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1. Introduction 
 

Stress and deformation analysis of the structures are 

used as necessary requirement before failure analysis and 

yield criterial analysis of the structures. The stress and 

strain analyses of the cylindrical shell subjected to pressure 

are very important for designer of this structures. The main 

problem in stress and strain analysis of the structures is 

predicting the effect of boundary conditions on the elastic 

responses. The cylindrical shells are used in various 

industrial applications such as chemical reactors, weapon 

instruments and aerospace technologies. For accurate 

modeling the cylindrical shell, the shear deformation theory 

should be used. In this work, a higher-order shear 

deformable model is used for more accurate modeling the 

shear stress and strain at both ends of the cylindrical shell 

with clamped-clamped boundary conditions. Although there 

are some important works on the vibration analysis of 

cylindrical shell (Mercan and Civalek 2019, Civalek et al. 

2021, Arefi and Civalek 2020), however there is no 

comprehensive work on the stress, strain and deformation 

analysis using the analytical methods.  

Li et al. (2008) studied elastic responses of a pressure 

vessel subjected to internal blast loading. The bending and 

membrane configurations of vibration responses have been 

discussed analytically. The nonlinear in plane results of the 

shell was analyzed using the FEM. Shah et al. (2010) 

developed a theoretical work on the vibration responses of a  

functionally graded cylindrical shell resting on elastic 

foundation based on wave propagation method. Ma et al.  
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(2008) developed an experimental analysis for elastic 

buckling analysis of bionic cylindrical shells using three-

point bending test for computation of elastic moduli. The 

results of the bionics were compared with the finite element 

responses. As a results, 124% increase in load capacity was 

obtained. Huang et al. (2021) investigated effect of several 

dispersions of graphene nanoplatelets on the 

thermomechanical responses of the closed cylindrical shells 

subjected to various thermal boundary conditions. Effect of 

both hemispherical shell at the end of cylindrical shell was 

included in the analysis. Jin et al. (2013) studied free 

vibration responses of a laminated composite cylindrical 

shell subjected to general elastic boundaries and various 

laminations. Significance of the Fourier series was 

developed in the solution procedure. The problem was 

solved using Rayleigh–Ritz procedure. The results have 

been extended with changes of boundaries stiffness and 

various laminations. Karam and Gibson (1995) developed 

an experimental work on the elastic buckling responses of 

the cylindrical shells on the rubber made of silicone 

considering cores made of compliant foam using four-point 

bending test and uniaxial compression. Some applications 

of nanomaterials in fluid dynamics and heat transfer may be 

observed in the (Abbas et al. 2020, Maouedj et al. 2021, Hu 

et al. 2021, Liaquat et al. 2021, Ramesh et al. 2020, Nazeer 

et al. 2021, Ha et al. 2020, Chu et al. 2020 a, b, Chung et 

al.  2021, Waqas et al. 2020, Ge-JiLe et al. 2021, Khan et 

al. 2022, Adnan et al. 2020, Ikram et al. 2022, Rasool et al. 

2022, Nazeer et al. 2022, Ibrahim et al. 2021).   

Loy and Lam (1999) used layerwise methodology for 

free vibration investigation of the circular shells based on 

3D elasticity theory with SS and CC boundary conditions. 

Division method was used for solution of the problem in 

which trigonometric functions have been employed for 

description of deflection along the thickness direction. 
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Akbari Alashti and Khorsand (2011) studied effect of 

thermal and mechanical loads on the thermoelastic 

responses of FG shells using differential quadrature method. 

The shell was integrated with piezoelectric layers. Arefi et 

al. (2021) used a theoretical two dimensional method for 

elastic analysis of graphene nanoplatelets reinforced 

cylindrical pressure vessel based on a shear deformable 

model. The results were presented for different dispersions 

of reinforcement. Sofiyev and Kuruoglu (2013) studied 

torsional vibration and stability analyses of the functionally 

graded cylindrical shell resting on an elastic foundation 

using the Galerkin’s approach. Chen et al. (2013) used 

Fourier series method for dynamic responses of cylindrical 

shell with nonuniform boundary conditions. Rayleigh–Ritz 

technique was used to obtain unknown coefficients. 

