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1. Introduction 
 

Recently, some researchers proved that multidirectional 

functionally graded composite materials have great 

potential to develop and optimise structures under 

multifunctional requirements Mehrabadi and Aragh (2013), 

which results in attracting considerable attention in field of 

engineering because of their enormous advantages over 

conventional laminated composites and unidirectional 

functionally graded materials (FGMs). Hence, FGMs are 

being utilized in the field of engineering to design different 

structures and structural components because of their 

potential functions.  The plates and curved structures play a 

significant role in the engineering structures and 

components, as these geometrical shapes provide better 

strength and stability to the structures with 
good aesthetics and ergonomics which motivates the 
designer to select such geometries. However, the vibration 
behaviour of such structures needs to be obtained for better 
design and safety, because undesirable vibrations may 
hamper the structural integrity of the product. To predict the 
vibration behaviour of such structures experimentally is 
time consuming and expensive, hence many researchers 
predicted the vibration behaviour of FGMs with analytical 
and numerical methods. Some of the relevant literature is 
discussed in the following. 
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Pradyumna and Bandyopadhyay (2008) presented a 

vibrational behavior of unidirectional (1D) FG curved 

structures, including cylindrical shells using higher-order 

FEM approach. Tornabene (2009) conducted free 

vibrational investigation of 1D FG conical and cylindrical 

shell based on first order shear deformation theory (FSDT). 

Tornabene et al. (2009) carried out a vibrational analysis of 

1D FG conical and cylindrical shell along with annular 

plate structure using FSDT, and the computed results were 

validated by comparing the results obtained from different 

commercial software. Punera and Kant (2017) investigated 

the free vibrational behavior of 1D FG cylindrical shells 

based on higher-order shear and normal deformation theory 

(HOSNT), FSDT and HSDT models. Kar and Panda (2015) 

presented a free vibrational behavior of FG curved 

structures in a thermal medium using HSDT. Free vibration 

and buckling analysis of double-porous FG nanoplates 

using quasi-3D refined theory presented by Sobhy and 

Zenkour (2019). Khiloun et al. (2020) analysed the free 

vibrational and bending behavior of 1D thick FG plates 

using simple plate theory with four unknowns. Bansal et al. 

(2020) presented the impact of porosity and the geometrical 

discontinuities on the vibrational behavior of 1D-FG plates. 

Al Rjoub and Alshatnawi (2020) presented an effect of even 

type of porosity pattern on the vibrational behavior of 1D 

porous FG cracked plates. Sayyad and Ghugal (2021) 

studied the static and vibrational behaviour of FG shell 

structure with various single layer shell theory. Kang et al. 

(2022) studied the free vibrational behavior of FG plates at 

distinct boundary conditions in thermal environment. The 
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free vibration analysis of unidirectional FG thick plates and  

micro-nano plates using 3D elasticity theory studied by a 

group of researchers (Hosseini-Hashemi et al. 2013, 

Salehipour et al. 2015, Salehipour and Shahsavar 2018). 

The literatures previously mentioned was only limited to 

1D FGMs, to fulfil the demand of some engineering and 

aerospace applications, researchers extended the work to bi-

directional (2D) FGMs (Nemat-Alla 2003). Ebrahimi and 

Najafizadeh (2014) presented the comparative study of 

vibrational responses of 2D-FG cylindrical shell and 1D-FG 

cylindrical shell based on love’s first approximation 

classical shell theory. Tahouneh and Naei (2016) proved 

that the 2D-FG composites has the ability to reduce natural 

frequency compared to 1D-FG composites. Lieu et al. 

(2018) presented a flexural and vibrational behavior of in-

plane 2D-FG plates considering inconstant thickness. 

Ahlawat and Lal (2016) studied the buckling and vibration 

analysis of 2D- FG circular plates. Ghatage et al. (2020) 

have presented the first time, a review of multidirectional 

FG composite structures including its modelling and 

analysis. Wu and Yu (2019) analyzed the free vibrational 

behavior of 2D-FG plates with the help of a finite annular 

prism method, the impact of different support conditions on 

free vibrational behavior of plates were studied. Chen et al. 

(2018) proposed FSDT and a typical isogeometric analysis 

(IGA) for 2D-FG sector cylindrical shells to investigate 

natural frequency. Molla-Alipour et al. (2020) presented 

free vibrational behavior of 2D-FG cylindrical, conical 

shells and annular plates using nonlinear elastic foundation 

using unified formulation. Cuong-Le et al. (2021) studied 

the effect of size parameters on natural frequency and 

critical buckling of 2D-FG nano-shells using 3D-IGA 

approach.  

During the manufacturing process of FGMs, porosities 

are formed. Hence many studies of 1D-FGM considering 

the even and uneven porosity reported recently. However 

the research literature on 2D-FGM with porosity is still very 

limited. Esmaeilzadeh and Kadkhodayan (2019) studied a 

dynamic analysis of porous 2D-FGM plates using a 

dynamic relaxation method. Bathini (2020) studied the free 

vibration behavior of imperfect 2D-FG plates using refined 

FSDT and discussed the effect of different parameters on 

vibrational behavior of 2D-FG plates. Li et al. (2020) 

applied IGA and FSDT to study free vibration, bending and 

buckling behavior of imperfect 2D-FG plates. Ramteke and 

Panda (2021) presented the free vibration behavior of 2D 

porous FGM structures considering even and uneven 

porosity pattern. These authors went one step further and 

used HSDT to evaluate the nonlinear frequency of porous 

2D-FG doubly curved shell structures (Ramteke et al. 

2022). Sah and Ghosh, (2022) presented the impact of 

porosity on vibration and buckling behavior 2D-FGM 

sandwich plates using sinusoidal shear deformation theory.  
The free vibrational behavior of bidirectional FG plates 

and shell with and without porosity was studied by Ghatage 
and Sudhagar (2023a, 2023b). Due to applications of 
macro-micro-nano FGM structures in electromechanical 
industries, many researchers studied the free vibrational 
behavior of porous macro-micro-nano FGM structures 
(Talebizadehsardari et al. 2020, Salehipour et al. 2019, 
Salehipour et al. 2020). 

Literature study shows that a lot of research has been 
reported on the vibration analysis of FGMs to get effective 
performance in required applications. It should be observed 
that the studies discussed above are restricted to FGMs with 
no porosity, and research on porous FGMs is still in its early 
stages. During the study, authors considered unidirectional 
FGM plates and curved structures, and very few studies 
were focused on the bi-directional or multi-directional FGM 
plates and curved structures (Şimşek 2015). Hence, in the 
present work, a computational model is developed to 
predict the free vibrational behavior of bi-directional and 
multi-directional perfect and porous FG plates and curved 
structures utilizing HSDT in conjunction with FEM. 
Convergence and validation studies are performed on the 
developed computational model to ensure its accuracy and 
effectiveness. Additionally, a parametric study is conducted 
to present the effect of grading patterns, thickness and 
aspect ratio, curvature ratio, shapes of geometry, support 
conditions, porosity type on dimensionless frequencies of 
multidirectional FG plates and curved structures by 
different illustrations. 
 
