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Abstract.

The present study evaluates the active earth thrust exerted by sandy sloping ground on rigid retaining walls,

investigating the critical effects of slope toe position (e) and slope height (/) that are often neglected in current design standards
despite their significant influence on wall pressures. The solutions were obtained by performing finite element lower bound limit
analysis with second order conic optimization techniques and presented in the form of non-dimensional earth pressure
coefficient (K,). The active earth thrust remains constant beyond a certain distance of slope toe from the back face wall, and
height of slope, which are defined as critical toe distance (e.,) and critical slope height (%.,), respectively. The critical toe distance
and slope height have been found to be influenced by the friction angle of soil (¢), inclination of slope () and surcharge pressure
(¢) on the ground surface. The study shows that the magnitudes of K, e., and 4. increase with a reduction in the values of ¢ and
with an increase in the values of ff and ¢. For a few typical cases, the proximity of stress state to failure was presented.
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1. Introduction

Retaining walls are usually constructed to support the soil
and keep a difference in the elevation of the ground surface due
to the unavailability of sufficient space to provide appropriate
side slopes for the construction of roads, highways, and
buildings along cuts and fills. The stability of these walls
depends on the active earth thrust exerted by the
supported/backfill soil. The active thrust depends on the
properties of backfill soil, surcharge pressure on the backfill,
inclination, and height of backfill, and position of the toe of the
sloping backfill. Many research works have already been
performed to determine the active earth thrust on retaining
walls. Based on the limit equilibrium concept with the
consideration of a triangular rigid wedge of backfill at
failure, Coulomb (1776) first developed theoretical
solutions for determining the active earth thrust on rigid
retaining walls with rough back surfaces. Rankine (1857)
proposed a theory for calculating the active earth pressure
considering a small soil element at failure of the backfill for
smooth wall-soil interface conditions. Active earth pressure
on a retaining wall considering the influence of self-weight,
cohesion and friction angle of soil, surcharge pressure and
backfill inclination, various solutions have been developed
based on limit equilibrium and limit analysis theories
(Terzaghi 1943, Jumikis 1962, Chen and Rosenfarb 1973,
Kérisel and Absi 1990, Soubra and Macuh 2002). The
magnitude of active earth forces due to line surcharge and
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uniformly distributed surcharge of infinite and finite lengths
acting at distances from the wall has been computed by
adopting Coulomb’s rigid wedge planar mechanism (Motta
1994, Greco 2005, 2006). Fan and Fang (2010) obtained
numerical solutions for computing active earth pressures on
rigid retaining walls with limited backfill space owing to
the existence of rock face employing finite element
analysis. By carrying out two-dimensional finite difference
analyses with the usage of the Fast Lagrangian Analysis of
Continua Code (FLAC), Benmeddour et al. (2012)
computed the active earth pressure coefficients of
cohesionless sloping backfill by varying the position of
slope toe from the top of wall. Like the problem tackled by
Fan and Fang (2010), Greco (2013) provided closed-form
solutions for evaluating the active thrust on gravity
retaining walls with narrow backfill by extending classical
earth pressure theory of Coulomb based on limit
equilibrium method. Fang et al (1997) reported
experimental results on earth pressure acting against a
vertical rigid wall subjected to translational movements
with sloping cohesionless backfill having an inclination
angle of 20°, unit weight of 15.5 kN/m3, soil friction angle
of 30.9° and soil-wall interface friction angle of 19.2°. A
series of experimental studies were carried out by Yang and
Tang (2017) to study the active earth pressure on retaining
walls for three different wall movement modes and different
backfill widths. Implementing upper bound theorem of limit
analysis, Sahoo and Ganesh (2017) derived the expression
for K, with the inclined wall and sloping backfill in the
presence of seismic loading and surcharge load for
cohesive-frictional soil. Using finite element numerical
technique, Lai ef al. (2022) have recently studied the failure
mechanisms of retaining walls with narrow cohesive-

ISSN: 2005-307X (Print), 2092-6219 (Online)



444 Sunil Khuntia and Jagdish Prasad Sahoo

Table 1 Summary of methodology adopted by various researchers

Methodology References

Numerical Simulation

Fan and Fang (2010), Benmeddour et al. (2012), Greco (2013), Lai et al. (2022)

Coulomb (1776), Rankine (1857), Jumikis (1962), Rosenfarb (1973), Kerisel and

Theoretical Derivation

Absi (1990), Chen and Motta (1994), Soubra and Macuh (2002), Greco (2005, 2006),

Yang and Tang (2017), Sahoo and Ganesh (2018)

Experimental Verification

Fang et al. (1997), Yang and Tang (2017)

frictional soil backfill. Table 1 provides a systematic
classification of the methodological approaches (numerical,
theoretical, and experimental) used in the literature.

