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Abstract. Functionally graded carbon nanotubes-reinforced composite (FG-CNTRC) has demonstrated a substantial promise
for developing advanced lightweight structures and multifunctional composites, a crucial part of modern life, such as in the
automotive, aerospace, marine, and medical industries. This work investigates the wave propagation behavior of FG-CNTRC
beams resting on an elastic foundation with four configuration patterns of single-walled carbon nanotubes (SWCNTs). The key
innovations in this study include nonlinear distributions of FG-CNTs based on exponential power-law models to achieve an
optimal distribution of CNTs within the matrix, a Kerr substrate to illustrate the impact of the surroundings, and an improved
integral first-order shear deformation theory (FSDT) to analytically formulate the dispersion of the waves with a novel
correction function describing the distribution of shear stresses and strains. The rule of mixture is employed in estimating the
elastic material's properties, and the governing equations of motion are derived using Hamilton's principle. The results are
compared to those found in the literature for validation of the models. The parametric investigation includes the influence of the
CNT's dispersion patterns and volume fraction on wave propagation responses. In addition, the study examines the effects of the
Kerr foundation and the nonlinear models on wave dispersion behavior. Analytical findings suggest that the arrangements of
CNTs manipulate the rigidities of the beams, affecting the dispersion relations. Also, increasing the volume fractions of CNTs
improves the stiffness of the beams, corresponding to faster wave velocities. Further, the nonlinear distributions of FG-CNTs
greatly influence the wave propagation, depending on the wave type and the patterns of CNTs. Moreover, the foundation

483

presence boosts wave velocities and influences only the bending waves.
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1. Introduction

Carbon nanotubes (CNTs) represent a groundbreaking
development in materials science, distinguished by their
exceptional — mechanical, electrical, and  thermal
characteristics (Iijima 1991, Saito et al. 1998, Dresselhaus
et al. 2001). First discovered by Iijima in 1991, CNTs
consist of graphene sheets rolled into cylindrical or tube-
like shapes, yielding a structure with impressive strength,
rigidity, and conductivity. The outstanding mechanical
characteristics of CNTs include Young's modulus exceeding
1 TPa and tensile strength reaching up to 200 GPa, making
them significantly stronger than traditional materials like
steel while remaining incredibly lightweight (Ruoff and
Lorents 1995, Wong et al. 1997). Owing to these properties,
CNTs are widely applied in nanoelectronics, aerospace, and
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biomedical fields (Ajayan and Tour 2007, Bosi ef al. 2012).
They are especially valuable for reinforcing composites
by improving mechanical and thermal performance without
adding weight (Thostenson et al. 2001, Moniruzzaman and
Winey 2006, Alibeigloo 2013). The high electrical
conductivity of CNTs makes them suitable for nano-
electromechanical systems (NEMS) and advanced sensor
applications (Tans et al. 1997, Kong et al. 2000, Kim and
Kuljanishvili 2023). Drawing inspiration from the idea of
functionally graded materials (FGMs), Shen first suggested
functionally varying the distributions of CNTs within the
polymer to enhance the interfacial bonding strength, leading
to the creation of a functionally graded carbon nanotube-
reinforced composite (FG-CNTRC) (Niino and Maeda
1990, Shen 2009). Notably, FG-CNTRC has attracted
interest in achieving customizable properties, enhancing
stress distribution, and expanding multifunctionality, which
is beneficial in diverse engineering industries (Soni ef al.
2022). FG-CNTRC enables fine-tuning of thermal and
mechanical properties, which pave the way for developing
advanced materials with applications in aerospace structural
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parts, pressure vessel valves, acoustics, submarines, rockets,
robotics, structural health monitoring, energy harvesting,
and biomedical devices where gradients of CNTs can
enhance performance (Bharti and Gupta 2013, Dai et al.
2019, Ebrahimi et al. 2021). Therefore, several researchers
investigated the static and dynamic responses of the FG-
CNTRC structures.

In recent years, the bending behaviors of the FG-
CNTRC beams, plates, arches, and shells have been
extensively researched and investigated. Regarding
nonlinear bending responses, Zhang et al. (2020) analyzed
FG-CNTRC shallow arches resting on elastic substrates
under uniform radial pressure. The arches had either pinned
or clamped ends. The Reddy shear deformation theory
(RSDT) and von Karman formulation formed the basis of
the analysis. Another study (Shen et al. 2020) investigated
the nonlinear bending response of the FG-CNTRC plate
resting on elastic foundations in a thermal environment by
considering a negative Poisson ratio. The temperature-
dependent properties of the material were estimated by
employing Voigt models. The negative Poisson ratio
considerably influenced the bending behavior of the FG-
CNTRC plates. By applying a numerical technique, the
large deflection solution, as well as the dimensionless load-
deflection behaviors of the FG-CNTRC plate, were
introduced by Cho (2022). The problem formulation was
based on the nonlinear theory of von Karman and a
hierarchical model. The introduction of CNTs led to a
considerable reduction in central deflection, which became
more pronounced with higher volume fractions of CNTs. In
another research, Kumar and Sarangi (2022) analyzed
bending in the smart FG-CNTRC beam coupled with
piezoelectric materials. Throughout the thickness of the
beam, there was a variation in the material characteristics,
which were determined using the mixture rule. The smart
FG-CNTRC beam was analyzed by developing a finite
element model. The results revealed that combined
piezoelectric materials had a direct impact on the bending
responses.

