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The enhanced bishop method for considering effective stress in unsaturated
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Abstract. At present, the widely used bishop stability analysis method does not consider the unsaturated effective stress, and
the effective stress theory is unclear. To address these questions, this study initially explores a novel methodology for
determining pore water pressure via the phreatic line. Subsequently, this study integrates the unified effective stress equation for
both saturated and unsaturated soils, known for its clear physical significance, to propose an enhanced Bishop method(EBM)
that accounts for effective stress in unsaturated soils. This EBM features a comprehensive theoretical framework, enabling direct
stability analysis based on the phreatic line and demonstrating significant value for engineering applications. The reliability of
the computational procedure of the EBM is validated through a saturated slope case study. Building upon this validation, the
study further investigates the impact of incorporating unsaturated effective stress on slope stability. The results show that the
deeper most dangerous sliding surface corresponds to an increase in the factor of safety(FOS) from 1.01% to 20.51% when
considering the unsaturated effective stress. Overall, the integration of unsaturated effective stress exerts a positive influence on
slope stability, underscoring the significance of this method for stability analysis and engineering design applications.
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1. Introduction

Properly characterizing the stress state of soil is a
fundamental prerequisite for investigating soil deformation
and strength (Fredlund et al. 1978, Fredlund 2006,
Skempton 1960, 1961). Determining the shear strength and
deformation of soil layers using effective stress principles is
grounded in robust theoretical foundations and holds
significant implications for the stability assessment of
geotechnical engineering(De Boer and Ehlers 1990,
Gudehus 2021, Li et al. 2023, Xu et al. 2021, Yates and
Russell 2023). However, accurately determining the
effective stresses in unsaturated soils and the strength of the
soil has long been a major challenge in geotechnical
engineering. In 1959, Bishop (1959) extended Terzaghi's
effective stress theory for saturated soils to encompass
unsaturated soils, proposing a corresponding effective stress
expression. Nevertheless, the application of Bishop's
effective stress expression to unsaturated soils exhibits
limitations, garnering widespread attention(Bishop and
Blight 1963, Jennings and Burland 1962, Khalili and
Khabbaz 1998, Khalili et al. 2004). Assuming that the
effective stress coefficient y equates to the degree of
saturation frequently results in substantial prediction errors.
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Recent investigations into the microstructure of soils have
revealed that immobile water, adhering to soil particles via
physicochemical bonds, resides in micropores, whereas free
water, primarily governed by capillary effects, occupies
relatively larger pores. Building on this understanding, Lu
et al. (2010) proposed utilizing effective saturation as a
suitable substitute for the effective stress parameter. In
1996, Longtan Shao (Shao et al. 2014a, b) separately
considered the effects of external load and pore fluid
pressure, treating the soil skeleton and pore fluid as distinct
entities, and derived their respective equilibrium equations.
By comparing with the total stress equation, he derived
Terzaghi's effective stress expression, elucidating the
physical meaning of effective stress: the stress on the soil
skeleton generated by external forces, excluding pore fluid
pressure. In 1999, he employed the same methodology to
derive the effective stress expression for unsaturated soils
(Shao et al. 2018a, b), thereby establishing a unified
effective stress equation for both saturated and unsaturated
soils.

Slope stability analysis, a crucial concern in the natural
environment and engineering geology, has been extensively
researched (Hu ez al. 2021, Shin 2023, Tran et al. 2023).
Matric suction influences the effective stress in unsaturated
soils, which in turn governs the soil's shear strength
properties, making it a critical factor (Cheng et al. 2024,
Deng et al. 2019, Zhai et al. 2022). The majority of
documented slope failures occur in unsaturated zones
within the slope, and variations in unsaturated conditions
adversely affect slope stability (Garakani et al. 2020, Lu et
al. 2013, Oh and Lu 2015, Sivakumar Babu and Murthy
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2005, Song et al. 2016, Xu et al. 2021, Xu and Yang 2018,
Zhang et al. 2013, 2015, Zhai et al. 2022). Hence,
acknowledging the significant role of matric suction or soil
saturation in geotechnical design (Alencar et al. 2021,
Pirjalili et al. 2020), and incorporating these theoretical
complexities into analysis, can render slope design more
robust and reliable.

Presently, stability analysis predominantly encompasses
limit equilibrium methods (LEM) (Bishop 1955,
Morgenstern and Price 1965, Shin 2023), finite element
methods (FEM) (Tran et al. 2023, Cheng et al. 2007, Hua et
al. 2022), and finite element limit equilibrium methods
(FELEM) (Liu et al. 2015). Among these, LEM is the most
extensively utilized in engineering practice, primarily
involving the analysis of the static equilibrium of unstable
soil masses and assessing slope stability based on the Mohr-
Coulomb strength criterion. The Bishop method (Bishop
1955) is the most prevalent within LEM. Traditional Bishop
methods (TBM) presuppose that the pore water pressure on
the slip surface is either zero or positive, thereby
overlooking the effect of matric suction when the sliding
surface lies within the unsaturated zone. Although some
researchers have endeavored to incorporate the effect of
matric suction into TBM, there remains a lack of systematic
theoretical analysis and discussion concerning the
calculation and implementation of unsaturated effective
stress in the Bishop method. In general, the widely used
bishop stability analysis method has the following
problems: (1)it overlooks the effective stress in unsaturated
zones, (2)relies on an incomplete effective stress theory,
(3)lacks a robust theoretical foundation for strength
conditions in stability assessments, and (4)suffers from
ambiguous methodologies and inaccuracies in calculating
pore water pressure.

