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1. Introduction 
 

The analysis and design of complex engineering 

structures particularly its continua have been significantly 

changed by advances in artificial intelligence (AI) and 

computational mechanics. The functionally graded (FG) 

plates reinforced with nanomaterials is an area of growing 

interest in terms of nonlinear post buckling behavior. 

Mechanically, these structures are endowed with an 

advantage of enhanced mechanical performance, stability, 

and durability in extreme loading conditions, and are 

frequently applied in aerospace, automotive, and civil 

engineering field (Liu et al. 2025, Yao et al. 2024, Zhao et 

al. 2025a, Zhou et al. 2017, Zhou et al. 2018). 

Several modern approaches exist for modeling various 

structures among new theoretical models. New theories 

implemented by Tounsi and co-authors consist of Bessaim 

et al. (2013), Attia et al. (2024), Özkılıç et al. (2021), 

Amezcua and Ayala (2023). The classical plate theory 

(CLPT) employs Kirchhoff’s hypothesis to establish that  

normal mid-plane straight lines will remain straight and  
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perpendicular to the mid-plane under all conditions of 

thickness stretching. An application of CLPT is restricted to 

thin plates because it neglects transverse shear deformation 

effects during which thick plates require a different 

approach. The FSDT functions better than the CLPT since 

transverse shear deformation receives consideration through 

this model. The transverse shear strain of this theory 

remains uniform throughout the thickness layer which 

requires implementation of shear correction factors for 

proper strain energy calculation. Al-Basyouni et al. (2015) 

investigated FG beam size dependent bending together with 

vibration analysis using modified couple stress theory at 

neutral surface position (Zhao et al. 2025b, Peng et al. 

2025, Wang et al. 2024a, Hu et al. 2024, Guo et al. 2024). 

Several studies have focused on examining the mechanical 

properties of plate during the previous years. Multiple 

engineers have published reports about nanostructure 

mechanical investigations (Belkorissat et al. 2024, Ahouel 

et al. 2023, Bellifa et al. 2017).  

Modern material science achievements together with 

manufacturing reforms created new technologies including 

biomimetic 4D printing besides self-healing composites and 

functionally graded materials (FGMs) with superior 

mechanical characteristics (Wang et al. 2024b, Cong et al. 

2024, Wang et al. 2025, Alam et al. 2025, Guo and Alam 

2025). The scientific advances in materials engineering 
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have introduced revolutionary solutions for aerospace 

technologies along with medical devices and structural 

frameworks. Research into biomimetic 4D printing has 

intensified markedly because this technique enables 

material-based time-responsive shape transformation of 

intelligent adaptive structures (Kanu et al. 2019a). 

Scientists have studied self-healing composites to 

understand their capability of repairing themselves 

autonomously which stretches the operational cycle of 

components under repetitive stress (Kanu et al. 2019b). 

Structural integrity demands respond through functionally 

graded materials because these systems optimize 

mechanical properties through gradual property adjustments 

along their composition profile. Multiple researchers have 

investigated the applications of these materials for fracture 

mechanics studies as well as vibration analysis and studying 

structural stability (Kanu et al. 2019c). Smart self-

lubricating composites have exhibited successful outcomes 

in decreasing mechanical system wear and friction which 

improves operational performance according to Kanu et al. 

(2021a). Scientists have performed numerical assessments 

of prosthetic bone plates that treat pediatric bone fractures 

through finite element analysis showing its significant 

medical value (Kanu et al. 2020a). Scientific studies have 

demonstrated pediatric femur fracture bone plates with 

functional gradients which perform better under 

compressive and torsional loading circumstances (Kanu et 

al. 2021b). Researchers studied the nonlinear deflection 

qualities of nanoclay-enforced polymer hybrid composite 

plates containing carbon nanotubes and extra loading 

parameters (Lal and Kanu 2020b). Research streams 

concentrate on secondary deformation of ultrafine SiC 

particle-reinforced metal matrix composites intended for 

high-performance applications since these materials show 

superior mechanical properties (Kanu et al. 2021c). The 

reaction surface methodology (RSM) finds optimal 3D 

printing parameters for FDM which produces precise 

complex structures appropriate for industrial along with 

medical applications (Vates et al. 2021a). The modeling of 

stress waves in matrix cracked laminates has delivered 

important damage mechanics knowledge for composite 

materials (Kanu et al. 2021d). Inverse heat conduction 

algorithms assisted Pandey et al. (2021) to discover 

essential thermal features of AZ31-alloy and H13-die 

combinations which became a major development in heat 

transfer and energy efficiency research. Scientists have 

determined that carbon nanotubes show promise in water 

filtration operations because they efficiently remove 

contaminants (Jain and Kanu 2021). The investigation of 

sustainable engineering involves designing aluminum alloy-

based vortex tubes with multiple inlet nozzles followed by 

their CFD analysis to optimize their performance across 

different industrial applications (Kanu et al. 2021e). 