 
2. Mathematical modelling  

 
 The present paper examines the eigen frequency 

properties of the FG plates and curved structures, for the 
analysis of the FG structures, various material grading 
schemes and porous variations are used. 

In section 3.1 FGM with the grading of material 
properties in two directions is considered along (x-y), (y-z), 
and (x-z) directions, that is bidirectional property variations. 
Section 3.2 considers variation in material properties in 
three directions (3D) along (x-y-z) directions, which makes 
the study unique. 

First, by considering material grading along the (x, y), 

(y, z), and (x, z) directions, the effective material properties 

of FGM are obtained. A Voigt's micromechanical model is 

employed in conjunction with the volume fraction of the 

materials to produce this elastic property fluctuation. Elastic 

property (EP) variation in multidirectional can be written as 

in Eq. (1) (Kar and Panda 2015b) 

𝐸𝑃 = [𝐸𝑃𝑐 − 𝐸𝑃𝑚]𝑉𝑐 + 𝐸𝑃𝑚 (1) 

Where c and m suffix stand for ceramic and metal. 𝑉𝑐 

defines the volume fraction of ceramic, which can be 

expressed as 

𝑉𝑐 = (
1

2
+

𝜚

ℎ
)

𝑛𝑧
(

ℐ

𝑎
)

𝑛𝑥
and 𝑉𝑚 = 1 − 𝑉𝑐 

𝑉𝑐 = (
1

2
+

𝜚

ℎ
)

𝑛𝑧
(

ℐ

𝑎
)

𝑛𝑥
(


𝑏
)

𝑛𝑦
and 𝑉𝑚 = 1 − 𝑉𝑐 

(2) 

In above expression ℐ ,  and 𝜚  are any arbitrary point 

of consideration along 𝑥, 𝑦, and 𝑧  directions. Further 

expression (1) can be written for considering porosity 

(either even or uneven) as Eqs. (3) and (4) (Hadji et al. 

2021, Keddouri et al. 2019, Ramteke et al. 2022, Ramteke 

and Panda 2021) 

𝐸𝑃 = 𝐸𝑃𝑚𝑐𝑉𝑐 + 𝐸𝑃𝑚 − 0.5𝛼 (𝐸𝑃𝑐 + 𝐸𝑃𝑚) (3) 

𝐸𝑃 = 𝐸𝑃𝑚𝑐𝑉𝑐 + 𝐸𝑃𝑚 − 0.5𝛼 (𝐸𝑃𝑐 + 𝐸𝑃𝑚) (1 −
2|𝜚|

ℎ
), 

α=porocity index 
(4) 
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Table 1 Distinct FGM plate and curved structures 

Curvature 

Radii 

FGM Structures 

Plate Cylindrical Spherical Elliptical Hyperbolic 

R1 ∞ R R R R 

R2 ∞ ∞ R 2R -R 

 

Eq. (3) shows an even type of porosity distribution and 

Eq. (4) shows an uneven type of porosity distribution. The 

geometry of the curved FGM panel is shown in Fig. 1, 

where R1 and R2 shows the radius of curvature, h is the 

thickness in z direction, side a and b are in the x and y 

directions respectively. The plate and distinct curved 

structures can be defined in terms of radius of curvature is 

depicted in Table 1. 

The HSDT formulation is used to predict the free 

vibration behavior of multidirectional FGM plates and 

curved structures in this work, the displacement field of 

multidirectional FG structures is modelled utilizing HSDT 

with nine degrees of freedom are supposed to be in Eq. (5) 

(Kar and Panda 2015a, b, 2016) 
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(5) 

    0f   (6) 

Where, u00, v00 and w00 are the midplane displacements 

along the x, y and z directions respectively. x and y

represents the shear rotation along the x-axis and y-axis  

 

 

respectively. )( 
yx00 θ,θ,v,u  are the higher-order terms. [ f ] 

represents the function of thickness coordinate. The global 

displacements  
T

u v w     (u, v, w) at any point along 

(x, y, z) directions in the structure are presented in terms of 

mid-plane displacements 

         θ  θ  v  u       wv uλ T
yxooyx0000
   as in Eq. (5). 

The strain tensor 
T

xx yy xy xz yz          of 

multidirectional FGM is given as in Eqn. (3.36). 
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(7) 

Now, substituting the displacements as in Eq. (1) into 

Eq. (7), the strain terms can be represented as 

0 1 2 3
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 (8) 

The strain tensor   can be expressed in terms of 

strain vectors    and thickness coordinate matrix  T  as  

 
Fig. 1 Geometry of FGM panel 
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shown in Eq. (9) 

    T 
 

(9) 

where 

  0 0 0 0 0 1 1 1 1 1 2 2 2 2 2 3 3 3 3 3
T

x y xy xz yz x y xy xz yz x y xy xz yz x y xy xz yzk k k k k k k k k k k k k k k        
 (10) 

In the above equation, the terms with superscripts 0, 1-3 

are membrane and higher order mid-plane strain terms 

respectively and can be expressed as Eq. (11) 
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(11) 

The constitutive relations may be expressed as in Eq. 

(12) 
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The Eqn. (12) can be expressed as per Eq. (13) 

    C   (13) 

where, {} is the stress tensor, {} is the strain tensor and 

thermal strain tensor respectively. [C] represents stiffness 

matrix 

A generic governing equation for the current higher-

order model is derived using Hamilton's principle, which is 

expressed in Eq. (14) 
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Here, strain energy  sU can be provided in Eq. (15) 
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Here, kinetic energy  kU can be provided in Eq. (16) 
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Fig. 2 A 9-node quadrilateral Lagrangian 2D element 
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Further, 2D isoparametric FEM technique is adopted to 

get the system of algebraic equations from Eq. (14). For this 

purpose, nine nodes quadrilateral Lagrangian elements are 

utilized, which is depicted in Fig. 2. For any element, the 

displacement vector can be now expressed in nodal (i = 1, 

2, 3,….9) form using shape function N, as in Eq. (21)  
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where,          θ  θ  v  u  θ  θ   wv uλ T
yxooyx0000000 iiiiiiiiii



represents the nodal displacement vector at node i.  Now, by 

imposing Eq. (22) into equation (14), the FEM equation is 

represented as 

    0K M    (22) 

where, 
1 1

1 1

[ ] [ ] [ ][ ]e TM N m N J d d 
 

  
represents the mass 

matrix of element.  
1 1

1 1
[ ] [ ] [ ]e TK L R L J d d 

 
  

represents the stiffness matrix of element. Here, [L] 

comprises differential operators and shape functions.  By 

substituting    , , , , , , i tx y z t x y z t e   in Eq. (22), 

eigenequation of the present 2D-FEM model is given, as   

     2 0K M  
 

(23) 

In the En. (23),   represents the natural frequency and  

 is the mode shape.   