In light of this, this paper proposes an EBM that
accounts for the effective stress in unsaturated soils. This
method employs a unified effective stress equation with
clear physical significance for both saturated and
unsaturated soils, along with their shear strength theory. The
pore water pressure is approximated directly based on the
phreatic line. This method is computationally simple and
theoretically robust, enabling direct slope stability analysis
based on the phreatic line. It holds substantial engineering
application value and is of considerable importance for
stability analysis and design in engineering.

2. Method for calculating approximate pore
pressure and effective stress of soil

2.1 Unified calculation method of pore water pressure
in saturated and unsaturated soils

In the stability analysis of geotechnical engineering
projects, water significantly impacts the stability of
geotechnical structures in addition to soil properties and
geometric parameters. The primary reason is that pore water
pressure affects the soil's effective stress, thereby
influencing its shear strength. Directly calculating the pore
water pressure in the soil layer from the phreatic line and
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Fig. 1 Diagram of head loss caused by penetration
velocity in saturated region

subsequently determining the effective stress would offer a
quick and straightforward method. This approach would
enhance the Bishop method by incorporating unsaturated
effective stress.

The pore water pressure in both the saturated and
unsaturated zones is approximately determined based on the
phreatic line. The fundamental assumptions are: (1)
ignoring head loss due to seepage velocity; (2) disregarding
the impact of soil volume deformation on seepage; (3)
assuming the matric suction of pore water in the unsaturated
zone adheres to the soil water characteristic curve. The
phreatic line (free water surface) delineates the soil layer
into saturated and unsaturated zones, with the area above
the phreatic line being the unsaturated zone and the area
below being the saturated zone. Therefore, the total
hydraulic head of the pore water, irrespective of whether it
is in the saturated or unsaturated zone, is

uW
PuY

H=z+

(1)

u
where H is the hydraulic head, z is the position head, pfwg

is the pressure head, p, is the water density, and g is the
gravitational acceleration.

At every point along the phreatic line, the pore water
pressure is zero. Using the phreatic line as the reference
plane and assuming that the pore water pressure follows a
hydrostatic distribution, it can be expressed as

u, =—p,9(z-2,) @)

where zp is the vertical coordinate of the phreatic line
corresponding to the same horizontal coordinate as the
calculation point. Eq. (2) represents the unified pore water
pressure equation for both saturated and unsaturated soils.

2.2 Error analysis of pore pressure calculation results
based on phreatic line

Substituting a point of hydrostatic pressure for the actual
pore water pressure is equivalent to assuming that the pore
water is at rest equilibrium. This also means that the head
loss caused by the seepage velocity is ignored. The head
loss caused by seepage velocity can be evaluated by using
the flow-net method. Take the saturation region as an
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Fig. 2 Calculation model of pore water pressure based on
phreatic line

example, as shown in Fig. 1, where the isopotential lines
are perpendicular to the phreatic lines, and each point on
each equipotential line has the same total water head (water
potential). Suppose that the equipotential line through point
A is EAD, the vertical line through point A intersects the
phreatic line at point C with the vertical coordinate marking
z§, and the horizontal line through point D (the intersection
of the equipotential line and the phreatic line) intersects the
line segment AC at B. Then the actual pressure at point A is
pwg(zg —2z4) , and the pressure calculated from the
hydrostatic pressure is p,,g(z§ — z4), resulting in an error
of py,g(z5 — zp).

Perpendicular to the seepage line through point A,
intersecting with the phreatic line at point F. Then, the
equipotential line (AD segment) above point A must be
located on the right side of the vertical line, and the CG
segment is the maximum head loss at point A. Therefore,
the maximum relative head loss at each point can be
expressed as

n= H7% _sinzg 3)
Z,—1
where z' is the vertical coordinate of the sought position
perpendicular to the saturation line in the vertical profile; 6
is the angle between the saturation line and the horizontal
plane. Therefore, the maximum error in pressure calculated
according to hydrostatic pressure is p,9(z, —2)sin* 6.

When the angle between the saturation line and the
horizontal direction is less than 20° the discrepancy
between the head calculation results and the flow net
equipotential lines is under 10%, signifying that the flatter
the saturation line, the smaller the error. Thus, if the
precision requirement is not stringent, the head loss due to
seepage velocity can be disregarded, and hydrostatic
pressure can be used to approximate the pore water
pressure.