Accuracy of the method was performed through comparison 

with FE results. Santos et al. (2009) studied free vibration 

responses of functionally graded cylindrical shell using a 

semi analytical finite element method and three dimensional 

linear elasticity theory. Karam and Gibson (1995) presented 

an elastic analysis on the elastic buckling analysis of 

cylindrical shell with elastic core. Ghannad et al. (2013) 

employed a shear deformable model for analytical elastic 

analysis of a CC cylindrical shell with variable thickness 

using matched asymptotic method and perturbation 

technique. The trueness of the results has been confirmed 

through comparison with finite element results. Xuyuan et 

al. (2020) employed an improved unified version of 

Rayleigh-Ritz method for damping/vibration characteristics 

of thin shell with short length composed of viscoelastic 

damping materials based on Donnell’s shell theory. 

Soldatos (1994) summarized a review work on the three 

dimensional dynamic responses of circular cylindrical shell 

made of composite materials based on analytical methods 

and finite element approach. The buckling and stability 

analyses of the shell and plate structures of advanced 

materials was studied by Huang et al. (2021). Wave 

propagation characteristics of functionally graded materials 

was studied by Tahir et al. (2022) and Liu et al. (2022). 

There are some important works on the new material and 

structures applicable in advanced technologies reported by 

Bai et al. (2022, 2023), Shi et al. (2023), Luo et al. (2023), 

Sun et al. (2023a, b), Hao et al. (2022), Lu et al. (2022), Shi 

et al. (2023), Zhang et al. (2022), Li et al. (2022, 2023), Wu 

et al. (2023), Tian et al. (2023 a, b), Ren et al. (2022), Guo 

et al. (2022), Fu et al. (2020), Yang et al. (2022), Yu et al. 

(2023), Zhang et al. (2021). Effect of gradation of material 

properties and porosity was studied on the vibration and 

bending responses of advanced materials and structures by 

Kouider et al. (2021); Rachid et al. (2022). 

Safarpour et al. (2020) developed elasticity theory for 

three dimensional static/dynamic analyses of graphene 

nanoplatelets reinforced truncated conical shell with various 

boundary conditions. Numerical solution of the governing 

equations was obtained using DQM and state-space 

technique. Ma et al. (2017) developed modified Fourier-

Ritz approach for solution of cylindrical shell including 

annular plates at a definite length location with various 

boundary conditions. The results have been presented in 

terms of axial location of the annular plates. Haywood 

(1958) studied effect of a pressure pulse on the dynamic 

responses and model analysis of an elastic cylindrical shell. 

Brooks (1987) presented elastoplastic analysis of a 

pressurized cylindrical shell based on Tresca yield criteria. 

It was expressed that the plasticity is often occurred near the 

ends of segment where bending stresses are very important. 

Foroutan et al. (2019) developed an analytical approach for 

free vibration responses of cylindrical shell reinforced with 

spiral segments resting on linear and nonlinear foundation 

with damping force. The governing equations of motion 

were solved using Galerkin’s technique. Von Karman 

nonlinearity was included in the governing equations. 

Kushnir et al. (2021) used refined theory of the shells for 

thermoelastic analysis of short length cylindrical shell with 

accounting out of plane shear strains using Laplace 

transformation technique and Fourier method. Mehditabar 

et al. (2018) employed coupled differential quadrature as 

well as finite difference method for transient thermoelastic 

analysis of a smart cylindrical shell subjected to centrifugal 

force.  

Recent works on the analysis of cylindrical pressure 

vessels were studied with focus on the higher-order shear 

deformation theory. The main contribution of this paper is 

modeling the shear deformation and stress at the clamped 

boundaries using the two-variable sinusoidal shear 

deformation theory with accounting thickness stretching 

functions responsible for strain along the thickness 

direction. This paper investigates effect of clamped-

clamped boundary conditions on the longitudinal variation 

of various stress and deformation components specially 

shear stress using Eigenvalue-Eigenvector method. The 

governing equations are derived using virtual work 

principle. The stress, strain and deformation results will be 

presented along the longitudinal and radial directions. 

