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1. Introduction 
 

The migration of suspended particles (SPs) occurs in 

many underground engineering fields (Babakhani et al. 

2017, Zhu et al. 2021, Cui et al. 2022, Ding et al. 2022). 

For example, in the process of oil exploitation, improper 

control of SPS content in waste water reinjection can cause 

reservoir damage and reduce recovery efficiency (Cui et al. 

2019). The heavy metal pollutants also can be adsorbed on 

particles and further diffuse along with surface runoff and 

groundwater (Bai et al. 2021, Qi et al. 2021), causing 

detriment to the ecological environment (Hossini et al. 

2022). Due to the migration and deposition of suspended 

particles, the underground infiltration system can be 

blocked, making it difficult for rainwater to recharge the 

aquifer (Wang et al. 2012). The root cause of the above 

problems lies in the lack of understanding of the mechanism 

of migration and deposition of SPs in porous media. 

Therefore, studying the migration characteristics of SPS is 

vital important. 

Many scholars have studied the migration and 

deposition of suspended particles (Sim and Chrysikopoulos 

1998, Hosseini and Tosco 2013, Haque et al. 2017, Dong et 

al. 2018, Ma et al. 2018). The clean-bed filtration theory 

(CFT) is widely used to study the deposition behavior of  
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SPs in porous media (Taghavy et al. 2018, Lin et al. 2022). 

This theory presents a first-order SPs deposition term, 

which makes an exponential distribution of the deposition 

of SPs in porous media with depth (Tufenkji and Elimelech 

2005a, Bradford et al. 2013, Braga and Filion 2022). Over 

the past years, an increasing number of studies have 

indicated that the clean bed filtration theory often fails to 

accurately describe the deposition distribution of SPs under 

unfavorable deposition conditions, especially when 

repulsive electrostatic interactions exist between colloids 

and particle surfaces (Tufenkji and Elimelech 2005a). In 

this case, the retained SPs often exhibit a hyper-exponential 

distribution (Bradford and Leij 2018, Zou et al. 2019a). 

Katzourakis and Crysikopoulos (2019) considered the 

deposit with two-site kinetics and effectively described the 

transport of two clays in a horizontal column. Johnson et al. 

(2018) studied the transport of carboxylate-modified 

polystyrene latex microspheres (CML) in glass beads and 

found that CML in the column exhibited a hyper-

exponential distribution under condition of colloid-collector 

repulsion. Stochastic models were established to describe 

the phenomenon of hyper-exponential distribution (Tufenkji 

and Elimelech 2004, 2005b). In the stochastic model, 

various probability density functions can be used to 

characterize deposition coefficient (Tufenkji et al. 2003). 

In addition, some scholars also found that the migration 

of SPs could be affected by various physical and chemical 

factors in porous media (Bai et al. 2016). Abdel-Salam and 

Chrysikopoulos (1994) studied the effect of fracture 

aperture and deposition coefficient on SPs transport in  
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saturated fractures, and the results indicated that SPs 

concentrations decreased with increasing deposition 

coefficient and decreasing fracture aperture. Also, the 

aquifer boundary conditions significantly influenced the 

migration of SPs (Sim and Chrysikopoulos 1999, James and 

Chrysikopoulos 2003). Furthermore, SPs deposited on the 

surface of solid matrix could be released (Bradford et al. 

2013, Wang et al. 2022). Chen et al. (2017) studied the 

effect of flow velocity increment on particle release in 

porous media and the results indicated that release rates of 

particles increased with both flow velocity and velocity 

increment. Zou et al. (2019b) investigated the physical 

clogging of porous media by injecting particles and found 

that the continuous hydraulic gradient caused the fine SPs 

released, and the breakthrough curve also demonstrated this 

result. Bai et al. (2017) considered the deposition and 

release effect of SPs in the deposition kinetic equation, and 

analyzed the effect of temperature on the deposition 

coefficient and release coefficient by experiments. In order 

to better describe the migration properties of SPs in 

saturated porous media, the release effect of SPs should be 

considered in classic convection-dispersion equation. 