In order to deeply investigate the pore water pressure
calculation error based on the phreatic line, the dam body
shown in Fig. 2 was selected as the research object in this
study, and four different upstream and downstream head
boundary conditions were set, corresponding to the seepage
line inclination angles of 5°, 10°, 15° and 20°, respectively.
Under these boundary conditions, the saturated seepage was
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numerically analyzed using the FEM, and the pore water
pressure field was calculated for the four cases. Meanwhile,
based on the location of the phreatic line determined by the
numerical analysis, the pore water pressure field of the dam
body under the four different head boundary conditions was
calculated by using Eq. (2). The accuracy of the pore water
pressure calculation method based on the phreatic line is
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Fig. 4 Internal Force Diagram for an Arbitrary Cross-
Section of Soil

evaluated by comparing the results of the pore water
pressure field obtained from these two calculation methods.

In order to carry out an accurate comparison of the pore
water pressure calculation results of the two methods, the
method of plotting the results of the pore water pressure
field calculation based on the seepage line on the same
contour map as that based on the numerical analysis
method. As shown in Fig. 3, through the comparative
analysis, it can be observed that at the location of the
downstream horizontal phreatic line, the pore water
pressure contours obtained by the two calculation methods
are identical. However, in the slope region, the deviation
between the pore water pressure contours obtained by the
two calculation methods increases with the increase of the
average dip angle of the phreatic line. Specifically, under
the conditions of 5°, 10° and 15°, the deviation between the
pore water pressure contours obtained by the two methods
is relatively small, and the contours of the two methods
coincide in most areas. At an inclination of the phreatic line
of 20° the deviation of the pore water pressure contours
obtained by the two methods is slightly larger, but the
average error is only within 10%.

This phenomenon indicates that when the dip angle of
the phreatic line is less than 20°, the pore water pressure
calculation method based on the phreatic line has a small
error, and its calculation accuracy is sufficient to meet the
needs of engineering practice.

2.3 Unified effective stress equation for both
saturated and unsaturated soils

Longtan Shao applies the theory of continuous medium
mechanics to derive a unified effective stress formula for
saturated and unsaturated soil by considering the effects of
external load and pore fluid pressure separatel (Shao et al.
2013, 2014a, b, 2015, 2018a, b, ¢). It is illustrated that the
effective stress, intergranular stress and soil skeleton stress
can be consistent, i.e., the intergranular stress and soil
skeleton stress that do not include the action of pore water
pressure are the effective stress. The derivation process of
the effective stress equation for saturated and unsaturated
soils unified is briefly explained in the following.

By separately considering the pore fluid pressure and
other external forces at any point on a soil cross-section, the
relational expressions between total stress, external force-
induced soil skeleton stress, and pore fluid pressure can be
derived, namely the effective stress equation. It reveals that
the effective stress equation fundamentally describes the
relationship between the internal forces at a specific point in
the soil.

As depicted in Fig. 4, the total normal internal force is
the sum of the soil skeleton internal force induced by
external forces, the internal force resulting from pore fluid
pressure acting on the soil skeleton, and the internal force
resulting from pore fluid pressure acting on the pore area,
ie.

N, =N°+N7+ Ny (4)

where , is the total normal internal force on the soil cross-
section, N° is the normal internal force generated by
external forces acting on the skeleton excluding pore fluid
pressure, Nf is the normal internal force generated by pore
fluid (both pore water and pore gas) pressure acting on the
skeleton, and signifies the normal internal force generated
by pore fluid pressure acting on the pore area. Eq. (5) is
obtained according to Fig. 4.

N°® =0A
S nEW na
Nf =u, (1_ne)A+ua_(1_ne)A (5)
ne ne
Ni =u, Mo neA+ua£neA
ne ne

where n. is the effective porosity (considering pore water
closely bonded with soil skeleton particles and jointly
bearing and transmitting the load as part of the skeleton, the
ratio of pore volume to total volume is defined as the
effective porosity); n.» 1is the effective porosity
corresponding to pore water; n, is the porosity
corresponding to pore gas; and A is the total area of the soil
cross-section.

Among these, Mew _ s, represents the effective degree of

saturation of the soil. By substituting Eq. (5) into Eq. (4)
and rearranging, we obtain

O-:o-t_ua"'se(ua_uw) (6)

Eq. (6) represents the effective stress expression for
unsaturated soils, which is also applicable to saturated soils.
When S.=1, Terzaghi's effective stress equation is obtained.
For saturated soils, the degree of saturation is 1 and the
matrix suction is zero, and the same can be shown that the
effective stress of saturated soils is a specific condition for
the effective stress of unsaturated soils. That is, Eq. (6) is
the unified effective stress equation for saturated and
unsaturated soils. The effective stresses in saturated and
unsaturated soils have the same physical meaning, i.e., the
external soil skeleton stresses without considering the pore
fluid action. Here, S. is the effective degree of saturation of
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the pore water considered as part of the soil skeleton.
Se :(S_Sr)/(l_sr) (7)

where § is the saturation corresponding to the absolute
water content, and S,=n,/n represents the residual saturation
(n- denotes the residual porosity).