Higher-order shear deformation theory forms the basis for 

recent research about CNT fiber-reinforced and nanoclay-

modified polymer matrix hybrid composite plates when 

evaluating their post-buckling responses under in-plane 

buckling loads (Kanu and Lal 2022a). Studies on 

aluminum-based hybrid metal matrix composites have 

investigated their mechanical properties as well as 

tribological behaviors to develop advanced materials which 

excel at resisting wear (Gonfa 2 et al. 2022b). Research 

conducted by experts from multiple fields has led to 

progress in materials science together with structural 

engineering and biomedical applications which develops 

advanced adaptive structures alongside smart materials for 

future use. 

This work looks into the integration of AI driven 

computational dynamic modeling with nanomechanical 

reinforcement for enhancing nonlinear post buckling 

response of plates. The use of carbon nanotubes (CNTs) as 

nanomechanical reinforcements demonstrates great 

potential to improve FG plate structural behavior. Carbon 

nanotubes possess extraordinary mechanical quality which 

enhance load-bearing capacity and damping characteristics 

and stability levels of structures. Highly precise modeling 

of material properties interactions with structural behavior 

and external force dynamics needs advanced computational 

approaches to yield accurate results. The study utilizes 

advanced AI-enhanced modeling methods combined with 

HSDT theory and energy principles as well as Rayleigh-

Ritz method and Newton-Raphson iteration numerical 

methods. The combination of these analytical methods 

provides complete evaluation of key factors associated with 

CNT volume distribution and nanoparticle cluster behavior 

as well as polymeric foundation elasticity and dynamic 

force magnitudes. AI-driven computational strategies enable 

this research to explore enhanced understanding of 

nanocomposite FG plate behavior both during and after 

buckling phenomena. The research findings enable progress 

in developing high-performance resistant materials which 

inspire advanced engineering design of structural 

components. 

 
 
2. Formulation 

 

As shown on the Fig. 1, a plate on a foundation is 

presented. The plate is found to be smooth and flat and the 

polymeric foundation that supports the plate provides structural 

support. The illustration shows clearly the interaction of the 

plate with its polymeric base, which may be useful in how to 

consider the mechanical stability, reinforce the material, or 

distribute load for composite structures. The length, width and 

thickness of plate are shown with length a, width b and 

thickness h. 

Mindlin theory which is the extension of classical plate 

theory that incorporates the effects of transverse shear 

deformation and rotary inertia in order to increase the accuracy 

in describing of thick plates. Mindlin theory, unlike Kirchhoff 

plate theory that postulates normal sections to continue to be 

normal to the mid surface in the deformed configuration, takes 

into consideration shear flexibility and thus provides more 

accurate predictions on the deflections and stresses in 

moderately thick and thick plates. Three governing equations 

for displacement components and rotation angles are derived in 

this theory and they define more comprehensive analysis of 

bending, vibration and buckling behaviour of plates. Most of  
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Fig. 1 A schematic of a plate with CNT surrounded with 

polymeric foundation 
 

 

all, Mindlin’s formulation is very useful in engineering 

applications involving composite sandwiches and functionally 

graded materials, where shear effects are significant (Reddy 

and Wang 2020): 

The deflection field for this figure is 

( ) ( ) ( )xu x , y ,z u x , y z x , y ,= +  (1) 

( ) ( ) ( )yv x , y ,z v x , y z x , y ,= +  (2) 

w(x, y,z)= w(x, y) ,  (3) 

where u , v  and w  are in-plane displacements and 
x  and 

y  are the. The strain relations are: 
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(6) 

 

 
3. Extended rule of mixture 
 

This study has a composite plate which is polymer 

matrix reinforced with CNTs. The models are for four 

different types of layup through the thickness of CNT: FG-

UD, FG-X, FG-A, and FG-O. The rule of mixtures is 

applied to determine the mechanical properties of this 

composite structure (Singh and Prakash 2018) 

11 1 11 ,CNT m

CNT mE V E V E= +  (7) 
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22 22
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V V

E E E


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3

12 12
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CNT m

V V

G G G


= +  (9) 

1.CNT mV V+ =  (10) 

where E  is Young’s moduli and G is shear modulus; 

super index m and CNT are for polymer plate and CNTs, 

respectively. Also, 
CNTV and

mV  are volume fractions of 

CNT and polymer plate, respectively which are for various 

distributions as 
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(15) 

where 
CNTw is the mass fraction of CNTs, 

CNT  and 
m are 

the densities of CNTs and polymer matrix, respectively. The 
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Poisson’s ratio is: 

12 12 ,CNT m

CNT mV V  = +  (16) 

,CNT m

CNT mV V  = +  (17) 

where
12

CNT  and m are Poisson’s ratios of CNT and polymer 

matrix, respectively. 