Recently, a considerable focus has been on the dynamic
and static behaviors of FG-CNTRC structures. For example,
Singh and Sahoo (2021) collaborated to investigate the
static and free vibration responses of the FG-CNTRC
sandwich plate using the trigonometric shear deformation
theory (TSDT) and Navier method. The parametric study
detailed the deflection, stress, frequency, volume fraction,
and dispersion of CNTs in the FG-CNTRC sandwich plate.
Utilizing the first-order discrete layer formulation and the
Navier approach, the dynamic properties of the FG-CNTRC
sandwich plate containing a viscoelastic core were analyzed
by Zhai et al. (2021) considering a total of five different
stacking sequences. The kinematic relations were derived
using the first-order shear deformation theory (FSDT), and
then the governing equations were obtained using the
Hamilton principle. Furthermore, the vibration frequencies
resulting from various stacking sequences were investigated
to obtain the best dynamic properties. Arani et al. (2014)
studied the vibration and instability of CNTRC microtubes
visco-elastically coupled and convey fluid. Single-walled
carbon nanotubes (SWCNTs) were arranged longitudinally

within a poly methyl methacrylate matrix, with the coupled
system subjected to a longitudinal magnetic field. The
visco-Pasternak foundation was used to capture significant
effects of damping and shear, while microtube properties
were derived from Mori-Tanaka theory. The model was
refined with strain gradient theory incorporated in a
Timoshenko beam model. The motion equations, derived
via Hamilton's principle and solved with the differential
quadrature method, analyzed the impacts of factors like
volume fractions of CNTs, magnetic intensity, Knudsen
number, and elastic medium on vibration characteristics. In
another article by Chen et al. (2022), the dynamic
instability analysis of the FG-CNTRC hybrid plate under
periodic loads was presented in detail. The Galerkin
approach with a reduced eigenfunction transform derived
the governing equations (Mathieu-form). The outcomes
revealed the significant impact of the CNT's volume
fraction, dynamic loading, and bending stresses on the
dynamic instability. By employing the TSDT, research was
carried out by Chaikittiratana and Wattanasakulpong (2022)
to analyze the dynamic behaviors of the FG-CNTRC beam
subjected to different dynamic loadings. The obtained
governing equations were solved using the Gram-Schmidt-
Ritz technique. Moreover, the Newmark integration was
utilized to investigate the beam's dynamic responses when
subjected to dynamic loadings. In another study, Houalef et
al. (2023) examined the free vibration behavior of the FG-
CNTRC beam according to a refined third-order shear
deformation finite element (FE) beam theory. Lagrange's
approach obtained the governing differential equations and
then solved them numerically using the differential
quadrature finite element method (QFEM). A recent article
by Chalak ef al. (2023) conducted a study on the free
vibration behaviors of the FG-CNTRC beam exposed to a
hygro-thermal environment. The analysis followed the FE
high-order zigzag theory and employed temperature-
dependent material properties. A total of five distribution
patterns of CNTs were considered. The CNT's gradation
rule significantly affected the stress dispersion throughout
the beam's thickness. In recent research, Ong et al. (2023)
analyzed the vibration responses of the porous viscoelastic
FG-CNTRC beam. Furthermore, simply supported beams
with four distribution patterns of CNTs and three porosity
models were considered in the study. The derivation of the
governing equations was done through an energy method
that considered the viscoelastic beams and layers. Then,
those equations were solved using a proposed series
expansion approach. Zhang et al. (2023a) investigated
analytically the elastic stability of the imperfect FG plates
embedded between CNTRC piezoelectric patches exposed
to hygrothermal environment via a novel quasi 3D-HSDT.
Liu ef al. (2023) analyzed the nonlinear dynamic response
of curved pipes with temperature-dependent properties via
higher order shear deformation theory. Based on HSDT
theory and Navier’s method, Ozbey et al. (2024)
investigates the vibrational behaviour of FG-CNT-
viscoelastic reinforced composite plate under dynamic
loading. Haghparast (2020) proposed a theoretical vibration
analysis of fluid-floating axially moving sandwich plates
consisting of a balsa wood core and two nanocomposite
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face sheets. The study examined the effects of fluid-
structure interaction (FSI) on the stability of the plates in
both ideal and viscous fluids. The Halpin—Tsai model was
applied to estimate the material properties of randomly
oriented and uniformly distributed CNTs within a matrix.
The governing equations were formulated using sinusoidal
shear deformation plate theory (SSDT), which does not
require a corrective shear factor. The motion equations were
derived using Hamilton's principle and solved via a semi-
analytical approach. Results revealed that the dimensionless
frequencies decline significantly as water levels rise and
become almost constant for fluid levels above 50% of the
plate length.

Recently, some researchers have focused on wave
propagation analysis of various structures as it has a lot of
practical applications. For instance, wave dispersion is
crucial in predicting the responses of systems to distinct
loading scenarios (Gopalakrishnan and Narendar 2013).
Moreover, the aerospace and military commonly apply the
wave propagation principle when analyzing the long-term
damage to CNT composites resulting from extreme
loadings. Additionally, itis considered among the most
effective techniques for examining the fracture's dispersion.
Furthermore, the vibration responses result basically from
wave propagation, which is highly significant for the
mechanical behavior analysis of the structure. Seyfi et al.
(2022) introduced a study examining the wave propagation
behavior in an FG-CNTRC beam placed on a Winkler-
Pasternak elastic substrate. The gradation of CNTs was
applied throughout the thickness of the beam following a
power-law formulation. Modeling the FG-CNTRC beams
resting on elastic foundations was based on the Euler-
Bernoulli beam theory, while the governing equations were
derived using the Hamilton principle. Using the second-
order shear deformation theory (SSDT), Janghorban and
Nami (2017) analyzed wave propagation in FG-CNTRC
plates. A total of four distribution patterns were
accounted for in the study. An analytical approach was
used to obtain the frequency and phase velocity. A recent
article by Hao and Li (2023) presented the wave dispersion
analysis of infinite piezoelectric FG-CNTRC sandwich
plates. The kinematic governing equations were derived by
applying the TSDT and Hamilton principles. In (Ebrahimi
and Rostami 2018a), the wave propagation behaviors of
FG-CNTRC beams were investigated, resting on a Winkler
elastic foundation in thermal environments by applying
various shear deformation theories. The wave dispersion
analysis of the FG-CNTRC beams supported by a
Winkler elastic substrate was conducted in (Ebrahimi and
Rostami 2018b), considering four different reinforcement
patterns. The governing equations were derived from the
Hamilton principle and then solved analytically. Hosseini e?
al. (2023) investigated the small-scale effect on the wave
propagation characteristics of FG carbon nanotube-
reinforced composite nanoplates using first-order shear
deformation theory (FSDT) and nonlocal strain gradient
theory. Based on the higher order shear deformation theory,
Ding et al. (2023) investigated the thermal environment
effect on the wave propagation of the FG-CNTRC with
including the material properties size dependent effect. In

