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1. Introduction 
 

The gravity wall is a traditional easily-constructed and 

easily-accessed rigid structure that relies on its gravity to 

support the slope (Ahmed and Basha, 2021, Lee et al. 2023, 

Lim et al. 2023, Fu et al. 2020, Hwang and Chen 2011, 

Zhang et al. 2024). Nevertheless, the height of gravity wall 

is limited due to a high requirement of bearing capacity of 

foundation. The anchoring frame beam, as a flexible 

structure, is widely adopted for different kinds of slope as 

long as there is an adequate space for a certain slope angle 

(Lin et al. 2017, Hong et al. 2022, Bera 2014). The gravity 

wall combined with anchoring frame beam presents a rigid 

characteristic at lower stage, and a flexible characteristic at 

upper stage synchronously, which is more applicable for a 

high slope under complex geomorphic conditions (Lin et al. 

2020a). 
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The response of slope and supporting structure under 

earthquake loading is widely concerned in geotechnical 

engineering. Some scholars have studied the real response 

of retaining structures through shaking table test and 

numerical analysis (Lian et al. 2023, Zhou et al. 2023, Lin 

et al. 2020b, Yazdandoust et al. 2023). Lin et al (2018, 

2022) obtained the acceleration amplification distribution 

and the anchor axial stress of an anchoring frame beam 

combined with a gravity wall or a sheet-pile wall by 

shaking table test and numerical simulation. Jo et al. (2017) 

observed the distribution of seismic earth pressure under 

different seismic loading through centrifuge test. The 

seismic design of retaining structures is generally conducted 

based on the pseudo-static method (Lee et al. 2019, 

Steedman and Zeng. 1990, Biondi et al. 2014, Lim and 

Jeong 2020, Karkanaki et al. 2019), in which the seismic 

loading is simplified as an inertial force which can be 

decomposed into horizontal and vertical directions. 

Thereafter, the conventional methods for evaluating the 

stability of a slope or retaining structures are mostly 

developed by combining the pseudo-static method with the 

limit equilibrium method (Greco 2014, Nouri et al. 2008, 

Shin 2023), the limit analysis method (Das et al. 2022, 

Kang et al. 2023, Lin et al. 2020c), the strength reducing 

method (Sun et al. 2021, Nian et al. 2016) and the 

Newmark method (Trandafir et al. 2009, Kokusho 2019, 

Zhang et al. 2021). 

Research on stability of a slope supported by a single 

retaining structure under earthquake loading is widely  
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Fig. 1 The failure mechanism of combined retaining 

structure 

 

 

reported (Li and Yang 2018, Zhao et al. 2016, Zhong and 

Yang 2021, Krabbenhoft 2018, Srikar and Mittal 2021). 

Nevertheless, the seismic behavior of a gravity wall 

combined with anchoring frame beam is different from that 

of a traditional rigid wall or a flexible retaining structure. It 

is important to deduce the seismic anchor force and the 

seismic active earth pressure of a gravity wall combined 

with anchoring frame beam under earthquake loading. The 

failure mechanism of gravity wall combined with anchoring 

frame beam is established based on upper bound theorem of 

limit analysis. Meanwhile, the effect of main parameters on 

seismic anchor force and seismic active earth pressure is 

analyzed to facilitate the seismic design of a gravity wall 

combined with anchoring frame beam. 

 

 

2. Failure mechanism of combined retaining 
structure 

 

It is likely that the potential sliding surface of a cohesive 

soil slope would present a log spiral characteristic. 

Consequently, the logarithmic spiral failure mechanism can 

improve the accuracy of upper bound solution compared 

with a plane surface for a cohesion soil slope (Chen et al. 

1969, Lu et al. 2023). A failure mechanism of gravity wall 

combined with anchoring frame beam is established based 

on the upper bound limit theorem, as shown in Fig. 1. In 

which, a gravity wall serves as a rigid wall at lower stage, 

and an anchoring frame beam is a flexible structure at upper 

stage. The potential failure surface is assumed as a 

logarithmic spiral line that goes through Points A and B, 

which is expressed as 0( ) tan

0
( )R R e

   −
=   within the polar 

coordinate system by taking Point O as an origin point. The 

potential sliding body ABCDEA is assumed as a rigid 

plasticity since the limit analysis is applied under small 

deformation assumption. Subsequently, the rigid potential 

sliding body ABCDEA rotates around Point O with an 

angular velocity of Ω. 