 

 
4. Energy method 

 
The strain energy of the plate is 
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where the stress relations are 

( )

11 12

22

0 44

55

66

0 0 0

0 0 0

1 ,0 0

0

.

xx xx

yy yy

yz yz

xz xz

xy xy

Q Q

Q

e Q

Q

sym Q

 

 

 

 

 

   
 

   
 

   
 

   
 = −   
    
    
     

   

 

(19) 

where 
0e  is porosity parameter. With define of below 
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where ks is the shear correction coefficient, we have 
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With the help of Eqs. (4)-(6) and Eq. (19), we have 
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The plate is surrounded by polymeric medium which its 

work is 
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wK and
pG are spring and shear parameters, respectively.  
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Finally, the total energy is 
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5. Nonlinear analysis  
 
The displacements based on the simply supported 

boundary conditions are 
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where m and n are mode numbers. By using Eqs. (35-37), 

we have:  

( )L NL GK K ForceK Y 0 ,+ − =  (38) 

where 
LK , 

NLK and 
GK are linear, nonlinear and geometric 

matrices, respectively. By using the Rayleigh-Ritz method, 

the nonlinear response can be obtained.  

The Rayleigh-Ritz method serves as a popular 

approximation tool for structural mechanics and applied 

mathematics to find solutions for eigenvalue problems 

during stability and vibration studies. The method relies on 

minimizing system total potential energy through 

appropriate choice of trial functions which meet boundary 

condition requirements. The method makes use of trial 

functions that express unknown coefficients between 

admissible shape functions. The substitution of 

displacement assumptions alongside variational principle 

analysis allows the method to simplify the problem through 

algebraic systems which yield approximate natural 

frequencies or critical loads. The accuracy of Rayleigh-Ritz 

method depends on which trial functions users select 

alongside their number because this simplifies the analysis 

of complex mechanical systems. 

 

 

6. Numerical results 
 
The assessment of FG plates supported by a polymeric 

foundation investigates how advanced nano-mechanics  

Table 1 The material properties of CNTs and polyurethane 

plate 

polyurethane CNTs 

𝐸𝑚 = 6𝑀𝑃𝑎 𝐸11
𝐶𝑁𝑇 = 5.6466(𝑇𝑃𝑎) 

𝜐𝑚 = 0.34 𝐸22
𝐶𝑁𝑇 = 7.08(𝑇𝑃𝑎) 

 𝐺12
𝐶𝑁𝑇 = 1.9447(𝑇𝑃𝑎) 

 𝜐12
𝐶𝑁𝑇 = 0.175 

 

 

modifications and nanoparticle reinforcement affects their 

nonlinear behavior in this section. The numerical analysis 

uses a HSDT for obtaining results focused on modeling the 

complex mechanical response of structural components. 

The study investigates the impact of multiple variables 

starting from nanoparticle volume fraction followed by 

grading index and ending with foundation stiffness and 

loading parameters on plate deflection response and stress 

distributions and stability behavior. The material properties 

of CNTs and polyurethane foam plate are listed in Table 1. 

Fig. 2 provides visual evidence of how aspect ratio 

affects the dimensionless post-buckling load which can be 

measured through dimensionless deflection amplitude 

values. A substantial modification in the post-buckling 

response occurs in FG polyurethane foam-based plates 

when aspect ratio values change. An increase in the aspect 

ratio results in both a reduction of post-buckling load levels 

and structural stiffness parameters. Larger aspect ratio 

plates become more flexible during deflection because of 

their slender nature which makes them prone to geometric 

nonlinearities. The structural rigidity of the plates increases 

when their aspect ratios decrease which leads to better 

resistance against post-buckling deformations. 

The post-buckling response sensitivity to aspect ratio 

increases exponentially as deflection amplitude increases 

according to Fig. 2.  