recent research (Zhang et al. 2023b), by applying HSDT,
the wave propagation behaviors of the FG-CNTRC beam
supported by Winkler and Winkler-Pasternak elastic
foundations  were investigated. The  Euler-Lagrange
approach was employed to obtain the governing equations,
which were then solved using the eigenvalue technique.

Based on the literature review, there are some notable
gaps in the wave propagation analysis of FG-CNTRC
beams, including limited research compared to buckling,
vibration, and bending studies, an absence of different
foundation models besides Winkler and Winkler-Pasternak
foundations, reliance on linear distribution models of CNTs,
and an emphasis on bending waves while overlooking
longitudinal and shear waves, with no prior use of an FSDT
with integral form. Therefore, for the first time, this paper
analyzes the wave propagation behavior of the FG-CNTRC
beams supported on the Kerr substrate based on a nonlinear
distribution of CNTs and an integral FSDT. A novel
correction function was proposed for the shear strain to
enhance the accuracy of the results. The proposed model is
validated by comparing its outcomes with the results found
in the literature. The elastic constituent's properties were
determined using the mixture rule, while the Hamilton
principle derived the governing equations of motion. The
study examines how the models of CNTs and Kerr
foundation coefficients influence the wave dispersion
responses.

2. Mathematical model of an FG-CNTRC beam
2.1 Configuration and properties of the beam

Fig. 1 illustrates a beam with a uniform (UD)
distribution of CNTs, supported by a Kerr foundation, with
a thickness (h) and a length (L). The foundation parameters
are ky, ks and k;, which represent the upper, shear, and
lower layer coefficients, respectively.

The FG-CNTRC beams are created using a mixture of
SWCNTs and polymer matrix. This study assumes different
nonlinear forms of CNTs' distribution across the beams'
cross-sections: FG-O, FG-X, and FG-V, as demonstrated in
Table 1.

For the case of (n = 0), the distribution of CNTs
becomes uniform in the polymer matrix, resulting in the UD
Beam, as shown in Fig. 1. The mathematical functions that
describe the patterns of CNTs are defined in terms of
exponential power-law volume fractions of CNTs, as
illustrated in Table 2 (Zerrouki et al. 2021).

UD-Beam

Kerr

<K
S| Foundation

E <K,

e § @ B @ §@ B F §

Fig. 1 Geometry of a UD beam in Kerr foundation
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Table 1 Cross-sections of nonlinear types of CNTs

Distribution of

CNTs o<n<1 n=1 1<n
FG-O *-
FG-X ‘
FG-V '

Table 2 Expressions of CNTs' patterns distributed along the
beam thickness

CNT's Patterns Vene
ub Vene = Vc*nt (13')
FGO lzl\" . 1b
Ve = (n + 1) (1—27) Ve, (1b)

G lzl\" .
FGX Ve = (n + 1) (z 7) Vi, (1c)
1 z\" | q
FGV Ve = (n + 1) (E + E) Vi (1d)
where:

n: The exponent degree of the power-law distributions
of CNTs.

Vine: The given volume fraction of CNTs, which is
computed as:

cht

pcnt
cht + (p—p> (1 - cht)

* —
cnt —

2

where:

W pe: The mass fraction of CNTs.

p™, pP: The density of CNTs and the polymer matrix,
respectively.

The relationship between the volume fractions of the
CNTs and matrix polymer in Eq. (3) holds for each position
of the beam

Vcnt + Vp =1 (3)

where:

V,: The volume fraction of the polymer matrix.

The micromechanical model known as the law of
mixture is employed to assess the effective material
properties of FG-CNTRC beams. The following is an
expression for the material properties (Jenabi ef al. 2024)

Ei1 = MVene Elcilt + Vp EP 4

M2 _ Vent E 5
E,, EQYEP ©)
N5 _ Vene ﬁ 6
G, G GP ©

where:

Ef, ESR, and EP: The Young's modulus of CNTs and
the polymer, respectively.

G{Pt and GP: The shear modulus of CNTs and polymer,
respectively.

M1,M2, and 13 : The efficiency coefficients of CNTs
considering the size-dependent characteristics of SWCNTs.

By utilizing the same rule, the Poisson's ratio and the
density of the FG-CNTRC beams are expressed as

v = Vi v + VyvP (7)

P = Venep™ + V,p? (8)

where:
v and v?: The Poisson's ratios of CNTs and the
polymer, respectively.

2.2 The Kerr foundation

The surrounding medium of a structure affects its
behavior based on the contact mechanics of the underlying
materials with the structural components (Yaylaci et al
2022a, b, Adiyaman et al. 2023).