Except the study of Benmeddour et al. (2012) and Sahoo
and Ganesh (2018), no works seem to have been performed for
examining the influence of distance of slope toe from the wall,
where the height of the slope is assumed to be very high (can
be said as infinite slope). However, in the case of sloping
ground, the height of the slope is found to be limited (finite
slopes). Hardly any research work has been reported for
computing the active earth force on walls retaining sloping
ground of limited height. In the present analysis, by employing
lower bound finite element limit analysis and second order
conic optimization techniques, numerical solutions have been
obtained for estimating the active earth force on rigid retaining
walls supporting sandy soil with the sloping surface (i) whose
toe is located at different distances from the back face of the
wall, and (ii) of different heights above the top of the wall. The
effect of the inclination of the slope, soil friction angle, and the
ground surcharge has been examined. Few typical cases have
been taken into consideration to examine the failure patterns.

2. Statement of the problem

A rigid retaining wall of height H retaining an infinite and
finite height sandy sloping ground is shown in Figs. 1(a) and
1(b), respectively, where toe is located at a distance ‘e’ from
the back face wall. In the case of an infinite slope, the height of
the slope is very high, or the crest is located at a height beyond
which further increase in height negligibly influences the
failure mechanism or earth pressure distribution; thus, the crest
is not shown. Whereas in the case of the finite slope, h is the
height of the crest/slope above the top of the wall that actively
modifies the failure surface and wall pressures. The angle of
the sloping surface with the horizontal plane is f, and a
uniform surcharge pressure of magnitude ¢ is acting on the
ground surface.

The soil mass is assumed to be perfectly plastic and obeys
Mohr—Coulomb failure criterion with an associated flow rule.
The angle of internal friction and unit weight of soil are
denoted as ¢ and vy, respectively. For performing plane strain
analysis, the length of wall is considered very long as
compared to its height. The magnitude of active force (P,) per
unit length of wall is intended to be determined.
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Fig. 1 (a) an infinite height sloping ground with toe at a
distance ‘e’ from wall ; and (b) a finite height sloping
ground with toe at a distance ‘e’ from wall; and (c) a
typical finite element mesh for e/H = 0.5 and //H = 0.3

3. Analysis
Finite Element Limit Analysis (FELA) offers
advantages over traditional methods by combining

computational efficiency with rigorous lower bound
plasticity theory, eliminating the need for assumed failure
mechanisms while accommodating complex soil profiles and
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boundary conditions. With application of finite element
analysis based on lower bound theorem of limit analysis as
formulated by Sloan (1988) and following the second order
conic optimization procedure proposed by Makrodimopoulos
and Martin (2006), the present analysis was performed for
computing the active earth force on a vertical rigid retaining
wall. The magnitude of collapse load at active failure
(objective function) is optimized subjected to a set of
constraints imposed on the unknown nodal stresses. The
constraints generated for ensuring (i) the equilibrium of
elements, (ii) the discontinuities are statically admissible,
and (iii) the satisfaction of associated boundary stresses, are
the linear equality constraints. On the other hand, inequality
constraints are developed for satisfying the yield criterion.

The chosen domains as shown in Figs. 1(a) and 1(b) are
discretized into a number of three noded triangular
elements. For f = 15°, a typical finite element mesh for e/H
= 0.5 and #~/H = 0.3 is shown in Fig. 1(c). Each node is
involved with three basic unknowns, namely, horizontal
normal stress (o), vertical normal stress (a;), and the shear
stress (z,) on the horizontal/vertical plane. A linear
variation of stress components was considered by using
linear shape functions. The following equations are required
to be satisfied everywhere in the problem domain for
satisfying element equilibrium condition,

0o, Ot

¥ -0 1
x 1
or,, 0o,
+—7t =
x oy ! )

