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Abstract. The joint probability distribution of uncertain geomechanical parameters of geotechnical strata is a crucial aspect in
constructing the reliability functional function for roof structures. However, due to the limited number of on-site exploration and
test data samples, it is challenging to conduct a scientifically reliable analysis of roof geotechnical strata. This study proposes a
Copula method based on small sample exploration and test data to construct the intensity characteristics of roof geotechnical
strata. Firstly, the theory of multidimensional copula is systematically introduced, especially the construction of four-
dimensional Gaussian copula. Secondly, data from measurements of 176 groups of geomechanical parameters of roof
geotechnical strata in 31 coal mines in China are collected. The goodness of fit and simulation error of the four-dimensional
Gaussian Copula constructed using the Pearson method, Kendall method, and Spearman methods are analyzed. Finally, the
fitting effects of positive and negative correlation coefficients under different copula functions are discussed respectively. The
results demonstrate that the established multidimensional Gaussian Copula joint distribution model can scientifically represent
the uncertainty of geomechanical parameters in roof geotechnical strata. It provides an important theoretical basis for the study
of reliability functional functions for roof structures. Different construction methods for multidimensional Gaussian Copula yield
varying simulation effects. The Kendall method exhibits the best fit in constructing correlations of geotechnical parameters. For
the bivariate Copula fitting ability of uncertain parameters in roof geotechnical strata, when the correlation is strong, Gaussian
Copula demonstrates the best fit, and other Copula functions also show remarkable fitting ability in the region of fixed
correlation parameters. The research results can offer valuable reference for the stability analysis of roof geotechnical
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engineering.
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1. Introduction

In coal mine geotechnical engineering, due to the
limitations of mining geological environment and
exploration testing conditions, the test data for the rock and
soil parameters of the coal seam roof are often very limited,
and the statistical characteristics exhibit significant
variability and uncertainty. Consequently, evaluating the
reliability of the coal seam roof's rock and soil layers is
highly challenging. To accurately analyze the stability of
coal mine geotechnical engineering, it is typically necessary
to obtain comprehensive probabilistic information, which
involves acquiring the joint probability distribution of the
required parameters. Only through obtaining this joint
probability distribution can a scientifically reliable
functional function be constructed for the stability analysis.
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However, under the condition of small sample or even
missing survey data (Phoon 2020), the measured data with
large variability cannot truly describe the real marginal
distribution and correlation structure of coal mine
mechanical parameters, thus the joint probability density
distribution model cannot be further determined. Copula
method has been continuously used and developed in the
field of finance and hydrology (Embraechts et al. 1999,
Nelson 2006, Palaro et al. 2006, Salvadori and Michele
2007). It provides an effective method for solving the joint
probability distribution of mechanical parameters. The joint
probability distribution of parameters is converted into
marginal distribution function between parameters and to
select the Copula function connecting these parameters. A
joint probability distribution of uncertain geotechnical
parameters can be constructed by this method.

In the past decade, the application of copula theory to
reliability analysis research in geotechnical engineering has
been relatively rare. Huffman and Stuedlein (2014)
constructed the joint distribution of load-displacement
power-law curve parameters based on bivariate copula, and
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then proposed an empirical formula for calculating the load
resistance coefficient of reinforced clay strip foundation. By
constructing the joint probability distribution function of
shear mechanical parameters of vegetation slope and
establishing the dependence structure of ¢ and ¢ via copula
theory, Das et al. (2018) revealed that the slope stability
increases significantly with the increase of correlation.
Prakash et al. (2019) used multidimensional Gaussian
copula to analyze the density distribution function of soil-
water characteristic curve, and evaluated the stability of
unsaturated slopes. Based on copula entropy and mutual
information theory, Zheng et al. (2018) constructed a new
factor selection method, established a complete high dam
monitoring and uncertainty integration method system,
which improved the prediction accuracy in actual
monitoring projects. Ng et al. (2021) develops a new
method to generate copula-based rotated anisotropy random
fields for characterizing the spatial variability of soil
properties, and suggestions for potential failure of slope are
given for both failure probability and failure consequence.

At present, the research on parameter uncertainty is
developing in structural engineering (Soumya et al. 2015,
Minh and Jun 2021) and geotechnical engineering (Bulent
2017, Ramanandan and Dodagoudar 2020) on the basis of
deterministic analysis of mechanical parameters(Wang ef al.
2022, Zhang et al. 2022, Hosseini et al. 2023). The jointly
distributed random variables method can be used to solve
the problem of probability evaluation and engineering
reliability analysis. Johari et al. (2013) used the joint
distribution random variable method, and regarded the
density, elastic modulus and Poisson 's ratio as random
parameters to perform probability analysis and reliability
evaluation on the shear wave velocity relationship. In the
prediction of liquefaction potential, Johari et al. (2012) used
the joint distribution random variable method for
probability analysis and reliability evaluation of
liquefaction potential. In the reliability analysis of rock
slope stability, the joint distribution random variable
method is used to obtain that the friction angle of the sliding
surface is the most effective parameter in the stability of the
plane sliding rock slope. (Johari et al. 2015). In
geotechnical engineering, most of the current engineering
application research based on copula theory focuses on
slope reliability research (Li et al. 2010, Tang et al. 2020).

The research on correlated non-normal variables also
focuses on the impact of negative correlation on
engineering decision-making (Phoon et al. 2010). There are
few researches on the correlation parameters of coal mine
geotechnical engineering, especially based on the
background of small sample investigation and testing. In the
study of the stability of coal mine roof, the parameters are
often regarded as deterministic variables (Sherizadeh and
Kulatilake 2016, Lukasz and Tadeusz 2020, Kong et al.
2021, Zhang et al. 2021). At the same time, the stability of
geotechnical structure is often not caused by a single factor,
which needs to consider the correlation between multiple
parameters. Therefore, it is very essential to study the joint
probability distribution of uncertain mechanical parameters
of coal seam roof under small sample test data.

This study proposes a Copula method based on small

sample exploration and test data to construct the intensity
characteristics of roof geotechnical strata. The Copula
theory is systematically introduced and the construction
method of multidimensional Gaussian Copula is provided.
Based on small sample measured data, the goodness of fit
and simulation error of the four-dimensional Gaussian
Copula constructed using the Pearson method, Kendall
method, and Spearman methods are analyzed. The influence
of different Copula function structures on the fitting ability
of the original data is discussed. The results can provides an
important theoretical basis for the study of reliability
functional functions for roof structures.

