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The effect of magnetic field and inclined load on a poro-thermoelastic
medium using the three-phase-lag model
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Abstract. In the current work, a poro-thermoelastic half-space issue with temperature-dependent characteristics and an inclined
load is examined in the framework of the three-phase-lag model (3PHL) while taking into account the effects of magnetic and
gravity fields. The resulting coupled governing equations are non-dimensional and are solved by normal mode analysis. To
investigate the impacts of the gravitational field, magnetic field, inclined load, and an empirical material constant, numerical
findings are graphically displayed. MATLAB software is used for numerical calculations. Graphs are used to visualize and
analyze the computational findings. It is found that the physical quantities are affected by the magnetic field, gravity field, the
nonlocal parameter, the inclined load, and the empirical material constant.
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1. Introduction

The simplest generalization of the classical theory of
elasticity is the idea of elastic solids with voids. It is
important to keep in mind that porous materials have
applications in many engineering fields, including the
petroleum industry, material science, and biology. This
theory focuses on elastic materials made up of a distribution
of small porous (voids), in which the void volume is
included among the kinematic variables. Cowin and
Nunziato (1973) talked about elastic materials with
vacancies and their linear theory. Nunziato and Cowin
(1979) conducted the first study in the theory of
thermoelastic materials with voids. Iesan (1986) established
the uniqueness, reciprocity, and variational theorems as well
as developed the theory of thermoelastic material with
voids. The nonlinear theory of non-simple thermoelastic
materials with vacancies was covered by Ciarletta and
Scalia (1993). The sphere of impact and uniqueness that
lead to thermoelastic solids with voids were examined by
Marin (1996, 1997). The deformation resulting from
moving loads in a thermoelastic media with voids was first
described by Kumar and Rani (2006). Quintanilla (2009)
demonstrated the validity of uniqueness theorems in the
dynamic theory of porous media thermoelasticity at
microtemperatures. Numerous issues pertaining to wave
propagation in a thermoelastic porous medium were
examined by Marin et al. (2015), Othman et al. (2020),
Hobiny and Abbas (2020), Biswas (2021), Tantawy and
Zenkour (2023), Fahmy et al. (2011, 2018, 2019a, b, c,
2021a, b, 2023), Marin et al. (2022), Said et al. (2022,
2024).

*xCorresponding author, Professor
E-mail: samia_said59@yahoo.com

Copyright © 2024 Techno-Press, Ltd.
http://www.techno-press.org/?journal=gae&subpage=7

Research on wave propagation in generalized
thermoelasticity materials has potential applications in
seismology, geophysics, and structural engineering. If
gravity is taken into consideration, this kind of investigation
becomes more feasible. The effects of gravity on wave
propagation in solids, particularly on elastic spheres, were
originally studied by Bromwich (1898). However, Biot
(1965) discusses the impact of the elastic surface waves'
gravity field. The axisymmetric problem of wave
propagation under gravity in a medium consisting of a
liquid layer and an underlying solid half-space was
investigated by Nath and Sengupta (1999). Ahmed (2005)
studied the effects of a gravity field on Stoneley waves in a
non-homogeneous isotropic granular material. The impact
of the gravity field on an orthotropic elastic media for
various theories was examined by Abd-Alla et al. (2011).
Under the impact of gravity, Othman et al. (2013)
developed the generalized thermoelastic medium with
temperature-dependent features for three theories. Studies
on the impact of gravity field on various thermoelastic
media have been published by Jain et al. (2018), Zenkour
(2020), Alharbi et al. (2021), Abbas et al. (2015, 2020,
2019, 2021a, b), and Said (2023, 2024).

Thermoelasticity theories, which describe heat flow and
deformation in a continuum, have received a lot of attention
in recent years. A material body transmits mechanical
waves when it is loaded or subjected to an external force.
For instance, thermal expansion causes a solid body to
suddenly heat up, producing a mechanical wave. One of
continuum dynamics' most comprehensive and fruitful
fields of study is the interplay between mechanical and
thermal fields. Since most structural components of heavy
industries are often associated with mechanical and thermal
stresses at elevated temperatures, the suggested model is
useful in determining the kind of interaction between
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mechanical and thermal forces. Studies on the impact of
inclined load on various thermoelastic mediums have been
published by Kumar and Aliwalia (2007), Othman et al.
(2009), Sharma et al. (2015), Abouelregal and Zenkour
(2016), Lata et al. (2019a, b, 2022), Deswal et al. (2020),
Alharbi (2021), and De et al. (2023).