The inclusion of statically admissible stress
discontinuities in the lower bound analysis provides
olutions close to the true solution (Drucker 1953). The lines
of discontinuities are considered at the interfaces of
adjacent elements to incorporate statically admissible stress
discontinuities, and the continuity of shear and normal
stresses along these interfaces are allowed (Sloan 1988).
The boundaries CD and DE are kept at large distance so
that (i) the plastic yield points developed during the analysis
are contained quite well within the chosen boundaries of the
domain, and (ii) the magnitude of active force at failure
remains almost unchanged with further increase in the
domain size.The nodes along the ground surface AF as
shown in Figs. 1(a), and AG and FE as shown in Fig. 1(b)
were prescribed with vertical stresses equal to surcharge
pressure, that is, g, = ¢; whereas, the nodes along the
ground surface FE as given in Fig. 1(a) and GF as given in
Fig. 1(b) must satisfy the following conditions

o,sin? B+o, cos’ B—t,, sin 23=—qcos’ B A3)

—%sin 20, +%sin 2fo, +cos2ft, =—qsin fcos B (4)

No constraints are imposed on the values of stresses on
the nodes along the boundaries BC, CD and DE. Assuming
the wall-soil interface is smooth, the shear stresses (zy)
along the nodes AB were specified equal to zero.

The Mohr-Coulomb yield condition is ensured not to be

violated in the domain. The Mohr—Coulomb failure
criterion for a plane-strain problem can be expressed in
following form
(0'X -o, )2 +4r < (o-X +o, )sin ) (5)
The nonlinear inequality constraints generated for
satisfying the yield condition (Eq. (5)) is expressed as a set
of second order cone constraints at each node
(Makrodimopoulos and Martin 2006), which can be
represented as

Ao+, = bsioc (6)
sing sing O i
where, Aisoc =| -1 1 0 o, =0y |
0 0 - 2 z-xyi
Zli 0
Zi =\ 1y | bsioc =0
ZBi 0

0x, 0y and Ty, are the the horizontal normal stress, vertical

normal stress and shear stress, respectively, at i node.

T .
Z Z{Zl z, 23} is a vector representing the second-

order cone which satisfies Z; 24/ Z; + Z§ .

The magnitude of active earth force (P,) per unit length
of wall can be obtained by integrating the normal stresses
along the wall

P, =[o.dy ™

The global matrices and vectors are formed by
assembling equality and inequality constraints imposed at
all the nodes. The second order conic programming
problem is expressed in a standard form as follows

Objective function: Maximize {C}T {0'} or

Minimize - {C}T {O‘ } (8)

Constraints:

[4]{x}={B} 9)
where, {c} is the global vector of objective function
coefficients, {x}' = {o, z}, global variables consisting of
unknown nodal stresses { o} and auxiliary variables {z}, [A]
and {B}are global matrix of coefficients and global vector
of constants developed for satisfying element equilibrium,
stress boundary, statically admissible stress discontinuity
and yield conditions.

A necessary pre-processing computer code was
generated in MATLAB (2015) for performing the analysis
and conic optimization was performed by using MOSEK
(2015), an optimization toolbox available for MATLAB
(2015).

4. Results and discussions
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Fig. 2 For infinite height of slope, variation of K, with e/H for different combinations of ¢ and f (a) ¢/yH = 0, (b) g/yH =

0.5, (c) ¢/yH=1;and (d) ¢/yH=2

The computations have been performed for determining
the active thrust for different combinations of slope angle
(#), normalized distance of slope toe (e/H) from wall,
normalized height of the sloping ground (4/H), internal
friction angle of soil (¢), normalized surcharge (g/yH) for
smooth interface of retaining wall. However, a few cases
have been considered to investigate the effect of interface
friction angle (J). Extensive computations were performed
by varying e/H for the case (i) when height of the sloping
ground is very large (infinite slope) (ii) height of sloping
ground is limited (finite slopes). The active earth force can
be expressed in terms of non-dimensional earth pressure
coefficient as

1
P,=ZyHK
a 2}/ a

where, K, is active earth pressure coefficient.

The variation of K, has been presented as a function of
B, e/H, h/H, ¢, q/yH, 6/¢ and results were discussed as
follows.