The research investigates how polymeric elastic medium 

influences polyurethane plates which rest upon polymeric 

foundations after buckling occurs. The post-buckling 

behavior strongly depends on both the dimensionless 

Winkler modulus parameter and the shear modulus 

parameter as shown in Figs. 3 and 4. The compressive 

 

 
Fig. 2 The impact of aspect ratio on the dimensionless  

post-buckling load as a function of dimensionless 

deflection 
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Fig. 3 The impact of spring constant of polymeric 

foundation on the dimensionless post-buckling load as a 

function of dimensionless deflection 

 

 
Fig. 4 The impact of shear constant of polymeric 

foundation on the dimensionless post-buckling load as a 

function of dimensionless deflection 

 

 

stiffness of the elastic foundation is estimated by the 

Winkler modulus whereas the shear modulus determines the 

transverse shear interaction between the plate and support. 

The system stiffness improves when these parameters 

become larger thus generating stronger resistance against 

post-buckling deformations. The foundation generates 

additional reactive forces that fight against external loads to 

provide structure stability and boost its load capacity. 

Plates supported on strong foundations delay their buckling 

response and produce higher subsequent load capacity than 

plates supported on weak foundations. 

The post-buckling performance of polyurethane plates 

rises through the collaborative influence of both Winkler 

stiffness and shear modulus parameters as they control 

normal and shear interaction responses. A rise in Winkler 

modulus creates out-of-plane displacement constraint and 

boosts the lateral coupling effects from increased shearing 

modulus which reduces overall deflection amplitudes and 

avoids nonlinear instabilities. Merged foundation behavior 

stabilizes the load-deflection response after deformation 

which benefits structural systems needing compressive 

strength enhancement. Optimizing foundation properties 

stands as an effective method to boost functional 

polyurethane foam plate mechanical properties allowing  

 
Fig. 5 The impact of CNTs distributions on the 

dimensionless post-buckling load as a function of 

dimensionless deflection 

 

 
Fig. 6 The impact of CNTs percent on the dimensionless 

post-buckling load as a function of dimensionless 

deflection 

 

 

their deployment for sophisticated nano-reinforced 

engineering systems. 

Four different carbon nanotube (CNT)-based 

functionally graded distribution configurations demonstrate 

their impact on polyurethane plate post-buckling strength 

which can be observed in Fig. 5. Different post-buckling 

responses are observed depending on the FG distribution 

arrangement of CNTs. The distribution method which 

places carbon nanotubes outside the mid-plane results in 

maximum post-buckling strength among all tested 

configurations. The post-buckling resistance of the plate 

rises because distributing carbon nanotubes away from the 

neutral axis builds up its bending stiffness. Additional 

support from the polymeric foundation enhances plate 

stability under high loading conditions because the 

foundation combines with the bending stiffness 

enhancement of the polymeric bed. The mechanical 

performance of FG-CNTRC plates depends heavily on the 

distribution method of CNTs because it influences their 

structural behavior therefore proper optimization of spatial 

arrangements remains essential. 
Furthermore, Fig. 6 investigates the effect of CNT 

volume fraction on the post-buckling response of the 

polyurethane plate. It is found that there is a significant  
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Fig. 7 The impact of load on the dimensionless post-

buckling load as a function of dimensionless deflection 
 

 
Fig. 8 The impact of porosity on the dimensionless post-

buckling load as a function of dimensionless deflection 
 

 
increase in post buckling load with the increase in the 
volume fraction of CNTs. This is expected as a higher 
volume fraction means higher number of CNTs present 
within the composite matrix and hence increase in stiffness, 
strength, and the ability to carry a load. The reinforcement 
of the plate increases resistance to large deflections in order 
of maintaining structural integrity at elevated post buckling 
loads. Moreover, the polymeric foundation complements 
this reinforcement by supporting better the stresses and the 
reduction of the localized deformations. These observations 
validate 

The post buckling response of a polyurethane plate 
supported by a polymeric foundation according to 
deflection is shown in Fig. 7, considering biaxial and 
uniaxial loading. However, it is seen that the post-buckling 
load reduces drastically with biaxial compression compared 
to uniaxial loading. This is because application of 
compressive forces in the biaxial manner is highly 
intensified, due to which the load is multi intensified on the 
plate. Therefore, it takes the plate closer to being in its 
critical buckling state and consequently has less capability 
of sustaining greater post buckling loads. Additional 
stiffness is afforded by the polymeric foundation, but its 
contribution does not sufficiently balance out the way the 
instability is amplified by biaxial loading. Thus, under 
biaxial compression, post buckling strength of plate is 
reduced and deflections become larger than for the uniaxial 
sample. 