The height and the inclination angle of filler behind 

gravity wall at lower stage are α1H and β1, and they are α2H 

and β2 behind the anchoring frame beam at upper stage. The 

width of platform is represented by d. The position of the ith 

anchor is expressed by zi, which refers to the vertical 

distance between the anchor head and Line BC. The 

anchorage angle of anchor is ξ. Based on the associated 

flow rule, the logarithmic spiral line AB is a velocity 

discontinuity. When the soil is in a plastic flow state, the 

dilation angle along the failure surface is equal to the 

internal friction angle of soil φ. Based on the framework of 

upper bound analysis theorem, the rigid plastic soil mass 

obeys Mohr-Coulomb criterion and associated flow rule. 

Besides, the seismic loading is simplified as horizontal and 

vertical inertial forces according to pseudo-static method. 

The vertical seismic acceleration coefficient (kv) can be 

expressed as a proportional ratio α of the horizontal seismic 

acceleration coefficient (kh), thus kv=αkh. It is assumed that 

the parameters of soil mass (cohesion c, internal friction φ 

and unit weight γ, friction angle with the gravity wall δ) are 

not influenced by seismic loading, and the self-weight of 

combined retaining structure is negligible.  
 
 

3. The plastic limit equilibrium state 
 

When the external power of combined retaining 

structure equals to the internal energy dissipation, the rigid 

plastic soil body ABCDEA begins to slide along the 

potential failure surface, which is regarded as a limit state 

based on the upper bound method of limit analysis. The 

external power is mainly induced by external forces 

including the soil gravity W, the horizontal seismic loading 

khW, the vertical seismic loading kvW and the seismic active 

earth pressure Pa. Based on the concept of pseudo-static 

method, the resultant force of soil gravity and vertical 

seismic loading can be express as (1-kv)W with a vertical 

downward direction. Thereafter, the external power consists 

of the power induced by the vertical resultant force (Ev), the 

power of horizontal seismic loading (Eh), and the power of 

seismic active earth pressure (Ea). On the other hand, the 

internal energy dissipation is composed of the power of 

anchor force (ET) and the energy dissipation along the 

potential failure surface AB (Ec) and the interface between 

the gravity wall and the soil slope AE (Ef). Subsequently, 

the limit state of combined retaining structure can be 

expressed as 

=
h v a T c f

E E E E E E+ + + +  (1) 

 
3.1 External power 
 

The power induced by the vertical resultant force of 

rigid soil body ABCDEA (Ev) is regarded as a superposition 

of the powers caused by the vertical resultant forces of 

Areas OAB, OAE, ODE, OCD and OBC (see Fig. 1). The 

power caused by the vertical resultant force of Area OAB 

can be determined as a integration of the vector product 

between vertical resultant force and velocity at the 

barycenter for each micro-element in polar coordinate. The 

power induced by the vertical resultant force of the other 

areas (OAE, ODE, OCD and OBC) can be deduced as a 

vector product of the vertical velocity at the barycenter and 

the vertical resultant force of soil. Subsequently, the power 

induced by the vertical resultant force of each area (Evm) can 

be expressed as 



v 
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3

0(1 )vm v mE k R f= −  (m=0, 1, 2, 3, 4) (2) 

In which, kv refers to the vertical seismic coefficient; fm 

are parameters related to Areas OAB, OAE, ODE, OCD and 

OBC respectively when m changes from 0 to 4. The 

expressions of fm (m=0, 1, 2, 3, 4) are functions of θ0 and θh 

which are shown in ‘Appendix’.  

Subsequently, the power induced by vertical resultant 

force (Ev) is presented as 

4
3

0 0

1

3

0 0

(1 ) ( )

    (1 )

v v m

n

v

E k R f f

k R F





=

= −  −

= − 


 (3) 

Similarly, the power of horizontal seismic loading (Eh) 

can be derived as 

4
3

0 0

1

3

0 0

( )

    

h h m

n

h

E k R g g

k R G





=

=   −

=  


 (4) 

In which, g0~g6 are all the function of θ0 and θh 

corresponding to Areas OAB, OAE, ODE, OCD and OBC 

respectively, which are shown in ‘Appendix’.  