 
 

2. Thickness stretching included formulation 
 

Eigenvalue-Eigenvector method is used in this section 

for mechanical stress, strain and deformation analyses of 

pressurized cylindrical shell based on a higher-order shear 

deformable modelling. Virtual work Principle is used for 

formulation of the problem. The strain energy for a shear 

deformable shell is define as 

𝛿𝑈 = ∫ ∫ ∫[𝜎𝑥𝑥𝛿𝜀𝑥𝑥 + 𝜎𝜃𝜃𝛿𝜀𝜃𝜃 + 𝜎𝑧𝑧𝛿𝜀𝑧𝑧 + 𝜏𝑥𝑧𝛿𝛾𝑥𝑧]

𝑧𝜃𝑟

𝑑𝑉 (1) 

The constitutive relations are derived as 

{

𝜎𝑥𝑥

𝜎𝜃𝜃

𝜎𝑧𝑧

𝜏𝑥𝑧

} =
𝐸

(1 − 2𝜗)(1 + 𝜗)

[
 
 
 
 
1 − 𝜗 𝜗 𝜗 0

𝜗 1 − 𝜗 𝜗 0

𝜗
0

𝜗
0

1 − 𝜗
0

0
1 − 2𝜗

2 ]
 
 
 
 

{

𝜀𝑥𝑥

𝜀𝜃𝜃

𝜀𝑧𝑧

𝛾𝑥𝑧

} (2) 

In which 𝐸, 𝜗  are modulus of elasticity and Poisson’s 

ration, respectively. The strain components are defined 

using the kinematic relations. The two-variable sinusoidal 

shear deformation theory is used for description of 

kinematic relations with accounting thickness stretching 
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functions. The kinematic relations for axial and radial 

displacements are developed as (Allam et al. 2020) 

𝑢𝑥 = 𝑢0 − 𝑧
𝜕𝑤𝑏

𝜕𝑥
− 𝑓(𝑧)

𝜕𝑤𝑠

𝜕𝑥
,

𝑤𝑧 = 𝑤𝑏 + 𝑤𝑠 + 𝑔(𝑧)𝜒
   (3) 

In which, 𝑤𝑏, 𝑤𝑠  are bending and shear parts of 

transverse displacements, 𝜒  as the thickness stretching 

function, 𝑓(𝑧) = 𝑧 − ℎ 𝜋⁄ sin (𝜋𝑧 ℎ⁄ )  and 𝑔(𝑧) = 1 −
𝑓′(𝑧) . Using the kinematic relations in cylindrical 

coordinate system, the strains are derived as 

{

𝜀𝑥𝑥

𝜀𝜃𝜃

𝜀𝑧𝑧

𝛾𝑥𝑧

} =

[
 
 
 
 
 
 
 
𝜕(. . )

𝜕𝑥
−𝑧

𝜕2(. . )

𝜕𝑥2 −𝑓(𝑧)
𝜕2(. . )

𝜕𝑥2
0

0
1

𝑟

1

𝑟

𝑔(𝑧)

𝑟

0
0

0
0

0

𝑔(𝑧)
𝜕(. . )

𝜕𝑥

𝑔′(𝑧)

𝑔(𝑧)
𝜕(. . )

𝜕𝑥 ]
 
 
 
 
 
 
 

{

𝑢0

𝑤𝑏

𝑤𝑠

𝜒

} (4) 

Using the strain components, the variation of strain 

energy is formulated as (Arefi and Rahimi 2010, 2011, 

2012a,b,c, 2014, Rahimi et al. 2011, 2012, Khoshgoftar et 

al. 2013, Arefi et al. 2011, 2018, 2019) 

𝛿𝑈 = 2𝜋 ∫ [𝑁𝑥𝑥

𝜕𝛿𝑢0

𝜕𝑥
− 𝑀𝑥𝑥

𝜕2𝛿𝑤𝑏

𝜕𝑥2
− 𝑆𝑥𝑥

𝜕2𝛿𝑤𝑠

𝜕𝑥2
+ 𝑁𝜃𝜃𝛿𝑤𝑏

+ 𝑁𝜃𝜃𝛿𝑤𝑠 + 𝑆𝜃𝜃𝛿𝜒 + 𝑆𝑧𝑧𝛿𝜒 + 𝑁𝑥𝑧

𝜕𝛿𝑤𝑠

𝜕𝑥

+ 𝑆𝑥𝑧

𝜕𝛿𝜒

𝜕𝑥
]𝑑𝑥 

(5) 