This study aims to analyze the response of the FG-
CNTRC beam placed on a Kerr foundation that implements
three different actions: the upper and lower spring layers
actions and the shear interaction, as shown in Fig. 1. Thus,
the foundation effect can be implemented based on the
transverse middle displacement w, as (Kerr 1965, Birgani
et al. 2024)

ki k ks k
By = (P wn ) ~ T ) )
where:

Ry : The reaction force of the foundation.

V2: The Laplace operator.

k., ky, and kg: The parameters of the lower spring,
upper spring, and shear layer, respectively.

f « j : It indicates a derivate of function f with
XXR YVY

iable (<227 d symbol

respect to some variable (W)' e repeated symbols

represent higher-order derivatives for each variable.

The Winkler-Pasternak foundation emerges when the
upper layer becomes infinitely stiff, which is equivalent to
its removal. Thus, the reaction force becomes as follows

Ry = (kL wo(x, t) — ks Wo,xx(x: t)) (10)

To facilitate the discussion and comparisons, the
foundation parameters are defined as the following

=80 (22), k=p(T2) A

ks = Bs A110 (12)
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Where:
B, By, and Bg: The constant factors of the lower spring,
upper spring, and shear layer, respectively.

3. Theoretical formulations
3.1 Kinematics

Based on Timoshenko's theory, an improved integral FSDT
is used to describe the beam behavior. The simple FSDT with
integral form offers significant benefits by incorporating a
single undetermined integral term in the displacement field,
which reduces complexity and effectively enables more precise
shear rotations. The displacement field involves u,, w,, and 6
as the unknowns, expressed as follows

u=uylx,t)—zk, f 0(x,t)dx 13)

w = wy(x,t)

where:

ug(x, t), wo(x, t): The middle-plane displacements (z = 0)
in the x and z directions, respectively.

6(x, t): The beam rotation.

3.2 Strain-displacement relations

The linear strain-displacement relationships are used to
derive the components of the strains in terms of displacement
unknowns. The indicial notation in Eq. (14) expresses the 3D
infinitesimal strain for small deformation as follows

1
gij = z (ul“xj + uj'xi) )

{ull Uz, uS} = {u: v, W}:

ij=1,23.
(14)

{x1, %2, %3} = {x, 5,2}

The components of strains contain only &, and y,, based
on the assumptions of the displacement fields, derived as
follows

Ex =Uy =Ug,—Z ks 0 (15)

Yz = Cf(u_z + Wo‘x) = (y (WO,x -k, f 9dx) (16)

where:

Cs : The shear correction function. In the present
investigation, a novel corrective function is taken in a
trigonometric form, expressed in Eq. (17)

Cr = gcos (%)

r = 2425
Applying the analytical solution of wave propagation

simplifies the undetermined integrals to the relation illustrated
in Eq. (18)

(17)

a0(x,t
fe(x ax = a2 0 (18)
ox
where A’ and k; are related as functions of the wavenumber 4

as follows

1
A’ = _ﬁ, kl zlz (19)
The characteristics of the exponential functions employed
in the general wave propagation solution led to this

simplification.
3.3 Stress-strain relations

The constitutive relations are used to determine the
stresses, expressed in Eq. (20) as a matrix form

{0} = [Q]{e} (20)

where:

[Q]: The stiffness matrix.

{o} and {€}: The stress and strain vectors, respectively.

Based on the assumptions, the only relevant stresses for
this study are oy and t,,, which correspond to non-zero
components of the strains, defined as the following

Ox = Q11(2) Exs Txz = QSS(Z) Yxz (21)
E
Q1:1(2) = #((ZZ))Z' Qss5(2) = G12(2) (22)

3.4 Governing equations

The motion equations are derived based on the Hamilton's
principle, stated as (Avcar 2019, Akbas 2015, Al-Basyouni et
al. 2020, Selmi 2020, Arani et al. 2020, Zhu 2023, Xiao 2023,
Long et al. 2023, Gan et al. 2023, Sahoo et al. 2023):

ty
(6U + 6V —6K)dt =0 (23)
t1
where:

& The first variation operator.

U,V,and K : The strain energy, work of the external
forces, and the kinetic energy, respectively.

The three unknown middle-plane displacements are used to
express the energy variations.
The strain energy variation is found as follows

h/2
6U = f f (0,08 + T,z 0Vy,) dz dx
h/2

= f (N 8uo — ky M, 56 (24)
0

+Q (Swox — A" ky 86,)) dx

where:
N, M,,, and Q: The stress resultants, expressed as

N } J-h /2 1
= o dz,
{M b _ny2 x {z}
The virtual external work done by the Kerr foundation can
be written as

L
ky ky
6V=f( wy —
o ey +ky 0

h/2
Q= f T,y AZ (25)
—h/2

ks kU
ky +ky

Wolxx) dwodx  (26)
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The variation of kinetic energy takes the following form
L rh/2
6K = f f p(2) (uéu +wy 6vy) dz dx
0 J-h/2

L ~h/2

- f p@Giou @D
0 J-ns2

+ Wy dwy) dzdx

By expanding and simplifying, it could be written as
represented in Eq. (28)

L
61( = _J- (Io(uO 6“—0 + WO 6W0)
0

— L (A ky Voo 66, + A" ky 86, Suy) (28)
+1, (A ky)? 86, 86,) dx

where:

14
~

f : It indicates a derivate of function f with respect to

. a® .. .
the time (?(5) The repeated dots indicate higher-order
derivatives.