In geotechnical engineering, the total stress of the soil is
relatively easy to obtain. According to the above pore water
pressure calculation equation based on the phreatic line, the
pore water pressure can be easily obtained. Moreover, in
open formations, the pore gas pressure (u,) is generally
considered to be 0. Therefore, using Eq. (6), the effective
stress of the soil can be easily obtained.

3. Conditions for shear strength in stability analysis

The strength and deformation of soil correspond to those
of the soil skeleton, which are governed by the stress within
the skeleton. This stress comprises two components: (i)
stress induced by all external forces excluding pore water
pressure, and (ii) stress induced by pore water pressure.
These components are termed external soil skeleton
stress(ESSS) and pore pressure soil skeleton stress(PPSSS),
respectively. According to the unified effective stress
equation discussed earlier, Terzaghi's effective stress
represents the stress in the soil skeleton resulting from all
external forces excluding pore water pressure, hence, ESSS
equates to effective stress. Both stress types influence the
shear strength and volumetric deformation of the soil, albeit
differently. The strength of the soil skeleton encompasses
shear strength due to external soil skeleton stress and shear
strength due to pore fluid pressure. The Bishop method
employs the Mohr-Coulomb strength criterion. For instance,
considering the shear strength of the soil skeleton in
unsaturated soil, it is expressed as

, a. tan ,
7p=cC +{61(1;7(;')[uase(uauw)]}tan¢ (8)

where a. is the contact area coefficient between skeleton
particles, and tany is the shear strength parameter of the
contact surface between soil particles. When S. = 1, Eq. (8)
depicts the shear strength of the soil skeleton in saturated
soil, with the expression for shear strength aligning with
that proposed by Skempton (1961).

Pore water pressure contributes to the shear strength of
soil only when it induces contact forces between particles.
Given that the contact area between soil particles is
typically minimal, the impact of pore water pressure on soil
strength is generally negligible. Consequently, the strength
and deformation of the soil are predominantly dictated by
the ESSS, meaning that effective stress governs the
deformation and strength of the soil.

Therefore, considering solely the contribution of
effective stress to shear strength, the shear strength of both
saturated and unsaturated soils can be uniformly expressed
as

Ty = c'+ [Gt —u, + Se(ua _uw)]tan (0' 9
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Fig. 5 Diagram of the Forces in the EBM

where C' is the effective cohesion for both saturated and
unsaturated soils, and ¢’ is the effective internal friction

angle for both states. These parameters can be ascertained
in the laboratory using triaxial consolidated drained shear
tests or direct shear slow shear tests, thereby providing
unified shear strength parameters for both saturated and
unsaturated soil conditions.

The effective stress equations for saturated and
unsaturated soils were combined with the four-parameter
Van Genuchten model to predict the shear strengths of four
different types of unsaturated soils, namely, expansive soils,
pulverized clays, clayey sandy soils, and grey clayey soils,
respectively (Shao et al. 2018a). The results show that the
theoretical predictions agree well with the test values within
the range of test accuracy, thus verifying the applicability of
the equation in testing and engineering.

4. An EBM theoretical system considering effective
stress in unsaturated soils

Numerous factors can induce slope sliding, yet the
fundamental cause of landslides is the existence of a sliding
surface within the rock and soil mass. The shear stress on
this surface attains the shear strength of the soil, thereby
undermining the stability of that section of the rock and soil
mass. In the absence of pore fluid pressure, the shear
strength of the soil is dictated by effective stress. Hence,
slope stability analysis predicated on effective stress
possesses a sound theoretical foundation.

The Bishop method, introduced by Bishop in 1955, is
one of the most extensively employed limit equilibrium
methods in slope stability analysis. It models the sliding soil
mass as a rigid body rotating around a center and calculates
the sliding and resisting forces using the method of slices,
ultimately deriving the stability safety factor while
accounting for the interaction forces between soil slices.
The TBM assumes that the pore water pressure on the
sliding surface is zero or positive, thus disregarding the
effect of matric suction when the sliding surface lies within
an unsaturated zone. Although some researchers have
sought to incorporate matric suction into the TBM, there
remains a paucity of systematic theoretical analysis and
discussion concerning the calculation and implementation
of unsaturated effective stress in the Bishop method.
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Building on this foundation, this paper proposes an
EBM that accounts for effective stress in unsaturated soils.
This method employs a unified effective stress equation and
shear strength theory applicable to both saturated and
unsaturated soils, possessing clear physical significance.