The position of the resultant of seismic earth pressure on 

gravity wall (Pa) is assumed at 1/3 of wall height, so the 

power of seismic active earth pressure (Ea) can be deduced 

by a vector product between the velocity at this position and 

the resultant of seismic earth pressure (Pa), which can be 

expressed as 

2

0a aE P R p=   (5) 

In which, p is a function of θ0 and θh which can be 

deduced as following according to whether the sum of the 

slope angle at lower stage (β1) and the frictional angle 

between soil mass and gravity wall (δ) is larger than 90° or 

not.  

( )

( )

0

0

0

0

( ) tan 1

1 h
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( ) tan 1 1

1 h 1
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( ) tan 1

1 h
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(6) 

 

3.2 Internal energy dissipation 
 

Anchor force is used to transmit the earth pressure 

behind frame beam to a deep strata. Since the pull-out 

failure mode is widely observed subjected to seismic 

loading, the resistance of anchor is always regarded as the 

ultimate pull-out capacity of anchor. Subsequently, the pull-

out failure is considered here. In this study, the seismic 

anchor force refers to the ultimate pull-out capacity of 

anchor subjected to seismic loading. According to the 

geometric relationship between the anchorage angle of 

anchor ξ and the rotation angle θi, the item of R0e(i-

0)tan∙sin|i－| that contains the unknown coefficient θi can 

be transformed to a polynomial only containing θ0 and θh, 

which is expressed as 

( )

( )

( )( )

0

0

tan

0

2

2 0 0

1

2
1 ( ) tan

2 0

1

1
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(7) 

The power induced by anchor force (ET) is a vector 

product between the anchor force Ti and the velocity at the 

potential sliding surface AB with a polar angle of θi, which 

is derived as 

( )0 tan

0

1

sini

n

T i i

i

E T R e
  

 
−

=

=    −  (8) 

The energy dissipation along the velocity discontinuity 

(Ec) can be determined as an integration along the potential 

sliding surface AB between the soil cohesion and the 

tangent velocity, which is presented as 

0

02( ) tan
2

0

d
cos

cos

1
    

2 tan

h

h

c

R
E c V

e
cR





  








−


=  

−
= 


 (9) 

The adhesive force between soil mass and gravity wall 

Pf is determined by cltan/tan (Soubra 2000), and its 

action-point is in the middle of gravity wall. In which, l 

refers to the length of Line AE (along the back of gravity 

wall, as shown in Fig. 1). The energy dissipation induced by 

adhesive force (Ef) is a vector product between the velocity 

at the middle point of gravity wall and the adhesive force, 

which is expressed as following 

2

0cfE R q=   (10) 

In which, q is a function of θ0 and θh, which is expressed 

as 

0( ) tan

1 1

0 1

tan sin( )

sin tan

h

h eH
q

R

     

 

−
+

=  (11) 

 
 
4. Seismic anchor force and active earth pressure 

 
Inverse construction measure is widely applied to 

support a multi-stage slope by retaining structure with a 

construction sequence from top to bottom. The anchoring 

frame beam at upper stage is constructed firstly, and the 

gravity wall at lower stage is constructed next. Based on the 

construction sequence of inverse measure, the minimum 

seismic anchor force of anchoring frame beam can be 

derived by assuming the slope at upper stage as a one-stage 

slope. Moreover, the seismic active earth pressure can be 

determined by substituting the seismic anchor force into the 

two-stage analytical model of combined retaining structure. 
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By substituting Eqs. (2)-(11) into Eq.(1), the formula of 

plastic limit equilibrium containing the seismic anchor force 

Ti and the seismic active earth pressure Pa can be deduced 

by taking the horizontal spacing of anchor Sx into 

consideration 

( )
0

0

3 3 2

0 0 0 0 0

2( ) tan
( - ) tan2 2

0 0 0

1

(1 )

1
sin -

2 tan

h

i

v h a

n
i

i

i x

k R F k R G P R p

Te
cR cR q R e

S

  
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 

 


−


=

−  +   + 

−
=  +  + 

 
(12) 

 
4.1 The seismic anchor force 
 
The analytical model of combined retaining structure 

can be simplified as a single-stage slope supported by 

anchoring frame beam when α1=0, d=0, β1=0, HⅡ=α2H, 

f1=f2=0 and g1=g2=0. It is assumed that there are n rows of 

anchor with a same anchor force. Subsequently the solution 

of the seismic anchor force is deduced as following 

( )
0

0

3 3 2

0 0 0 0 0

2( ) tan
( - ) tan2 2

0 0 0

1

(1 )

1
sin -

2 tan

h

i
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n
i

i

i x

k R F k R G P R p

Te
cR cR q R e

S

  
  

 

 


−


=

−  +   + 

−
=  +  + 

 
(13) 

Since the potential sliding surface AB is determined by 

θ0 and θh, the seismic anchor force can be optimized subject 

to the following conditions: 0<θ0<180° and θ0<θh<180°. 