(10)

4.1 Variation of K, with e/H for infinite height of
sloping ground

For different combinations of parameters such as f, ¢
and g/yH, the variation of active earth pressure coefficient
with e/H for infinite height of slope is shown in Figs. 2(a)-
(d). with e/H for infinite height of slope is shown in Figs.
2(a)-2(d). From these figures, the magnitude of K, is seen to
be reduced with an increase in the values of e¢/H and
remains constant beyond a certain value of e/H, which is
defined as the critical value of e/H, that is, (e/H)c. The
magnitude of active earth force corresponding to e/H
greater than equal to (e/H). becomes exactly the same as

4.2 Variation of K, with e/H for different height of
sloping ground

The variation of active earth pressure coefficient with
e/H for finite height of slopes is shown in Figs. 3-6. For a
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Fig. 3 For finite height of slope with ¢ = 30°, variation of K, with e/H for different combinations of #/H and f (a) ¢/yH =0,

(b) ¢/¥H=0.5,(c) ¢/yH=1; and (d) ¢/yH =2

given value of e/H, the magnitude of K, is found to be
increasing as the value of A/H increases found to be
increasing as the value of 4/H increases and remains
constant beyond a certain value of 4/H, which is defined as
the is defined as the critical value of 4/H, that is, (h/H)c. By
comparing the results from Fig. 2 with those in with those
in Figs. 3-6, it could be noticed that the magnitude of active
earth force exerted by finite sloping ground corresponding
to A/H greater than equal to (4/H).. becomes the same as that
exerted by infinite sloping ground. Further, corresponding
to a particular height of slope, the value of K, reduces up to
the critical value of e/H and remains constant after that. The
magnitude of (e/H) and (h/H).: are noted to be higher for
lower friction angle values of soil and greater values of
slope inclination and surcharge pressure increasing as the
value of #/H increases and remains constant beyond a
certain value of h/H, which is defined as the critical value of
h/H, that is, (h/H). By comparing the results from Fig. 2

with those in Figs. 3-6, it could be noticed that the
magnitude of active earth force exerted by finite sloping
ground corresponding to 4/H greater than equal to (A/H)c
becomes the same as that exerted by infinite sloping
ground. Further, corresponding to a particular height of
slope, the value of K, reduces up to the critical value of e/H
and remains constant after that. The magnitude of (e/H)c
and (h/H) are noted to be higher for lower friction angle
values of soil and greater values of slope inclination and
surcharge pressure However, the variation in the values of
(e/H)cr has been found to be insignificant with change in the
values of #/H. But a reduction in the critical height of slope
is observed with an increase in the toe distance from the
wall; for instance, the value of K, remains the same
corresponding to #/H greater than equal to 0.3, 0.2 and 0.1,
when e/H is approximately equal to 0.1, 0.35 and 0.65,
respectively for g/yH =2, f = 15° and ¢ = 45° as shown in
Fig. 6(d).
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Fig. 4 For finite height of slope with ¢ = 35°, variation of K, with e¢/H for different combinations of 4#/H and f (a) q¢/yH =0,

(b) ¢/¥H=0.5,(c) g¢/yH=1; and (d) ¢/yH =2

4.3 Variation of K, with slope angle (B), soil friction
angle (¢) and surcharge (q/yH)

From Figs. 2-6, the magnitude of the earth pressure
coefficient has been found to enhance continuously with an
increase in the values of slope inclination and surcharge
pressure on the ground surface and with a decrease in the
values of ¢. Further, it can be noted that the magnitude of
coefficient K, is reduced significantly for sloping ground
with lower inclination , higher soil friction angle, and lower
ground surcharge. It needs to be mentioned that the
coefficient K, was computed for f < ¢, as the sandy soil
slopes are unstable when f is greater than equal to ¢.

4.4 Variation of K5 with &/¢ for finite and infinite slope
To examine the variation of K, with the d/g,

computation has been carried out for f = 25°, ¢/yH = 0 and
1.0 with ¢ = 30° and 40° for infinite and finite slope as

shown in Figs. 7(a) and 7(b) respectively. It can be clearly
observed that for a smooth interface (i.e., 6/¢p = 0), the
coefficient of active earth pressure is found to be maximum,
which is conservative. For all the cases, the percentage of
change of K, is found to be around 15 % to 25 % when the
0/¢ changes from 0 to 1 (i.e., smooth to rough).