2. Construction method
2.1 Copula theory

Sklar (1959) proposed the Copula method. The joint
probability distribution of parameters is converted into
marginal distribution function between parameters and to
select the Copula function connecting these parameters. It
can be simply summarized as follows

G(%, %+ %) =C(F (%), R (%), Fy (%)) =C (U, Uy, --u, ) (1)

where G(x; , x2) is the joint distribution; F(x;) and F(x,) are
the marginal distribution; u is equal to F(x;); v is equal to
F (X2).

According to Sklar, the construction of joint distribution
model requires two steps. Firstly, the marginal distribution
needs to be constructed for each random variable; secondly,
the copula function construction describing the correlation
between variables needs to be determined. These two parts
are independent steps, which is the advantage of copula
theory over the traditional multivariate joint distribution
construction method. The n-dimensional random vectors
can be transformed into n one-dimensional marginal
cumulative distribution functions and a copula function,
derived from Eq.(1)

fl,2,~»,n (X1l er"'lxn)
:lllaFia)((ixi ) . a"C, (R(x), Fz(xz) F, (xn))

i=1

where Fi(x1), Fa(x2), -, Fu(xa) are the one-dimensional
marginal cumulative distribution functions; C(uy,u2, **uy) is
the copula function.

Through Egs. (1) and (2), the multidimensional
distribution model of uncertain parameters can be
established. For the most common bivariate distribution
model, the joint probability distribution can be expressed as
follows

F(Xl,Xz):C(Fl()(l),FZ(XZ);9>=C(U1,U2;9) 3)
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f(Xl,Xz)ZD(Ul,UZ;H) f(x) f,(x,) “4)

where 6 is the correlation parameter.
2.2 Analytical method of small sample test data

2.2.1 Mechanical parameters

Preliminary exploration tests and laboratory tests are not
only of great significance for the assessment of potential
geological disasters in geotechnical engineering and the
stability of geotechnical structures but also provide
guidance for estimating reliability risks and formulating risk
plans. Rock mechanics parameters, including elastic
modulus, Poisson's ratio, bulk density, shear strength and so
on, can be obtained by sampling of geotechnical field and
test in laboratory. Among them, elastic modulus, Poisson 's
ratio, shear strength parameters (cohesion and internal
friction angle) are the most common and basic test data in
the geotechnical mechanical parameters. The statistical
value of the geotechnical data often plays a significant role
in the physical and mechanical properties. Existing
experimental studies have shown that two shear strength
parameters are statistically negatively correlated. (Baecher
and Christian 2003), but the correlation of geotechnical
mechanical parameters based on four mechanical
parameters has not been studied. Therefore, a four-
dimensional Gaussian copula joint probability distribution
model with four mechanical parameters needs to be studied.
Using Gaussian copula function to characterize the
correlation characteristic of mechanical parameters has
three advantages. Firstly, the Gaussian copula function can
be uniquely confirmed by calculating the marginal
distribution and correlation coefficient of uncertain
parameter. Secondly, Compared with other copula
functions, the correlation coefficient of Gaussian copula can
be obtained [-1,1]. It can better describe the positive and
negative correlation between variables. (3) After calculating
and determining the correlation parameters between
variables, the correlation parameter matrix can be obtained
to construct the Gaussian copula function.

2.2.2 Four-dimensional Gaussian copula method

Based on Sklar's theorem, the first step is to calculate
the optimal marginal functions for each parameter, and the
second step is to establish the coupled model with
multidimensional parameters. These two steps can be
performed simultaneously. In the first step, the research on
calculating the marginal distribution of each parameter has
been relatively mature. Therefore, the key to the model of
mechanical parameters lies in the construction of multi-
dimensional copula model. This section first introduces the
definition of multidimensional Gaussian copula, and then
constructs the method of multidimensional Gaussian copula
model. Thereafter, evaluates the fitting effect of three
methods in the joint probability distribution of uncertain
mechanical parameters.

(1) Function definition

D, (07 (1), @7 (u,), -, @ (u,);0) denotes the

cumulative probability density with mean value of 0 and

covariance matrix of 6. The covariance matrix is a semi-
positive definite matrix with values of 1 on the diagonal.
Then the cumulative probability density function of n-
dimensional Gaussian copula is (Cherubini ef al. 2004)

Croon (U Uy o,U,:0) = D, (@7 (1), @7 (), -+, @7 (4, );0)  (5)

where  x=®'(1;)(i=1,2,---,n). For  multidimensional
Gaussian copula, density function can be expressed as
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where X=(x1,x2,"*,xn) and x=®(u;)(i=1,2,-*-,n). They are
the multidimensional standard normal distribution variable
obtained by the inverse function transformation of
(ur,u2, "+ ,un); I is the unit matrix.

(2) Modeling methods

Similar to the bivariate case, the correlation coefficient
estimation methods of multidimensional Gaussian copula
are Pearson method, Kendall method and Spearman
method. Pearson correlation coefficient p can be expressed
as

_cov(%,.%,)

0,0,

p (N
where Cov(Xi,X2) represents the covariance of two
variables, o1, 0, are the standard deviation of two variables.

For the Gaussian copula, the Eq. (7) can be simplified as
follows

oo exp(£,¢,0) q
\/exp(gf) —1\/exp(§22) -1 ®)

where ¢,¢, represent the standard deviation when the

marginal distribution of X, X> is lognormal distribution.
When the measured data are known, the Pearson
coefficient p can be calculated by the equation below

> (% = %) (X = ;)
: : ©)
;(Xzi _Xz)

where (x1;,i=1,2,-*N),( x2;,=1,2,---,N) represent a set of
measured data of variables Xj, X respectively; N is the

" \/i(xn —xi)zJ

=1

samples; X, , X, are the mean value of each group of

samples respectively.

Compared with Pearson correlation coefficient, Kendall
correlation coefficient depends on the order, so Kendall
correlation coefficient remains unchanged when strictly
monotonically increasing or decreasing transformation is
performed. At the same time, Kendall correlation
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coefficient 7 and copula function parameter 6 have the
following relationship

f=4ISI:C(U1M2;ﬁ)dC(upuz:f))—l (10)

When the copula function is Gaussian copula, Eq. (10)
can be expressed as

0:sin[%xr] (11)

In engineering practice, when the measured data are
known, 7 can be obtained by the measured data X, X>

) ;sign[(xﬁ - xij)(xﬁ ‘ij)}

0.5N(N -1)

(12)

where i, j=1,2,---, N; sign[-] denotes the sign function. N
represents the total number in Eq. (11), the molecule
represents the difference between the consistent and
inconsistent combinations in the observation.