The necessary support conditions are considered to 
restrict the rigid body motion of multidirectional FG plates 
and curved structures, which are expressed in Eq. (24) to 
(27). 

Fully clamped (CCCC) 

00 00 00 0 0 0 0, 0,x y x yu v w u v at x aand y b                  (24) 

 

 

Fully simply supported (SSSS) 

00 00 0 0 0,y yv w v at x a         

00 00 0 0 0,x xu w u at y b         
(25) 

Clamped/Simply supported (SCSC) 

00 00 0 0 0,y yv w v at x a         and 

00 00 00 0 0 0 0,x y x yu v w u v at y b                 
(26) 

Cantilever (CFFF) 

00 00 00 0 0 0 0x y x yu v w u v at y                 (27) 

 

 

3. Results and discussions 
 
The FGMs are designed especially for applications in 

the fields of aerospace, automobile, military, and so on, 
where the FGM structures are exposed to a variety of 
complex environments. As a result, to assure the safety of 
such structures, the natural frequency of the FGM structures 
must be anticipated in order to avoid resonance. In the 
current study, a MATLAB code is created to predict 
characteristics of free vibration of bidirectional and 
multidirectional FGM plates and curved structures using a 
finite element approach based on HSDT. This section will 
first execute a convergence and validation study to 
demonstrate the stability of the MATLAB code and then 
validate the research's findings to demonstrate the accuracy 
of the results with respect to several design-dependent 
characteristics. Further, the influence of distinct parameters 
on free vibration behavior of perfect and porous 
multidirectional FG plates and curved structures is 
presented. Unless otherwise stated, the following lists the 
material parameters and other input factors used in this 
study:  

𝑆𝑖3𝑁4 ∶  𝐸𝑐 = 348.43 𝐺𝑃𝑎, µ𝑐 = 0.3, 𝜌𝑐 = 2370 𝑘𝑔/𝑚3 

𝑆𝑈𝑆304 ∶  𝐸𝑚 = 201.04 𝐺𝑃𝑎, µ𝑐 = 0.3, 𝜌𝑐 = 8166 𝑘𝑔/𝑚3 

 
3.1 Convergence and validation study 
 
A convergence study is needed in order to use FEM to 

obtain the appropriate and accurate results. So, in this study,  

 
Fig. 3 Convergence study of bi-directional perfect FGM plate 
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Fig. 4 Convergence study of multidirectional porous FGM spherical structure 

Table 2 Non-dimensional fundamental frequency for 2D-FG plate with a/h = 10 

Power law index Present HSDT 

(2D-FEM) 
Lieu et al. (2019) % Difference 

ny nx 

0 

0 3.4152 3.3367 2.2985 

0.5 2.3677 2.2832 3.5689 

1 1.9890 1.931 2.9160 

2 1.6956 1.6625 1.9521 

5 1.4907 1.4780 0.8519 

10 1.4329 1.4299 0.2094 

0.5 

0 2.3677 2.2834 3.5604 

0.5 1.9708 1.9026 3.4605 

1 1.7760 1.7278 2.7140 

2 1.6005 1.5713 1.8244 

5 1.4634 1.4507 0.8678 

10 1.4225 1.4177 0.3374 

1 

0 1.9890 1.9311 2.9110 

0.5 1.7760 1.7278 2.7140 

1 1.6585 1.6225 2.1706 

2 1.5433 1.5196 1.5357 

5 1.4461 1.4343 0.8160 

10 1.4159 1.4100 0.4167 

2 

0 1.6956 1.6625 1.9521 

0.5 1.6005 1.5713 1.8244 

1 1.5433 1.5196 1.5357 

2 1.4824 1.4696 0.8635 

5 1.4265 1.4158 0.7501 

10 1.4084 1.4013 0.5041 

5 

0 1.4907 1.4780 0.8519 

0.5 1.4634 1.4507 0.8678 

1 1.4461 1.4342 0.8229 

2 1.4265 1.4158 0.7501 

5 1.4074 1.3983 0.6466 

10 1.4011 1.393 0.5781 

10 

0 1.4329 1.4299 0.2094 

0.5 1.4225 1.4176 0.3445 

1 1.4159 1.4100 0.4167 

2 1.4084 1.4013 0.5041 

5 1.4011 1.393 0.5781 

10 1.3987 1.3906 0.5791 
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the convergence behavior of the developed model is 

demonstrated by two different illustrations. Fig. 3 show 

that, a convergence behavior of bi-directional (Power law 

index: nx = 0.5, nz = 1) perfect FG plates. For the study 

FGM (SUS304 and Si3N4) plate with aspect ratio 1.5, 

thickness ratio 50 under all side clamped boundary 

conditions is utilized. The non-dimensional frequency 

parameters of bi-directional and multi-directional perfect 

FG plates for the first five modes with different mesh size 

are plotted. The study demonstrates that results from a mesh 

size of 5×5 components of NFP modes are steady, and little 

change is seen after a certain point mesh size with 5×5 

elements. Hence, the 25 element is sufficient to compute the 

free vibrational responses of the multidirectional perfect FG 

structures.  
The convergence behavior of the multidirectional FG 

spherical structure with even kind of porosity is shown in 

Fig. 4. The FG (SUS304 and Si3N4) spherical structure is 

used in this work, with fully simply supported (SSSS) 

boundary condition, thickness ratio (a/h) 50, aspect ratio 

(a/b) 1.5, curvature ratio (R/a) 50, power-law index: nx = 

0.5, ny = 0.5, nz = 1 and porosity index (α) 0.2. The non- 

 

 

dimensional frequencies for the first five modes with 

different mesh size are computed. It is noticed from all the 

examples that, the mesh size (55) is shown to be 

appropriate for analyzing the free vibrational behavior of 

multidirectional FG curved structures with porosity. 

Tables 2 and 3 shows the evaluation of nondimensional 

fundamental frequency of square FGM under all side 

clamped boundary condition and thickness ratio (a/h) of 10 

and 50. Nondimensional fundamental frequency were 

evaluated by 

𝜔̅ = 𝜔(𝑎 𝜋⁄ )2√12 𝜌𝑐(1 − 𝜈𝑐
2) 𝐸𝑐ℎ2⁄  

The FGM plate considered is of bi-directional material 

property variation. For the various values of 𝑛𝑥 𝑎𝑛𝑑 𝑛𝑦 , 

NFF is found and the obtained results are compared with 

the literature results of Lieu et al. (2019). It is observed that 

the result obtained from the presently utilized model are 

having very close validation with the results from the 

literature. The average percentage difference is 1.38% and 

6.30% for 2D-FG plate with a/h = 10 and a/h = 50. So, for 

the further study of multidirectional FG structures, the 

developed HSDT model can be implemented. 