Based on the global optimization algorithm, the seismic 

anchor force can be derived by using MATLAB platform. 

 

4.2 The seismic earth pressure 
 
The seismic active earth pressure of gravity wall can be 

determined with a consideration of the anchor force at the 

upper-stage 

( )
0

0

2( ) tan
tan2 2

0 0

1

3 3 3 3

0 0 0 0

2 2

0

1
  ( / ) ( ) sin

2 tan

(1 ) ( / ) ( / )

( / )

h

i

n

x i

i

v x h x
a

x

e
S cH H R q T R e

k S H H R F k S H H R G
P

p H H R S

  
  

 


 

−
−−

=

− −

−

−
  + +  −

− −    −   
=

 



 (14) 

Similarly, the upper bound solution of the seismic active 

earth pressure can be obtained through the global 

optimization algorithm by assuming that 
0/ 0aP   =  and 

/ 0a hP   =  (0<θ0<180° and θ0<θh<180°). 

 

 

 

5. Comparison and verification 

 

Comparison 1. The proposed method is derived based 

on a two-stage slope supported by a gravity wall combined 

with anchoring frame beam. The solution is also applicable 

for a single-slope supported by an anchoring frame beam 

(i.e., the upper stage). Cai et al. (2003) established a three-

dimensional finite element model of a soil slope to calculate 

the its safety factor, and the result is compared with 

conventional Bishop’s simplified method (1955) for an 

idealized one-stage slope without any anchor. The safety 

factor (Fs) determined by Cai’s method is 1.090 while it is 

1.084 by Bishop’s simplified method. The parameters of the 

slope are listed below: H=8 m, β=45°, kh=0, kv=0, c=12 kPa, 

φ=20°, γ=20 kN/m3, Sx=1.5 m and ξ=15°. Based on the 

above information, the safety factor of slope can be 

determined by combining the proposed method and the 

strength reduction technique, as shown in Table 1. The 

safety factor determined by proposed method is 1.212, 

which is close to the solution of existing methods.  

Comparison 2. The pull-out capacity of anchor under 

earthquake loading is compared with the result of Yan et al. 

(2019), where the safety factor (Fs) of an one-stage slope 

reinforced by anchors is estimated by limit analysis and 

pseudo-dynamic method. In which, a specific case is 

considered (named Condition A) where the time-dependent 

characteristic of axial anchor force is ignored under seismic 

excitation. The main parameters in this case are listed 

below: H=10 m, β=60°, kh=0.2, kv=0.1, c=12 kPa, φ=25°, 

γ=18 kN/m3, Sx=3 m and ξ=20°. The values of axial anchor 

force are 100.0 kN, 90.0 kN and 80.0 kN when the safety 

factors are 1.245, 1.202 and 1.146 respectively in Condition 

A. The cohesion and friction angle of soil mass are reduced 

by safety factor according to strength reduction method. By 

substituting the reduced strength parameters of soil mass 

into the proposed method, the pull-out capacity of anchors 

can be calculated, as shown in Table 2. The result of axial 

anchor force determined by proposed method is consistent 

with that obtained by Yan et al. (2019) with the maximum 

deviation of only 8.4%, which is acceptable in engineering 

practice. 

 

Table 1 Comparison between proposed method and existing method 

H 

(m) 

β 

(°) 

kh 

(g) 

kv 

(g) 

c 

(kPa) 

φ 

(°) 

γ 

(kN/m3) 

Sx 

(m) 

ζ 

(°) 

Safety factor (Fs) 

Cai et al. (2003) Bishop (1955) Proposed method 

8 45 0 0 12 20 20 1.5 \ 1.090 1.084 1.212 

Table 2 Comparison between presented method and the proposed method 

Case 
H 

(m) 

β 

(°) 

kh 

(g) 

kv 

(g) 

c 

(kPa) 

φ 

(°) 

γ 

(kN/m3) 

Sx 

(m) 

ζ 

(°) 
Fs 

Axial anchor force（kN） 

Yan et al. 

