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1. Introduction 
 

In order to solve practical problems encountered in 

engineering, many outstanding geotechnical workers have 

developed and applied the cavity expansion theory to solve 

complex geotechnical engineering problems since the 

1972's, and have achieved many valuable research results. 

For example, explaining the resistance problem of static 

penetration testing (Carter et al.1986, Salgado and Prezzi 

2007), the deformation problem of soil mass around piles 

(Vesic 1972, Randolph et al. 1979, Zhou et al. 2016, Zhou 

et al. 2018, Chen et al. 2018, Sivasithamparam and Castro 

2018, Sivasithamparam and Castro 2020, Thiyyakkandi 

2022), and the stability problem of tunnel excavation (Lukic 

et al. 2014, Zou et al. 2017, Li and Sheng 2022, Li et al. 

2023, Kumar and Sahoo 2023), and so forth. 

The solution for cavity expansion has been developed 

under many conditions: different strength criterion such as 

Tresca (Shuttle 2007), Drucker Prager (Vardoulakis and 

Papanastasiou 1988, Papanastasiou and Vardoulakis 1989, 

Papanastasiou and Vardoulakis 1992, Papanastiou and 

Durban 1997a, Durban and Papanastiou 1997b, Zervos and 

Papanastasiou 2001, Zervos et al. 2007, Patsalides and 

Papanastasiou 2019), Mohr Coulomb (Yu and Houlsby  
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1991, Frikha and Bouassida 2013), and spatially mobilized 

plane (SMP) (Matsuoka and Nakai 1974, Matsuoka 1981, 

Matsuoka and Sun 1995), and the Unified Strength Theory 

(Zhao et al. 2018, Zhao et al. 2020); and different 

characteristics of soil mass, such as small strain (Hughes et 

al. 1977), large-strain (Yu and Houlsby 1991), strain-

softening (Cui et al. 2022), and three-dimensional strength 

of soil mass (Li et al. 2016). 

However, there are still two issues that should not be 

ignored in the analysis of cavity expansion mentioned 

above. The first is that most researchers proposed the 

theoretical analysis of cavity expansion problem based on 

different strength criterion, but currently there are few 

literatures analyzing the differences in calculation results 

caused by different strength criterion. In addition, the 

possibility of establishing a general algorithm of cavity 

expansion is also the development direction of cavity 

expansion theory. The second point is that there is currently 

little research on the energy evolution of the cavity 

expansion process in published literature. For the problem 

of cavity expansion in sandy soil mass, Zou et al. (2012) 

proposed a solution for the ultimate expansion pressure 

based on nonlinear strength criterion and energy theory. Luo 

et al. (2022) further developed the solution of Zou et al.  

(2012), based on the energy dissipation method, to explain 

the problem of cavity expansion in compressible granular 

geomaterials. The above papers only studied the problem of 

cavity expansion in sandy soil mass, which has a relatively 

narrow scope of application and requires further research. 
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In summary, based on the general strength criterion of 

soil mass and energy theory, this study describes the cavity 

expansion process in soil mass as an energy conversion 

process from an energy perspective. The energy dissipation 

mechanism is introduced into traditional cavity expansion 

analysis, and a general analytical solution for cavity 

expansion related to energy theory is derived. Subsequently, 

the influence of different strength criterion and 

characteristics of soil mass on the stress field, displacement 

field and energy evolution around the cavity was considered 

in this solution. Finally, some data are conducted to verify 

the suitability of this study. 

 

 

2. Theory and methodology 
 
2.1 General strength criterion 
 

Lade conducted an in-depth study on the strength 

criteria of soil mass in the 1970s (Lade et al. 1977), and 

proposed a general strength criterion for soil mass. The 

expression of strength criterion is 

1 0

3 0

=N
 

 




 (1) 

where σ1, σ3 are the major and minor principal stresses, 

respectively, N, σ0 is the strength parameter of soil mass, 

where σ0=ccotφ. 

