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Abstract. The stepped reinforcement arrangement in mechanically stabilized earth (MSE) walls is more complicated than the
common uniform arrangement design.Afinite element limit analysis (FELA) method combining the advantages of finite element
(FE) and limit analysis (LA) methods was used to investigate the influence of stepped reinforcement arrangements on the
seismic stability of MSE subjected to vertical and horizontal earthquakes. The pseudo-static FELA method was validated against
results from model tests and the limit equilibrium-based (LE) method. The validated numerical model was then used to
investigate the seismic stability and failure mechanisms of MSE walls with stepped reinforcement arrangements. Results
indicate that multiple slip planes form in reinforced zone and backfills. The stepped reinforcement arrangement can help
improve seismic stability. However, excessive increases in reinforcement length toward the top of the wall could have a negative
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influence on seismic stability, especially in cases of walls with wide reinforcement spacing.
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1. Introduction

Reinforced soil retaining walls (alternatively known as
Mechanically Stabilized Earth, MSE walls) are popular in
infrastructure applications due to their advantages over
conventional walls, including seismic performance,
aesthetics, and cost-effectiveness (Berg et al. 2009, Derksen
et al. 2018, Hamrouni ef al. 2018, Zheng et al. 2018, Safa et
al. 2019). Mirmoazen et al. (2021) conducted a numerical
investigation on MSE walls subjected to footing loads,
where the influence of the inherent anisotropy of the
backfill soil was considered. Their find--ings revealed that
the coefficient of active earth pressure increased with the
anisotropy ratio. Yazdandoust and Daftari (2024)
investigated the bearing capacity of back-to-back MSE
walls and found that the bearing capacity values were
influenced by reinforcement stiffness and  soil-
reinforcement inter-action, with particular emphasis on the
former.Among them, the seismic performance has
increasingly drawn attention to researchers in recent years
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(Matsuo et al. 1998, El- Emam and Bathurst 2004, 2007,
Bathurst and Hatami 1998, Latha and Krishna 2008,
Anastasopoulos ef al. 2010, Liu et al. 2011, Guler et al
2012, Ghanbari et al. 3013, Yazdandoust 2017, Alhajj
Chehade et al. 2021). Yazdandoust et al. (2023) presented
experimental and analytical results on MSE walls with
various configurations and reinforcement types. Their
findings indicated that the wall facing exerted a more
pronounced influence on yield acceleration as compared to
the reinforcement type. Ge et al. (2024) examined the
seismic stability of MSE walls configured in tiers using the
pseudo-static method. Their research revealed that the
critical offset distance was sensitive to variations in the soil
friction angle and wall height.

Reinforcement lengths are usually uniform along wall
height (Berg et al. 2009, Mahmood et al. 2022). However,
nonuniform reinforcement arrangement, especially stepped
reinforcement arrangement is also usually adopted in fields
in case of the MSE walls constructed on existing slope. For
example, many existing embankments were reconstructed
to vertical MSE walls with stepped reinforcement
arrangement for high-speed train yards after earthquakes in
Japan (Tatsuoka 2019). Many model tests have been carried
out to investigate the seismic performance of MSE walls
with stepped reinforcement arrangement. Ling et al. (2005)
and Koseki (2012) carried out shaking table tests on MSE
walls with extended reinforcement layers at the top of the
wall. They found that observed seismic performance of this
type wall was better than those without extended
reinforcement layers. Panah ez al. (2015) reported shaking
table test results on scaled MSE walls with a stepped
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reinforcement arrangement. They concluded that a stepped
reinforcement arrangement in which the length of steps
increased from the bottom to the top of the wall could
reduce wall displacement significantly. However, the
rationality of this stepped reinforcement arrangement for
full scale walls is not sure. Besides, the influence of vertical
acceleration is not considered in the model tests. Yang et al.
(2024) conducted numerical simulations on shored MSE
walls. They found that the maximum reinforcement loads
derived from their numerical method fell within the
solutions from the stiffness and simplified methods.
Yazdandoust and Daftari (2024) investigated the bearing
capacity of back-to-back MSE walls and found that the
bearing capacity values were influenced by reinforcement
stiffness and soil-reinforcement interaction, with particular
emphasis on the former.