I; (i = 0,1, 2): The mass inertia terms, expressed as

Io h/2 1
{Il} = f p(2) { z } dz (29)
L —h/2 72

The motion equations are then determined with the use of
the calculus of variations when the energy virtual variations
(8U, 8V, and 8K) in Egs. (24), (26), and (28) are substituted
into Hamilton's principle as functions of the three middle
displacements. After integrating by parts and setting the
coefficients of du,, Sw,, and 86 to zero, the following three
equations are finally obtained

Sug: Ny=Ipilg—1; A" ks 6,
ki ky ks ky
Swy: Q, — w,
X k4 ky Okt ky
69: Mb k1 - Q,X A’ kl
=1 A kl ﬁo,x -1 (A’ kl)z H,xx

WO,xx = IO WO (30)

The expression of the stress resultants in the motion
equations as a combination of displacements and material
stiffness components is shown in Eq. (31)

{N } _ [All Bll]{ uO,x }
M, Bi1 D1y —k,0 3D
Q =Ass (Wo,x —A'ky e,x)

where:
Aq1,B11,Dq1, and Ags: The stiffnesses of the beam,
defined as

Ay h/2 1
B4 =f Q11§ ¢dz,
D —h/2 72
- n2 (32)
Ass = f sz Qss dz
—h/2

After substituting the resultants-displacements relations,
the governing equations are obtained in Eq. (33) as
functions of the middle displacements only

Agq Ugxx — Biiky 05 = Iy ilg + 1,6,

k, ky k, ky
ASS(WO,xx + e,xx) - kL T kU Wo + kLS+ kU Wo,xx 13
= Io WO ( )

Bll k1 uO‘x - Dll k12 9 + ASS(WO,XX + Q,Xx)

=-L ﬁo,x +1, G,xx

3.5 Dispersion relations

The analytical solutions of the middle-plane
displacements for wave propagation in an infinite beam are
as follows (Al-Osta 2022, Wu and She 2023)

uo(x’ t) Um ei(Ax—wt)
Wo(x: t) — Wm ei(lx—wt) (34)
0(x,t) g, eldx-w0

where:

Up> Wi, and 8,,,: The amplitudes of the waves.

i: The imaginary number (v—1).

A: The wavenumber in the x-axis.

w: The circular frequency.

If the displacement solutions in Eq. (34) are inserted
into Eq. (33), an eigenvalue problem is produced, and it can
be rewritten as a matrix form like the following

(K] - w?[M]) {A} =0 (35)

where:

[K]: The stiffness matrix that contains the work and the
strain energy terms.

[M]: The mass matrix that contains the kinetic energy
terms.

{A}: The vector of the waves' amplitudes.

The detailed representations of the matrices' equations

in Eq. (35) are expressed as
Kll KlZ K13 Mll M12 M13 Um
- w? Wnt=0 (36)
O

K12 KZZ K23 MlZ M22 M23
K13 K23 K33 M13 M23 M33

where the following describes the components of the

symmetric stiffness matrix

A1 22
Ky 0
11?2 i By1kyA
K13 =< ky ky _ ks ky 22 — A 22 (37)
P ky+ky ky+ky 5
23 —Ags 22
K33 >
U oDk — 4 22
and for the elements of the symmetric mass matrix
(M) (Do
M, 0
M| | ilhA
My (T o (%)
0

M3
kM33J _12 AZ
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This eigenvalue problem has a non-trivial solution only
if the determinant of |[K] — w?[M]]| is equal to zero. The
circular frequencies are numerically solved in terms of
wavenumbers by taking the square root of the eigenvalues.
There are three circular and wave frequencies, which
correlate to the three unknown theory displacements, as
indicated below

w; = a)i(/l), (l =1, 2,3) (39)
_w; (1)
fi() = o (40)

where w;, w,, and w5 represent the frequencies of bending,
longitudinal, and shear wave modes, respectively. The
phase velocity Cp,; and the group velocity Cy; are found
from the circular frequencies relations

C. = w;(A) _ dw;(2)
pr A gt da
For wvalidation purposes, the dimensionless circular
frequencies are utilized, stated as follows

(41)

I
00 (42)
AllO

w=wl

h
2z 2 E,
100 :fh,pp dZ, A110 :fhl—’vz dZ (43)
> 14
2

2

where:
lyo and A14: The inertia and stiffness of a beam made
completely of a pure polymer matrix, respectively.

4. Numerical results and discussion

This section includes results validation to verify the
model's accuracy and parametric studies to investigate the
effects of various parameters. The results of the FG-
CNTRC beams are based on armchair (10, 10) SWCNTs
and polymethyl methacrylate (PMMA), serving as the
reinforcement and polymer matrix, respectively. The
mechanical properties of the CNTs and matrix are stated in
Table 3 (Wattanasakulpong and Ungbhakorn 2013). The
CNTs-given volume fractions (V{,;) and their associated
parameters of efficiency (7;) are shown in Table 4
(Wattanasakulpong and Ungbhakorn 2013).

4.1 Results validation

The mathematical models have been validated
numerically by comparing their outcomes with the free
vibration results in previous publications. Table 5 compares
the dimensionless fundamental frequency of the present
work with that of previous studies conducted by
Wattanasakulpong and Ungbhakorn (2013), Tagrara et al.
(2015), Alsubaie et al. (2023), and Gawah ef al. (2024). The
comparisons in Table 5 disregard the nonlinearity of CNTs
volume fraction in the current work because the references
only consider the linear case with n = 1. The left part in
Table 5 presents the fundamental frequency results for

Table 3 Mechanical properties of CNTs and polymer

Ei‘rltt Egrzlt Girzlt pcnt vcnt
CNTs
600GPa 10GPa 172 GPa 14/072159 0.19
Ep Gp pp Vp
Polymer (P P
a
MMA) 55 pa p 1190 kg 03

20+v,) /m®

Table 4 Volume fractions of CNTs and their respective
efficiency parameters

Case 1 12 LE
Vi, =012 12833 1.0566 1.0566
Vi, =0.17 1.3414 1.7101 1.7101
Vene =0.28 1.3238 1.7380 1.7380

beams without foundation, while the right part displays the
results for beams supported by the Winkler-Pasternak
foundation.