Corresponding to different strength criteria, the value of 

N varies. Here, the general strength criterion of soil mass 

(Lade-Duncan et al. 1977), Spatially Mobilized Plane 

(SMP) (Matsuoka and Nakai 1974, Matsuoka 1981, 

Matsuoka and Sun 1995), Mohr-Coulomb (M-C)) is 

adopted. 

For the SMP criterion (Matsuoka and Nakai 1974, 

Matsuoka 1981, Matsuoka and Sun 1995) 
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For the Lade-Duncan criterion (Lade et al. 1977) 
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For the M-C criterion 
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where KSMP and KLade are material constants, I1, I2 and I3 are 

the first, second and third invariant of principal stress. 

The limit locus of the general strength theory on the π-

plane is shown in Fig. 1. As shown in Fig. 1, the M-C 

criterion has the smallest range, the Lade Duncan criterion  

 

 

has the largest range, and the SMP criterion has a range 

between the two. 

For cavity expansion problem, the stress satisfies the 

condition that σ1 = σr (the radial stress), σ3 = σθ (the 

tangential stress), the above Eq. (1) becomes (Zhao et al. 

2018), 

  01r N N      (5) 

 

2.2 Problem definition 
 

In Fig. 2, the cavity is assumed to be initially subjected 

to an initial horizontal pressure p0, the external initial 

horizontal stress is also commonly expressed as σh0. The 

stress distribution of soil mass around the cavity is divided 

into two regions: the plastic region (r ≤ rb0) and elastic 

region (r>rb0), as shown in Fig. 2. Assuming that there is an 

initial cavity (radius a0) in infinite soil mass under the 

uniform pressure p, as this pressure p gradually increases to 

the soil yield strength py, the soil mass around the cavity 

will transition from an elastic state to a plastic state. As the 

pressure p continues to increase, plastic flow will gradually 

occur in the soil mass within the plastic region until the 

internal pressure p increases to the limit expanding pressure 

pu, at this point, the radius of the cavity is au, the range of 

the plastic region is au<r<rb, and the range of the elastic 

region is r ≥ rp. 

The problem of cavity expansion can be assumed as a 

process of energy dissipation under isothermal conditions. 

When the cavity pressure p is less than the critical plastic 

pressure pcr, the work done W  is small by the external 

force, and the soil mass around the cavity only produces 

elastic compression deformation, at this moment W  is 

converted into elastic strain energy Ue. When P>Pcr, the soil 

mass around the cavity produces elastic and plastic 

deformation, which is converted into elastic and plastic 

strain energy Up. 

The equilibrium equation for cavity expansion can be 

expressed as 

 
Fig. 1 Limit locus of the general strength criterion on the 

π-plane 
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where k  is constant to determine cylindrical (k=1) and 

spherical cavities (k=2). 

 
2.3 Assumptions 
 

Other assumptions can be made as follows: 

(1) For elastic region, the relation of stress and strain 

takes the following form (Hooke’s law) 
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where 
r

e  and e


  are the radial and tangential elastic strains 

in the elastic region,   is the Poisson's ratio, E  is the 

Young’s modulus. 

(2) For elastic analysis, the geometric equation can be 

given as 
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(3) The large-strain can be given as 
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(4) The stresses are subject to the inner and exterior 

boundary conditions: σr (r=a) = p; σr (r=+ꚙ) =p0; the value 

of stress σr at 
br r  and 

ur a  equal to the value of "the 

soil yield strength" py and the value of the pressure pu, 

respectively." 

 

2.4 Elastic region 

 

In Fig. 3, a cavity is assumed to be initially subjected to 

an initial inner pressure p0, and an initial exterior stress σh0. 

Loading analysis, the cavity with an initial radius α0  

expand to a radius of 𝑎 when the pressure is gradually 

increased from p0 to p. The soil mass of cavity with the 

radius a is in elastic state considering the pressure, the 

cavity can be simplified as a plane strain problem. 