Even though model tests could help provide a better
understanding of the seismic performance of MSE walls
with stepped reinforcement arrangement, pseudo-static
design methods are still commonly used due to their
practical advantages. However, the geometry of stepped
reinforcement arrangements could result in unknown and
more complicated failure mechanisms as compared to
uniform reinforcement length cases. Since the shape of slip
planes need to be assumed before -calculating in
conventional limit equilibrium (LE) methods, these
methods cannot be used under this condition. Besides,
boundary conditions and flow rules are not considered in
LE methods. On the other hand, the finite element limit
analysis (FELA) method provides more rigorous solutions
in geotechnical stability analysis in complicated cases using
a second-order cone programming (SOCP) and mesh
adaptive technology to search the slip planes automatically
(Sloan 2013, Krabbenhoft et al. 2015). The uses of FELA
method in stability analysis of reinforced soil structures
have been reported by many researchers (Xie et al. 2019,
Shiau and Al-Asadi 2020, Fathipour ef al. 2021a, Xu ef al.
2020, 2021, Kounlavong et al. 2023). Fathipour et al.
(2023) analyzed the passive and active pseudo-dynamic
earth pressures using the FELA method. Their results
indicated that foundation elasticity and soil damping were
critical factors in pseudo-dynamic analysis. Additionally,
Halder and Chakraborty (2023) demonstrated that
maximum reinforcement resistance was significantly
mobilized when a fully rough interface was assumed
between the reinforcement and backfill. However, the
application of this method in seismic stability of MSE walls
with stepped reinforcement arrangement is scarce.
Additionally, previous studies mainly focused on the case of
MSE walls subjected on horizontal earthquakes, vertical
seismic motions are also significantly pronounced for MSE
walls constructed in near-fault regions.

In this paper, a validated FELA method is used to
investigate the seismic stability of MSE walls with stepped
reinforcement arrangements. Parametric analyses are
carried out to investigate the influences that reinforcement
design, vertical acceleration, and wall height could have
on the predicted yield acceleration and corresponding
failure mechanism of MSE walls with different stepped
reinforcement arrangements.

2. Methodology and validation
2.1 Methodology

The FELA method combines the advantages of the finite
element (FE) and limit analysis (LA) methods to solve
stability in irregular geometries and boundary conditions.
Besides, the influences of soil-structure interactions and soil
materials can also be considered in analysis. The upper
bound solution of the FELA method provides a better
insight into the corresponding failure mechanism
ascompared to the lower bound solution (Sloan 2013, Daset
al. 2022).

The domain is discretized into linear elements in the
FELA method. These elements should enable a
kinematically admissible velocity field in a rigorous manner
and can effectively model velocity discontinuities along all
inter-element edges. The upper-bound solution is
formulated as a non-linear optimization problem, wherein
the unknowns consist of element stresses, plastic
multipliers, and nodal velocities. The objective function to
be minimized is the rate of work performed by external
forces more the internal power dissipation. Consequently, in
accordance with the upper-bound theorem, the unknowns
are subject to constraints arising from the velocity boundary
conditions, the flow rule, and the yield condition. Thus, the
finite element upper-bound solution can be expressed as the
following mathematical problem (Krabbenhoft et al. 2015).
minimize ¢'Bu —ItTudA—ngudV

A v
subject to
Au=b Velocity boundary conditions
Bu® =1i°Vf (6°)
f(6°) <0 Yield condition for element e

Flow rule condition for element e (1)

A°>0 Plastic mutiplier for element e
A%f(6®)=0 Consistency condition for element e

where ¢ is a global vector of stresses; B is a global
strain—displacement matric; u is a global vector of
nodal velocities; t is a vector of known tractions; g is a
vector of fixed body forces; B¢is the strain-displacement

matrix of element e; u€ is the vector of nodal velocities

of element e; A®is the vector of plastic multiplier of
element e; A is a metric of constants, b is a vector of

constants; and f (6 ) is the yield condition of element e,
respectively.

The associated flow rule is employed in this study, and
the soils are assumed to be Mohr-Coulomb materials.
Besides, Second-Order Cone Programming (SOCP) is
utilized to obtain the upper-bound solutions. Details about
the FELA method used in this study can be referred to
Krabbenhoft et al. (2015) and Xu etal. (2021). The FELA
method implemented in the software of OPTUMG2 was
used for the analysis in this study.