Table 5 indicates that while the present theory comprises
an FSDT, it closely matches the more advanced published
HSDT theories, showing only minor discrepancies. This
accuracy is achieved by incorporating the novel shear
correction function, leading to improved results.

Another comparison of the dimensionless fundamental
frequency is made with Zerrouki ef al. (2022), considering
the nonlinearity of FG-CNTs, as shown in Table 6, the
present study results are relatively similar to those of
Zerrouki. Furthermore, as the value of the exponent
increases, the fundamental frequency of the X-beam rises
while the fundamental frequency of the O-beam and V-
beam declines.

4.2 Parametric analysis

This presents a parametric wave propagation analysis of
nonlinear FG-CNTs-reinforced composite beam. Several
examples are used to study the impacts of CNT's nonlinear
arrangement and volume fractions and the Kerr foundation
on various dispersion relations.

4.2.1 Effect of CNTs patterns and volume fractions

The wave velocities propagate differently based on the
distribution patterns of CNTs. Fig. 2 presents comparison
graphs of the nonlinear configurations of CNTs in the FG-
CNTRC beams to evaluate the behavior of phase and group
velocities.

Fig. 2(a) shows that the phase velocities of the bending
waves sharply decrease at first before slightly increasing
and stabilizing, while the group velocities increase as the
wavenumber grows until reaching peak values and then
leveling off. Also, both velocities exhibit a reversal
behavior where the beams of higher velocities initially
switch to having slightly slower overall velocities.
Additionally, at lower wavenumbers, the X-beam has the
highest velocities of bending waves, whereas as the
wavenumber grows, the O-beam becomes slightly higher.
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Table 5 Comparison of the dimension-less fundamental frequencies (L/h =15, Vent =0.12, 4 = %)

Saeed Al-Houri et al.

Theory BL=Bs=0.0 By=», B,=01 p;=0.02
ub 6] X \% ubD o] X \%
FSDT® 0.9976 0.7628 1.1485 0.8592 1.1339 0.9339 1.2688 1.0142
TSDT® 0.9745 0.7453 1.1152 0.8441 1.1137 0.9198 1.2387 1.0014
Ref®) 0.9749 0.7446 1.1163 0.8442 1.1140 0.9192 1.2397 1.0015
Ref®© 0.9750 0.7446 1.1164 0.8444 1.1141 0.9192 1.2399 1.0017
Ref@ 0.9745 0.7554 1.1033 0.8442 1.1137 0.9279 1.2280 1.1015
Present 0.9750 0.7557 1.1035 0.8444 1.1141 0.9282 1.2282 1.0017

FSDT® and TSDT® from Wattanasakulpong and Ungbhakorn (2013); Ref® from Tagrara et al. (2015); Ref® from Alsubaie et al. (2023); Ref

@ from Gawah et al. (2024)

Table 6 Comparison of the dimensionless frequencies with nonlinearity effect (L/h = 15, Vent =0.12, 4 = %)

BL=Bs=0.0
o] X \%
Present Ref® Present Ref(® Present Ref(@
0.5 0.8529 0.8440 1.0556 1.0609 0.9111 0.9087
1.0 0.7557 0.7453 1.1035 1.1152 0.8444 0.8447
15 0.6780 0.6684 1.1352 1.1530 0.7840 0.7875
2.0 0.6153 0.6069 1.1575 1.1812 0.7313 0.7375
25 0.5639 0.5569 1.1741 1.2031 0.6861 0.6941

Ref® from Zerrouki et al. (2022)

In longitudinal waves, the phase and group velocity of
the V-beam are the only ones that exhibit a declining
behavior due to unsymmetric arrangement of CNTs in the
matrix, as shown in Fig. 2(b).

In parallel to the behavior of bending waves' velocities,
the phase velocities of the shear waves descend sharply as
the wavenumber increases before reaching stable values,
while the group velocities increase as the wavenumber
grows until converging to constant values, as pictured in
Fig. 2(c). Besides, the X-beam shows the highest shear
wave velocities at lower wavenumbers, but the V-beam
rapidly surpasses it at higher wavenumbers.

It can be concluded generally from Fig. 2 that the X-
beam exhibits high bending rigidity, whereas the V-beam
possesses the highest shear rigidity. Additionally, the
symmetric distribution of CNTs does not affect the beam's
axial rigidity, while the asymmetric arrangement of the V-
beam reduces it.

The volume fractions of CNTs affect the dispersion
relations of FG-CNTRC beams. All beams exhibit nearly
identical behavior in terms of CNTs volume fractions.
Hence, only the X-beam is used to represent the other
beams. Fig. 3 illustrates the variation of phase and group
velocities with the wavenumber at different volume
fractions of CNTs (0.12, 0.17, and 0.28) for the X-beam.
Generally, the volume fractions of CNTs do not affect both
velocities at low wave numbers, while its impact becomes
more pronounced as the wavenumber increases.

As anticipated, it is evident that increasing the volume
fractions of CNTs leads to higher wave velocities, thanks to
enhanced stiffness and the increase of the material rigidity.

4.2.2 Effect of the nonlinear CNTs distributions

The introduction of the nonlinearity in the arrangements
of CNTs affects the wave propagation of beams reinforced
with FG-CNT distribution (O-beam, X-beam, V-beam).
Only the dispersion relations of V-beam are considered in
detail because it is being influenced the most by the
exponent degree. Fig. 4 illustrates the dispersion relations of
V-beam with different nonlinearity degrees.

Fig. 4(a) shows that the phase and group velocities of
the bending waves are affected the most by the exponent
degree when the wavenumber is in the range of 0.05 and 1
1/m. Also, as the exponent degree increases, both velocities
tend to decline.