In the current work, the three-phase lag model has been
used to tackle the two-dimensional deformation problem of
a magneto-thermoelastic porous material with temperature-
dependent characteristics and inclined load. The analytical
solution of physical fields is seen using the normal mode
analysis. Comparative analysis was done between the
variables under consideration for various values of gravity
field, magnetic field, inclined load, and empirical material
constant values. Graphs are used to visualize and analyze
the computational findings. It is found that the physical
quantities are affected by the magnetic field, gravity field,
the nonlocal parameter, the inclined load, and the empirical
material constant.

2. Formulation of the problem

We consider an isotropic, homogeneous, thermally
conducting thermoelastic porous material half-space (x>0).
The displacement components have the form u = (u, o, w).
The medium permeated into a uniform magnetic field with
a constant intensity H(0,Ho,0) under the effect of gravity
field. The fundamental equations of the generalized
thermoelasticity are:

According to Alharbi ef al. (2021) and Hetnarski and
Eslami (2009), the stress-strain relations.

oij =2 pej +(Le+bp—yT)J; . )
Equation of motion

pui g =0 Tho (I xH ) + F, (2)

B —be—oqgp—arp; + ol =pay O )

ow ou
Where F, = PE—" F,=0,F, = P~ are force due to

the presence of the gravity field.
The heat equation as Choudhuri (2007)

1 0,120 CeT T T =
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In the case of the temperature-independent modulus of
elasticity ,=0.
Introducing Egs. (1) in Eq. (2), we get

g

Fig. 1 Geometry of the problem

2 2 2 2
2 ,2)0°U , o°u o°w o°u
(/)+80,L¢0H0)F=(A+2,u)a?+(/l+,u)ﬁ+uaz—z (6)
sp20_ 3 aw_ . oh
ox Vax TP9x T 5
2 2 2 2
2,42 o°w o°w o“u o°w
+ Hf)—=0U+20)—5+ (1 + +u—7F+
(p €0 M0 o)6t2 ( ﬂ)azz ( ﬂ)axaz Ly -
po0_ ST ou_ . oh
9z "az P9 005y

Introducing the following non-dimension quantities
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The governing equations reduce to in terms of the non-
dimensional quantities described above (dropping the
dashed for convenience)
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3. Normal mode analysis

The solution of the considered physical variable can be
decomposed in terms of normal modes in the form

[u,w,8, ¢, aij 1(x,2,t) =[ u*,w*,H*, go*, a;} 1(z)exp(mt+iBx), (13)

where U"(2), W(2), ¢'(2), 9°(2), o,(2) are the amplitudes of

the field quantities.
Using Eq. (13), Egs. (9)-(12) become respectively
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(mD? — 7y ) U™ + IB(reD + g) W + iBrgg” = iBO™, (14)
iB(TCeD— g)u* + (7t5D2 - Ttll)\N* + nSDgo* =pg", (15

iBwlu*+mlDW*—(D2—Tr12)(p*=1340*, (16)

3

i m1ﬂ:7BU* + mlTC7 DW* + ranEO (p* = (TClSDZ - 7'514)9 . (17)

Eliminating w'(z), 6"(z) and 4"(z) between Eqs. (14)-
(17), we obtain the eighth-order ordinary differential
equation satisfied with u”(z),

[D® =% D%+, D* —x3 D* +x4Ju"(2)=0,  (18)

where 7,7;,i=123,..,26, w},i=123,..6, 7, n=1234 are
given in Appendix.

In a physical problem, we suppress the positive
exponentials unlimited at infinity. So the solution of Eq.
(18), which is bound as z —> oo, is given by

u(2) = élrn exp(=R,2), (19)
W(@) = T ATy op(-Ry2), 20)
0" () = 5 a0l P(-Ry2), 1)
50 = E sl PR, 22)

where Rf(n: 1,2,3,4) are the roots of the characteristic
equation of Eq. (18), and Ain(i=1,2,3) are given in
Appendix.

Using Egs. (8), (13), and (19)-(22) in Eq. (1), thus we
have

O-:z(z) = §:A4n I, exp(—Ry2), (23)
n=1
* 4
0y, (2) = Z A5, [y exp(—Ry2), 24
n=1

where A, A, are given in Appendix.

The normal mode analysis is, in fact, to look for the
solution in the Fourier transform domain, assuming that all
the field quantities are sufficiently smooth on the real line
such that normal mode analysis of these functions exists.