Table 3 Non-dimensional fundamental frequency for 2D-FG plate with a/h = 50 

Power law index 
Present HSDT Lieu et al. (2019) % Difference  

ny nx 

0 

0 3.4764 3.3611 3.3166 

0.5 2.5745 2.4996 2.9093 

1 2.2305 2.1180 5.0437 

2 1.9786 1.8235 7.8389 

5 1.7318 1.6207 6.4153 

10 1.6649 1.5691 5.7541 

0.5 

0 2.6745 2.4996 6.5395 

0.5 2.2076 2.0850 5.5535 

1 2.0068 1.8949 5.5760 

2 1.8657 1.7233 7.6325 

5 1.7007 1.5911 6.4444 

10 1.6536 1.5558 5.9144 

1 

0 2.2305 2.1180 5.0437 

0.5 2.0768 1.8949 8.7587 

1 1.9365 1.7797 8.0971 

2 1.7976 1.6668 7.2764 

5 1.6810 1.5733 6.4069 

10 1.6465 1.5474 6.0188 

2 

0 1.9786 1.8235 7.8389 

0.5 1.8657 1.7233 7.6325 

1 1.7976 1.6668 7.2764 

2 1.7249 1.6069 6.8410 

5 1.6589 1.5534 6.3596 

10 1.6385 1.5380 6.1337 

5 

0 1.7318 1.6207 6.4153 

0.5 1.7007 1.5911 6.4444 

1 1.6810 1.5733 6.4069 

2 1.6589 1.5534 6.3596 

5 1.6376 1.5346 6.2897 

10 1.6308 1.529 6.2423 

10 

0 1.6649 1.5691 5.7541 

0.5 1.6536 1.5558 5.9144 

1 1.6465 1.5474 6.0188 

2 1.6385 1.5380 6.1337 

5 1.6308 1.5290 6.2423 

10 1.6284 1.5264 6.2638 
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Table 4 shows a comparison of findings from the current 

finite element formulation with those from the literature 

(Sharma et al. 2021). In this illustration, the 

nondimensional fundamental frequency parameters of a 

porous square 1D-FGM plates with SSSS and CCCC 

support conditions, power law exponents (nz = 0 to 2) and 

thickness ratio h/a = 0.02 is carried out. The even type of 

porosity is considered with porosity index 0.2 for all the 

cases. The plates are comprised of Aluminium (Al) and 

Alumina (Al2O3). The dimension less fundamental 

frequency values are computed and compared to the 

findings of Sharma et al., (2021). The data indicate that, the 

percentage difference between the present results and the 

results of Sharma et al., (2021) is less than 4%. Hence, the 

current findings demonstrate a strong agreement with the 

existing literature. 

Further to show the accuracy of the proposed HSDT 

model, the nondimensional fundamental frequency 

parameters of unidirectional FG plates with SUS304 and 

Si3N4, a/b = 1 and a/h = 10 are compared with the results 

obtained through the ANSYS-APDL platform, which are 

depicted in the Table 5. The results of proposed HSDT 

model shows excellent agreement with the results obtained 

through the ANSYS software package, which confirms the 

accuracy of present model. 

 
3.2 Study of perfect-imperfect (without and with 

porosity) FGM 
 

In this part, the free vibrational behavior of bidirectional 

and multidirectional perfect-imperfect FGM structure is 

examined against various power law index, boundary 

conditions, aspect and thickness ratio, and for curvature of 

shell geometry. Also, non-dimensional fundamental 

frequency evaluated as, 𝜔̅ = 𝜔(𝑎2/ℎ)√(𝜌/𝐸)𝑐. 

 
3.2.1 Perfect and Imperfect 2D FGM structure 

 

 

 

The Power-law index is important for designing bi-

directional FG structures because it specifies the volume 

fraction of metal and ceramic in the FG structures, which in 

turn influences the structure's stiffness. Table 6 shows the 

nature of fundamental frequency variation with the 

variation in power law index. During the study FGM plate 

with three different combinations of Power-law indices, 

aspect ratio 1.5, thickness ratio 50, under all side clamped 

boundary conditions is considered. It is observed that, NFF 

is maximum for nx variation, but as soon as power law 

index varied beyond 1 the NFF became maximum for the nz 

variation. It is also observed that, maximum NFF is 

observed in perfect FGM structure than porous structures. 

The percentage deviations in case of uneven porosity 

distribution as compared to perfect FGM structure is 1.46, 

1.52, 1.59 and 1.66 respectively. Similarly, the percentage 

deviation in the case of even porosity distribution as 

compared to perfect FGM structure is 5.61, 5.86, 6.16 and 

6.44 respectively. It is also worth noting that as the Power-

law index value rises, the NFF value falls in all three cases. 

This is because as the power-law index value increases, the 

FGM structures become more metal-rich, and Stainless 

Steel has a lower stiffness than Silicon Nitride. 

The influence of thickness ratio (10, 20, 50, 100) on 

NFF of 2D porous FG completely clamped plates with a/b 

= 1.5 and three separate Power-law index pairings is shown 

in Table 7. There are some important observations are noted 

from the analysis. The porosity in 2D-FG plates causes a 

decrease in NFF value. The percentage decrement in NFF 

for even porosity distribution for porosity indices 0.1, 0.2 

0.3 are 6.26, 13.90, 23.48 respectively, and for uneven 

porosity distribution are 2.06, 4.33, 6.84 respectively. If the 

findings of example-1 (Power law indices nx = 1 and ny = 1) 

and example-2 (Power law indices ny = 1 and nz = 1) are 

compared, then the percentage difference in NFF is 0.36, 

0.37, 0.38, 0.39 for without and with porosity considering 

porosity index 0.1, 0.2, 0.3 respectively, similarly that 

difference is 0.36, 0.38, and 0.39 for uneven type of  

Table 4 Non-dimensional fundamental frequency parameters of porous FG square plate 

Support  

Condition 
nz Sharma et al. (2021) Present HSDT % Difference 

SSSS 

0 6.4971 6.2658 3.5600 

0.3 5.6564 5.4607 3.4598 

0.5 5.1681 5.0278 2.7147 

1 4.2822 4.2041 1.8238 

2 3.5332 3.5025 0.8689 

CCCC 

0 11.8128 11.7122 0.8516 

0.3 10.3914 10.3012 0.8680 

0.5 9.4503 9.3725 0.8233 

1 7.9737 7.9139 0.7500 

2 6.4883 6.4463 0.6473 

Table 5 Non-dimensional fundamental frequency parameters of unidirectional FG plate 