The purpose of the current study is to present analytical 

solutions to SPs migration models that account for the 

release effect, instantaneous sources, and stochasticity of 

parameters. Lognormal distribution probability density 

functions, bimodal lognormal distribution probability 

density functions, and the joint probability density function 

were introduced to characterize stochastic variables 

including deposition coefficient and pore water velocity, 

while also considering their coupled effects on SPs 

migration. Thus, not only the re-release effect of the SPs 

was considered, but also the stochasticity of the deposition 

coefficient and pore water velocity were considered to study 

the behavior of the migration of SPs, providing further 

understanding of the stochasticity inherent in field 

conditions. 

 

 

2. Governing equation 
 

The classic models of suspended particle migration 

include: suspended particle mass balance equation and 

suspended particle deposition kinetic equation, which have 

been widely used in the field of groundwater environmental 

protection and other fields. In the classical model, it is 

assumed that the SPs are irreversibly deposited on the 

matrix. However, previous studies have shown that the 

deposition and release of SPs occur at the same time, 

leading to a nonnegligible discrepancy between theoretical 

results and experimental results (Tufenkji et al. 2003, 

Shapiro and Bedrikovetsky 2010), indicating that the 

classical model has certain limitations and it is necessary to 

modify the classical model. Considering the deposition and 

re-release process of SPs in the kinetic equation of SPs can 

better describe the migration process of SPs in porous 

media. The schematic diagram of migration of SPs in 

porous media is shown in Fig. 1. 

The mass balance equation and the deposition kinetic 

equation of SPs in porous media considering the effect of  

 

Fig. 1 Sketch of suspended particle migration process 

 

 

deposition and re-release can be written as (Bradford and 

Toride 2007, Bai et al. 2017) 

2

2

( , ) ( , ) ( , ) ( , )sC x t C x t C x t S x t
D v

t x x t





   
= − −

   
 (1) 

where v is the average pore water velocity [LT-1], 𝜃 is the 

volumetric water content, 𝜌𝑠 is the dry bulk density of the 

porous medium [ML-3], t is the elapsed time [T], C is the 

concentration of SPs [ML-3], S is the concentration of SPs 

deposited in the solid matrix [ML-3], D is the dispersion 

coefficient [L2T-1], and x is the migration distance [L]. 

The corresponding SPs mass balance equation for the 

solid phase is given as 

( , )
( , ) ( , )s s

d r

S x t
k C x t k S x t

t

 

 


= −


 (2) 

where 𝑘𝑑  and 𝑘𝑟  is the deposition and release coefficients 

respectively [T-1]. 

( ,0) 0,0C x x=     (3) 

(0, ) ( )
M

C t t
Q
=  (4) 

( , )
0

C t

x

 
=


 (5) 

( ,0) 0S x =  (6) 

where M is the injected particle mass [M], and Q  is the 

flowrate [L3T-1]. 

 

 

3. Model solving 
 

The Laplace transforms with respect to time t in C(x,t) 

and S(x,t) are defined as 

1
( , ) ( , )

2

ptC x t e C x p dp
i 

=   (7) 

1
( , ) ( , )

2

ptS x t e S x p dp
i 

=   (8) 
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where p is the Laplace transform variable. 

Combining the Laplace transforms with respect to time t 

in Eqs. (1) and (2) and Eqs. (3) and (6) yields 

2

2

s
d r

C C
pC D v k C k S

x x





 
= − − +

 
 (9) 

s s
d rp S k C k S

 

 
 = −  (10) 

Simplifying Eqs. (9) and (10) yields 

2

2
(1 ) 0d

r

kC C
D v p C

x x p k

 
− − + =

  +
 (11) 

Performing Laplace transform to the Eq. (4) yields 

(0, )
M

C p
Q

=  
(12) 

Combining Eqs. (11) and (12) yields 

2exp 4 1
2

d

r

kM x
C v v Dp

Q D p k

    
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+     

 (13) 

Applying the inverse Laplace transform definition and 

property 
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( , ) ( , )
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=   (14) 

2 2 2/ 2

0

2
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− − −=  (15) 

where   is the given path in the specified complex s plane. 