The displacement and stresses in the elastic state are 

written 
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where ur is the radial displacement around the cavity, G is 

the shear modulus, and E=2(1+v)G, v is the Poisson's ratio. 

Combining the geometric equation (Eqs. (7) and (10)) 
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(11) 

or, in the other form 

 

 

Fig. 2 The sketch for cavity expansion problem 
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Fig. 3 Elastic loading model for cavity expansion 
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(12) 

The initial state of soil mass is isotropic 
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or, in the other form 
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The elastic strain energy in the elastic region is given as 
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(16) 

Upon loading, the first yield appeared in the cavity wall. 

Substituting Eq. (10) into Eq. (5), which can be obtained as 

follows 
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2.5 Elasto-plastic region 
 

The Eq. (10) can also be expressed by 
yp  and br  as, 
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The radial displacement urb  of the particle at the EP 
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Analysis of cavity expansion based on general strength criterion and energy theory 

 

(Elasto-plastic) boundary rb  can be obtained 

     

   

   

1 1

0 0 0

0 0

0

0 0

0

1 1

2
1 2

1 1

1 2

1 1
1

1 2

k k

y h hb b
r

h

r b b br rb

h

b b

p N Nr r
u r r

NkG r r
kG

k

N N
u r r r

N
kG

k

N N
r r

N
kG

k

  

 

 

 



       
     

        


  
    

  
 

  
        
        

 

(19) 

 
2.6 Stress analysis 
 
Combining Eqs. (5) and (6), the following equations can 

be derived as, 
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Integrating Eq. (20) along r (
ba r r  ) gives (Zhao et 

al. 2018) 
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where H=constant of integration. Combining the boundary 

conditions, 
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The following equation can be deduced from Eq. (22) 
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Combining Eqs. (17), (18) and (23) gives 
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Correspondingly, it can also be represented by p and a 

as 
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(25) 

The non-associated flow rule is adopted 
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where    1 sin 1 sin     ,  =the dilatancy angle of 

soil mass, p
θdε  and p

rdε  are the tangential and radial plastic 

strain increments, respectively. 

With the initial plastic strain equal to 0 and elastic strain 

in the plastic region ignored (Hughes et al. 1977), 

integrating Eq. (30) along the loading time series yields 

(Zhao et al. 2020) 
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Substituting the large-strain equation into Eq. (27) and 

integrating in the plastic region, the relation that the particle 

at r=r0 before and after cavity should satisfy can be 

obtained as 
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Combining Eqs. (19) and (28), the displacement ur is as 
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(29) 

hence, Eq. (29) is the elasto-plastic displacement field of 

cavity expansion accounting for the large-strain in the 

plastic region. 
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2.7 The radial and tangential strains in the plastic 
region 

 
Based on the Eq. (29), the following equations can be 

obtained 
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(30) 

So, the radial and tangential strains in the plastic region 

can be obtained as 

   

   

1 1
1

1 1
0 0

0

1 1
0 0

1 1
ln ln 1

1 2

1 1
ln 1

1 2

k
k

k k

h

b b

k k

h

r b b

N Nr
r r r r

Nr
kG

k

N Nk
r r r r

N
kG

k




 


 

 


 




 
 

 

 

 

 
              

           
               

  
 

 
   
      

    
  

1 1
1

k
k 


 
 

 












  
                

     
         
   

 

(31) 

 
2.8 Energy dissipation analysis in the plastic region 
 
The dissipated energy in the plastic region is given as 
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3. Validation and parametric study 
 
3.1 Validation 
 

To verify the suitability of this presented study, the 

value of the parameters of soil mass are adopted as follows,

E /( 0p +( 0p /2/( 1N  )))=260, the Poisson’s ratio 

0.3  , the internal friction angle ϕ=200, 300, 400, 500, 

and the dilation angle ψ=00. Figs. 4-7 show the relation of 

the non-dimensional expansion pressure 

((p+ccotϕ)/(p0+ccotϕ)) and the ratio a/a0 with different  
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Fig. 4 Typical pressure-expansion curves using the Lade 

with different values φ 
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Fig. 5 Typical pressure-expansion curves using the SMP 

with different values φ 

 