Spearman correlation coefficient represents the rank
consistency between any independent identically distributed
vector and sample population or distribution population.

The correlation of which is more similar to the
population. At the same time, the relationship can be
expressed as follows

1 el
yzlzjojoc(u1,u2;9)du1du2—3 (13)

When the copula function is Gaussian copula, Eq. (10)
can be expressed as

o=2sin( £/ (14)

In engineering practice, when the measured data are
known, Spearman correlation coefficient y can be obtained
from the equation below

r=p(F(X,),F(X,)) (15)

Combining Egs. (9) and (15), the Spearman correlation
coefficient can be obtained.

(3) Selection of the best copula

Select the suitable copula function to characterize the
correlation of mechanical parameters is the key to reliability
analysis of coal seam roof. In this section, the AIC criterion
and the BIC criterion, which can better judge the fitting
ability of copula function, are selected. The smaller AIC
and BIC can be regarded as the most appropriate function.

The AIC criterion (Akaike 1974) is defined as the sum
of the negative double of the logarithm of the probability
density of the copula function. It can be expressed as
follows

N
AIC=—23"InD(uy,uy;60)+ 2k (16)
i=1
where & is the number of copula function. (uii,u2i) is as
follows

_rank(x,)
YTON+L
_rank(x,)’
T UON+1

i=12,N 17

2i

where rank(-) represents the ascending order.

The BIC criterion (Schwarz 1978) is defined as the sum
of the negative double of the logarithm of the probability
density value of the copula function at the original
observation value of the variable and InN times the number
of copula function correlation parameters

N
BIC=—-2>"InD(uy,u,;0)+kInN (18)

i=1

3. lllustrative example
3.1 On-site exploration and test data samples

In this study, 176 sets of measured data of 31 coal mine
roofs in China were collected. Each set of data contains the
mechanical parameter information of geotechnical
parameters, including elastic modulus, Poisson 's ratio,
cohesion and internal friction angle. At the same time, the
176 sets of measured geotechnical data contain different
soil properties, characteristics of coal mines and regions.
The details are shown in Table 1. In Table 2, 176 sets of
data from 31 coal mines are displayed in detail. In these
data, the range of elastic modulus £ is 0.16 ~ 82.4GPa, the
range of Poisson 's ratio v is 0.08~0.44, the range of
cohesion ¢ is 0.17~25.6MPa, and the range of internal
friction angle ¢ is 14~40.8°. Because it is difficult to
express the correlation among multi-dimensional
geotechnical parameters directly by Gaussian graph, in
order to observe the correlation structure among
geotechnical mechanical parameters intuitively, it is
essential to express the correlation among each parameter
by bivariate graph. Therefore, the four mechanical
parameters selected in this section require six bivariate
graphics to fully characterize the correlation. In Fig. 1(a)-
1(f) are the measured distribution and empirical distribution
of Eand v, E and ¢, E and ¢, v and ¢, v and ¢, ¢ and ¢,
respectively. u1,us,us,us represent the empirical distribution
of E, v, ¢, g, respectively.

According to the scatter distribution characteristics in
the graph, the four parameters have different degrees of
correlation. The measured points in (b) and (f) have certain
correlation characteristics. Compared with the empirical
distribution, the empirical distribution of £ and ¢ is mainly
distributed near the 45° diagonal, which is basically
symmetrical about the diagonal, and there is a strong
positive correlation. The empirical distribution of ¢ and ¢ is
mainly distributed near the 135° diagonal, which is
basically symmetrical about the diagonal with a strong
negative correlation. The empirical distribution scatters in
(a), (c), (d), (e) are relatively evenly dispersed and have no
strong correlation. In addition, the empirical distribution
between each two parameters is basically symmetrical
about the diagonal, indicating that the measured
geotechnical mechanical parameters (E,v,c,p) have a
basically symmetrical correlation structure. Based on the
above 176 sets of measured data, four kinds of marginal
distribution types are selected to test the AIC of each
parameter by using Table 3, and the marginal distribution
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Table 1 Sample test data

Number Name of coal mine Goaf roof conditions Number of
data sets
1 Xiadian gold deposits, north China (Zhu 2019) inclined thick-large orebody 3
2 Xinpu phosphate deposit, Lianyungang City (Chen 2020) hard rock mass 4
3 Yuanjiacun iron mine, Shanxi (Niu 2013) Overburden goaf under open pif 5
boundary
4 104 regiment coal mine, Xinjiang (He 2020) steep coal seam mining area 13
5 Heilong coal mine, Shanxi (Guo 2019) water-sprinkling roof 3
6 Qingdong coal mine, Anhui (Meng 2018) hard roof 3
7 Cangshan iron mine, Shandong (Zhang 2010) hard rock stratum roof 3
8 Zhujiaba copper mine, Yunnan (Dong 2020) slightly inclined orebody 4
9 a coal mine in southwest China (Yang, 2018) compound roof 6
10 Shennanwa coal mine, Shanxi (Zhao et al. 2021) compound roof 12
11 a coal mine in Guizhou (Yu et al. 2020) compound roof 4
12 Shilawusu coal mine, Inner Mongolia (Qiu 2016) large section roadway roof 7
13 Xiaotun coal mine, Guizhou (Chen 2018) compound roof 4
14 Panbei coal mine, Anhui (Chi 2021) regenerative roof of large dip 9
angle coal seam
15 Huangyuchuan coal mine, Inner Mongolia (Wu 2016) layered roof 9
16 Huainan Panji mining area, Anhui (Shen 2020) deep coal-bearing rock series 14
17 Linsheng coal mine, Liaoning (Chen et al. 2021) hard roof of stse:;)g inclined coal 4
18 Jingcheng coal mine, Shanxi (Wu 2022) water-drenched surrounding 3
rock roof
19 Heilong coal mine, Shanxi (Guo et al. 2019) water-sprinkling roof 3
20 Datunsong mine, Yunnan (Shang 2018) complex orebody of large goaf 3
21 Zhaozhuang mine, Shanxi (Zhao 2020) compound roof 6
22 Dongdong coal mine, Shaanxi (Liu 2018) compound roof 6
23 Zhujixi coal mine, Anhui (Meng et al. 2017) compound roof 3
24 Shenzhou coal mine, Shanxi (Su 2013) extra-thick compound roof 6
25 Hengsheng coal mine, Shanxi (Li 2012) hard roof 2
26 Zhaozhuang mine, Shanxi (Li 2017) layered roof 4
27 East Kouzi coal mine, Anhui (Shen 2015) component roof 6
28 Baode coal mine, Shanxi (Dou 2021) thick coal-seam with hard roof 13
29 Shuangxin coal mine, InnerMongolia (Jiao 2021) soft roof 3
30 Sanjiaohe coal mine, Shanxi (Sun 2015) roof near fault 7
31 Ann hill coal mine, Shaanxi (Peng 2012) layered roof 4