2.2 Validation

The FELA method used in this study was validated in a
series of previous studies by the authors in cases of one and
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Table 1 Parametric values used in the numerical method invalidation

Case 1 Case 2 Case 3
Parameter (Watanbe et al. 2003) (Yazdandoust et al. 2024) (Panah et al. 2015)
a b / a b
Soil unit weight, y (kN/m3) 159 159 14.9 18 18
Soil friction angle, ¢ (°) 51 51 47 40 40
Reinforcement length, I (m) 0.2 0'3 (/)Oé45 0.6H/0.35H 0'/50/%7 0.5/0.7
Re'”forcemesr\‘/t ‘grerg'ca' sPacng. 05 0.05 0.075 0.075 0.075
Reinforcement tensile strength,
T (kN/m) 10 10 1.23 2.39 2.39
Soil-reinforcement |r_1t§3rface shear 0.75 075 23 0.7 0.7
strength coefficient,f
Wall height, H (m) 0.5 0.5 0.9 0.8 0.8
Table 2 Predicted ky from different methods
l-a 1-b 2
0-8m —
7 0-315m
S 0-45 [
Wall geometry —
10.2m [ -
- (0-2m - 0.54m
From model tests 0.552 0.670 0.70%0.822/0.87°
ky From LE method 0.500 0.572 0.65%0.71%/0.823
From FELA method 0.455 0.688 0.72%/0.842/0.90°
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two-tiered MSE walls and back-to-back MSE walls. Details
about the wall facing and interaction between soil and
reinforcement in numerical model can be referred to Xu et
al. (2020, 2021).

To the best of the authors’ knowledge, no studies on
seismic stability of full-scaled MSE walls with stepped
reinforced arrangement have been reported. So the FELA
method was further validated in this section by comparing
numerical results with scaled shaking table test results
reported by Watanbe ef al. (2003), Yazdandoust et al
(2024) and Panah et al. (2015).

Watanbe et al. (2003) carried out shaking table tests on
0.5m heigh MSE walls. They also compared the yield
acceleration from model tests with those from design
guidelines in Japan (RTRI 2006). The reinforcement length
was 0.2 m in the uniform reinforcement length case and two
extended layers with length of 045 m and 0.8 m,
respectively were used in the comparative case. An irregular
excitation was used as the base accelerations, which was
increased at increments of 100gals until the model walls
deformed significantly.Yazdandoust et al. (2024) presented
both experimental and numerical results on tiered MSE
walls. The walls were constructed with two tiers of equal
height and three offset distances, as detailed in Table 1.
Each wall was 0.9 meters high, with reinforcement length in
the lower and upper tiers measuring 0.6 times and 0.35
times the total wall height, respectively. The walls were

subjected to a series of harmonic excitations with a
frequency of 5 Hz. Panah et al. (2015) investigated the
influence of reinforcement arrangement on 0.8 m heigh
MSE walls with precast concrete panels using shaking table
tests. The model walls were reinforced by polymeric strips
but with different length along wall height. The acceleration
amplitude increased with the increment steps of 0.05 g at
each step.

Parameters used in numerical simulations were
consistent with those from model tests as listed in Table
1.

Values of the yield acceleration from model tests and
different mehtods are listed in Table 2. The yield
acceleration resported by Watanbe ef al. (2003) is defined
as an acceleration, beyond which the displacement of the
wall increases suddenly (Watanbe et al. 2003). Results in
Table 2 indicate that ky from both FELA and LE methods
shows good agreement with those from model tests. &y
in Case 1-b is larger as compared to that in Case 1-a due
to the two extended reinforcement layers as shown in
Table 1. ky from the FELA method is slightly smaller
than that from the LE method in Case 1-a, and it is
closer to the result from the model test in Case 1-b with
a more complicated reinforcement arrangement. This
can be attributed to the automatically slip planes searching
technique adopted in the FELA method. However, the
shape of slip planes is assumed before calculation in the
FE method
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Fig. 2 Schematic cross section of control MSE numerical
model

The predicted values of k, presented in Table 2 also
indicate that the results obtained from the FELA method in
this study were larger than those from the FE method
reported by Yazdandoust et al. (2024), and were closer to
the measured results. This observed accuracy can be
attributed to the application of the upper bound theorem
utilized in the FELA method.