 

strength criterion and the internal friction angle. As shown 

in Figs. 4-6, the non-dimensional expansion pressure 

increases with the increase of the internal friction angle 

under different strength criterion. In Figs. 4-6, with the 

increase of a/a0, the non-dimensional expansion pressure 

increases quickly from the start, and afterward the 

expansion pressure is asymptotically close to the limit 

pressure, as higher internal friction angles result in a wider 

the plastic deformation region. Fig. 7 show the relation of 

the non-dimensional expansion pressure 

((p+ccotϕ)/(p0+ccotϕ)) and the ratio a/a0 with different 

strength criterion. As shown in Fig. 7, the non-dimensional 

expansion pressure increases with the increase of the 

internal friction angle under different strength criterion. The 

typical pressure-expansion curves from MC to SMP and 

then to Lade criterion show that the pressure curve obtained 

based on SMP and Lade criterion is greater than the 

pressure obtained based on MC criterion. The reason may 

be that SMP and Lade criterion can consider the influence 

of intermediate principal stress compared to MC criterion. 

In addition, it is shown in Fig. 7 that the curves of presented 

solution with ψ=300 and ψ=00 are very close to the curve of 

the Yu and Houlsby (1991) solution, which demonstrates 

the validation of the presented theoretical solution. 
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Fig. 6 Typical pressure-expansion curves using the MC 

with different values φ 
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Fig. 7 Typical pressure-expansion curves using different 

strength criterion with φ=300 

 

 

3.2 Stress distribution around cavity 
 
3.2.1 Stress distributions 
Figs. 8 and 9 shows the relation of stress distribution (σr, 

σθ) around the cavity and the ratio a/r with different 

strength criterion and the internal friction angle. From Figs. 

8 and 9, it can be seen that different strength criterion and 

internal friction angles have an impact on both radial and 

tangential stresses, which the internal friction angle has a 

significant impact on radial and tangential stresses. 

 

3.2.2 Plastic radius and displacement field 
Figs. 10-12 show the relation of the normalized 

expansion pressure p/p0 and the normalized plastic radius 

rb/a with different internal friction angle. As shown in Figs. 

10-12, the normalized plastic radius increases with the 

decrease of the internal friction angle under different 

strength criterion, and the increasing trend becomes more 

obvious as the angle decreases. Fig. 13 shows the relation of 

the normalized expansion pressure p/p0 and the normalized 

plastic radius rb/a with different strength criterion. As 

shown in Fig. 13, the normalized plastic radius curves from 

MC to SMP and then to Lade criterion show that the  
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Fig. 8 Stress distribution around the cavity using different 

strength criterion 
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Fig. 9 Stress distribution around the cavity using the MC 

with different values φ 
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Fig. 10 Plastic radius using the Lade with different values 

φ 

 

 

normalized plastic radius curve obtained based on SMP and 

Lade criterion is smaller than the normalized plastic radius 

obtained based on MC criterion. The reason may also be 

that SMP and Lade criterion can consider the influence of 

intermediate principal stress compared to MC criterion. 

Fig. 14 shows the relation of the normalized 

displacement field and the radius ratio r/a with the different 

internal friction angle. As shown in the Fig. 14, the 

displacement decreases with the increase of the internal 

friction angle, but the decreasing trend becomes less 

obvious as the internal friction angle increases. Fig. 15 

shows the relation of the normalized displacement field and 

the radius ratio r/a with different strength criterion. As 

shown in the Fig. 15, the normalized displacement field  
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Fig. 11 Plastic radius using the SMP with different values 

φ 

 

1 2 3 4 5
1

2

3

4

5

6

7

8

9

10

11

12

13



0

0

0

0

0

20

30

40

50

60





















r b
/a

p/p
0

   

