaborated, the 

compressive strength of the GO reinforced concrete was 

estimated as 78 MPa through Mori Tanaka technique using 

𝑓 ′
𝑐
= 4700√𝐸 . Such analytical outcome shows good 

correspondence with the measured data in the experiments 

itself, which once again confirms the appropriateness of the 

suggested modeling model in orchestrating the mechanical 

response of the nanocomposite concrete. The proximity 

between the fundamental theory prediction and the 

empirical values ascertain that the model can be applied to 

increased parametric and structural studies. 

The microstructural distribution of GO nanoparticles in 

the concrete matrix which is used 0.02 percent of GO by 

weight is portrayed in the given SEM image in Fig. 3. The 

microscopic observation suggests a homogenous 

distribution of nanoparticles in the field scope that lacks any 

significant clustering or agglomeration of nanoparticles at 

the macroscopic level. The measurements indicated, which 

were highlighted in th figure, affirm that the particle sizes 

are in the right range, that is nanometer, and are also very 

fine and uniform in dispersion. This homogenisation is 

essential in gaining the necessary mechanical enhancement 

which well-dispersed nanoparticles provides in the path of 

enhanced load transfer, crack bridging and densification of 

the matrix. The absence of big agglomerates proves the 

efficiency of the methods of dispersion applied and which 

are shaking, magnetic stirring, ultrasonic treatment, and 

mechanical mixing.  

The quality of dispersion was checked on the eye and 

under the microscope. The sequential dispersion steps were 

followed by no visible clusters and sedimentation at the 

macroscopic scale. Better, SEM imaging of hardened  

 
Fig. 3 SEM image for GO nanoparticles in concrete 

specimen 

 

 

concrete samples containing 0.02% GO (Fig. 3 in paper) 

established that the nanoparticles present in the cement 

matrix were rather homogeneous and without gross 

clustering or large agglomerates. This offered first-hand 

microstructural indicators that the implemented dispersion 

protocol worked. Although no zeta potential measurements 

have been performed in the present study, the zeta potential 

measurements of visual inspection and SEM validation are 

consistent with the previously applied techniques in 

nanomaterial-cement studies. 

 

 
5. Numerical results 

 

An analytical model is used to determine in this chapter 

the natural frequency of this structure and how this 

frequency depends on different parameters, such as the 

volume fraction of GO nanoparticles, geometric properties 

or nanoparticle agglomeration. The elastic modulus of 20 

GPa of a concrete is a very common number which has 

been cited in many structural engineering texts, and can be 

found in ASTM C469 since it is a typical value of an 

ordinary Portland cement concrete using a typical aggregate 

mix. The modulus of GO nanoparticles (250 GPa) is 

achieved through previous research articles that measure the 

characteristics of mechanical property of GO; e.g., Rafiee et 

al. (2009).  

In Fig. 4, a sensitivity analysis is showing the 

convergence of the calculated natural frequency of a GO 

reinforced concrete beam employing the analytical 

computation and number of terms in the series. When the 

number of terms is going from 1 term to 10 terms, the 

determined frequency converges to a constant value, which 

proves the utility and consistency of the analytical solution. 

Seeing that higher-order terms have insignificant effects on 

the final result, the convergence trend shows that the values 

of the frequencies vary less than 0.1 percent relative error 

after about 3 terms. This trend proves that the technique 

used in analytical eigenvalue of the study makes a precise 

prediction with a sensible number of terms and aids the 

effectiveness of the technique applied in dynamic analysis 

of a nano-reinforced concrete beam. 
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Fig. 4 The convergence of the proposed method for 

solution 

 

 

Fig. 5 The validation of this paper with Shokravi (2017) 

 

 

Fig. 5 compares the present research with that of 

Shokravi (2017). To this end, with the assistance of zero f in 

Eq. (1) and by simplifying the theoretical model of the 

problem to accommodate the Euler-Bernoulli beam theory, 

and by using identical silica nanoparticles and equal 

material and geometric parameter values as the ones utilized 

in the mentioned paper, dimensionless frequencies observed 

in the present study were contrasted with those reported by 

Shokravi (2017). It can be seen that the results are 

characterized by a high level of accuracy and reliability and 

prove the validity of the given approach. This consent 

shows the congruence of the suggested methodology to the 

developed theories and supports the validity of the results. 