AIC calculation results of each group of parameters are
shown in Table 4. As can be seen from Table 4, in the
statistical measured data, the marginal distribution type of
elastic modulus and cohesion are logarithmic normal
distribution, and the marginal distribution type of Poisson 's
ratio and cohesion are normal distribution. The calculation
results of Table 4 and the statistical values of the measured
data are sorted out. The results are shown in Table 5.

It can be analyzed from Table 5 that the coefficient of
variation of the four parameters is bulky. Among them, the
coefficient of variation of parameters X; and X; is above 1,
which reflects that the collected measured geotechnical data
have a wide range of sources, and the properties of coal
mine are quite different. The reasons for the large dispersion
of these data may be due to: (1) the number of samples
obtained by the survey test is little, and it is often more
arduous to obtain general patterns based on limited test
data, which makes the data results greatly variable. (2)
There are considerable types of roofs collected, and the
distribution of sources is uneven. Combined with Table 1, it
shows that most of the roof types are composite roofs, and
there are extensive types of rock strata. (3) Due to the errors
in the test process such as sample transportation and

laboratory tests. After constructing the marginal distribution
model of mechanical parameters, the multidimensional
Gaussian copula function is used to characterize the
correlation structure between the four parameters. Table 6
shows three correlation coefficient matrices calculated
using Pearson, Kendall, and Spearman methods
respectively.

It can be observed that the correlation between the
geotechnical mechanical parameters is different. For
example, there is a strong positive correlation between
elastic modulus £ and cohesion c; there is a strong negative
correlation between shear strength parameters ¢ and ¢,
which is also consistent with a large number of statistical
studies. There exists a positive correlation between Poisson
's ratio v and cohesion ¢, but the correlation is weak. The
negative correlation between the modulus of elasticity £
and the angle of internal friction ¢ is weaker than the
negative correlation between the shear strength parameters.
Similarly, Poisson's ratio v is weakly positively correlated
with the internal friction angle ¢, which is basically
consistent with the conclusion obtained in Fig. 1. However,
due to the different construction methods, the correlation
coefficient  between  elastic  modulus £  and
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Table 2 The specific value of mechanical parameters