A simple unsaturated slope is used to illustrate the
calculation method of the FOS using the EBM. Fig. 5
shows the force diagram of a simple unsaturated slope using
the Bishop method. In the case where only the effective
stress contribution to the shear strength is considered,
according to the static equilibrium condition it can be
obtained that

,_ GiLi +(N; —UgL + S, (U —uy)Li)tan g

Ti
FS
1
Ni: [Vvi+Yi+AHi—
ai
[c; —(u, —Se (U, —uy,))tang'|Lsing;
(10)
FS
sing; tan '

M,; = COSq; +
S
W; +Y; + AH; = N;cose; +T;sing;

where T; is the effective shear strength at the bottom surface
of the soil strip; N; is the total normal force at the bottom
surface of the soil strip; and N/ is the effective normal

force at the bottom surface of the soil strip (N; = N; —
ugL; +S.(ug —uy)L;). W; is the weight of the i-th soil
strip (W; = yhy; + Yimhop); v 1s the natural unit weight of
the soil in the unsaturated zone; y,, is the saturated unit
weight of the soil in the saturated zone; /; is the height of
the soil strip above the phreatic line; /4,; is the height of the
soil strip below the phreatic line; Y; is the vertical seismic
inertial force of the i-th soil strip; AH; is the resultant
tangential force on the side of the i-th soil strip (4H; =
Hiq — Hy).

According to the overall moment equilibrium condition
of the entire sliding soil mass, the sum of the moments of
the forces acting on each soil strip about the center of the
circle is zero. Since the inter-strip forces P; and H; appear in
pairs, are equal in magnitude, and opposite in direction, the
inter-strip forces of the entire sliding soil mass do not
produce a moment about the center. The normal stress V; on
the sliding surface also passes through the center, thus not
producing a moment. Therefore, only the weight #; and the
tangential force 7; on the sliding surface produce moments
about the center. When considering seismic inertial forces,
both horizontal and wvertical seismic inertial forces also
produce moments about the center. Thus, the moment
equilibrium equation is

Z(Wi +Y, Rsing, +Z:XiR0050zi =
ZC{Li+(Ni_uaLi"'Se(ua_uw)Li)tanq)i’R (11)
Fs

where R is the radius of the sliding arc; X; is the horizontal
seismic inertial force of the i-th soil strip. The FOS can be
expressed as
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Eq. (12) is the calculation formula for the FOS of the
EBM based on the unified effective stress equation for
saturated and unsaturated conditions. In the Bishop method,
the tangential force between soil strips is not considered and
is assumed to be zero.

A computational analysis program is written using
computer programming languages to calculate the FOS of
the EBM. First, the search range for the center of the sliding
surface and the entry and exit range of the arc are input.
Within the search range, a sliding surface is selected, and
the EBM calculation program is used to solve Eq. (12).
Since the term m,; on the right side of the equality in Eq.
(12) includes the FOS(F}), it must be determined through
iterative calculations. Initially, Fy is set to 1, mg; is
calculated, and then F; is solved using Eq. (12). This
iteration continues until convergence is achieved. The most
critical sliding surface is determined through continuous
search and calculation.

5. Verification of the accuracy of the EBM calculation
program

In both the EBM and the TBM, the calculation of
effective stress in the saturated zone is based on Terzaghi's
effective stress equation. For saturated soil slopes, the FOS
calculation formulas of the two methods are the same,
differing only in their computational procedures. The
differences lie in the search method for the sliding surface
and the calculation step size. Based on this, the stability of
saturated soil slopes is analyzed using both the EBM and
the TBM to verify the accuracy of the EBM calculation
program.

Fig. 6 shows a simple saturated soil slope with a dam
height of 20 m and a slope ratio of 1:2. This slope consists
of two soil layers: soil layer (1) has a saturated unit weight
of 19.5 N/m?, and soil layer (2) has a saturated unit weight
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Table 1 Calculation Results of the FOS for Saturated Slope
Sliding
Sliding surface EBM TBM

Relative error

Sliding surface (1) 1.136 1.165 -2.49%
Sliding surface (2) 1.160 1.151 +0.78%
Sliding surface (3) 1.200 1.173 +2.30%
Sliding surface (%) 1.300 1.305 -0.38%
Sliding surface (5) 1.470 1.514 -2.91%

of 20.6 N/m*. The effective internal friction angle and
effective cohesion of soil layer (1) are 31.3° and 13.2 kPa,
respectively, while those of soil layer (2) are 30.4° and 12
kPa.

It is generally assumed that the phreatic line in a
saturated slope follows the surface of the slope, meaning the
slope surface is a zero water pressure surface. Therefore, for
this simple saturated soil slope, the pore water pressure at
various points along the slope can be calculated using Eq.
(2) based on the height of the phreatic line (slope surface).
Based on the inclination of the phreatic line, the maximum
calculation error of the pore water pressure at the slope
location can be determined to be 20% using Eq. (3).