(2019)  

Proposed 

method 

Deviation 

(%) 

1 10 60 0.2 0.1 12 25 18 3 20 1.245 100.0 108.4 8.40 

2 10 60 0.2 0.1 12 25 18 3 20 1.202 90.0 93.9 4.33 

3 10 60 0.2 0.1 12 25 18 3 20 1.146 80.0 81.8 2.25 
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Table 3 Four levels of seven parameters in orthogonal 

design experiment 

Level kh a=kv/kh ξ(º) β1(º) β2(º) d/m α1 

Ⅰ 0.1 1/3 15 60 30 1 0.40  

Ⅱ 0.2 1/2 20 70 45 2 0.45  

Ⅲ 0.4 2/3 30 80 60 3 0.50  

Ⅳ 0.6 1 40 90 75 4 0.60  

 

 

6. Parameter analysis 
 

To provide some suggestions for the seismic design of 

gravity wall combined with anchoring frame beam, the 

influence of main factors is analyzed based on orthogonal 

test, regarding horizontal seismic acceleration coefficient 

(kh), ratio of vertical and horizontal seismic acceleration 

a(kv/kh), anchorage angle of anchor ξ, slope angles β1 and 

β2, width of platform d, the height coefficient of the lower 

stage slope α1. In which, the slope angle of lower stage β1 

and width of platform d are the two parameters that affect 

the seismic earth pressure. The number of test will be 

extremely large when each level of each parameter is 

combined with each other. Subsequently, an orthogonal 

experiment is designed and the representative items are 

selected based on orthogonality. 64 sets of orthogonal test 

are designed corresponding to 4 levels for 7 parameters, as 

shown in Table 3. Some fixed parameters are listed below: 

c=6.2kPa, φ=34°, Fs=1.0, γ=19.6kN/m3, H=12m, Sx=4m, 

δ=17°, ξ=15°. 
To determine the significance level of seven parameters, 

the test data are analyzed by variance analysis method. 
Variance analysis provides a quantitative estimation of the 
significance level of parameters by taking the experimental 
error into consideration. The sum of deviation square of all 
test data 2

T
S

 
consists of the sum of deviation square of each 

parameter 2

P
S  and the sum of deviation square of 

experimental error 2

E
S . The mathematical expressions of 

2

T
S , 2

P
S  and 2

E
S  are listed as following.  

64
2 2( )T i

i

S y y= −  (15) 

 

 

7
2 2

1

p j

j

S S
=

=  (16) 

4 64
2 2 2

1 1

1 1

16 64
j lj i

l i

S K y
= =

 
= −  

 
   (17) 

2 2 2

E T pS S S= −  (18) 

Where, 2

j
S  refers to the deviation square of the jth 

parameter; 2

lj
K  refers to the square of the sum of test result 

at level l in the jth column; yi and y  present the ith test result 
and the average value of the test results. 

In orthogonal experiment, the total freedom ftotal is 63 

which is determined by taking the test number minus unity. 

The freedom of specific parameter fj =3, which equals to the 

number of parameter levels minus unity. Besides, the 

freedom of experimental error fE is deduced by ftotal minus 

the sum of fj. The average value of the sum of deviation 

square corresponding to each parameter and experimental 

error is calculated by dividing the freedom into a sum of 

deviation square. The mathematical expressions for each 

parameter and experimental error are expressed as Eqs.(19) 

and (20).  

2

j

j

j

S
V

f
=  (19) 

2

E

E

E

S
V

f
=  (20) 

Where, Vj and VE present the average value of the sum 

of deviation square corresponding to the jth parameter and 

experimental error respectively. 

The value of Fj is defined as Vj/VE, which represents the 

significance level of each parameter. The variance analysis 

of test result is shown in Table 4. Consequently, the 

significance sequence of those 7 parameters on seismic 

anchor force is: kh, a, α1, β2, ξ, β1, d. Similarly, the 

significance sequence on seismic active earth pressure is: 

kh, a, α1, β1, ξ, β2, d. The critical values of significance for 

each parameter (
0.99

( , )
j E

F f f , 
0.95

( , )
j E

F f f , 
0.90

( , )
j E

F f f )  