4.5 Proximity of stress state to failure

A point within the chosen domain will be in a state of
shear failure when the state of stress of that point located on
the Mohr’s stress circle touches the Mohr-Coulomb failure
envelope. The proximity of the stress state to shear failure
that is failure pattern is determined in terms of ratio namely
t/s where t = (ox - 6,)* + (214)% and s = ((0x + 0y) sind)>.the
value of #/s at any point is equal to unity corresponding to
ultimate shear failure, and #/s becomes smaller than unity at
a point in a non-yielding state. For ¢ = 30°, g = 25° and
q/yH = 0, the failure patterns have been generated
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for (i) infinite height of slopes by varying e¢/H, as shown in
Fig. 8, and (ii) finite height slopes by changing both e¢/H
and 4/H as illustrated in Fig. 9. From these figures, it can be
noticed that the zone of yielding (dark part), that is, the
mass of soil yields at the ultimate active state, becomes
larger with reduction in the distance of slope toe from the
wall. Figs. 9(b) and 9(c) reveal a direct correlation between
slope height and yielding zone expansion at fixed toe
positions, with the plastic region enlarging proportionally to
height increment. Figs. 9(b) and 9(c) reveal a direct
correlation between slope height and yielding zone
expansion at fixed toe positions, with the plastic region
enlarging proportionally to height increment. For two
different values of ¢/¥H in the case of finite height of slope,
the proximity of stress state to failure for ¢ = 40° B = 35°,
e/H = 0 and h/H = 0.2 is shown in Fig. 10 and it can be
observed that the failure zone is larger for higher values of
q/yH.
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5. Validation of present numerical solutions

The validity of the numerical solutions obtained from
the present analysis has been verified by comparing with
those available in literature as shown in Fig. 11. Fig. 11(a)
shows a comparison of variation of K, with e/H obtained
from the present analysis with that of Benmeddour et al.
(2012) for different values of ¢ and p/¢. The present
solutions are in good agreement with the results reported by
Benmeddour et al. (2012) based on finite difference
analyses using FLAC software. The present values of K, are
compared with the laboratory experimental results of Fang
et al. (1997) and the theoretical solutions of Coulomb
(1776) and Sahoo and Ganesh (2018) as shown in Fig.
11(b). Fang et al. (1997) conducted laboratory experiments
for a vertical retaining wall of height 0.3 m supporting
sloping backfill (f) with unit weight (y) and internal friction
angle (4) of 15.5 kN/m? and 30.9°, respectively and the soil-
wall interface (J) friction angle was 19.2°. Solutions based
on Coulomb’s theory are presented using the limit
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Table 2 A comparison of K, values obtained from the present analysis with that of Soubra and Macuh (2002) for
different combinations of ¢ and /¢

¢ P/ Soubra and Macuh (2002) Present analysis
0 0.49 0.49
1/3 0.54 0.54
20°
1/2 0.57 0.57
2/3 0.61 0.61
0 0.33 0.33
1/3 0.37 0.37
30°
1/2 0.40 0.40
2/3 0.44 0.44
0 0.22 0.22
1/3 0.25 0.25
40°
1/2 0.27 0.27

2/3 0.30 0.30
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equilibrium method for various combinations of wall
friction angle () and backfill slope angle (). Similarly, the
results by Sahoo and Ganesh (2018) using the upper bound
theorem of limit analysis with composite collapse
mechanism have been compared. From Fig. 11(b), it can be
seen that the results of the present study are consistent with
the previous studies, both experimental and analytical
findings. The present solutions corresponding to £ = 0 for
horizontal ground surface and corresponding to e/H = 0 for
different values of £ in the case of sloping surface are also
compared with upper bound limit analysis solutions of
Soubra and Mauch (2002).

6. Conclusions

Finite element lower bound limit analysis solutions have
been produced for estimating the active earth thrust on
vertical walls retaining sandy sloping ground. The influence
of slope toe position from the wall, height and angle of
slope, frictional angle of sand, and surcharge load on the
ground surface on the active earth force was investigated.

The following specific conclusions can be drawn from
the present study.

e The magnitude of active earth thrust on a retaining
wall supporting soil with a sloping surface
becomes the same as that of retained ground with
the horizontal surface when the location of the
slope toe exceeds a certain distance from the wall,
i.e., the critical toe distance.

e The magnitude of active thrust remains constant
and the same as that of the infinite height of
sloping ground when the height of sloping ground
reaches a certain maximum value, i.e., critical
slope height behind a retaining wall.

e The critical toe distance and slope height reduce
with an increase in the values of soil friction angle,
whereas they increase with the increase in the
values of slope angle and ground surcharge.

e The changes in the critical toe distance have been
noticed to be insignificant with changes in the
height of sloping ground.

e The magnitudes of active earth force are higher for
lower values of frictional soil angle, and for higher
values of slope angle and surcharge on the ground.
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e  The results enable the effective design of retaining
walls in sloping terrains by quantifying critical toe
distances and slope heights while providing
reliable pressure coefficients for varying soil
friction angles, slope inclinations, and surcharge
load
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