Based on the pore water pressure calculation results, the
effective stress at various points in the saturated zone can be
determined. Stability analysis of the saturated soil slope is
then performed using both the EBM and the TBM. First, the
most critical sliding surface of the slope is searched for and
its FOS calculated using the EBM proposed in this paper.
The most critical sliding surface is sliding surface (1) in
Fig. 6, with a FOS of 1.136. Under the same soil layer
parameters and phreatic line, the TBM built into the
SLOPE/W program is used to calculate the FOS for sliding
along sliding surface (1), which is 1.165. The relative error
in the FOS between the two methods is 2.49%.

Since the most critical sliding surface searched by the
EBM calculation program is relatively shallow, to
comprehensively consider the reliability of the FOS results
of the EBM, four deeper sliding surfaces (as shown in Fig.
6 as sliding surfaces (2) to (5)) are selected. The results are
shown in Table 1.

As shown in Table 1, for five sliding surfaces at
different depths, the relative error of the FOS calculated by
the EBM and the TBM is within 3%. This error arises
because, in the SLOPE/W program, the fixed sliding
surface is achieved by setting several control points, and the
FOS calculation divides the soil into strips between adjacent
control points, differing from the strip division by step size
in the EBM. Overall, for the same sliding surface, the
relative error of the FOS calculated by the EBM is smaller
compared to the TBM, and it is within the calculation error
range.

Additionally, to verify the reliability of the most critical
sliding surface search results of the EBM calculation
program, the TBM is used to calculate the most critical
sliding surface and its FOS for the simple saturated soil
slope, and the results are compared with those of the EBM.
The calculation results of the most critical sliding surface

Most Dangerous
Sliding Surface-TBM

Most Dangerous
Sliding Surface-EBM

FOS(TBM): 1.094
FOS(EBM): 1.136

Fig. 7 The Most Critical Sliding Surfaces Searched by the
Two Methods

are shown in Fig. 7. The FOS for the most critical sliding
surface calculated by the EBM and the TBM are 1.136 and
1.094, respectively, with a relative error of about 3.7%.

In many engineering fields, a relative error of 3.7% is
typically deemed acceptable. For instance, in slope stability
analysis, the typical range of critical FOS is between 1.15
and 1.30, which sufficiently accounts for uncertainties and
minor deviations in calculations.

As illustrated in Fig. 7, the depth of the most critical
sliding surface determined by the EBM is marginally less
than that calculated by the TBM. The exit locations of the
most critical arcs identified by the two methods are nearly
identical, exhibiting an entry range discrepancy of
approximately 3 meters.

Calculation errors in the most critical slip surface and
FOS primarily result from the EBM performing slope
stability analysis with the phreatic line as the input
condition, where both pore water pressure in the saturated
zone and matric suction in the unsaturated zone are directly
determined based on the phreatic line. Due to the
assumptions inherent in the calculation method, there is
some error in the saturated zone's pore water pressure,
which is also related to the angle of the phreatic line: the
flatter the phreatic line, the smaller the calculation error of
the pore water pressure. In practical geotechnical
engineering, the phreatic line is generally quite flat. For
slopes with a phreatic line angle of less than 20°, the
proposed stability analysis method provides relatively
accurate results, fully meeting engineering precision
requirements. While simplifying the calculation process,
EBM ensures sufficient computational accuracy and retains
significant engineering application value.

6. Analysis of the influence of unsaturated effective
stress on slope stability

Currently, most geotechnical structures are unsaturated
for long periods of time (Bella 2021), and changes in
groundwater have a large impact on the stability of
geotechnical structures (Amornfa et al. 2023, Lim et al.
2023, Park et al. 2019). Most reported slope failures have
occurred in these unsaturated regions. Variations in the
unsaturated state detrimentally impact slope stability. On
this basis, the specific implementation steps of EBM
considering unsaturated effective stress based on the case of
known phreatic line are given, and the influence of
unsaturated effective stress on slope stability is analyzed.
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Fig. 9 soil-water characteristic curves

For the saturated soil slope in Fig. 6, under prolonged
infiltration and drying conditions, the phreatic line will
drop, and the saturated slope will become an unsaturated
slope until the phreatic line stabilizes, as shown in Fig. 8.
The natural unit weight and saturated unit weight of soil
layer (1) are 18.1 N/m® and 19.5 N/m’, respectively. The
natural unit weight and saturated unit weight of soil layer
(2) are 19.3 N/m?® and 20.6 N/m?, respectively. When using
the EBM for calculation, the natural unit weight is used for
the unsaturated zone, and the saturated unit weight is used
for the saturated zone. When the effect of pore water
pressure on shear strength is not considered, shear strength
is controlled solely by effective stress. Therefore, the shear
strength parameters of saturated and unsaturated soils
remain consistent. The shear strength parameters of soil
layers (1) and (2) use the effective internal friction angle
and effective cohesion of the saturated soil slope.