Since the values of yield acceleration were not reported
by Panah ef al. (2015), only the shape of slip planes is
used for comparison. Fig. 1 shows the observed and
predicted slip planes in Case 2 from model tests (Panah
et al. 2015) and the FELA method, respectively. As
shown in Fig. 1, the shape of slip planes is more
complicated than that assumed in current seismic design
guidelines (Berg et al. 2009), where the sip planes are
along the base of the reinforced zone and extend upwards
to the backfill surface in external stability analysis.
However, results from the model tests indicate that slip
planes occur in both reinforced zone and backfills,
originating from the facing toe and extending upwards
to the back of the reinforced zone and further to the
backfill surface behind the reinforced zone. The
complicated shape of slip planes can be better captured
using the FELA method. Results in Fig. 1 from the FELA
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method also indicate that additionally slip planes at the
back ofthe reinforced zone are also observed.

3. Parametric analysis

Parametric analyses were carried out using the validated
FELA numerical model to investigate the pseudo-static
stability of MSE walls with stepped reinforcement
arrangement. The geometry and parameters of the control
MSE numerical model is shown in Fig. 2, where the
reinforcement arrangement is step-shaped and m=0.7. The
backfill was modelled as Mohr-Column material. The wall
facing presents full-height rigid facings commonly used in
railway engineering (Tatsuoka 2019). So the facing was
modelled as linear elastic materials and facing local failure was
not considered in this study. The wall height was divided into
three equal segments with stepped  reinforcement
arrangements. The length of each reinforcement layer in these
three segments from the bottom to the top of the wall is (m-
n)H, mH, and (m+n)H, respectively.

It should be noted that pull-out failure and rupture failure
were both considered in this study.The reinforcement-soil
interaction was modeled using a coefficient of 2/3 to simulate
potential pull-out failure, while the tensile strength was set at
30 kN/m for the control wall to simulate potential rupture
failure. Besides, although some studies have demonstrated the
significance of the inherent anisotropy of backfill soil
(Mirmoazen et al. 2021), this study assumed the backfill soil to
be isotropic, consistent with previous numerical
investigations (Sloan 2013, Zheng et al. 2018, Xu et al.
2021).

3.1 Influence of reinforcement length

Fig. 3 shows the variations of yield acceleration
coefficient, ky with n for MSE walls with different
reinforcement length, [, reinforcement tensile strength, 7,
and vertical acceleration (i.e., kv/kh). The parameters are
the same with the control model wall shown in Fig. 2
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Fig. 3 Variations of ky with n for MSE with different
reinforcement length: (a) /=0.5H, (b) /=0.7H and (c) [ =
0.9H

except those mentioned in this section. Results in Fig.
3(a) indicate that when 7= 30 kN/m, ky increases slightly
with n until a peak value, beyond which n has a negative
influence on ky. This behavior can be attributed to the
competing influences of vertical stress acting on the
reinforcements and horizontal earth pressure. Results in
Fig. 3(a) also indicate that a similar trend is observed for
the cases when ky/kp =0 and -1. However, the changes in
trend are less significant under these conditions. It means
that excessive increases in reinforcement length toward
the top of the wall in a stepped reinforcement design,
especially when n» > 0.22 would negatively impact its
seismic  stability, especially when the vertical
acceleration acts downwards. It should be noted that

(b)

(d)
Fig. 4 Slip planes at selected points from Fig. 3: (a) Point
A, (b) Point B, (c) Point C and (d) Point D

the total reinforcement length is constant in different
kvlkh cases, i.e., lengthening reinforcement in the top part
of the wall in a stepped design means decreases of
reinforcement length in the bottom part of the wall as
shown in Fig. 2. The influence of vertical acceleration on ky
is more obvious in case of 7= 30 kN/m as compared to that
in case of 7= 10 kN/m. Besides, it also can be found that
ky decreases with n when weak reinforcement is used
(i.e., T= 10 kN/m in Fig. 3(a)).
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Results in Figs. 3(b) and 3(c) are similar to that in
Fig. 3(a). They all indicate that ky increases with kv/kh.
Although the variation of ky with n is still slightly humped-
shaped as shown in Figs. 3(b) and 3(c), the sharp decreases
in ky at larger n values is not observed. Results in Figs.
3(b) and 3(c) also indicate that the influence of n on ky
decreases with /. So a stepped reinforcement design is not
necessary when reinforcements are longer than 0.7 H.