The impact of agglomeration on the frequency of 

structure as a function of GO nanoparticles volume percent 

are shown in Fig. 6. At nanomaterials scale, agglomeration 

simply means the clumping or even clustering together of 

nanoparticle to each other, as a result of interparticle forces, 

thereby limiting their uniform dispersion throughout a 

matrix, and may also adversely influence the mechanical 

properties of the resulting composite material. In this 

research, these parameters are not directly measured as 

others but adopted after literature and parametric variation 

because of what has been done by other authors like 

Zamanian et al. (2017) which use them in pursuing trend  

 
Fig. 6 The impact of agglomeration on the vibration 

frequency in term of GO volume percent 

 

 
Fig. 7 The impact of length to thickness ratio on the 

vibration frequency in term of GO volume percent 

 

 

and sensitivity in effective property prediction.. One can 

find that frequency is reduced when the agglomeration 

effects are considered. It could be attributed to the fact that 

the consideration of agglomeration effect results in reduced 

stiffness to the structure. The dominant influence of 

agglomeration effect on vibrating behaviour of structure is 

however major. Besides, as Cr increases, it increases the 

frequency as a result of high rigidity in bending. 

The impact of the length-to-thickness ratio of the 

concrete beam on natural frequency depending on the 

percentage of the volume of GO (graphene oxide) 

nanoparticle is presented in Fig. 7. As length to thickness 

ratio goes up there is a visible change in the frequency. The 

increase in structural stiffness as the result of the alterations 

in the proportion of geometricals can be treated as its cause. 

Increased length to thickness ratio usually results in an 

increase in flexural rigidity of the beam which results in 

increased natural frequencies. Also, the addition of GO 

nanoparticles will help to have this behavior via enhancing 

the mechanical characteristics of concrete matrix e.g., 

Young modulus and internal damping. However, the 

interaction of geometric optimization and nanomaterial 

reinforcement has a synergistic effect and hence a greater 

contribution towards increasing vibrational performance of 

the structure. It shows that both geometrical and material  
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(a) 

 
(b) 

Fig. 8 (a) The impact of thickness on the vibration 

frequency in term of GO volume percent and (b) The 

impact of length on the vibration frequency in term of 

GO volume percent 

 

 

parameters used should be carefully adjusted according to 

the design of high-performance nanocomposite in concrete 

beam in situations where vibration control is of utmost 

importance. 

The effect of beam length and thickness on the natural 

frequency is presented in Figs. 8a and 8b with respect to the 

change in the percentages of the volumes of GO (graphene 

oxide) nanoparticles. The findings show that there are two 

different trends: the increase in thickness will cause natural 

frequency to increase whereas the increase in length will 

cause the frequency to decrease. This is quite characterized 

with the classical beam theory where the natural frequency 

of any structure is directly proportional to the stiffness to 

mass ratio. As the thickness of the beam is increased, the 

moment of inertia increases and a structural stiffness is 

increased thus producing higher frequencies. Conversely, 

the structural flexibility also creates a deadweight effect 

which increases the length of the beam and decreases 

structural stiffness with the result that natural frequencies 

will be lowered. In addition, the mechanical strength of the 

concrete matrix is also improved during the addition of GO 

nanoparticle and this also has an impact on the dynamic  

 
Fig. 9 The impact of mode number on the vibration 

frequency in term of GO volume percent 

 

 
Fig. 10 The impact of boundary condition on the 

vibration frequency in term of GO volume percent 

 

 

response. The nature of the interaction between the 

geometric parameters and the nanoparticle reinforcement 

underlines the necessity of the optimization of not only the 

physical dimensions but also the material composition of 

the concrete in the effort to have desired vibrational 

characteristics in nanocomposite concrete constructions. 

The applications of such findings are particularly valuable 

in those aspects where frequency response control is 

paramount like smart infrastructures and acoustically 

sensitive elements. 