In addition, the sensitivity to the way applied loads are 

applied is further shown through the difference in post-

buckling response between biaxial and uniaxial loading 

conditions. Having a single dominant load direction in the 

uniaxial compression case gives the plate the greater 

stability which leads to a more gradual post-buckling 

progression. However, the biaxial loading results in the 

acceleration of the structural instability, resulting in the 

earlier failure or excessive deformation. In particular, this 

effect is highly important at finite strains and loads when 

mechanical properties and failure mechanisms of 

functionally graded polyurethane plates reinforced with 

CNTs depend on load distribution. The findings highlight 

the importance of paying close attention to the loading 

conditions in the design and utilization of polyurethane 

composite plates, to provide most structural performance 

for complex loading environments for engineering 

applications. 
The effect of porosity on the dimensionless post-

buckling load for polyurethane plates supported by a 

polymeric foundation is shown in Fig. 8, where making the 

figure dimensionless by dividing the top and bottom 

directions. The detrimental effect of porosity on the 

structural stability of the system is clear since it decreases 

the post-buckling load monotonically with increasing 

porosity. Porosity, introducing voids to the material thus 

reducing the materials overall density and stiffness, causes 

this to happen. Therefore, the bearing capacity of the plate 

is reduced, and the plate is more prone to deformation under 

compressive loads. Porosity increases the plate’s flexibility, 

reducing the stiffness of the plate that makes it less resistant 

to post buckling deflections resulting in an earlier onset of a 

structural instability. However, it does buffer some of the 

loss of stiffness, but can do very little to offset the loss of 

stiffness with increasing porosity, which has such a negative 

effect at higher porosity levels. 
Additionally, porosity is found to cause its effect more 

at elevated deflection amplitudes as the nonlinearities begin 

to dominate the monotonic and the post-buckling behavior. 

The mechanical performance of the plate is lost as the 

porosity level increases and greater deformation is being 

experienced for the same applied load. In the case of 

functionally graded polyurethane plates, where the pore 

distribution could be inhomogeneous, this effect is 

particularly important, as it may cause local weakening of a 

plate in certain areas. 
In addition, a polymeric foundation is present that helps 

to stabilize the structure in some way, but its effectiveness 

lessens with increasing porosity. These results highlight the 

necessity of control over porosity in the manufacturing and 

design of polyurethane nanocomposite plates in order to 

maintain structural integrity and mechanical performance in 

the presence of post buckling resistance as a design 

criterion. 
 
 

7. Conclusions 
 

An AI-driven computational framework to analyze the 

nonlinear post-buckling behavior of functionally graded 
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(FG) plates strengthened with nanomechanical 

enhancements is generated in this study. The research 

integrates advanced AI based dynamic modeling with high 

order computational strategies to reveal deep insights of 

stability and mechanical performance of polyurethane foam 

based plates resting on polymeric foundations. The results 

highlight the important role of key parameters such as 

aspect ratio, foundation stiffness, CNT distribution, 

porosity, on post buckling response. It is shown that with 

increasing aspect ratio, stiffness and post buckling load 

carry capacity decrease, however polymeric foundations 

provide reactive force that increases stability particularly 

when winker modulus and shear modulus are larger. 

Moreover, the study underlines the importance of the 

placement and volume fraction of CNT for the 

reinforcement of structural performance. However, post 

buckling capacity is significantly improved by having CNTs 

located further from the midplane, and even greater loads 

can be carried and highly reduced excessive deflections 

with increased CNT concentration. Finally, it is shown that 

biaxial compression significantly reduces post buckling 

strength relative to uniaxial loading as the compressive 

forces tend to push the structure closer to instability. 

Although polymeric foundations provide stronger stiffness 

than the biaxial loaded structures, they cannot sufficiently 

recover the instability. Additionally, it is found that 

generally post buckling performance is degraded with 

increased porosity due to the decrease where the material 

stiffness and load bearing capacity is decreased and 

therefore the plates are more prone to excessive 

deformations. Nevertheless, the control over porosity 

distribution is still critical for the proper optimal mechanical 

behavior of polymeric foundations combined with CNT 

reinforcement. In this research, the AI driven modeling 

approach allows for more accurate predictions of nonlinear 

dynamic behavior of high performance nanocomposite 

plates with critical insights into plate design and 

optimization. They made these finding contribute to the 

development of intelligent computational strategies for 

enhancing the structural resilience of FG materials in 

critical engineering applications. 
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