The longitudinal waves shown in Fig. 4(b) indicate that
the nonlinearity of CNTs has an incredible effect on the
wave velocities as the wavenumber increases due to an
unsymmetric nature of the V-beam distribution.
Furthermore, the phase and group velocities grow and
linearize as the values of the exponent degree decrease,
approaching the behavior of symmetric beams.

In contrast to bending and longitudinal waves, the phase
and group velocities of shear waves rise as the degree of
nonlinearity increases. Also, as the wavenumber increases,
both velocities increase, as depicted in Fig. 4(c).

The FG-CNTRC beams have different behaviors
regarding the effect of the nonlinear distributions of CNTs.
In Fig. 5, the relations of the phase and group velocities
versus the exponent degree of CNTs are plotted to compare
the behavior of each beam type regarding the nonlinearity
effect. Also, all curves are based on a wavenumber of 0.3
1/m, with the UD beam being the baseline for comparison
of other beams' behaviors.



Wave propagation analysis of composite beams reinforced with nonlinear FG-CNT distributions...

491

T T

V' =0.12,n=2.5,

ent

B =0.1, s =0.02, B, =0.1

—=— UUD-Beam
—eo—(0-Beam | |
—a— X-Beam
—v— V-Beam

0

T

T
.1 1 10

Wave Number, /. (1/m)

—=— UD-Beam
—e&— (O-Beam
—a— X -Beam

—v— V-Beam

Vi =0.12,n=25,

ent

B =0.1, Bg=0.02, B, =0.1

2.0 : r 1.25
VI =0.12,n=25,B, =0.1, b =0.02, B, =0.1 |
1.00
215+ e
g g
¥ &)
80 (.75
& 2Po.7s
£ 104 g
$ $
3 S 0.50 4
s
= 0.5 —s— UD-Beam g
—e— O-Beam 0.25 4
—a— X-Beam
—v— V-Beam
0.0 T T 0.00
0.01 0.1 1 10 0.01
Wave Number, A (1/m)
(a) Bending waves
10 T T 10
9 - - 9
2 —=— UD-Beam = 8-
;ﬁ 8 —e— 0-Beam 7 ;i
‘5_ —a— X-Beam :c 7
e —v— V-Beam <
2 2 64
S g
L 64 <
2 S
b4 =
S 51 S
a, 5 4
44 a 5
Vo= 0.12,n=2.5p, = 0.1, Bg = 0.02, B, = 0.1 |
3 T T 2
0.01 0.1 1 10 0.01

30

Wave Number, 4 (1/m)

(b) Longitudinal waves

wn
1

Phase Velocity, Cp (Km/s)
= Y
L

—s— UD-Beam
—e—(-Beam |
—a— X-Beam
—v— V-Beam

V.. =0.12,n=25, [3L=U.1,BS=U.02,BL:U.1|

ent

Fig. 5(a) indicates that both bending wave velocities of
the X-beam increase slightly with increasing the degree of
nonlinearity, whereas the O-beam and V-beam velocities

decrease.

.1 1 10

Wave Number, A (1/m)

16

T
0.

T
1 1 10

Wave Number, A (1/m)

=
Il

Vi~ 0.12,0=2.5,B, = 0.1, ps = 0.02, B, = 0.1

ent

= = I~
1 1 1

Group Velocity, Cg (Km/s)

UD-Beam
—o— O-Beam
—&— X-Beam

(c) Shear waves

0

.1 1 10

Wave Number, A (1/m)

Fig. 2 Phase (Left) and group (Right) velocities versus wavenumbers of different CNTs patterns

All pattern forms of CNTs in Fig. 5(b) exhibit constant
longitudinal wave velocities
regarding the nonlinearity effect except for the V-beam,

with negligible change

whose unsymmetric distribution of CNTs causes its
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velocities to decline as values of exponent degree increase.

For shear waves, as the exponent degree increases, the
phase and group velocities of X- and V- beams grow while
the O-beam velocities decline, as depicted in Fig. 5(c).

All phase and group velocities of the beams approach
the behavior of the UD-beam as the exponent degree
decreases.

Generally, the nonlinear distribution of CNTs
significantly influences the wave propagation behavior of
the beams, although the extent of this impact varies based
on the type of waves and the pattern forms of the CNTs.
This effect arises from nonlinearity introducing a parabolic
distribution of CNTs, leading to the relocation of CNTs by
either concentrating or spreading them around the three
linear arrangements. A higher exponent degree for the X-
beam concentrates CNTs at the top and bottom edges of the
cross-section, ultimately enhancing bending rigidity. In

contrast, it causes CNTs to accumulate more in the center of
the O-beam, reducing stiffness and rigidity. For the V-beam,
the exponent degree further accentuates its asymmetric
nature.

4.2.3 Effect of the Kerr foundation

The foundation affects only the wave velocities of the
bending mode. All beams have nearly the same behavior
regarding the foundation effect, so only the X-beam is
considered a representative typical example for other beams
to examine the influence of the Kerr foundation on wave
propagation.

Fig. 6 illustrates the impact of the shear layer on the
wave propagation of the X-beam, and it shows that as the
shear layer coefficient increases, both wave velocities
increase while retaining the same dispersion behavior.
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For the lower spring case, Fig. 7 shows its effect on the
dispersion relations of the X-beam. The phase and group
velocities are significantly impacted by the lower spring
coefficient at lower wavenumbers, but this effect diminishes
as the wavenumber rises. Additionally, as the coefficient of
the lower spring increases, the values of phase velocities
grow, contradicting the group velocities' behavior. Also
worth noting is that the phase velocities change their
behavior from growing to declining as the coefficient of the
lower spring equals more than zero.