Approach 
nz 

0 0.5 1 5 10 100 

Present HSDT 5.7697 4.0256 3.5415 2.8890 2.7507 2.5701 

ANSYS-APDL 5.7417 3.9721 3.4810 2.8396 2.7057 2.5236 
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porosity distribution. If the findings of example-2 (Power 

law indices ny = 1 and nz = 1) and example-3 (Power law 

indices nx = 1 and nz = 1) are compared, then percentage 

difference in NFF is 0.195, 0.198, 0.202, and 0.202 for 

without and with porosity considering porosity index 0.1, 

0.2, 0.3 respectively, similarly that difference is 4.84, 0.191, 

and 0.188 for uneven type of porosity distribution. During 

the study, the density of the FGM plate maintained constant, 

which means that the stiffness of the plate was reduced due 

to induced porosity in the plate. 
The influence of four distinct aspect ratio on NFF of 

2D-FG fully clamped plates with a/h = 50 and three distinct 
Power-law index pairings is demonstrated though the Figs. 
5(a) to 5(c). The NFF is computed for 2D-FG plates without 
and with porosity (even and uneven), the percentage of 
porosity also varied to observe the effect on NFF. The 
outcome demonstrates that as aspect ratio (a/b) increases, 
non-dimensional fundamental frequency increases. Also, as 
the porosity index value increases, the overall stiffness of 
the 2D-FG plate structure drops, resulting in a decrease in 
NFF value. Additionally, with higher porosity index values, 
the even type of porosity distribution pattern exhibits 
diminished strength in comparison to the uneven 
distribution pattern. 

 

 

 
The support conditions are practically necessary for 

problem definition and have utmost significance in 
structural analysis. This is due to the fact that how things 
are numerically treated may have a substantial impact on 
the applicability of numerical methods and the quality of 
computations that occur. The support conditions are 
essential while utilizing FEA to address computation 
problems. The proper realistic support conditions must be 
applied to utilize FEA to its fullest extent. In this section, 
the effect of distinct support conditions on the free 
vibrational behavior of bidirectional FG plates is discussed. 
The NFF of bi-directional porous FG plates with material 
properties gradation in three different pairs of directions (nx 
= ny = 1, ny = nz = 1 and nz = nx = 1) for different support 
conditions are listed in Table 8. The aspect ratio and 
thickness ratio of the plate are kept at 1.5 and 50, 
respectively for all the cases. It is noticed that, because of 
the number of degrees of freedom, the maximum NFF value 
is recorded for the 2D-FG plate with CCCC support 
condition, while the lowest is recorded for the CFFF 
support condition in all instances. The NFF value increases, 
as the number of degrees of freedom of the FG structures 
restrict. The maximum NFF value is recorded in perfect 
FGM plates compared to porous FGM plates and it is  

Table 6 Effect of Power-law index on NFF of bidirectional FG plates 

Power-law Index Porosity type and index 

nx ny nz 
No Porosity Even Porosity Uneven Porosity 

0 0.1 0.2 0.3 0.1 0.2 0.3 

0.5 

1 0 

10.5143 9.924 9.2953 8.6193 10.3606 10.2038 10.0434 

1 9.8407 9.2636 8.6471 7.9820 9.6907 9.5375 9.3806 

2 9.1717 8.6068 8.0014 7.3454 9.0252 8.8753 8.7218 

5 8.6243 8.0685 7.4712 6.8214 8.4804 8.3331 8.1820 

0 

0.5 

1 

10.5141 9.9193 9.2849 8.6011 10.3585 10.1995 10.0367 

1 9.8562 9.2765 8.6567 7.9868 9.7050 9.5504 9.3921 

2 9.2229 8.6588 8.0543 7.3990 9.0763 8.9263 8.7726 

5 8.6965 8.1445 7.5518 6.9076 8.5534 8.4071 8.2570 

1 0 

0.5 10.3533 9.7628 9.1333 8.4554 10.1996 10.0427 9.8823 

1 9.8434 9.2644 8.6456 7.9769 9.6925 9.5382 9.3802 

2 9.4051 8.8386 8.2319 7.5746 9.2571 9.1057 8.9504 

5 8.9939 8.4395 7.8453 7.2008 8.8491 8.7009 8.5487 

Table 7 Influence of thickness ratio on NFF of bidirectional FG plates 

Power-law Index 

a/h 

Porosity type and index 

nx ny nz 
No Porosity Even Porosity Uneven Porosity 

0 0.1 0.2 0.3 0.1 0.2 0.3 

1 1 0 

10 7.9787 7.508 7.0049 6.4615 7.8169 7.6472 7.4677 

20 9.1188 8.5826 8.0098 7.3914 8.9653 8.807 8.6429 

50 9.8407 9.2636 8.6471 7.982 9.6907 9.5375 9.3806 

100 10.0535 9.4643 8.8350 8.1561 9.9063 9.7566 9.6040 

0 1 1 

10 8.0075 7.5360 7.0319 6.4870 7.8458 7.6764 7.4974 

20 9.1407 8.6027 8.0276 7.4059 8.9866 8.8276 8.6629 

50 9.8562 9.2765 8.6567 7.9868 9.7050 9.5504 9.3921 

100 10.067 9.4749 8.8419 8.1578 9.9184 9.7670 9.6127 

1 0 1 

10 7.9919 7.5211 7.0177 6.4739 7.4833 7.6617 7.4833 

20 9.1264 8.5891 8.0148 7.3942 8.6495 8.8138 8.6495 

50 9.8434 9.2644 8.6456 7.9769 9.3802 9.5382 9.3802 

100 10.0541 9.4628 8.8307 8.1478 9.6008 9.7548 9.6008 
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maximum for FGM plates with uneven kind of porosity 
than even porosity, as expected. 

Table 9 shows the free vibrational responses of bi-

directional fully clamped porous FG curved structures such 

as spherical, cylindrical, elliptical, and hyperboloid at two 

different curvature ratios (R/a = 10 and 50). To observe the 

effect of curvature ratio and geometry shapes along with 

porosity type, the NFF of 2D-FG curved structure without 

and with porosity are computed for different pairs of 

Power-law indices. The aspect ratio and thickness ratio of 

 

 

 

the curved structures are kept at 1.5 and 50, respectively for 

all the cases. It is noticed that, the NFF value drops as the 

curvature ratio increases like 1D-FG structures. The highest 

NFF is recorded for the 2D FG perfect spherical structure. 

The NFF value drops with an increase in porosity 

percentage in the curved structures. The influence of 

geometrical shapes of curved structures on the NFF value is 

minor, while the effect of curvature ratio and porosity type 

is substantial. 