Based on Eqs. (13) and (15) can be expressed as 
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0
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(16) 

where 
2

2

4
,

2

vx D
a b

D v
= =   

Substituting Eq. (16) into Eq. (14) yields 
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2
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where

2 2 2 2

2 2

2
, ,

4 4

d r

r

a b k k a b
p k  


= = = + ,   and   

are dummy variables. 
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According to the time-shift theorem 
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where 
2
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(24) 

Only if 
2

2
 t




 , and / 2x Dt  , R can have actual 

meaning. 

According to the derivative property of Laplace 

transform 

2 2
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 
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where 
2

1
( ) exp( )G
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
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0
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where 0I  and 1I  are modified Bessel functions. 

Substituting Eq. (26) into Eq. (24) results in 

2

1( ) (2 ) ( )R f I


    


= =  +  (27) 

where 
2

2
t





= − . 

Combining Eqs. (17) and (27) generates the 

concentration of SPs in porous media under the condition of 

instantaneous injection 

2 2 2
2

2 2/2

2
exp( ) exp[ ( )]

4 4
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r d r
x Dt

Me a a b
C k t k k Rd

Q
 
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

= − −  − − − 
 
(28) 

 

 
4. Stochastic model 

 
The deposition coefficient is assumed to be constant in 

the Eqs. (1) and (2), but in practice, the deposition 

coefficient is a hyper-exponential distribution (Yuan and 

Sin 2011, Bradford and Leij 2018, Johnson et al. 2020). In 

the stochastic model, the probability density function is 
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used to represent the deposition coefficient. If the 

deposition coefficient is defined as stochastic, we assumed 

a lognormal distribution probability density function as 

(Tufenkji et al. 2003, Bradford and Toride 2007) 

2
1

( ) exp[ ]
22

d
d

dd

Y
F k

k  
= −  

(29) 

ln( )d d
d

d

k
Y





−
=  

(30) 

where 𝜇𝑑 and 𝜎𝑑 are the mean value and standard deviation 

of the lognormal distribution probability density function, 

respectively, and 2
ln( ) 0.5dd d

k = − , 𝑘̅𝑑  is the ensemble 

average of 𝑘𝑑. 

The bimodal lognormal distribution developed from Eq. 

(29) can describe more complex particle migration 

problems 

22

,,
( ) exp[ ] exp[ ]

2 22 2

high d highd lowlow
d

lowd d high

f YYf
F k

k k   
= − + −

 
(31) 

where 𝑓𝑙𝑜𝑤  and 𝑓ℎ𝑖𝑔ℎ  are the proportions of the two 

deposition coefficients respectively, and  𝑓𝑙𝑜𝑤 = 1 − 𝑓ℎ𝑖𝑔ℎ . 

When 𝜎𝑙𝑜𝑤 and 𝜎ℎ𝑖𝑔ℎ approach zero, Eq. (31) can be written 

as 

( ) ( ) ( )d low d low high d highF k f k k f k k = − + −  (32) 

where 𝑘𝑙𝑜𝑤  and 𝑘ℎ𝑖𝑔ℎ  are the two deposition 

coefficients, 𝜎𝑙𝑜𝑤 and 𝜎ℎ𝑖𝑔ℎ  are the corresponding standard 

deviations respectively. 

From the probability density function 𝐹(𝑘𝑑) , the 

average suspended particle concentrations in aqueous and 

solid phases at given depth and time can be determined 

*

0
( , ) ( , , ) ( )d d dC x t C x t k F k dk



=   (33) 

*

0
( , ) ( , , ) ( )d d dS x t S x t k F k dk



=   (34) 

where S(x,t) can be obtained according to Eq. (2) 

0
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t
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If the release coefficient 𝑘𝑟  or the average pore water 

velocity v is stochastic and other parameters are constant, 

𝑘𝑟  or v also can be described by a probability density 

function. 

If both 𝑘𝑟  and 𝑘𝑑  are subjected to the lognormal 

distribution, then the joint probability density function is 

defined as 

2 2

22

21
( , ) exp[ ]
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Y Y Y Y
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
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− +
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(36) 

where 𝜌𝑑𝑟 is the correlation coefficient between 𝑌𝑑 and 𝑌𝑟, 

which is defined as 

0 0
( , )dr r d d r d rY Y F k k dk dk

 

=    (37) 

when 𝑌𝑑 and 𝑌𝑟 are completely correlated, 𝜌𝑑𝑟=1; when 
d

Y  

and 
r

Y  are not correlated, 𝜌𝑑𝑟 =0; and when they are 

negatively correlated, 𝜌𝑑𝑟=-1. 