Where the resultant components are defined in 

Appendix. Substitution of stress components yields the 

resultant components as follows 

𝑁𝑥𝑥 = ℘1

𝜕𝑢0

𝜕𝑥
− ℘2

𝜕2𝑤𝑏

𝜕𝑥2
− ℘3

𝜕2𝑤𝑠

𝜕𝑥2
+ ℘4𝑤𝑏 + ℘4𝑤𝑠 + ℘5𝜒 + ℘6𝜒 

𝑀𝑥𝑥 = ℘7

𝜕𝑢0

𝜕𝑥
− ℘8

𝜕2𝑤𝑏

𝜕𝑥2
− ℘9

𝜕2𝑤𝑠

𝜕𝑥2
+ ℘10𝑤𝑏 + ℘10𝑤𝑠 + ℘11𝜒 + ℘12𝜒 

𝑆𝑥𝑥 = ℘13

𝜕𝑢0

𝜕𝑥
− ℘14

𝜕2𝑤𝑏

𝜕𝑥2
− ℘15

𝜕2𝑤𝑠

𝜕𝑥2
+ ℘16𝑤𝑏 + ℘16𝑤𝑠 + ℘17𝜒 + ℘18𝜒 

𝑁𝜃𝜃 = ℘19𝑤𝑏 + ℘19𝑤𝑠 + ℘20𝜒 + ℘21

𝜕𝑢0

𝜕𝑥
− ℘22

𝜕2𝑤𝑏

𝜕𝑥2
− ℘23

𝜕2𝑤𝑠

𝜕𝑥2
+ ℘24𝜒 

𝑆𝜃𝜃 = ℘25𝑤𝑏 + ℘25𝑤𝑠 + ℘26𝜒 + ℘27

𝜕𝑢0

𝜕𝑥
− ℘28

𝜕2𝑤𝑏

𝜕𝑥2
− ℘29

𝜕2𝑤𝑠

𝜕𝑥2
+ ℘30𝜒 

𝑆𝑧𝑧 = ℘31𝜒 + ℘32𝑤𝑏 + ℘32𝑤𝑠 + ℘33𝜒 + ℘34

𝜕𝑢0

𝜕𝑥
− ℘35

𝜕2𝑤𝑏

𝜕𝑥2
− ℘36

𝜕2𝑤𝑠

𝜕𝑥2
 

𝑁𝑥𝑧 = ℘37

𝜕𝑤𝑠

𝜕𝑥
+ ℘38

𝜕𝜒

𝜕𝑥
 

     𝑆𝑥𝑧 = ℘39

𝜕𝑤𝑠

𝜕𝑥
+ ℘40

𝜕𝜒

𝜕𝑥
 

The external work is computed as follow 

𝛿𝑊 = 2𝜋 ∫ ∫ [(𝑃𝑖 − 𝑃𝑜 − 𝐹𝑓)𝛿𝑤𝑏 + (𝑃𝑖 − 𝑃𝑜 − 𝐹𝑓)𝛿𝑤𝑠]𝑑𝑧𝑑𝑥 (7) 

The governing equations are derived as 

𝛿𝑢0: −
𝜕𝑁𝑥𝑥

𝜕𝑥
= 0 

𝛿𝑤𝑏 : −
𝜕2𝑀𝑥𝑥

𝜕𝑥2
+ 𝑁𝜃𝜃 = 𝑃𝑖 − 𝑃𝑜 − 𝐹𝑓 

𝛿𝑤𝑠: −
𝜕2𝑆𝑥𝑥

𝜕𝑥2
−

𝜕𝑁𝑥𝑧

𝜕𝑥
+ 𝑁𝜃𝜃 = 𝑃𝑖 − 𝑃𝑜 − 𝐹𝑓 

(8) 