In open strata, the pore air pressure u, is 0, and the
matric suction in the unsaturated zone is the negative pore
water pressure. Based on the height of the phreatic line, the
pore water pressure in the saturated and unsaturated zones
is calculated using Eq. (2). Based on the inclination of the
phreatic line, the maximum calculation error of pore water
pressure at the slope surface location is estimated to be 10%
using Eq. (3). The effective stress at any point in the
saturated and unsaturated zones is calculated using the
unified effective stress result from Eq. (6), where the
effective saturation S, in the saturated zone is 1. The
effective saturation of the unsaturated zone soil is
determined through the soil-water characteristic curve. The
specific method is to input several points of the soil-water

Table 2 Calculation Results of FOS for Unsaturated Slopes

Sliding surface Consider Don't consider Improvement
unsaturated unsaturated (FOS)
Sliding surface | 1.750 1.710 +2.34%
Sliding surface Il 1.697 1.680 +1.01%
Sliding surface Il 1.800 1.730 +4.05%
Sliding surface 1V 2.050 1.830 +12.02%
Sliding surface V 2.350 1.950 +20.51%

Don't consider unsaturated

Consider unsaturated

Factor of safety
FOS(Don't Consider UNsaturated): 1.676
FOS(Consider UNsaturated): 1.697

Fig. 10 Calculation Results of the Most Critical Sliding
Surface

characteristic curve into the calculation program in this
paper, and use the interpolation function to determine the
effective saturation corresponding to different matric
suctions in the wunsaturated zone. The soil-water
characteristic curves of the soil layers of the simple
unsaturated soil slope are shown in Fig. 9.

Based on the aforementioned unsaturated parameters
and considering the effective stress in the unsaturated zone,
the EBM is employed to calculate the most critical arc and
FOS for the unsaturated slope. These results are compared
with those obtained without considering the unsaturated
condition to analyze the impact of matric suction on slope
stability.

By specifying the search range for the circle center
along with the entry and exit points, the EBM, which
accounts for the effective stress in the unsaturated zone, is
employed to identify the most critical sliding surface. The
most critical sliding surface is shown as surface II in Fig. 8,
located in the unsaturated zone. Five different sliding
surfaces (including the most critical sliding surface found
by the EBM considering unsaturated effective stress) are
selected as shown in Fig. 8, with sliding surfaces I and II
located in the unsaturated zone. For the five selected sliding
surfaces, the FOS are calculated using the EBM, both
accounting for and not accounting for unsaturated effective
stress. The results are presented in Table 2.

As illustrated in Table 2, for sliding surfaces I to V, the
FOS calculated with consideration of the effective stress in
the unsaturated zone are consistently higher than those
calculated without it, showing an increase ranging from
1.01% to 20.51%.

The EBM, based on the unified effective stress theory
for both saturated and unsaturated conditions, incorporates
the matric suction in the unsaturated zone above the
phreatic line into the calculation framework, thereby more
accurately representing the stress state in the unsaturated
zone. On this basis, a comprehensive analysis of slope
stability was conducted by integrating the unified shear
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Phreatic Line

Fig. 11 Two-dimensional calculation profile of tailings dam

Table 3 Physical parameters of soil layer

) ¥ % Shear strength parameters
Number Material type unsat sat
(KN/md) (KN/md) ¢ (kPa) 9(°)
1 Tail silt(D) 16.9 18.7 5 26.3
2 Tail silt2) 18.8 19.3 6 275
3 Tail silt(3) 19.0 19.6 8 28.9
4 Plain fill 20.0 20.6 4 355
5 Heavily weathered granite 26.5 27.0 155 34.0
6 Moderately weathered granite 27.0 27.3 170 39.0
strength criterion for both saturated and unsaturated soils. 100
This method precisely quantifies the contribution of matric ——Tail Silt @
suction to shear strength, significantly enhancing the 80 —e—Tail Sit @
reliability of slope stability assessment. The results indicate = — TailSite
that, compared to traditional methods, the FOS for slope g 60r
stability considering unsaturated effective stress is increased E
by up to 20.51%, a significant improvement with important g 40r
engineering application value. i
Additionally, the most critical sliding surface of the 201
slope is identified, and its FOS is calculated without
considering unsaturated effective stress, to analyze the Or

impact of including unsaturated effective stress on the
location of the critical sliding surface. As illustrated in Fig.
10.

According to Fig. 10, the most critical sliding surfaces
identified, whether considering the unsaturated effective
stress or not, are both situated in the unsaturated zone. The
critical sliding surface calculated with unsaturated effective
stress is deeper and exhibits a higher FOS. Therefore,
accurately accounting for the stress and strength in the
unsaturated zone positively influences slope stability.

Overall, matric suction positively influences slope
stability, consistent with established principles. Accounting
for unsaturated conditions enables a more precise
determination of the most critical sliding surface and FOS,
which is crucial for engineering design and safety
evaluation.

7. Engineering application

A tailings dam is a structure built to intercept a valley or
enclose an area for storing tailings. In the event of a dam
failure, it would pose a serious threat to human life and
property. Therefore, timely assessment of the dam's stability
is crucial. As a typical unsaturated slope, the stability
analysis of a tailings dam must account for the influence of
unsaturated effective stress, a key factor in accurately
assessing the dam's slope stability.