From the probability density function ( , )
d r

F k k , the 

average suspended particle concentrations in aqueous and 

solid phases at given depth and time can be determined 

*

0 0
( , ) ( , ; , ) ( , )d r d r d rC x t C x t k k F k k dk dk

 

=    (38) 

*

0 0
( , ) ( , ; , ) ( , )d r d r d rS x t S x t k k F k k dk dk

 

=    (39) 

Similarly, if both 𝑘𝑟 and v are subjected to lognormally 

distribution, the joint probability density function can be 

utilized in the same way. 

 

 

5. Model analysis 
 

The model parameters are selected from the reference 

(Bradfrod and Toride 2007). To better observe the migration 

characteristics of SPs, the trend of the curves in Fig. 2 can 

be explained by the standard deviation in the probability 

density function Eq. (29). When the probability density 

function is used to represent the deposition coefficient, the 

parameters are shown in Table 1. 

The average pore water velocity v and the release 

coefficient 𝑘𝑟  are assumed to be constant, and the SPs 

migrate along the x-axis direction. At the position x = 10, 

15 and 20 cm, the variation curves of the SPs concentration 

with elapsed time at different standard deviation 𝜎𝑑  are 

show in Fig. 2. 

Fig. 2 shows that the BTCs of SPs when 𝜎𝑑 is 0, 0.5, 

and 1. When 𝜎𝑑 = 0, the stochastic model can degenerate 

into a modified model Eqs. (1) and (2) in which the 

deposition coefficient is a constant. When 𝜎𝑑 increases, the 

lognormal distribution is more asymmetric and the 

distribution range of deposition coefficients increase. The 

frequency of low and high deposition coefficient became 

higher, and the mean value of the lognormal distribution 

and the average deposition coefficient decreased, that is, 

fewer SPs were deposited in porous media. For instance, as 

shown in Fig. 2(a), the peak concentration of SPs increased 

from 0.0358, 0.0393 to 0.0479 mg/ml with increasing 𝜎𝑑 

from 0, 0.5 to 1 respectively at x=10 cm. The time to reach 

the concentration peak is delayed with increasing x, and the 

corresponding concentration peak decreases since more SPs 

are deposited in porous media. 

As the time elapses, the SPs can migrate to farther 

location, and the peak concentration of SPs turns to 

decrease. With increasing 𝜎𝑑 , the average deposition 

coefficient decreases, and the peak concentration increases 

accordingly. 

When applying the probability density function to 

represent the average pore water velocity, the related 

parameters are shown in Table 2. The deposition coefficient 

and the release coefficient are assumed constants, and the 

SPs migrate along the x-axis direction. At the location 

x=10, 15, and 20 cm, the variation curves of the suspended  
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Table 1 Model parameters when the 𝑘̅𝑑 is stochastic 

Parameters 
M/Q v D 𝑘̅𝑑 𝑘𝑟 

(mg·min/cm3) (cm/min) (cm2/min) (min-1) (min-1) 

value 1 0.313 0.0313 0.03 0.01 

 

Table 2 Model parameters when the 𝑣 is stochastic 

Parameters 
M/Q 𝑣̅ D 𝑘𝑑 𝑘𝑟 

(mg·min/cm3) (cm/min) (cm2/min) (min-1) (min-1) 

value 1 0.313 0.0313 0.03 0.001 

 

 

particle concentration with time at standard deviation 𝜎𝑣 are 

shown in Fig. 3. 

When the pore water velocity obeys the lognormal 

distribution, with the increase of 𝜎𝑣, the peak concentration 

decreases and the time corresponding to the concentration 

peak gets earlier, different from the deposition coefficient 

obeying the lognormal distribution law. Meanwhile, the 

BTCs of SPs tend to be more asymmetric. The distribution 

range of pore water velocity becomes broader as 𝜎𝑣 

increases, and a certain amount of faster pore water velocity 

is distributed in the flow velocity distribution. The water 

flows with relatively faster velocity transport most of the 

SPs, therefore, the entire BTCs reach the peak concentration 

earlier. However, the average pore water velocity decreases 

due to the increase of 𝜎𝑣, and the effect of hydrodynamic 

 

 

action on the migration of SPs in porous media decreases, 

leading to the decrease of the outflow peak concentration. 