Fig. 4 shows slip planes at selected points from Fig.
3(a). The slip planes in Fig. 4 are determined by the
shear dissipations, which is an indicator to evaluate the
energy in FELA method and a larger value means
potential failure. A two-part wedge geometry is observed
in Fig. 4(a), which is consistent with observations
reported in previous numerical and experiment studies
(Bathurst and Hatami 1998, Watanbe et al. 2003, Liu et
al. 2011).

Different from the assumption of the slip planes
assumed in external stability design guidelines (Berg et
al. 2009), where they are along the surface of the
foundation, the slip planes in Fig. 4(a) are intercepted
by several reinforcement layers at the bottom of the
reinforced zone. The slip planes in Fig. 4(b) form farther
away from the wall facing as compared to that in Fig.
4(a), leading to a larger value of ky at Point B in Fig.
3(a). When 7 increases to 0.5 (i.e., Point C in Fig. 3(a)),
corresponding slip planes shown in Fig. 4(c) are out of the
reinforced zone, which means that reinforcement
contributes less to seismic stability, leading to a smaller ky
at Point C. The shape of slip planes at Point D (i.e., Fig.
4(d)) is similar to that at Point B (i.e., Fig. 4(b)). However,
since the upwards vertical acceleration at Point D
results in less vertical stress acting on reinforcement
layers as compared to that at Point B, less reinforcement
force is mobilized in Fig. 4(d), corresponding to a
smaller ky at Point D in Fig. 3(a). It should be noted that
when the downwards vertical acceleration is large enough,
its influence on horizontal pressure acting on the wall
would large than that because of the increase in mobilized
reinforcement force, which means that it has a negative
influence on seismic stability under this condition.

3.2 Influence of reinforcement vertical spacing

Fig. 5 shows the variations of ky with n for MSEwalls
with different reinforcement vertical spacing, sv. The
parameters are the same with those in Fig. 2 except those
mentioned in this section. Results in Fig. 5(a) indicate that
when kv/kh = -1 and sv < 0.2 m, ky in a stepped
reinforcement design (i.e., n > 0) is consistently larger than
that in a common uniform reinforcement length design (i.c.,
n = 0). Therefore, using a stepped reinforcement design is
an efficient way to increase seismic stability in cases where
reinforcement is tightly spaced. However, when sy > 0.2 m,
results in Fig. 5(a) show a critical n value (i.e., pink points
in Fig. 5(a)) beyond which excessive increases in
reinforcement length toward the top of the wall would
decrease the seismic stability when the total reinforcement
length is constant. Additionally, this critical value is greater
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020

for MSE walls with smaller vertical spacing,sy. Specially,
when sy increases to a larger value of 0.6 m, ky decreases
with n within the parameters examined in this study. So in
cases of wide reinforcement spacing, a common used
uniform reinforcement length design can achieve a better
seismic stability as compared to those using a stepped
reinforcement arrangement design.

ky values in Figs. 5(b) and 5(c) are larger than those in
Fig. 5(a). Besides, the critical n value decreases with ky/kh.
For instance, the critical n value in Figs. 5(a) to 5(c) for sy
= 0.2 m are 0.5, 0.4, and 0.34, respectively. It means that
although a stepped reinforcement design can achieve a
larger ky, the reinforcement length in the top part of the wall
should not be too long, especially when larger downwards
vertical acceleration acts on the wall. Finally, results in Fig.
5 provide a solution to select an optimum #z value in stepped
reinforcement arrangement design for walls with
different reinforcement vertical spacing.
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(b)
Fig. 6 Slip planes at selected points from Fig. 5: (a) Point
A and (b) Point B

Fig. 6 shows slip planes at selected points from Fig. 5.
Results in Fig. 6(a) indicate that multiple slip planes form in
backfill, which means a greater dissipation of internal
energy in MSE walls under earthquakes to maintain the
stability of the wall (Sloan 2013), leading to a greater ky
value at Point A in Fig. 5(a). The inclination of slip planes
in reinforced zone is steeper in Fig. 6(b) as compared to that
in Fig. 6(a) due to the fact that the wide spacing
reinforcement cannot prevent the generating of slip planes,
leading to a smaller ky value at Point B in Fig. 5(a).