Fig. 9 indicates the impact of mode number on the 

frequency as a function of volume percent of GO 

nanoparticles. In vibration analysis, the mode number is the 

particular deformation pattern or shape of a structure under 

a specific natural frequency, such that the higher mode 

numbers indicate higher frequencies and increasingly 

complex deformation shapes. With increase in mode 

number obviously the frequency is raised.  

Fig. 10 shows the effect of natural frequency on volume 

percent nanoparticle for three different boundary conditions 

clamped-clamped (CC), clamped-simply supported (CS) 

and simply supported- simply supported (SS). The figure 

clearly demonstrates that increasing the percentage of 

nanoparticles in volume causes the increase in natural  
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Fig. 11 The impact of temprature on the vibration 

frequency in term of GO volume percent 

 

 
Fig. 12 The impact of moisture on the vibration 

frequency in term of GO volume percent 

 

 

frequency under all the boundary conditions. This has been 

put to the fact that the structural stiffness has been 

significantly increased as the nanoparticles have been added 

and thus the mechanical properties of the composite 

material are also enhanced. The values of frequency are 

highest in the case of the first condition (CC) under study 

and subsequently CS and SS. Such a trend shows the effect 

of boundaries restrictions on the performance of vibration, 

with stiffer supports maturing to be stiffer and hence a 

higher frequency. It is concluded that dynamical response 

proves strongly dependent on the material composition and 

the support structure, a factor that should be highly 

considered in engineering designs that concern controlling 

vibration and structural acoustics. 

The impact of temperature in vibration frequency of the 

nanocomposite concrte beams is shown in Fig. 11. The 

frequency of the beam reduces as temperature rises. This 

reduced stiffness is mostly through the freezing of the 

matrix material causing it to soften thus reducing the 

structural stiffness. Thermal expansion accompanied by 

increased temperatures decreases elastic modulus of the 

structure and decreases the resistances to vibrations in the 

beam.  

Fig. 12 shows the effect of moisture content on the 

frequency of the vibration of nanocomposite concrete 

beams. When the moisture level rises between 40 and 80 

there is a downward trend in the vibration frequency of the 

beam. This leakage is mainly cited to the uptake of wetness 

on the matrix material that results on softening of the beam. 

High moisture content has the effect of weakening the 

interfacial bonding between the nanoparticle and the 

cementitious matrix, which affects overall stiffness to a 

lower value and increases damping. As a result of this, the 

beam becomes less resistant to the vibrational energy, 

making its natural frequency to be dropped. Such behavior 

underlines the importance of humidity control of the 

environment in circumstances where vibrational efficiency 

and integrity are of concern, especially when deployed 

under outdoor or wet environments. 

 

 
6. Conclusions 

 

To sum up, the research presents an extensive 

assessment of the dynamic response of graphene oxide 

(GO) reinforced concrete beams, which proves the 

effectiveness of the suggested modelation method with 

sensitivity analysis and also confirmation of the finding of 

the capability of the literature. The confirmation on the 

accuracy and efficiency of the method is that; the 

convergence of natural frequency with the limited number 

of series terms. It has been found out that, nanoparticle 

agglomeration, the ratios of geometrical parameters, mode 

numbers, boundary effects, temperature, and moisture have 

a significant effect on the vibration behavior of the beam. In 

particular, a higher content of GO usually raises the natural 

frequency, because of elevated stiffness, and environmental 

changes, such as temperature and moisture, lower it, 

making the matrix softer. These observations highlight the 

fact that, stability demands coupling the strain versus strain 

rate curves and material composition, with structural 

parameters, to guarantee performance stability of the 

structure under combined dynamic loads. 
The variation of the natural frequency that is anticipated 

to rise due to the addition of the GO nanoparticles has a 
significant practical consideration concerning its application 
on actual concrete buildings. Resonance and vibration 
control are important design concerns in situations like foot 
bridges, building floors, machine foundation and precast 
structural components. In confirming the stiffening of the 
beam reinforced with GO in raising the stiffness of the 
beam by both analytical and experimental results, this study 
shows that it is possible to avoid those critical ranges of 
natural frequencies. Consequently, GO-reinforced concrete 
might provide superior dynamic performance, and a lower 
possibility of resonance, and it also exhibits promising 
durability in a cyclic loading capacity, which makes it a 
good potential vibration-sensitive structural component. 
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