Because of the broader distribution range of pore water 

velocity, the distribution of the BTCs is more dispersed, 

appearing a trailing tail. It takes longer time for the 

breakthrough curve to reach the peak concentration when 

migrating to a farther distance, and peak concentration 

decreases accordingly. 

When the deposition coefficient obeys the bimodal 

lognormal distribution, it is assumed that there are two 

types of the deposition coefficient (i.e., high and low). The 

specific parameters are shown in the Table 3. The high 

deposition coefficient 𝑘̅𝑑,ℎ𝑖𝑔ℎ is 20 times as great as the low 

deposition coefficient 𝑘̅𝑑,𝑙𝑜𝑤. 

Supposing σ𝑙𝑜𝑤 = σℎ𝑖𝑔ℎ = 0.1in the bimodal lognormal 

distribution function, the average pore water velocity v and 

the release coefficient 𝑘𝑟 are assumed constant. The trends 

in Fig. 4 can be described by 𝑓𝑙𝑜𝑤 in the Eq. (31). When the 

SPs migrate along the x-axis direction, the BTCs with time 

at x=10, 15, 20 cm with different 𝑓𝑙𝑜𝑤 are shown in Fig. 4. 

As we see in Fig. 4, there is no low deposition 

coefficient when 𝑓𝑙𝑜𝑤 = 0 , and the bimodal lognormal 

distribution degenerates into single lognormal distribution. 

In this case, 𝑘̅𝑑 is very large (i.e., 𝑘̅𝑑 = 0.3 min-1), thus the 

peak concentration is quite small. With the increase of 𝑓𝑙𝑜𝑤, 

the proportion of 𝑘̅𝑑,𝑙𝑜𝑤  increases, the mean value of the 

overall deposition coefficients decreases, and the peak  

  

(a) x= 10 cm (b) x= 15 cm 

 
(c) x= 20 cm 

Fig. 2 Variation of suspended particle concentration with elapsed time at different locations when kd is stochastic 
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Table 3 Model parameters when the 𝑘𝑑 obeys the bimodal 

lognormal distribution 

Parameters 
M/Q v D 𝑘̅𝑑,𝑙𝑜𝑤 𝑘̅𝑑,ℎ𝑖𝑔ℎ 𝑘𝑟 

(mg·min/cm3) (cm/min) (cm2/min) (min-1) (min-1) (min-1) 

value 1 0.313 0.0313 0.015 0.3 0.001 

 

Table 4 Model parameters when the v obeys the bimodal 

lognormal distribution 

Parameters 
M/Q 𝑣̅𝑙𝑜𝑤 𝑣̅ℎ𝑖𝑔ℎ D 𝑘̅𝑑,𝑙𝑜𝑤 𝑘𝑟 

(mg·min/cm3) (cm/min) (cm/min) (cm2/min) (min-1) (min-1) 

value 1 0.0313 0.313 0.0313 0.015 0.001 

 

 

concentration increases and the concentration of SPs 

deposited in porous media decreases accordingly. When 

𝑓𝑙𝑜𝑤 = 1, there is only low deposition coefficient, in this 

situation, the peak concentration is the largest. As can be 

seen in the figure, the deposition coefficient has a great 

influence on the BTCs of SPs. With the SPs migrating to a 

far distance, the BTCs in Fig. 4 are similar to those in Fig. 

2. As time elapses, the peak concentration decreases and the 

SPs migrate to a farther location. Because the meaning of 

release coefficient is opposite to that of deposition 

coefficient, the release coefficient obeys the law of bimodal 

normal distribution, which is opposite to that of deposition 

coefficient. 

 

 

When the average pore water velocity follows the 

bimodal lognormal distribution, it is assumed that there are 

two types of pore water velocity (i.e., high and low). The 

specific parameters are shown in Table 4. 