Number E(GPa) v c¢(MPa) 9(°) Number E(GPa) v c(MPa) o(°)
1# 1.35 0.34 1.65 34 15# 8.72 0.42 5 33
1# 1.26 0.32 1.46 35 16# 42.6 0.35 4.54 29.68
1# 1.56 0.33 1.78 37 16# 27.6 0.13 3.13 30.88
2# 6.23 0.27 8.21 34.35 16# 34.38 0.18 3.77 30.68
24 3.51 0.18 5.56 32 16# 15 0.1 1.27 34.64
2# 5.01 0.22 6.89 30 16# 28.68 0.18 6.52 30.33
2# 3.7 0.21 4.6 30 16# 12.66 0.08 1.36 3423
3# 14.23 0.142 0.71 39.11 16# 36.09 0.16 5.84 30.92
3# 9.97 0.203 0.67 39.89 16# 60 0.4 11 25
3# 11.97 0.211 1.05 34.97 16# 4.24 0.08 1.09 37.86
3# 8.98 0.171 0.52 36.8 16# 232 0.2 4.3 31.78
3# 12.83 0.121 0.47 40.15 16# 36 0.4 16 20
4# 1.6 0.17 2.6 31.6 16# 15.73 0.22 2.87 32.98
44 0.16 0.27 1.33 31.8 16# 7.58 0.12 0.61 30.48
4# 1.6 0.17 2.98 30.8 16# 22.16 0.21 2.71 34.52
4# 0.15 0.21 1.28 33 17# 8.511 0.19 29 36
4# 1.76 0.17 3 40.5 17# 2.96 0.2 29 37
44 0.16 0.2 1.55 34 17# 5.811 0.2 11.5 33
4# 1.6 0.17 2.58 29.2 17# 5.364 0.24 6.4 25
4# 0.17 0.2 1.5 36.2 184# 12.1 0.28 9.41 31.6
4# 1.6 0.17 24 40.8 18# 7.95 0.17 0.17 36.7
44 0.16 0.24 1.59 35 18# 6.2 0.22 0.22 36.6
4# 1.6 0.17 2.58 38.8 19# 11 0.26 9.38 30.65
4# 0.16 0.2 1.54 36 19# 8.23 0.18 5.44 23.77
4# 1.1 0.21 23 375 19# 6.15 0.21 4.13 20.84
5# 11 0.26 9.38 30.65 20# 3.6 0.114 0.185 38.11
5# 8.23 0.18 5.44 23.77 20# 9.08 0.248 0.322 37.69
5# 6.15 0.21 4.13 30.84 20# 7.58 0.161 0.286 32.71
6 12.55 0.18 4.41 29.57 214# 14.72 0.39 225 32
o 22.35 0.16 5.25 28.86 21# 36.43 0.28 4.63 26
6 3.49 0.22 0.52 329 21# 58.56 0.24 12.09 28
TH# 37.16 0.22 13.66 31.5 21# 25.6 0.23 18.41 26
TH# 37.49 0.21 12.64 31.6 21# 74.35 0.22 21.75 23
T# 44.23 0.18 13.93 28 21# 19.21 0.18 15.36 17
8# 8.34 0.24 0.512 37.1 22# 19.5 0.2 2.75 28
8i# 6.69 0.33 0.41 38.02 22# 8.75 0.26 1.2 36
8t 12.87 0.29 0.84 36.22 22# 0.99 0.31 1 35
8# 18.42 0.25 0.59 36.88 22# 1.5 0.33 2.6 39
9# 0.445 0.33 2 35 22# 5.8 0.28 49 252
O# 1.938 0.32 2.5 28 22# 5.99 0.2 4 37
o# 0.445 0.33 2 35 23# 70.5 0.21 9.52 29.51
9# 1.635 0.32 2.5 28 23# 59.7 0.25 5.67 30.36
9# 0.445 0.33 2 35 23# 4.52 0.26 0.6 35
O# 0.926 0.32 2.5 28 24# 2.898 0.24 2.49 21.06
10# 27.69 0.29 6.86 34.17 244# 6.965 0.25 6.02 25.82
10# 34.63 0.18 11.61 34.32 24# 4.967 0.22 8.38 22.73
104 29.56 0.32 7.65 37.21 24# 2.684 0.31 3.7 23.77
104 39.79 0.37 12.04 31.22 24# 4.729 0.24 2.85 26.62
10# 3.49 0.38 0.85 35.88 244# 1.395 0.24 7.03 27.52
10# 22.59 0.23 5.74 37.09 25# 16.028 0.11 15.74 20
104 34.6 0.18 17.03 22.42 25# 50.226 0.34 18.46 18.5
104 22.59 0.23 5.74 37.09 26# 74.35 0.22 21.75 18
10# 3.49 0.38 0.85 35.88 26# 58.56 0.24 12.09 28
10# 22.59 0.28 12.04 26.3 26# 36.43 0.28 4.63 26
104 34.6 0.18 22.56 21.5 26# 14.72 0.39 225 22
104 34.6 0.12 10.38 30.7 27# 4.6 0.25 2 25
11# 4.038 0.28 243 23 27# 11.62 0.3 5 35
11# 1.938 0.32 10.8 30 27# 4 0.2 1.4 23
11# 1.635 0.32 10.8 25 27# 3.1 0.2 0.8 20
11# 0.926 0.32 10.8 25 27# 9.83 0.3 35 32
12# 10.85 0.147 2.5 27 27# 5.6 0.25 25 29
12# 334 0.235 32 30 28# 6.03 0.22 1.18 35
12# 5.425 0.147 2.5 27 284# 243 0.31 0.5 34
124 19.5 0.2 3.1 32 28# 6.03 0.22 1.18 35
12# 17.7 0.204 2 30 28# 6.03 0.22 1.18 35
12# 5.425 0.147 2.5 27 28# 10.45 0.3 0.7 36
12# 5.425 0.147 2.5 27 284# 16.9 0.22 1.18 35
13# 4.038 0.28 53 33 28# 20.8 0.17 3.8 33
13# 1.938 0.32 2.5 30 28# 6.03 0.22 1.18 35
13# 3.835 0.29 2.5 30 28# 243 0.31 0.5 36
13# 1.926 0.32 2.5 30 284# 10.45 0.3 0.7 36
14# 9.5 0.28 1.2 30 28# 243 0.31 0.5 36
14# 18 0.18 2.6 28 28# 10.45 0.3 0.7 36
14# 9.5 0.28 1.2 30 28# 15.15 0.17 0.7 36
14# 15 0.2 24 35 20# 6.28 0.24 3.16 25.6
14# 18 0.18 2.6 28 20# 4.71 0.32 243 353
14# 9.5 0.28 1.2 30 20# 2.15 0.21 221 243
14# 9.5 0.28 1.2 30 30# 10.6 0.3 32 32
14# 18 0.18 2.6 38 304 8.2 0.23 32 27
14# 9.5 0.28 1.2 30 30# 82.4 0.3 26 16
15# 25.5 0.21 13.1 14 30# 48.1 0.2 11.5 27
15# 22.8 0.19 59 30 30# 7.1 0.32 5 30
15# 23.6 0.17 11.8 15 304 7.2 0.23 32 25
15# 21.7 0.17 9.6 26 30# 8.2 0.23 32 31
15# 36.3 0.44 9.6 23 31# 252 0.27 15.5 20
15# 5.19 0.24 4.1 34 31# 26.2 0.29 17.5 22
15# 45.7 0.3 49 35 31# 17.5 0.26 25.6 17
15# 11.6 0.43 8.4 35 31# 5.2 0.39 4.6 28

measured data empirical distribution
Poisson 's ratio v has both positive and negative values, methods. Therefore, to further study the correlation
indicating that there is a certain uncertainty in the structure between the four-dimensional mechanical

characterization of the correlation of different construction

parameters and the multi-dimensional joint distribution
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Fig. 1 Measured mechanical parameters and empirical distribution
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Fig. 1 Continued-
Table 3 Statistical distribution functions
T mean value g,
distribution type F(x) f(x) variance o?
2
X—p 1 (x—p) u=p
Normal o — X €X
[ q j 27 p{ 2q° c’=q°
p=exp(p+05q°)
Inx—p 1 (Inx—p) ) )
Lognormal o —— xexp| — o’ =|exp(g®)-1
? ( q } a2 { 2q° [xo(a)-1]
xexp(2p+q°)
@/ a)exp[ (x—p)/q] 1= p+05772q

Extreme value type | 1—exp{—exp[—(x— p)/ q]}

o' "3)

Gamma

o’ =7*9*16

xexp[ —exp(x—p)/q]
H=Pq
o’ = pg’

Xp—le—x/q

r'(p)qg”

Note: @(+) is the standard normal distribution function; Y() is a low order incomplete gamma function; F() is a gamma function

model are of great significance. By calculating the
correlation coefficient matrix obtained by the three
construction methods, the Gaussian copula model can be
constructed by using the Egs. (8), (11) and (14). The AIC
and BIC criteria are used to calculate the fitting effect of the
copula model. The correlation parameter matrix and AIC
and BIC values of the Gaussian copula under the three
construction methods are calculated as shown in Table 7
below. When using the Pearson method to calculate the
correlation parameters, due to the solution and iteration of

the double integral, in order to reduce the calculation cost,
the marginal distribution of the parameters X> and Xj is
regarded as the lognormal distribution consistent with X,
and Xz, and the Eq. (14) is used to calculate the correlation
parameters.