4. Boundary conditions

To determine the unknown parameters I,(n=1,2 34)we

can take the following boundary conditions:

a) The mechanical boundary condition that an inclined
force is applied to the half-space surface as Othman et
al. (2009)

04,0, x,t) =—f; cos (¢) exp(mt + iBx),

0y (0, X,t) = —fy sin () exp(mt +iBx). 25

b) We can interpret the change in the volume fraction field
of voids at the free surface as

p=0. (26)

€) On the half-space surface, the thermal boundary
condition is

0 =0. (27)

where f; is a constant. Using the above boundary

conditions, we can obtain

4 4
ZAann =0, ZA3nFn=O,
n=1 n=1
(28)

4 4
XAl =—focos(9), 2 Agply =—fosin (9).
n=1 n=1

Solving the above system of Egs. (28), we obtain a
system of four equations. After applying the inverse of the
matrix method, we have the values of the four constants
I,(n=1,234):

-1

1) (A1 A Ay Ay 0
T. A A A A 0
2|_|Aa Az Agg Ay . (29)
I3 Agy Ay Az Ay | | —Focos()
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5. Numerical results and discussion

Following Said et al. (2022), magnesium material was
chosen for purposes of numerical evaluations. The physical
data of the magnesium (in SI unit) at the distance x=0.5 m
as

)y =376x10° N.m™, 1, =586x10"N.m™2, gy = 0.3,
oy =1.753x107°N.m2,
Cg =383.3J.kg LK™,
fo =1.5,

B=2x10°N.m2, &=-0.5,
my=-06,  p =8954kg.m=3,

74 —9x1075s, 7, = 6X10_55, T o= 7><10755,

K" =386w.m LK™,
To = 298K,

031 =1475X10°N.m2, g, =7.87x1072N.m>2,

My =17, B=04 g3 =2x10"N.m>2,

by =1.6x10°N.m™2. ¢ =178x10°K™?, K=386w.mLK1s?,

Figs. 2-4 represent the thermodynamic temperature
distribution (Kelvin) g, the change in volume fraction field

distribution ¢, and the stress components distributions
3 . . .
(N.m?) ¢,, respectively at a constant time against the

vertical distance for different values of the magnetic field.
Fig. 2 explains that variation of the thermodynamics
temperature () measures in Kelvin begins from a zero
value that obeys the boundary conditions. Values of @
decreas reach their minimum value (in amplitude) in the



246 Samia M. Said

0.6 ——3PHL,H, =120] -
3PHL, H; = 100
0.8 3PHL,H =60 | |
JHy =
1 ; ; ; ; ;
0 2 4 6 8 10 12

z

Fig. 2 Thermodynamics temperature @ at varying
magnetic field values
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Fig. 3 The change in volume fraction field ¢ at varying
magnetic field values
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Fig. 4 Distribution of stress component ¢ ,, at varying
magnetic field values

range of 0< z<1.8, then increase and oscillate like a
wave. The magnetic field increases values of 4. Fig. 3
depicts that the variation of change in the volume fraction
field ¢ start from a zero value verified by the boundary
condition. Values of ¢ decrease reach their minimum value
(in amplitude) in the range of 0 < z <1.5, then increases
and oscillate like a wave. The magnetic field increases
values of ¢ . Fig. 4 shows that the variation of the stress

component o.. (N.m?) begins from a negative value and
obeys the boundary condition. Values of o, increase reach
their maximum value (in amplitude) in the range of
0< z<1.5, then decrease, and oscillate as a wave. The

magnetic field decreases values of o... All the curves begin

0.1 . . .
= 0
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Fig. 5 Thermodynamics temperature @ for varying
values of an empirical material constant
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Fig. 6 The change in volume fraction field ¢ for varying
values of an empirical material constant
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Fig. 7 Distribution of stress component o.. for varying
values of an empirical material constant

to coincide when the distance z increases to reach zero at
infinity.

Figs. 5-7 represent the thermodynamic temperature
distribution (Kelvin) ¢, the change in volume fraction field
distribution ¢, and the stress components distributions
(N.m?) o.. respectively against the vertical distance for
different values of an empirical material constant. Fig. 5
explains that variation of the thermodynamics temperature
(#) measures in Kelvin begins from a zero value that
obeys the boundary conditions. Values of & decrease reach
their minimum value (in amplitude) in the range of
0 < z<1.8, then increase and oscillate like a wave. The
empirical material constant decreases values of @. Fig. 6
depicts that the variation of change in the volume fraction
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Fig. 9 The change in volume fraction field ¢ at varying
gravity field values
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Fig. 10 Distribution of stress component o.. at varying
gravity field values

field ¢ start from a zero value verified by the boundary
condition. Values of ¢ decrease reach their minimum value
(in amplitude) in the range of 0< z <1.5, then increase

and oscillate like a wave. The empirical material constant
decreases values of ¢ . Fig. 7 shows that the variation of the
stress component o.. (N.m?) begins from a negative value
and obeys the boundary condition. Values of o.. increase
reach their maximum value (in amplitude) in the range of
0< z<1.5, then decrease, and oscillate as a wave. The
empirical material constant increases values of o...