Supposing that 𝜎𝑙𝑜𝑤 = 𝜎ℎ𝑖𝑔ℎ = 0.1  in the bimodal 

lognormal distribution function, and assuming that the 

deposition coefficient 𝑘𝑑  and the release coefficient 𝑘𝑟  are 

constant, the SPs migrate along the x-axis direction, the 

BTCs with time at x=10, 15, 20 cm with different 𝑓𝑙𝑜𝑤 are 

shown in Fig. 5. 

As shown in Fig. 5, the peak concentration changes with 

the variation of 𝑓𝑙𝑜𝑤 , while the time corresponding to the 

peak concentration is almost unchanged because the value 

of 𝑣̅𝑙𝑜𝑤 is too small. When 𝑓𝑙𝑜𝑤 = 1, the peak concentration 

of SPs is almost zero, indicating that the pore water velocity 

is very slow, and almost all SPs are deposited in porous 

media. Thus, changing 𝑓𝑙𝑜𝑤  has little effect on the time 

corresponding to the peak concentration. To prove this 

conclusion, assuming that 𝑣̅𝑙𝑜𝑤 = 0.212 cm/min, and other 

parameters remain unchanged, the relationship between 

suspended particle concentration and time at x=10 cm are 

shown in Fig. 6. As increasing 𝑓𝑙𝑜𝑤, the proportion of 𝑣̅𝑙𝑜𝑤 

increases, and the average pore water velocity decreases, 

therefore, the SPs deposited in porous media increase, and 

the peak concentration of SPs decreases and the 

corresponding time increases, which is consistent with 

previous similar studies (Ahfir et al. 2007, Ahfir et al. 2017, 

Wang et al. 2017). 

 

  
(a) x= 10 cm (b) x= 15 cm 

 
(c) x= 20 cm 

Fig. 3 Variation of suspended particle concentration with elapsed time at different locations when v is stochastic 
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(a) x= 10 cm (b) x= 15 cm 

 
(c) x= 20 cm 

Fig. 4 Relationship between suspended particle concentration and time at different locations when the 𝑘𝑑 obeys the 

bimodal lognormal distribution 

  
(a) x= 10 cm (b) x= 15 cm 

 
(c) x= 20 cm 

Fig. 5 Relationship between suspended particle concentration and time at different locations when the v obeys the 

bimodal lognormal distribution 
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Fig. 6 Relationship between suspended particle 

concentration and time at x=10 cm when the 𝑣̅𝑙𝑜𝑤  = 

0.212 cm/min 
 

 

Table 5 Model parameters when 𝑘𝑑  and v obey the 

lognormal distribution 

Parameters 
M/Q 𝑣̅ D 𝑘̅𝑑 𝑘𝑟 𝜎𝑣 𝜎𝑣𝑑 

(mg·min/cm3) (cm/min) (cm2/min) (min-1) (min-1) - - 

value 1 0.313 0.0313 0.03 0.001 1 1 

 

 

When the time is fixed, the relationship between the 

concentration of SPs and the displacement is shown in Fig. 

7, and the BTCs of SPs appear double peaks. When 𝑓𝑙𝑜𝑤 = 

0, the pore water velocity has no low term, therefore, there 

is only single peak. There is only a fast pore water velocity, 

thus, at any specific time, the maximum peak concentration 

occurs accordingly. When 𝑓𝑙𝑜𝑤 =1, the pore water velocity 

has only a low term and the BTCs have only single peak, 

the minimum peak concentration occurs at the smallest 

corresponding migrating distance. When 0<𝑓𝑙𝑜𝑤<1, the pore 

water velocity has two terms (i.e., low and high), double 

peaks appear accordingly. At any given time, with greater 

pore water velocity, the suspended particle can reach a 

farther location. With increasing 𝑓𝑙𝑜𝑤, the proportion of𝑣̅𝑙𝑜𝑤 

increases, therefore, the peak concentration increases at 

nearer locations and decreases at farther locations. With 

time elapsing, the SPs migrate to farther locations, and 

more SPs deposit in the porous media, leading to smaller 

peak concentration of outflowing SPs. 