The impact of the upper spring on the dispersion
relations of the X-beam is illustrated in Fig. 8. As in the
lower spring case, at lower wavenumbers, the upper spring
coefficient substantially affects both velocities; however,
this effect becomes less pronounced as the wavenumber
increases. In addition, as the coefficient of the upper spring
grows, the values of phase velocities rise, which contradicts
the behavior of group velocities. It's also important to note
that the group velocities reverse their behavior when the
wavenumber increases.

In the previous cases, the observed increase in wave
phase velocities due to the enhanced stiffness of the
foundation can be attributed to the fact that as the stiffness
of the medium grows, the structural stiffness of the beams
also increases.

The Various foundation types have different effects on
the behavior of the propagating waves. Although the Kerr
substrate is the focus of this study, other foundation types
are included to compare the behavior of the current
foundation with other ones. The other foundation cases
include no elastic foundation, Winkler, Pasternak, and
Winkler-Pasternak substrates.

Fig. 9 represents the influence of the foundation type on
the dispersion relations. As can be seen in Fig. 9(a), the
Kerr foundation has the third-highest phase velocities after
the Winkler and Winkler-Pasternak foundations. Similarly,
this confirms that the presence of a substrate or medium
boosts the stiffness of the beams, thereby leading to higher
phase velocities. On the other hand, the group velocities of
the Kerr foundation are significantly lower compared to
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those in the no-elastic foundation and the Pasternak
foundation cases, as shown in Fig. 9(b).

The interactions of the foundation springs and the shear
layer with each other induce different effects on the
dispersion relations. Fig. 10 depicts how the interactions
between the coefficients of the upper and lower springs
affect the relationship of the wave velocities while the shear
layer coefficient is kept constant. Both springs enhance
their impact on the propagating waves as they become
stiffer, increasing the phase velocities and decreasing the
group velocities.

Fig. 11 illustrates the interaction of the lower spring and
shear layer on the wave velocities. Fig. 11 indicates that the
shear layer tends to improve the dispersions of the wave,
yet as the lower spring stiffness increases, the shear layer
gradually loses its impact before becoming ineffective.

The interaction of the upper spring and shear layer on
the propagating waves are shown in Fig. 12 The phase
velocities are enhanced when the shear layer and upper
spring become more rigid, as depicted in Fig. 12(a). Also,
the group velocities reduce as the stiffness of the upper
spring grows at lower values of the shear layer coefficient.
However, the behavior of the group velocities flips as the
shear layer's stiffness increases.

As can be concluded, as the stiffness of the two springs
and the shear layer of the Kerr foundation wvaries, its
behavior changes and approaches that of other substrate
types, leading to these intriguing results.

5. Conclusions

This paper investigated the wave propagation behavior
of composite beams reinforced with nonlinear distribution
patterns of FG-CNTs supported by Kerr substrate and
utilizing an improved integral FSDT with three
variables. The bending, longitudinal, and shear propagating
waves of FG-CNTRC were discussed in the analysis. Four
distinct configurations of SWCNTs were employed in the

study. The governing equations were derived and solved
using the wave propagation solution and Hamilton's
principle. The parametric study examined how the volume
fractions and dispersion patterns of the CNTs affected the
wave  propagation  responses.  Furthermore,  the
study examined the impact of the Kerr foundation and the
degree of the nonlinear model on the behavior of the waves.
Numerical analysis revealed the following findings:
= The implementation of FSDT simplifies the derivation
process  without  sacrificing  accuracy.  Also,
incorporating an integral form allows for precise shear
rotations while introducing a novel corrective function
enables a better distribution of shear stresses and
strains. Hence, the fundamental frequency results from
this improved integral FSDT theory closely match
those obtained from HSDT.
= The arrangements of CNTs manipulate the axial,
flexural, and shear rigidities of the FG-CNTRC beams
ultimately affecting the dispersion relations.
= Reinforcing the beams by providing more volume
fractions of CNTs improves the stiffness of the beams
and results in higher propagating velocities.
= The nonlinear distributions of CNTs significantly
impact the wave propagation of the FG-CNTRC beams,
depending on the wave type and pattern forms of CNTSs.
This is due to the parabolic distribution, which
relocates the CNTSs by either concentrating or spreading
them, thereby altering the stiffness of the beams.
= Supporting the FG-CNTRC beams with a foundation
boosts their stiffness, leading to higher phase velocities.
Hence, as the stiffness of the foundation grows, the
phase velocities increase. Notably, only the bending
waves are affected by the presence of the foundation.
= The interactions of the foundation two springs and the
shear layer induce different effects on the dispersion
relations. These results arise from the alterations in the
stiffness of the Kerr foundation's components, causing
its behavior to resemble that of other substrate types.
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Finally, the current improved model can be employed in
future work to examine the wave propagation response of
other materials as used in (Daouadji and Hadji 2015,
Yaylaci 2016, Ghorbanpour-Arani et al. 2016, 2017,
Ghorbanpour et al. 2017, Akbas 2018a, b, Fenjan et al.
2020, Karami and Karami 2019, Madenci 2019, Hadji 2020,
Rachedi et al. 2020, Merzoug et al. 2020, Yaylaci and Avcar
2020, Ahmed et al. 2019, Mehar and Panda 2019, Timesli
2020, Madenci and Oziitok 2020, Yaylaci et al. 2021,0ner
et al. 2022, Yaylaci 2022, Yaylaci et al. 2022c, d, e, Turan et
al. 2022, Ding et al. 2022, Abadi 2023, Behshad ef al. 2023,
Abad et al. 2023, Yaylaci et al. 2023abcd, Xu and She
2023, Rossi and Spinella 2023, Ghandourah et al. 2023,
Ozdemir and Yaylaci 2023, Song ef al. 2024, Mohamed et
al. 2024).
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