  
(a) (b) 

 
(c) 

Fig. 5 Effect of aspect ratio on NFF in case of bidirectional FGM 

Table 8 Effect of support condition on NFF in case of bidirectional FGM 

Power-law Index 
Support 

Condition 

Porosity type and index 

nx ny nz 
No Porosity Even Porosity Uneven Porosity 

0 0.1 0.2 0.3 0.1 0.2 0.3 

1 1 0 

CCCC 9.8407 9.2636 8.6471 7.982 9.6907 9.5375 9.3806 

SCSC 9.0010 8.4692 7.9007 7.2866 8.8632 8.7226 8.5786 

SSSS 4.9264 4.6364 4.3277 3.9945 4.8541 4.7816 4.7078 

CFFF 1.9213 1.8063 1.6833 1.5504 1.8925 1.8632 1.8333 

0 1 1 

CCCC 9.8562 9.2765 8.6567 7.9868 9.7050 9.5504 9.3921 

SCSC 9.0594 8.5263 7.9564 7.3403 8.9207 8.7788 8.6336 

SSSS 4.9345 4.6445 4.3344 3.9994 4.8626 4.7894 4.7148 

CFFF 1.8115 1.7053 1.5917 1.4689 1.7848 1.7576 1.7299 

1 0 1 

CCCC 9.8434 9.2644 8.6456 7.9769 9.6925 9.5382 9.3802 

SCSC 9.0031 8.4698 7.8995 7.2826 8.8646 8.7231 8.5782 

SSSS 4.9251 4.6349 4.3246 3.9892 4.8532 4.7799 4.7054 

CFFF 1.8775 1.7647 1.6439 1.5133 1.8492 1.8203 1.7909 
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3.2.2 Perfect and Imperfect 3D FGM structure 

In section 3.2.1, it was observed the performance of the 

FGM plate whose material property gets varied in any two 

directions. But the new kind of analysis is presented in 

section 3.2.2, in which FGM plate is presented whose 

material properties are varied in all three directions. During 

the evaluation of NFF, various parameters are varied, like 

plate aspect ratio and thickness ratio, boundary conditions, 

nature of the shell panel. 

The material properties of multi-directional FG plates 

are graded in three distinct directions, which is 

accomplished by nx, ny and nz Power-law indices. It is well 

known that any structure's stiffness affects its capacity to 

react vibrations, and the stiffness of a FGM structure is 

linked to the volume fraction of the FGM elements (Metal 

and Ceramic). The volume fraction of FGM elements 

controlled by Power-law indices. Hence, the influence of 

Power-law index on free vibrational behavior of multi-

directional FG plates are studied in this section. Table 10 

shows the NFF of multi-directional FG plates without and 

with porosity for various power law indices in x, y, and z 

direction variation. During the analysis plate thickness ratio 

and aspect ratio are maintained at 50 and 1.5 respectively 

under all side clamped condition. To analyze the effect each 

power-law index nx, ny, and nz, one power law exponent 

gets varied and the other two are maintained constant. A 

higher Power-law exponent value results in a lower ceramic 

volume percentage in the FGM, which results in a lower 

overall stiffness and lower corresponding fundamental  

 

 
frequency values. As a result, the findings of the analysis 
demonstrate a striking fall in frequency values with an 
increase in power exponent values. Additionally, depending 
on the values of the Power-law exponents and porosity 
index, the non-dimensional frequencies of multi-directional 
porous FG plates can be controlled. 

The NFF of 3D-FG plates without and with porosity, 
considering a/b = 1.5, two different Power-law indices (nx = 
ny = nz = 1 and 5) and four distinct thickness ratios (a/h = 
10, 20, 50 and 100) are plotted, which are depicted in the 
Figs. 6 and 7. The stiffness value of any structure drops 
with a reduction of its thickness which results drop in 
frequency. Hence, the NFF value drops with a decrease in 
thickness ratio. The NFF value is higher for perfect 3D-FG 
plates compared to porous 3D-FG plates. Also, it is worth 
noting that, with higher porosity index values, the even kind 
of porosity distribution has less strength than the uneven 
distribution pattern. 

Table 11 shows the NFF of 3D-FG plates without and 

with porosity, considering a/h = 50, different Power-law 

indices (nx = ny = nz = 1, 2 and 5) and four distinct aspect 

ratios (a/b = 10, 20, 50 and 100). It is noticed that, as the 

aspect ratio rises, the non-dimensional fundamental 

frequency values increase in all cases, this is due to the 

relation of length and the stiffness. As the porosity index 

value rises, the overall stiffness of 3D-FGM structures 

decreases, which results fall in frequency values. 

Additionally, with higher porosity index values, the even 

kind of porous demographic factor exhibits diminished 

strength compared to the uneven distribution pattern. 

Table 9 Effect of curvature of shell geometry on NFF in case of bidirectional FGM 

R/a 

Power-law Index 
Curved Structu

re 

Porosity type and index 

nx ny nz 
No Porosity Even Porosity Uneven Porosity 

0 0.1 0.2 0.3 0.1 0.2 0.3 

10 

1 1 0 

Spherical 10.4361 9.8234 9.169 8.4626 10.2613 10.0826 9.8997 

Cylindrical 10.0913 9.4992 8.8668 8.1844 9.9307 9.7667 9.5988 

Elliptical 10.2077 9.6086 8.9688 8.2782 10.0423 9.8732 9.7002 

Hyperbolic 10.207 9.6081 8.9685 8.2782 10.0417 9.8727 9.6998 

0 1 1 

Spherical 10.4633 9.8494 9.1934 8.4848 10.2876 10.1080 9.924 

Cylindrical 10.1111 9.5169 8.8818 8.1956 9.9494 9.7842 9.6149 

Elliptical 10.2305 9.6298 8.9877 8.2941 10.0641 9.8940 9.7198 

Hyperbolic 10.2251 9.6236 8.9805 8.2853 10.0585 9.8881 9.7135 

1 0 1 

Spherical 10.4441 9.8305 9.1748 8.4666 10.2687 10.0893 9.9056 

Cylindrical 10.0966 9.5032 8.869 8.1839 9.9353 9.7704 9.6016 

Elliptical 10.2139 9.6137 8.9722 8.2793 10.0478 9.8780 9.7041 

Hyperbolic 10.2133 9.6131 8.9717 8.2788 10.0473 9.8775 9.7036 

50 

1 1 0 

Spherical 9.8653 9.2866 8.6686 8.0018 9.7142 9.5599 9.402 

Cylindrical 9.8509 9.2731 8.656 7.9902 9.7004 9.5467 9.3894 

Elliptical 9.8557 9.2776 8.6602 7.994 9.705 9.5511 9.3936 

Hyperbolic 9.8557 9.2776 8.6602 7.994 9.705 9.5511 9.3936 

0 1 1 

Spherical 9.8818 9.3008 8.6797 8.0085 9.7296 9.5740 9.4147 

Cylindrical 9.8666 9.2864 8.666 7.9955 9.7150 9.5600 9.4012 

Elliptical 9.8718 9.2913 8.6707 8.0000 9.7200 9.5648 9.4058 

Hyperbolic 9.8709 9.2902 8.6694 7.9983 9.7190 9.5637 9.4047 

1 0 1 

Spherical 9.8683 9.288 8.6677 7.9975 9.7296 9.5740 9.4147 

Cylindrical 9.8538 9.2744 8.6549 7.9857 9.7150 9.5600 9.4012 

Elliptical 9.8587 9.2789 8.6592 7.9896 9.7200 9.5648 9.4058 

Hyperbolic 9.8587 9.2789 8.6592 7.9896 9.7190 9.5637 9.4047 

377



 