When both the deposition coefficient and pore water 

velocity obey the lognormal distribution, the stochastic 

model is two-dimensional lognormal distribution. Assuming 

that the correlation coefficient 𝜌𝑣𝑑 = -1, -0.5, 0, 0.5, 1 and 

other parameters are constant, the specific parameters are 

shown in Table 5. 

According to the physical meaning of the correlation 

coefficient, the lower correlation coefficient 𝜌𝑣𝑑  indicates 

the higher pore water velocity and the lower deposition 

coefficient. The relationship between suspended particle 

concentration and time at different locations is shown in 

Fig. 8. As 𝜌𝑣𝑑 decreases, the peak concentration tends to be 

larger since  𝑣̅ℎ𝑖𝑔ℎ  and 𝑘̅𝑑,𝑙𝑜𝑤  can jointly promote the 

release and transport of SPs, resulting in relatively  

 
(a) x= 10 cm 

 

(b) x= 15 cm 

 

(c) x= 20 cm 

Fig. 7 Relationship between suspended particle 

concentration and displacement at different times 

 

 

symmetrical BTCs with less trailing phenomenon. As we 

can see from the peak concentrations of SPs in Figs. 8(a)-

8(c), the concentration of deposited SPs is higher at the 

location closer to the upper surface. For instance, when 𝜌𝑣𝑑 

= -1, the concentration of SPs decreases from 0.0098, 

0.0059 to 0.0041 mg/mL at the location from 10, 15 to 20 

cm, respectively, confirming that during the process of 

suspended particle migration, most SPs are deposited at the 

inlet, and decrease sequentially with depth in the form of 

hyper-exponential distribution. 

 

 

5. Conclusions 
 

Based on the advection-dispersion model of SPs taking 

the first-order kinetic deposition and the release of SPs into  
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(a) x= 10 cm 

 

(b) x= 15 cm 

 

(c) x= 20 cm 

Fig. 8 Relationship between suspended particle 

concentration and time at different locations when 𝑘𝑑 and 

v obey the lognormal distribution 

 

 

account, a stochastic model was introduced. One or two 

stochastic parameters (i.e., deposition coefficient, release 

coefficient, and average pore water velocity) were 

considered to study the migration of the SPs. The main 

conclusions are as follows: 

• When the 𝑘𝑑 follows the lognormal distribution, the mean 

value of 𝑘𝑑 decreases with the 𝜎𝑑 increases of and causing 

the peak concentration of SPs increases. When v follows 

lognormal distribution, the BTCs of SPs become more 

asymmetric with the increase of 𝜎𝑣, the peak concentration 

of SPs decreases and the corresponding time of peak 

concentration advances. 

• When 𝑘𝑑 follows the bimodal lognormal distribution, the 

peak concentration changes, significantly with different 

values of 𝑓𝑙𝑜𝑤 , the peak concentration increases as 𝑓𝑙𝑜𝑤 

increases. 

• When the v obeys the bimodal lognormal distribution, the 

value of 𝑣̅𝑙𝑜𝑤  has a significant impact on the BTCs. 

Changing 𝑓𝑙𝑜𝑤  only changes the peak concentration when 

𝑣̅𝑙𝑜𝑤 is small. While, when the value of 𝑣̅𝑙𝑜𝑤 is reasonable, 

the peak concentration decreases and the corresponding 

time increases with increasing 𝑓𝑙𝑜𝑤. 

• When both the deposition coefficient and pore water 

velocity follow the lognormal distribution, the peak 

concentration of SPs increases with the decrease of 

correlation coefficient 𝜌𝑣𝑑 , making the BTCs relatively 

symmetrical and with less trailing phenomenon. 

• With the increase of migration distance, the time 

corresponding to the peak concentration of SPs increases 

and the peak concentration decreases in the BTCs. 

Moreover, the difference between the peak concentrations 

decreases. 

Although the models presented here have advantages 

due to their analytical nature, they have some limitations, 

such as (a) the inability to account for gravity effects affect; 

and (b) the neglect of SPs aggregation. Nevertheless, the 

introduction of these stochastic parameters is essential for 

understanding the migration processes of SPs in porous 

media, serving as a foundation for validating more complex 

numerical models. 
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