 

 

 

 

 

Fig. 12 Plastic radius using the MC with different values 

φ 
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Fig. 13 Plastic radius using different strength criterion 

with φ=300 

 

 

from MC to SMP and then to Lade criterion shows that 

although the normalized displacement obtained based on 

the MC criterion is the largest, it is not significant compared 

to the other two. In addition, it is clear that the radial 

displacement changes quickly in the beginning while slowly 

approach zero with the radial direction from Figs. 14 and 

15, this is in agreement with the theoretical results reported 

by Zhao et al. (2018) 

 

3.2.3 Strains in the plastic region 
To analyze the effects of the different strength criterion 

and the internal friction angle on the strains in the plastic 

region, strains in the plastic region along radial direction  
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Fig. 14 Displacement field based on the SMP with 

different φ values 
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Fig. 15 Displacement field using different strength 

criterion with φ=300 
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Fig. 16 Strain in the plastic region along radial direction 

based on the MC with different φ values 

 

 

with different strength criterion and internal friction angle 

when k=1 and k=2 are shown in Figs. 16-18. Fig. 16 shows 

the relation of the radial and tangential strains in the plastic 

region and the radius ratio r/a with the different internal 

friction angle. As shown in the Fig. 16, the strains decrease 

with the increase of the internal friction angle, but the 

decreasing trend becomes less obvious as the internal 

friction angle increases. As shown in Figs. 17, the radial and 

tangential strains in the plastic region almost coincide with 

each other under different strength criterion with φ=300, 

which illustrate that the influence of different strength 

criterion on the radial and tangential strains in the plastic 

region can be ignored. As shown in Fig. 18, under the same 

parameter conditions, there is a significant difference in the 

strain around the cavity caused by the expansion of 

spherical and cylindrical cavities. 
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Fig. 17 Strain in the plastic region along radial direction 

based on different strength criterion with φ=300 
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Fig. 18 Strain in the plastic region along radial direction 

based on the MC with k 
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Fig. 19 The relation of dissipated energy in the plastic 

region and the ratio a/a0 with different φ and k=1 

 

 

3.2.4 Energy dissipation analysis in the plastic region 
Figs. 19-22 show the relationship of the dissipated 

energy in the plastic region around the cavity and the ratio 

a/a0 with different strength criterion and internal friction 

angle when k=1 and k=2, the dissipated energy in the plastic 

region decreases with the increase of the internal friction 

angle and dilation angle, with the decrease of a/a0, the 

influence of the internal friction angle and dilation angle on 

the dissipated energy in the plastic region become smaller 

and smaller until it can be ignored. From Fig. 22, it can be 

seen that different strength criterion have an impact on the 

dissipated energy in the plastic region, which the strength 

criterion has a significant impact on the dissipated energy in  
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Fig. 20 The relation of dissipated energy in the plastic 

region and the ratio a/a0 with different φ and k=2 
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Fig. 21 The relation of dissipated energy in the plastic 

region and the ratio a/a0 with different ψ 
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Fig. 22 The relation of dissipated energy in the plastic 

region and the ratio a/a0 with different strength criterion 

 

 

the plastic region. The dissipated energy curves from MC to 

SMP and then to Lade criterion show that the energy curve 

obtained based on SMP and Lade criterion is smaller than 

the energy obtained based on MC criterion. 

 

 

4. Conclusions 
 

On the basis of the general strength criterion and energy 

theory, an energy dissipation analysis for large-strain cavity 

expansion problem is described in this study. Compared 
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with previous solutions, the following improvements have 

been achieved: 

(1) The presented solution for large-strain cavity 

expansion problem considers the effects of large-strain in 

the plastic region and the intermediate principal stress, 

which is usually ignored by most existing methods. 

(2) Due to the fact that the general strength criterion of 

soil mass in this study includes three common failure 

criteria, the energy dissipation method for large-strain 

cavity expansion in this study has a wide range for analysis. 
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