Table 7 shows that the AIC and BIC of the correlation
parameter matrix calculated by the Pearson method are
419.2 and 438.22; the fitting effects of the two rank
correlation methods are similar. The AIC and BIC values of
the Kendall method are 74.84 and 93.86 respectively, which
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Table 4 AIC value of different marginal distribution

609

distribution type Xi=E Xa=v Xs=c Xa=g¢
Normal 1487.6 -260.5 1105 1113.8
Lognormal -476.2 40850 -422 4261.1
Extreme value 1845.9 — 14235 1140.2
type |
Gamma 13824 652.3 3062.6 10993
Table 5 Geomechanical parameters distribution and statistical characteristics
parameters mean value variance coefficierétoo:‘/variation distribution type
X1=E(Gpa) 14.926 268.232 1.097 Lognormal
Xo=v 0.248 0.013 0.46 Normal
Xs=c(MPa) 5.236 30.509 1.055 Lognormal
Xa=¢(°) 30.569 32.069 0.185 Normal
Table 6 Correlation coefficient matrices
correlation parameters correlation coefficient matrix
1 0.063 0.618 -0.359]
. 0.063 1 0.082 -0.096
Pearson correlation parameters p 0618  0.082 1 0,632
|-0.359 -0.096 -0.632 1]
1 -0.087 0.342 -0.173]
. —0.087 1 0.028 -0.020
Kendall correlation parameters z 0342 0028 1 0425
| -0.173 -0.020 -0.425 1 ]
1 -0119 0434 -0.255]
. -0.119 1 0.050 -0.022
Spearman correlation parameters y 0434 0.050 1 0573
| -0.255 -0.022 -0.573 1]
Table 7 Four-dimensional Gaussian Copula model and goodness of fit
constructive method correlation coefficient matrix AlC BIC
1 0.081 0.702 —0.465]
0.081 1 0.103 -0.103
Pearson method 419.2 438.22
0.702 0.103 1 —-0.83
| -0.465 -0.103 -0.83 1 ]
1 -0.136  0.512 -0.268]
Kendall method 0136 10044 -0.031 74.84 93.86
0512 0.044 1 -0.619
|-0.268 -0.031 -0.619 1 ]
[ 1 -0124 045 -0.266]
-0.124 1 0.052 -0.021
Spearman method 83.39 102.41
0.45  0.052 1 -0.591
| -0.266 -0.021 -0.591 1]

is the optimal construction method. The AIC and BIC
values of the Spearman method are 83.36 and 102.41
respectively. The two rank correlation coefficient
construction methods are significantly superior than the

Pearson method. The reason for the difference between the
applicability evaluation conclusion of the construction
method of the common copula model and other copula
models is that when the Pearson linear correlation
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Fig. 2 Empirical distribution of measured parameters (£,
method, (b) Kendall method and (c) Spearman method
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Fig. 4 Original distribution of measured parameters (E,c) and simulated variable X. (a) Pearson method, (b) Kendall

method and (¢) Spearman method

coefficient is used to construct the Gaussian copula, the
correlation parameters obtained are not only related to
thecorrelation coefficient matrix, but also related to the
parameter marginal distribution function. When the copula
model is constructed by the Pearson method, the parameter
X> and X; marginal parameter distribution is also
approximately regarded as the lognormal distribution, so the
model constructed by the Pearson method has a large error.

In addition, the error of the Pearson method is further
enlarged due to the fact that the Pearson method solves for
the correlation parameter without an explicit analytical
expression, and can only be solved by a complicated double
integration.

3.2 Multidimensional joint distribution

After establishing the distribution model of mechanical
parameters, this section will simulate the multidimensional

joint distribution model based on the model. First, the
probability value of each parameter under the standard
uniform distribution is generated, that is, Ui=Fi(X;); Then
the simulated variable U=Fi(X;) is mapped to the original
space according to the principle of equal probability
transformation to obtain the simulated sample Xi=Fi(U;)
which obeys the four-dimensional Gaussian copula. Since
the bivariate graphs convey similar information effects, two
sets of parameters with strong positive correlation (E,c) and
strong negative correlation (c,p) are selected in this section
to compare the fitting effects of the four-dimensional
Gaussian copula model under disparate construction
methods. The Monte-Carlo method is used to simulate 1000
samples. Figs. 2 and 3 show the scatter plots of the standard
uniform distribution variable U under the three construction
methods. The black solid dots represent the empirical
distribution points of the measured data, and the black
hollow dots represent the simulated sample points.



A Copula method for modeling the intensity characteristic of geotechnical strata of roof based on small sample test data

611

.

3
L L

L Lo L
25 30 35 40 45 50

¢ (MPa)

L L
25 30 35 40 45 50
¢ (MPa)

25
¢ (MPa)

Fig. 5 Original distribution of measured parameters (c, ¢) and simulated variable X. (a) Pearson method, (b) Kendall

method and (c) Spearman method

Table 8 Simulation error of Pearson correlation coefficient under different construction methods

constructive method  pu Calculated by Simulated Variable U px Calculated by Simulated Variable X |,0X —p|
o1 0.083 0671 -0.425] 1 0.090 0615 -0.390]
p thod 0.083 1 0.138 -0.147 0.090 1 0.127 -0.157 [0.003,
earson metho 0671 0138 1 0817 0615 0127 1  -0701 0.069]
|-0.425 -0.147 -0.817 1 |-0.390 -0.157 -0.701 1 ]
1 0057 0482 -0.290] [ 1 0057 0482 -0.289]
0.057 1 0.093 -0.099 0.057 1 0.093 -0.099 [0.004,
Kendall method 0482 0093 1  -0.620 0482 0093 1 0620 0.136]
|-0.290 -0.099 -0.620 1 |-0.289 -0.099 -0.620 1 ]
1 0.073 0625 -0.360] 1 0.065 0593 -0.355]
0.073 1 0.109 -0.107 0.090 1 0.144 -0.147 [0.002,
Spearman method 0625 0100 1  -0.751 0593 0144 1  -0.802 0.170]
|-0.360 -0.107 -0.751 1 -0.355 -0.147 -0.802 1
Table 9 Simulation error of Kendall correlation coefficient under different construction methods
constructive method zu Calculated by Simulated Variable U x Calculated by Simulated Variable X \px - p\
[ 1 -0.128 0494 -0.213] 1 -0.128 0494 -0.213]
-0.128 1 0.050 -0.038 -0.128 1 0.050 -0.038 [0.018,
Pearson method 0494  0.050 1 _0583 0.494  0.050 1 -0.583 0.158]
—0.213 -0.038 -0.583 1 |-0.213 -0.038 -0.583 1
[ 1 -0.084 0.341 -0.144] 1 -0.084 0.341 -0.144]
—0.084 1 0.035 -0.025 -0.128 1 0.035 -0.025 [0.001,
Kendall method 0341 0035 1  -0.409 0341 0035 1  —0.409 0.029]
—0.144 -0.025 -0.409 1 | -0.144 -0.025 -0.409 1
[ 1  -0109 0.340 -0.193] 1 -0.109 0340 -0.193]
—-0.109 1 0.061 -0.033 —-0.109 1 0.061 -0.033 [0.002,
Spearman method 0460 0061 1  —0.498 0460 0061 1  -0.498 0.073]
-0.193 -0.033 -0.498 1 | -0.193 -0.033 -0.498 1

In the simulation data of the parameter group (£, ¢) with
obvious positive correlation and the parameter group (c, @)
with negative correlation. The sample points simulated by
Pearson method are concentrated in the diagonal area, and
there are still many measured solid points scattered outside
the simulation area. The areas covered by the black hollow
simulation points simulated by the two rank correlation
coefficient methods are significantly larger than that of the
measured solid points, which have better fitting ability.