Figs. 8-10 represent the thermodynamic temperature
distribution (Kelvin) @, the change in volume fraction field

distribution ¢, and the stress components distributions
(N.m?) o,, respectively against the vertical distance for
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Fig. 11 Thermodynamics temperature & for varying
inclined load levels
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Fig. 12 The change in volume fraction field ¢ for
varying inclined load levels

different values of the gravity field. Fig. 8 explains that
variation of the thermodynamics temperature ()
measures in Kelvin begins from a zero value that obeys the
boundary conditions. The gravity field decreases values of
6. Fig. 9 depicts that the variation of change in the volume
fraction field ¢ start from a zero value verified by the
boundary condition. The gravity field decreases values of
@ . Fig. 10 shows that the variation of the stress component
G,y (N.m?) begins from a negative value and obeys the
boundary condition. The gravity field increases values of
Gyy-

Figs. 11-13 represent the thermodynamic temperature
distribution (Kelvin) g, the change in volume fraction field
distribution ¢, and the stress components distributions
(N.m?) ¢,, respectively against the vertical distance for
different values of the inclined load. Fig. 11 explains that
variation of the thermodynamics temperature (0)
measures in Kelvin begins from a zero value that obeys the
boundary conditions. The inclined load increases values of
©. Fig. 12 depicts that the variation of change in the
volume fraction field ¢ start from a zero value verified by
the boundary condition. The inclined load increases values
of ¢ . Fig. 13 shows that the variation of the stress
component .. (N.m?) begins from a negative value and
obeys the boundary condition. The inclined load decreases
values of o:..
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Fig. 13 Distribution of stress component o.. for varying
inclined load levels
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Fig. 15 Variation of change in volume fraction field ¢ in
the context of 3PHL

Fig. 16 Distribution of stress component ¢,, in the
context of 3PHL

Finally, we added some 3D graphs (Figs. 14-16) to
depict how the physical quantities change depending on the
vertical distance. Interestingly, we observed from Fig. 14
that thermodynamic temperature varies @ with z for all
values of x. But somewhere in x range, it is increasing
and somewhere it is decreasing. Similar trends are found in
Figs. 15 and 16 for the change in volume fraction field
distribution ¢, and the stress component Oy

6. Conclusions

In the current work, wave propagations on a poro-
thermoelastic  half-space  with temperature-dependent
features and an inclined load are investigated within the
framework of the 3PHL model using the normal mode
analysis. The research mentioned above leads to the
following conclusions:

e [t is discovered that every field under consideration is
sensitive to the gravity field.

e The thermoelastic problem in solids has analytical
solutions that are based on normal mode analysis that
have been created and applied.

e When examining the physical behavior of poro-
thermoelastic materials, the magnetic field is crucial.

e The physical quantities under consideration are
significantly affected by the inclined load, and all the
examined fields are found to be sensitive to the
empirical material constant.

e The physical quantities under inquiry are significantly
impacted by the vertical distance.

e The method that was used in the present article is
applicable to a wide range of problems in
hydrodynamics and thermoelasticity.

e The three-phase-lag model is a mathematical model
that includes the heat flux vector, the temperature
gradient, and the thermal displacement gradient, which
are useful in the problems of heat transfer, heat
conduction, nuclear boiling, exothermic catalytic
reactions, phonon-electron interactions, and phonon-
scattering. So the 3PHL model is the most adequate
theory to describe the present problem.
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components of stress tensor

components of strain tensor

absolute temperature

temperature of medium in its natural
state assumed to be such that

(T-To) I Ty| <1, Gy=T T,

the phase-lag of temperature gradient
the phase-lag of heat flux

the phase-lag of thermal displacement

gradient
constants of material

the material constants due to the
presence of voids

the displacement components
Lame's constant

Kronecker's delta

coefficient of thermal conductivity
the additional material constant
density

specific heat at constant strain

an empirical material constant
imaginary unit, 1= J-1

wave number

complex constant

linear thermal expansion coefficient,

Y =(34+2u)oy,

the change in volume fraction field of

voids
the magnetic permeability

the electric permeability

the Lorentz force
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