0 500 1000 1500 2000

Matric suction /kPa

Fig. 12 soil-water characteristic curve of tail silt

This paper demonstrates the application of the EBM in
practical engineering, using a specific tailings dam project
as an example. The tailings embankment dam was
constructed using the upstream method, with an existing
elevation of 236 m, a total dam height of 116 m, and a
maximum height of 28 m for the initial dam. A typical two-
dimensional cross-section of the tailings dam was chosen
for stability analysis. The division of the dam's soil layers
and the measured phreatic line are shown in Fig. 11, with
the physical parameters of the dam materials detailed in
Table 3.

First, the boundaries of each soil layer in the tailings
dam were input into the EBM calculation program to create
a two-dimensional model. Next, the measured phreatic line
data was imported into the program as control point
coordinates. The measured phreatic line of the tailings dam
has an average angle of approximately 10° at the
embankment slope. Based on this, the maximum relative
error of the pore pressure, determined using an approximate
calculation method, is about 3%, meeting the engineering
accuracy requirements.
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Most Dangerous Slip Surface

Fig. 13 Stability calculation results of tailings dam

The soil-water characteristic curve (SWCC) for the dam
material (Tail silt) is shown in Fig. 12. Based on these
conditions, the EBM was used to determine the most
dangerous slip surface and FOS at the embankment location
of the tailings dam.

Under the measured phreatic line condition, the most
dangerous slip surface of the dam, calculated using the
EBM and accounting for unsaturated effective stress, is
shown in Fig. 13, with a FOS of 2.80. The most dangerous
slip surface lies within the tail silt layer, crosses the phreatic
line, and encompasses both the unsaturated and saturated
zones. This result highlights the importance of accurately
considering unsaturated effective stress in the stability
analysis of the tailings dam slope.

As technology advances and safety demands grow,
water level monitoring systems have become a standard
feature in various slope engineering projects, significantly
improving the accuracy of phreatic line measurements. For
stability analysis of geotechnical engineering slopes (such
as earth dams, embankments, natural slopes, and tailings
dams), calculations can be directly based on measured
phreatic lines. The EBM proposed in this paper, which is
based on measured phreatic lines and considers the
unsaturated effective stress field, makes slope stability
analysis faster, simpler, and more accurate, providing
significant theoretical support and practical value for the
design optimization and safety assessment of slope
engineering.

8. Conclusions

(1) Building on the unified effective stress equation for
both saturated and unsaturated soils, this paper proposes an
EBM that incorporates the effective stress of unsaturated
soils. It examines the methodology for determining pore
water pressure using the phreatic line and analyzes the
correlation between pore water pressure calculation errors
and the inclination angle of the phreatic line.

(2) The stability of a simple saturated soil slope was
evaluated using both the EBM and the TBM. For the same
sliding surface, the relative error in the FOS was found to
be within 3%. For the most dangerous slip surface, the
slide-out position is almost identical, with the slide-in range
differing by only 3m. The relative error in the FOS is
approximately 3.7%, which is sufficient to meet
engineering requirements. Overall, under identical
conditions, the results of the EBM and the TBM in
identifying the most critical sliding surface and calculating

the FOS were remarkably similar, thereby verifying the
reliability of the EBM computational procedure.

(3) Using an unsaturated slope as an example, this
analysis examines the impact of unsaturated zone effective
stress on slope stability. The results indicate that for the
same sliding surface, the FOS increased by 1.01% to
20.51% when incorporating effective stress in the
unsaturated zone. Furthermore, compared to the most
critical sliding surface calculated without considering
unsaturated effective stress, the critical sliding surface
identified with unsaturated effective stress is deeper and
exhibits a higher FOS. Accounting for unsaturated effective
stress exerts a beneficial influence on slope stability and
holds significant importance for engineering design and
safety evaluation.

(4) The EBM, based on the unified effective stress
theory for both saturated and unsaturated conditions,
incorporates matric suction in the unsaturated zone above
the phreatic line into the calculation framework, more
accurately representing the stress state in this zone. A
comprehensive slope stability analysis was conducted by
integrating the unified shear strength criterion for both
saturated and unsaturated soils. This method precisely
quantifies the contribution of matric suction to shear
strength, significantly improving the reliability of slope
stability assessments. These enhancements lead to a notable
improvement in the Factor of Safety (FOS) for slope
stability when considering unsaturated effective stress,
compared to traditional methods.

(5) This paper uses a simple slope as an example to
verify the reliability and advantages of the EBM and applies
it to a practical tailings dam project. The method is
applicable to various geotechnical slopes, including earth
dams, embankments, and natural slopes, and offers
significant value for the design optimization and safety
assessment of slope engineering. However, the application
of this method in complex geotechnical slope engineering
projects, as well as its ability to analyze slope stability
under seismic conditions, remains an area for further
research.
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