Figs. 4 and 5 show the scatter plots of the relevant
standard uniform distribution variable X under the three
construction methods. The black solid dots represent the
measured data points, and the blue hollow dots represent the
simulated sample points in the original space after equal
probability transformation. From the information obtained
from Figs. 4 and 5, it can be observed that the distribution
of the simulated sample points constructed by the three
methods is mainly concentrated in the dense area of the
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Table 10 Simulation error of Spearman correlation coefficient under different construction methods

constructive method yu Calculated by Simulated Variable U yx Calculated by Simulated Variable X | Px — p|
1 -0.084 0.302 -0.147]] 1 -0.084 0302 -0.147]
—-0.084 1 0.072 -0.030 -0.084 1 0.072 -0.030 [0.008
P h Pty
earson method 0.302 0.072 1 —-0.475 0.302 0.072 1 —0.475 0.132]
| -0.147 -0.030 -0.475 1 ] |-0.147 -0.030 -0.475 1 |
1 -0.125 0.395 -0.217]] 1 -0.125 0.395 -0.217]]
-0125 1 0106 -0.045 -0125 1 0106 -0.045 [0.006
Kendall method '
endafi metho 0.395 0.106 1 -0.539 0.395 0.106 1 —-0.539 0.056]
|-0.217 -0.045 -0.539 1] |-0.217 -0.045 -0.539 1|
[ 1 -0105 0.440 -0.270] 1 -0105 0440 -0.270]
Soearman method -0105 1 0.050 -0.039 0105 1 0050 -0.039 [0.000,
P 0.440 0.050 1 -0.562 0.440 0.050 1 —0.562 0.017]
|-0.270 -0.039 -0.562 1 |-0.120 -0.039 -0.562 1]
Table 11 The correlation parameter 6 calculated by different Copula functions
parameter Gaussian Plackett Frank Clayton No.16
(E, c) 0.512 8.863 3.290 1.040 —
(, 9) -0.619 0.142 -4.516 — 0.022
measured points, especially near the mean value of the Kendall method is the smallest among the three

parameters. However, there are still a certain number of
black measured points falling outside the simulation area in
the results obtained by the Pearson method. Compared with
the Pearson method, the sample X distribution simulated by
the two rank correlation coefficient methods is more
accurate, reflecting the superiority of the rank correlation
coefficient method. After obtaining the Gaussian copula
simulation sample U and its distribution sample X in the
original space, Tables 8-10 show the Pearson, Kendall and
Spearman of the simulation sample U and the partial sample
X of the original space under each construction method,
then calculate the simulation error of each method.

Table 8 shows that there is still a certain gap between
the Pearson correlation coefficient of the simulated sample
and original observation data. The gap between the
simulated variable U and the simulated variable X is also
gargantuan. This is because when the simulated variable U
is transformed into the original space with equal probability,
its parameter marginal distribution also changes. From the
difference between the simulated variable X and the
measured data, it appears that the Pearson correlation
coefficient obtained by the Pearson method under the three
construction methods is the best, and the simulation error is
an order of magnitude smaller than the other two rank
correlation methods. The simulation effect of the two rank
correlation methods is similar, and the Spearman method is
slightly better than the Kendall method. From Tables 9 and
10, it is evident that the Kendall and Spearman calculated
by the three construction methods under uniform
distribution are the same as those calculated in the original
space. This is owing to the rank of the samples is consistent
in both the uniform distribution space and the original space
when the rank correlation coefficient is calculated. For the
Kendall correlation coefficient 7, the simulation error of the

construction methods. The second is the Spearman method,
the order of magnitude of the error is consistent with the
Kendall method. The Pearson method with the largest error
is one order of magnitude larger than the rank correlation
method. For the Spearman rank correlation coefficient y, the
construction method with the smallest simulation error is
the Spearman method. The second is the Kendall method,
whose error order of magnitude is consistent with the
Spearman method. The largest simulation error is the
Pearson method, whose simulation error is an order of
magnitude larger than the rank correlation method.
Therefore, considering the three correlation coefficients, the
simulation error is the smallest when the construction
method consistent with the correlation coefficient is used.
The simulation errors of the two rank correlation methods
are relatively close, and the error range of the Pearson
method is larger when simulating different correlation
coefficients.

3.3 Influence of different copula functions

3.3.1 Correlation characteristic

In order to quantitatively compare the influence of
copula functions on the positive and negative correlation
between parameters, Gaussian copula, Plackett copula,
Frank copula, Clayton copula and No.16 copula are selected
as alternative copula to test the influence on the correlation
structure between parameters. Table 11 calculates the
correlation parameter values of the two sets of parameters
under different copula functions, then uses the AIC criterion
to calculate the AIC values of the two sets of parameters.
Date in Table 12 suggest that the Gaussian copula function
in the positive and negative two sets of parameters is the
optimal copula function identified. The AIC value of the



A Copula method for modeling the intensity characteristic of geotechnical strata of roof based on small sample test data 613

Table 12 AIC values calculated by different Copula functions

parameter Gaussian Plackett Frank Clayton No.16
(E, c) -46.043 -14.851 -43.353 23.445 —
(c 9 -76.789 -71.699 -69.738 — -18.602
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Fig. 6 Gaussian copula fitting ability. (a) negative

correlation variation curve and (b) positive correlation

variation curve

Frank copula function between (F,c) parameters is
slightly larger than that of the Gaussian copula. The AIC
values calculated by Plackett copula and Frank copula
between (c,p) parameters are clearly close to the AIC values
calculated by Gaussian copula. As a copula function which
can describe the positive and negative correlation between
parameters, Gaussian copula still has good universality and
stability. Therefore, in engineering practice, when selecting
copula function for positive correlation parameters and
negative correlation parameters, it is indispensable to carry
out actual calculation to determine the final copula function,
and Gaussian copula cannot be simply selected as the
optimal copula.