𝛿𝜒: 𝑆𝜃𝜃 + 𝑆𝑧𝑧 −
𝜕𝑆𝑥𝑧

𝜕𝑥
= 0 

Substitution of resultant components into governing 

equations leads governing equations as follows 

𝛿𝑢0: −℘1

𝜕2𝑢0

𝜕𝑥2
+ ℘2

𝜕3𝑤𝑏

𝜕𝑥3
− ℘4

𝜕𝑤𝑏

𝜕𝑥
+ ℘3

𝜕3𝑤𝑠

𝜕𝑥3
− ℘4

𝜕𝑤𝑠

𝜕𝑥

− (℘5 + ℘6)
𝜕𝜒

𝜕𝑥
= 0 

𝛿𝑤𝑏 : − ℘7

𝜕3𝑢0

𝜕𝑥3
+ ℘21

𝜕𝑢0

𝜕𝑥
+ ℘8

𝜕4𝑤𝑏

𝜕𝑥4
− (℘10 + ℘22 + 𝐾𝑝)

𝜕2𝑤𝑏

𝜕𝑥2

+ (℘19 + 𝐾𝑤)𝑤𝑏 + ℘9

𝜕4𝑤𝑠

𝜕𝑥4

− (℘10 + ℘23 + 𝐾𝑝)
𝜕2𝑤𝑠

𝜕𝑥2
+ (℘19 + 𝐾𝑤)𝑤𝑠

− (℘11 + ℘12)
𝜕2𝜒

𝜕𝑥2
+ (℘20 + ℘24)𝜒

= 𝑃𝑖 − 𝑃𝑜 

𝛿𝑤𝑠: −℘13

𝜕3𝑢0

𝜕𝑥3
+ ℘21

𝜕𝑢0

𝜕𝑥
+ ℘14

𝜕4𝑤𝑏

𝜕𝑥4
− (℘16 + ℘22 + 𝐾𝑝)

𝜕2𝑤𝑏

𝜕𝑥2

+ (𝐾𝑤 + ℘19)𝑤𝑏 + ℘15

𝜕4𝑤𝑠

𝜕𝑥4

− (℘16 + ℘23 + ℘37 + 𝐾𝑝)
𝜕2𝑤𝑠

𝜕𝑥2

+ (𝐾𝑤 + ℘19)𝑤𝑠 − (℘17 + ℘18 + ℘38)
𝜕2𝜒

𝜕𝑥2

+ (℘20 + ℘24)𝜒 = 𝑃𝑖 − 𝑃𝑜 

𝛿𝜒: (℘34 + ℘27)
𝜕𝑢0

𝜕𝑥
− (℘28 + ℘35)

𝜕2𝑤𝑏

𝜕𝑥2
+ (℘25 + ℘32)𝑤𝑏

− (℘29 + ℘36 + ℘39)
𝜕2𝑤𝑠

𝜕𝑥2
+ (℘25 + ℘32)𝑤𝑠

− ℘40

𝜕2𝜒

𝜕𝑥2
+ (℘26 + ℘30 + ℘31 + ℘33)𝜒 = 0   

(9) 

 

 

3. Solution 
 

The solution is developed in this section for a clamped-

clamped boundary conditions. The solution is performed 

using Eigenvalue-Eigenvector method. Based on this 

method, the results are assumed as exponential form as 

follows 

[𝑋] = {

𝑢0

𝑤𝑏

𝑤𝑠

𝜒

} , 𝑋
𝑗

= 𝑒𝑚𝑖𝑥𝐶𝑖 ∈𝑖
𝑗
 (10) 

in which 𝑋  is unknown vector including four unknown 

functions, 𝐶𝑖 are unknown integration constants, and ∈𝑖
𝑗
 are 

eigenvectors. Two dimensional results including stresses, 

strains and displacements are explored along the radial and 

axial directions. The eigenvalues are obtained with 

substitution of the proposed solution into the governing 

equations and solution of the characteristics equations as 

follows: After finding the eigenvalues, the eigenvectors 

should be obtained using the normalization as follows 

    0
i

j

im
G    

The values of eigenvectors are obtained using solution 
of the above relation for every eigenvalue. The integration 
constants are obtained using applying the required boundary 
conditions. 
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4. Results and discussion 
 

Numerical results including radial displacements, 

bending, shear and tensile deformations, radial, hoop and 

axial stresses and strains are given in this section along the 

thickness and axial directions.  

The numerical results including mechanical stress, strain 

and deformation are presented in this section along the 

thickness and length directions. Figs. 1(a) and 1(b) present 

two dimensional changes of mechanical axial stress 𝜎𝑥𝑥̅̅ ̅̅  and 

strain 𝜀𝑥𝑥  along the thickness and length directions for an 

internally pressurized cylindrical shell. It is concluded that 

the maximum stress and strain are occurred at both ends of 

the shell as well as inner and outer surfaces. 