Pankaj S. Ghatage, P. Edwin Sudhagar and Vishesh R. Kar 

 

 

 

 

 

The non-dimensional fundamental frequency responses 

of the 3D-FG (SUS304/Si3N4) plates with a/h = 50, a/b = 

1.5 are computed considering the perfect and porous form 

 

 

 

 

of the plate, which are presented in the Table 12. Four types 

of boundary conditions are utilized in the study, SSSS: all 

sides simply supported, CCCC: all sides are rigidly  

Table 10 Effect of Power law index on NFF in case of multi-directional FGM plate 

Power-law Index Porosity type and index 

nx ny nz 
No Porosity Even Porosity Uneven Porosity 

0 0.1 0.2 0.3 0.1 0.2 0.3 

0.5 

1 1 

9.3879 8.8178 8.2075 7.5466 9.2396 9.088 8.9326 

1 9.1020 8.5372 7.9317 7.275 8.9553 8.8053 8.6515 

2 8.7961 8.2365 7.6357 6.9828 8.6510 8.5025 8.3503 

5 8.5267 7.9711 7.3736 6.7231 8.3828 8.2355 8.0845 

1 

0.5 

1 

9.3738 8.8034 8.1927 7.5315 9.2255 9.0738 8.9184 

1 9.1020 8.5372 7.9317 7.275 8.9553 8.8053 8.6515 

2 8.8191 8.2607 7.6613 7.0102 8.6742 8.5261 8.3742 

5 8.5639 8.0106 7.416 6.769 8.4206 8.2739 8.1236 

1 1 

0.5 9.3231 8.7538 8.1443 7.4844 9.1753 9.0243 8.8696 

1 9.1020 8.5372 7.9317 7.2750 8.9553 8.8053 8.6515 

2 8.9043 8.3448 7.7445 7.0926 8.7588 8.6100 8.4574 

5 8.7089 8.1546 7.5594 6.9127 8.5647 8.4172 8.2658 

 

Fig. 6 Influence of thickness ratio on NFF of 3D porous FG plates with nx = ny = nz = 1 

 

Fig. 7 Influence of thickness ratio on NFF of 3D porous FG plates with nx = ny = nz = 5 
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clamped, SCSC: alternate simply supported and clamping 
of the plate edges, and CFFF: one edge is clamped and 
remaining sides are free which can be termed as cantilever 
plate condition. It is noticed that the maximum number of 
constraints are provided in CCCC boundary condition more 
than any other, so the FGM plate became stiff and 
maximum NFF associated with it, while lowest with CFFF, 
because of the cantilever boundary condition. Also, it is 
interesting to note that the free vibration results gradually 
decrease in value as follows: CCCC > SCSC > SSSS > 
CFFF.  

Table 13 shows the effect of various multi-directional 

porous FG curved structures on dimensionless fundamental 

frequency for different power law index. The curved 

structures considered for this study are perfect (without 

porosity) and imperfect (even and uneven porosity) in 

nature and tabulated result to find the distinguishing 

performance. The percentage increment in panel stiffness 

and hence fundamental frequency as we shift from 

Cylindrical to Elliptical, Elliptical to Hyperbolic, 

Hyperbolic to Spherical which is 1.15, 0.022, and 2.26 

respectively. 

Further, whenever the shift from perfect to the porous 

structure, the NFF is reduced and the average decrement is 

 

 

 

15.5 and 4.9 percent respectively for even and uneven 

distribution. Next, when comparing the NFF for nx = ny = nz 

= 1 and 2, then observation shows that NFF is get reduced 

by 6.07, 6.08, 6.032, 6.14 for Cylindrical, Elliptical, 

Hyperboloid, and Spherical structures respectively and 

similarly that difference is 7.904, 7.892, 7.902, 7.93 percent 

for nx = ny = nz = 2 and 5. Moreover, the NFF value 

decreases with an increase in curvature ratio. 

 

3.2.3 Comparative Analysis of unidirectional (1D) and 
multidirectional (2D and 3D) FGMs 

In this section, the comparative study of free vibration 
responses of unidirectional and multidirectional FGMs is 
provided by keeping the same geometrical parameters. Fig. 
8 shows the non-dimensional frequency parameters of the 
perfect FG plates. It is observed that the, NFP shows the 
lower values for bidirectional FGM plates compare to 
unidirectional FGM and it is again decreases for the 
multidirectional FGM plates. Fig. 9 depicts the non-
dimensional fundamental frequency parameters of 
unidirectional, bidirectional, and multidirectional porous 
FGM plates for different even porosity index. It is observed 
that the NFF values shows the declining trend with an 
increasing porosity index. For all cases, the NFF value  