3.3 Influence of wall height

Fig. 7 shows the variations of ky with n for MSE
walls with different wall height, H. The parameters are
the same with the control model wall shown in Fig. 2 except
those mentioned in this section. Results in Fig. 7(a) indicate
that ky values are comparable to those in Fig. 3(b) for 6 m-
high walls. And they both indicate that the influence of
stepped reinforcement arrangement design on seismic
design of MSE wall is more significant when the vertical
acceleration is downwards (i.e., kv/kh >0). Since the vertical
stress acting on reinforcement is smaller in cases of ki/k,= 0
and -1, the humped-shaped distributions of %, are not
observed. ky values in Fig. 7(b) for taller walls are smaller
than those in Figs. 3(b) and 7(a). The reason can be
attributed that more horizontal pressure acting on the wall
when H= 9 m as compared to that when A =3 and 6 m.
Besides, results in Fig. 7(b) also indicate that overall, a
stepped reinforcement arrangement design would have a
negative influence on seismic stability oftaller walls.
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Fig. 7 Variations of ky with n for walls with different
wall height: (a) H=3 m and (b) H=9m

(b)
Fig. 8 Slip planes at selected points from Fig. 7: (a) Point
A and (b) Point B
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Fig. 8 shows slip planes at selected points from Fig.
7(b) for the cases of » = 0 and 0.5. The slip planes
corresponding to Point A in Fig. 7(b) are mainly located in
the retained zone, part of them intercepting reinforcement
layers toward the bottom of the wall and others along the
back of the reinforced zone, forming a two-part wedge
geometry. It means that multiple failure mechanisms
develop under earthquakes, rather than completely external
or internal failure mechanisms as that assumed in current
seismic design (Bergetal 2009). Since reinforcements
contribute less in Fig. 8(b) (i.e.m fewer reinforcement
layers intersect with slip planes toward the bottom of the
wall), the ky value at Point B in Fig. 7(b) is smaller as
compared to that at Point A.

4. Conclusions

In this study, the pseudo-static stability of MSE walls

with stepped reinforcement arrangements was investigated
using the FELA method. The analysis considered the
velocity boundary condition, yield condition, and
consistency condition. SOCP and mesh-adaptive technology
were employed to obtain the upper-bound solutions and
corresponding slip planes. The main conclusions drawn are
as follows:
* The predicted results of the yield acceleration coefficient
from the FELA method are closer to those obtained from
scaled shaking table tests compared to results from LE
methods. Multiple slip planes form within the reinforced
zone and backfill, with the shape of these slip planes in
MSE walls being more complex than currently assumed in
seismic design guidelines. The FELA method is more
effective in predicting yield acceleration and corresponding
failure mechanisms in walls with stepped reinforcement
arrangements.

 The influence of stepped reinforcement arrangements on

seismic stability diminishes as the reinforcement length
increases. The yield acceleration coefficient, &, increases
with the ratio of wvertical acceleration to horizontal
acceleration, k./k,. However, the influence of k./k;, on &,
decreases with reinforcement ultimate strength. This can be
attributed to the competing effects of vertical stress on
reinforcements and the tensile strength of the reinforcement.
* Employing stepped reinforcement arrangements can lead
to a higher k, particularly for MSE walls with closely
spaced reinforcement lengths. However, since the
reinforcement length in the lower part of the wall
significantly influences sliding stability, an excessive
increase in reinforcement length toward the top of the wall
may negatively impact seismic stability when the total
reinforcement length is constant.
* The stepped reinforcement design is more advantageous
for shorter walls (i.e., H =3 m and 6 m) compared to taller
walls (i.e., H =9 m) within the parameters analyzed in this
study. The yield acceleration coefficient k, decreases with n
for tall walls, as reinforcements located toward the bottom
of the wall contribute less to seismic stability.

The effects of wall and backfill stiffness were not
considered in this study, consistent with conventional LA

methods. To analyze the influence of stiffness on the
stability and deformation of reinforced structures, the
authors employed the multiplier elastoplastic analysis
method in previous studies (Xu et al. 2022), which
integrated the advantages of elastoplastic analysis and
FELA to evaluate the performance of reinforced slopes
under footing loads. Other previous stuies also indicated the
imorpance of the wall and backfill stiffness in performance
analysis of MSE walls (Fathipour et al. 2020, 2021b, c,
2022, 2023). So a further future numeirical study is needed.
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