Table 4 The variance analysis of seismic anchor force and seismic active earth pressure based on orthogonal 

design 

Item 

The sum of deviation 

squares (×105) Freedom 

degree f 

Average value of the sum of 

deviation squares (×105) 
Value of Fj Significance level 

Anchor force 
Earth 

pressure 
Anchor force Earth pressure 

Anchor 

force 

Earth 

pressure 

Anchor 

force 

Earth 

pressure 

kh 273.936 37.051 3 91.312 12.350 21.465 18.418 ** ** 

a=kv/kh 112.621 19.788 3 37.540 6.596 8.825 9.837 ** ** 

ξ(º) 11.340 1.681 3 3.780 0.560 0.889 0.836 # # 

β1(º) 9.240 3.568 3 3.080 1.189 0.724 1.773 # # 

β2(º) 17.930 1.467 3 5.977 0.489 1.405 0.729 # # 

d/m 2.191 0.389 3 0.730 0.130 0.172 0.193 # # 

α1 25.437 3.692 3 8.479 1.231 1.993 1.835 # # 

Error 178.669 28.163 42 4.254 0.671 / / 

Total 634.769 63 / / / 
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are 4.285, 2.827, 2.219 respectively, which can be figured 

out from the test critical value table of F-distribution. 

Commonly, when 
0.99

( , )
j j E

F F f f , the influence of 

parameter is regarded as highly significant, which is noted 

as ‘**’. When 
0.99 0.95

( , ) ( , )
j E j j E

F f f F F f f  , the influence 

of parameter is regard as significant (marked as ‘*’). Under 

the condition that 
0.95 0.90

( , ) ( , )
j E j j E

F f f F F f f  , the 

influence is less significant and signed by ‘*’. If 

0.90
( , )

j E j
F f f F , the parameter is regarded as less 

significant, which is marked as ‘#’. In conclusion, the 

significance sequence on seismic anchor force and seismic 

active earth pressure is almost the same. Besides, the 

influence of horizontal seismic coefficient on seismic 

anchor force and seismic active pressure is more significant 

than other parameters. 

The average value of seismic anchor force and seismic 

active pressure at each level of parameter in orthogonal 

experiment is shown in Table 5. It is seen that the anchor 

force and seismic active earth pressure increase 

significantly as the height coefficient of lower-stage α1 

increases from 0.4 to 0.6. The anchor force and seismic 

active earth pressure increase firstly, and then decrease with 

an increment of anchorage angle ξ or the width of platform 

d. Moreover, the anchor force and seismic active earth 

pressure increase generally when the slope angle at lower 

stage (β1) increases, while they decrease with the increment 

of slope angle at upper stage (β2). As for the seismic design 

of gravity wall combined with anchoring frame beam, it is 

recommended that the width of platform can be reduced to 

1~2 m. A larger anchorage angle results in a lower value of 

anchor force and seismic active earth pressure. 

 

 

7. Conclusions 
 

Based on the upper bound theorem of limit analysis, the 

analytical model of gravity wall combined with anchoring  

 

 

frame beam is established. By obtaining the external power 

and the internal energy dissipation, the equation of plastic 

equilibrium is deduced to determine the seismic anchor 

force and the seismic active earth pressure. The results are 

optimized by global optimization algorithm through 

MATLAB platform. Moreover, the proposed method is 

verified by comparison with the previous method. 

A four-level orthogonal test of seven parameters is 

designed to analyze the influence of parameters on seismic 

anchor force and seismic active earth pressure. The 

significance of parameters is sequenced by variance 

analysis. Horizontal seismic coefficient is regarded as the 

most significant parameter on seismic anchor force and the 

seismic active earth pressure. 

It is recommended that the width of platform can be 

reduced to 1~2 m, and the anchors can be set with a larger 

anchorage angle in the seismic design of combined 

retaining structure. Besides, the slope height at lower stage 

is suggested as 40% of the total height of whole slope. 
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Appendix 1. Expressions of fn and gn (n=0, 1, 2, 3, 4) 
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In which, L refers to the length of BC. 

The expressions of H/R0 and L/R0 are shown as 

following: 

( )0 tan

0 0/ sin sinh

hH R e
  

 
−

=  −  (31) 

( )

0( ) tan

0 0

1 1 2 2 0

/ cos cos

              cot cot /

h

hL R e

H R

   

   

− 
= − 

− + 
 (32) 

 

 
 

 

 

 

 

 

 

 

 

 

 

 

179