3.3.2 Fitting ability

In view of the value range of the relevant parameters of
different copula functions is diverse, in order to consider the
fitting effect of different copula functions with strong
correlation and weak correlation, this section calculates the

1 2 3 4 5 6 7 8 9 10
correlation parameter

Fig. 7 Plackett copula fitting ability curve with positive
correlation. (a) 6 from 0 to 100 and (b) 8 from 1 to 10

AIC value of the correlation parameters of the selected
bivariate copula function under the condition of modeling
measured data. The calculation results are shown from Figs.
6 to 12. As detailed in these figures, the fitting ability of
disparate copula functions varies significantly with the
change of correlation. In Fig. 6, the fitting ability of
Gaussian copula increases exponentially with the increase
of correlation when the parameters are positively or
negatively correlated. The deformation curve of the fitting
ability of the parameters with positive correlation and
negative correlation shows obvious symmetry about 6=0.
As can be seen in Fig. 7, the Plackett copula positive
correlation fitting ability curve increases first and then
decreases with the increase of positive correlation. Besides,
the fitting ability reaches the peak when 6 is between 3 and
4. From Fig. 8, it can be observed that the negative
correlation fitting ability curve of Plackett copula shows a
trend of increasing first and then decreasing with the
increase of negative correlation. Additionally, the fitting
ability reaches the peak near 6=0.15. The fitting ability of
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Fig. 8 Plackett copula fitting ability curve with negative
correlation. (a) € from 0 to 1 and (b) € from 0.05 to 0.5

Frank copula increases and then decreases with increasing
correlation for both positive and negative parameter
correlation in Figs. 9 and 10. The optimal fitting ability is
near 6=3 and 6=-4.5, respectively. In Fig. 11, the positive
correlation fitting ability deformation curve of Clayton
copula increases first and then decreases with the increase
of positive correlation. When 6 is between 0.3 and 0.4, the
fitting ability reaches the peak. From Fig. 12, it is evident
that the fitting ability of No.16 Copula, which has the
superiority in characterizing the negative correlation
between parameters, weakens as the negative correlation
increases.

Therefore, on account of the positive correlation
parameter group in the joint distribution model of
geotechnical mechanical parameters, the results obtained
from section 3.3.1 show that the fitting effect of Gaussian
copula and Frank copula is superior, among which the
Gaussian copula correlation parameter is 0.512. Comparing
the positive correlation fitting ability curve of Fig. 6, it is at
a good level of fitting effect in the whole positive
correlation region. When the correlation parameters are
close to 1.0, the fitting effect of Gaussian copula will be
better; The correlation parameter of Frank copula is 3.29,
which is located near the optimal value of the fitting effect.
Furthermore, the fitting effect is outstanding. However, the
fitting ability will be weaker and weaker by continuously
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Fig. 9 Frank copula fitting ability curve with positive
correlation. (a) 8 from 0 to 35 and (b) 8 from 0 to 10

enhancing the positive correlation. Meanwhile, the gap with
the fitting ability of Gaussian copula will be further
expanded. For Plackett copula, the correlation parameter is
8.863, which is in the weak fitting ability area. When the
parameters with stronger correlation are used, the fitting
ability will continue to decrease. The worst-fit Clayton
copula function is similar to the Plackett copula. As the
parameter correlation increases, its fitting ability continues
to decrease, and the overall fitting ability is the worst
compared to other selected copula functions. For the
negative correlation parameter group in the joint
distribution model of coal mine geotechnical mechanical
parameters, the results obtained from section 3.3.1 reveals
that the fitting effects of Gaussian copula, Plackett copula
and Frank copula are brilliant. The Gaussian copula
correlation parameter is -0.619. When the negative
correlation continues to increase, the fitting effect of
Gaussian copula will show better fitting ability. The
relevant parameters of Plackett copula and Frank copula are
near the optimal fitting value, and the fitting effect is great.
However, when the negative correlation is strengthened, the
fitting ability will be weaker than Gaussian copula; No.16
copula has the worst fitting ability. Moreover, further
enhancing the negative correlation will weaken its fitting
ability.
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4. Conclusions

In this study, a Copula method based on small sample
exploration and test data to construct the intensity
characteristics of roof geotechnical strata is proposed.
Based on 176 sets of measured data of 31 coal mine roofs in
China, the goodness of fit and simulation error of the four-
dimensional Gaussian Copula constructed using the Pearson
method, Kendall method, and Spearman methods are
analyzed. The influence of different Copula function
structures on the fitting ability of the original data is
discussed. The main conclusions are as follows:

(1) The joint probability distribution model can
highlight the advantages of the Copula function while
independently constructing the marginal distributions of
each parameter. When constructing the marginal
distributions of parameters, it does not necessarily follow
the traditional normal distribution. This provides an
effective approach for studying the uncertainty of roof
geotechnical parameters.

(2) The simulation effects of different Gaussian Copula
construction methods vary, and the Pearson method exhibits
better fitting results in constructing correlation parameters.
The reason for this may be that when calculating the
construction of correlation parameters, all parameters are
treated as a unified log-normal distribution, leading to
certain inaccuracies.
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(3) The Kendall rank correlation method and the
Spearman rank correlation method have similar simulation
errors. In practical use, it is important to be cautious about
the uncertainty issue of the Pearson method. Rank
correlation methods have the advantages of good
universality, good fitting effect, and small variation in
simulation errors. In practical engineering applications, rank
correlation methods can be given priority consideration.

(4) Gaussian Copula performs well in fitting the
correlation structure of commonly used Dbivariate
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parameters, but its errors are relatively small compared to
other bivariate Copula functions. In practical engineering
applications, it is necessary to verify and assess the
correlation structure between parameters in order to select
the optimal Copula function that can effectively represent
the correlation between parameters.

(5) For the bivariate Copula fitting ability of coal mine
geotechnical strength parameters, when the correlation is
strong, Gaussian Copula demonstrates the best fitting
ability. Other Copula functions that show good fitting
effects perform well in the region of fixed correlation
parameters. These rules should be taken into account when
selecting the optimal Copula after obtaining relevant
parameters in practical engineering
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