Shown in Figs. 2(a) and 2(b) present two dimensional 

changes of radial stress 𝜎𝑧𝑧̅̅ ̅̅  and strain 𝜀𝑧𝑧  along the 

thickness and length directions for an internally pressurized 

cylindrical shell. The maximum radial strain is observed at 

both ends of the shell as well as inner and outer surfaces. 

Investigating the changes of radial stress indicates that this 

stress is approximately constant at more location of the  

 

 

 

shell except both ends and inner and outer surfaces where 

the maximum ones are occurred. 

Two dimensional changes of shear stress 𝜏𝑥𝑧̅̅ ̅̅  and strain 

𝛾𝑥𝑧 is observed in Figs. 3(a) and 3(b). It is concluded that 

the maximum shear stress is occurred at the location of the 

clamped constraints where the most shear deformations are 

occurred. Furthermore, based on elementary concepts in 

strength materials, the maximum shear stress is occurred at 

middle of the thickness in which is decreased to the inner 

and outer surfaces. 
Longitudinal variations of circumferential and radial 

stresses are presented in Figs. 4 and 5(a) and 5(b), 

respectively. A uniform variation of circumferential and 

radial stress is observed at middle of the thickness while the 

maximum ones are observed at both ends of the shell where 

the clamped constraints are existed. 

Fig. 8 shows longitudinally changes of shear stress 𝜏𝑥𝑧̅̅ ̅̅   

at middle surface z=0 and a surface at z=t/4 along the length 

direction. It is observed that the shear stress is zero at most 

longitudinal locations of the shell except at both clamped 

ends where the main shear stress is observed. 

  
(a) Stress (b) Strain 

Fig. 1 Two dimensional variation of the axial stress 𝜎𝑥𝑥̅̅ ̅̅  and strain 𝜀𝑥𝑥 along the thickness and length directions 

  
(a) Stress (b) Strain 

Fig. 2 Two dimensional variation of the radial stress 𝜎𝑧𝑧̅̅ ̅̅  and strain 𝜀𝑧𝑧 along the thickness and length directions 
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(a) Stress (b) Strain 

Fig. 3 Two dimensional variation of the shear stress 𝜏𝑥𝑧̅̅ ̅̅  and strain 𝛾𝑥𝑧along the thickness and length directions 

  
(a) z=0 (b) z=t/2 

Fig. 4 Longitudinal changes of axial stress 𝜎𝑥𝑥̅̅ ̅̅   at middle and outer surfaces 

  
(a) z=0 (b) z=t/2 

Fig. 5 Longitudinal changes of circumferential stress 𝜎𝑡𝑡̅̅ ̅̅   at middle and outer surfaces 
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5. Conclusions 
 

Stress, strain, and deflection analysis of a pressurized 

cylindrical shell using a high-order deformable model based on 

a bivariate sinusoidal shear strain theory. For more accurate 

modeling of shells, the thickness stretch function is used for 

transverse displacements and accounts for the sinusoidal 

variation of axial displacements through the thickness. Use the 

principle of virtual work to derive the relevant equations. The 

eigenvalue-eigenvector method is used for the general solution 

of the clamp-clamp boundary condition problem. Results 

including homogeneous and granular solutions were obtained 

using the proposed method. Determine the constants of 

integration using the desired boundary conditions. Results are 

determined along the longitudinal and thickness directions. The 

main outputs of this work are categorized as follows: 

The two-dimensional variation of the normal stress and 

strain along the longitudinal and radial directions shows that 

the maximum values occur at both ends and the inner and outer 

surfaces of the shell. The changes in shear stress and strain 

show that the largest changes occur at the restraint locations 

where most shear deformation occurs.  

Furthermore, zero shear stresses were observed at most of 

the longitudinal positions of the shell, except at the two 

clamped ends where major shear stresses were observed. 

The longitudinal variation of the bending and shear parts of 

the transverse strain indicates that the bending deflection is 

much larger than the shear deflection. Uniform bending and 

shear strain values are observed in the middle of the shell. 
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