Table 11 Influence of aspect ratio on NFF of 3D porous FG plates 

Power-law Index 

a/b 

Porosity type and index 

nx ny nz 
No Porosity Even Porosity Uneven Porosity 

0 0.1 0.2 0.3 0.1 0.2 0.3 

1 1 1 

1 5.4546 5.1163 4.7536 4.3603 5.3685 5.2807 5.1909 

1.5 9.1020 8.5372 7.9317 7.275 8.9553 8.8053 8.6515 

2 14.4915 13.5913 12.6262 11.5793 14.2525 14.0077 13.7562 

2.5 21.4115 20.0793 18.6508 17.1011 21.0512 20.6814 20.3005 

2 2 2 

1 5.1439 4.8112 4.4537 4.0646 5.0595 4.9732 4.885 

1.5 8.5856 8.0302 7.4333 6.7838 8.4416 8.2943 8.1431 

2 13.6771 12.7921 11.8409 10.8058 13.4425 13.202 12.9547 

2.5 20.2261 18.9168 17.5094 15.9778 19.8725 19.5092 19.1347 

5 5 5 

1 5.0548 4.7222 4.3642 3.9742 4.9705 4.8843 4.7961 

1.5 8.4371 7.8819 7.2844 6.6333 8.2933 8.1461 7.9951 

2 13.442 12.5573 11.6053 10.5679 13.2077 12.9675 12.7204 

2.5 19.8819 18.5733 17.1652 15.6308 19.5289 19.1661 18.7919 

Table 12 Influence of support condition on NFF of 3D porous FG plates 

Power-law Index 
Support  

Condition 

Porosity type and index 

nx ny nz 
No Porosity Even Porosity Uneven Porosity 

0 0.1 0.2 0.3 0.1 0.2 0.3 

1 1 1 

CCCC 9.1020 8.5372 7.9317 7.2750 8.9553 8.8053 8.6515 

SCSC 8.3564 7.8368 7.2796 6.6752 8.2218 8.0841 7.9431 

SSSS 4.5556 4.2729 3.9697 3.6409 4.4858 4.4148 4.3424 

CFFF 1.6969 1.5905 1.4763 1.3523 1.6703 1.6432 1.6155 

2 2 2 

CCCC 8.5856 8.0302 7.4333 6.7838 8.4416 8.2943 8.1431 

SCSC 7.8963 7.3857 6.8368 6.2395 7.7642 7.6290 7.4904 

SSSS 4.3020 4.0238 3.7248 3.3994 4.2334 4.1637 4.0926 

CFFF 1.5910 1.4876 1.3765 1.2554 1.5652 1.5389 1.5121 

5 5 5 

CCCC 8.4371 7.8819 7.2844 6.6333 8.2933 8.1461 7.9951 

SCSC 7.7581 7.2478 6.6987 6.1004 7.6262 7.4912 7.3527 

SSSS 4.2262 3.9483 3.6494 3.3237 4.1578 4.0881 4.0172 

CFFF 1.5445 1.4428 1.3334 1.2141 1.5191 1.4933 1.4669 
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reduces as the material is graded from one direction to 

two directions, and it lowers again when the gradation is 
altered from two directions to three directions. 

 
 

4. Conclusions 
 

The free vibrational behavior of bi-directional and 

multi-directional porous FG plates and curved structures 

(spherical, cylindrical, elliptical, and hyperboloid) are 

 

 
 
provided using HSDT based 2D-FEM model in the current 
study. The non-dimensional fundamental frequencies of 
FGM plates and curved structures without and with porosity 
(even and uneven) are computed. The FG graded structures 
are comprised of Stainless Steel (SUS304) and Silicon 
Nitride (Si3N4) material. The heterogeneous material 
properties of the porous FGMs are estimated using Voigt’s 
Model of material distribution via Power-law function. The 
higher order 2D-FEM formulation is implemented on a 
computer by writing the necessary computer code in the  

Table 13 Influence of curvature ratio and geometry shape on NFF of 3D porous FG curved structures 

R/a 

Power-law Index 
Curved  

Structure 

Porosity type and index 

nx ny nz 
No Porosity Even Porosity Uneven Porosity 

0 0.1 0.2 0.3 0.1 0.2 0.3 

10 

1 1 1 

Cylindrical 9.3363 8.7571 8.1363 7.4632 8.8542 9.0188 8.8542 

Elliptical  9.4432 8.8572 8.229 7.5478 8.9464 9.116 8.9464 

Hyperbolic 9.4453 8.8596 8.2317 7.5509 8.9488 9.1183 8.9488 

Spherical 9.6589 9.0601 8.4182 7.7223 9.1342 9.3134 9.1342 

2 2 2 

Cylindrical 8.8020 8.2321 7.6196 6.9531 8.6478 8.49 8.328 

Elliptical  8.9020 8.3254 7.7056 7.0312 8.7432 8.5805 8.4136 

Hyperbolic 8.9080 8.3313 7.712 7.0381 8.7487 8.5862 8.4194 

Spherical 9.1006 8.5108 7.8768 7.1869 8.9326 8.7606 8.584 

5 5 5 

Cylindrical 8.6524 8.0827 7.4698 6.8018 8.4984 8.3407 8.1788 

Elliptical  8.7524 8.176 7.5559 6.88 8.5937 8.4312 8.2644 

Hyperbolic 8.7536 8.1775 7.5576 6.882 8.5949 8.4325 8.2658 

Spherical 8.9493 8.3599 7.7257 7.0345 8.7816 8.6097 8.4333 

50 

1 1 1 

Cylindrical 9.1116 8.5462 7.9401 7.2829 8.9645 8.814 8.6598 

Elliptical  9.1159 8.5502 7.9437 7.286 8.9685 8.8179 8.6634 

Hyperbolic 9.1162 8.5505 7.9442 7.2866 8.9688 8.8182 8.6638 

Spherical 9.1252 8.559 7.9521 7.2939 8.9775 8.8264 8.6716 

2 2 2 

Cylindrical 8.5938 8.0379 7.4403 6.79 8.4494 8.3017 8.1501 

Elliptical  8.5976 8.0413 7.4434 6.7928 8.453 8.305 8.1532 

Hyperbolic 8.5989 8.0427 7.4449 6.7944 8.4543 8.3064 8.1546 

Spherical 8.6055 8.0487 7.4502 6.7989 8.4605 8.3121 8.1599 

5 5 5 

Cylindrical 8.4457 7.8898 7.2917 6.6399 8.3014 8.1538 8.0023 

Elliptical  8.4497 7.8935 7.2951 6.6429 8.3052 8.1574 8.0057 

Hyperbolic 8.4501 7.894 7.2956 6.6435 8.3057 8.1578 8.0061 

Spherical 8.4578 7.9011 7.302 6.6492 8.313 8.1647 8.0126 

 

Fig. 8 NFP of unidirectional and multidirectional perfect FG plates 
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MATLAB environment. To ensure the accuracy and 
efficacy of the developed 2D-FEM model, the convergence 
and validation study is presented. Further, the research is 
extended and an inclusive parametric analysis is carried out 
to investigate the developed model through some new 
numerical experiments to test the robustness of the 
developed model. The influence of Power-law indices, 
thickness and aspect ratios, support condition, porosity type 
and porosity index on dimensionless fundamental 
frequencies of unidirectional, bi-directional, and multi-
directional porous FG plates and curved structures has been 
discussed through different numerical examples. Based on 
the obtained results, the following concluding remarks are 
listed; 

 The proposed HSTD model is well converged to an 

element size of 55, revealing that this mesh size is 

adequate for computing free vibration responses of 

perfect and porous FG plates and curved structures.  

 The results of the proposed HSDT model accord well 

with those that have been reported in the literature, 

which indicate the efficacy and the suitability of the 

developed model to predict the free vibrational 

responses of multidirectional FG plate and curved 

structures with and without porosity.  

 The free vibration of multidirectional FG plates and 

curved structures with and without porosity is greatly 

influenced by the material attributes, geometrical 

attributes, support conditions, percentage of porosity, 

and type of porosity. 

 A Power-law exponent value decides the volume 

fraction of FGM constituents, a greater Power-law 

exponent value in bi-directional and multidirectional 

FG plates and curved structures leads in a smaller 

ceramic volume percentage, which results in a lower 

overall stiffness and lower corresponding fundamental 

frequency values. As a result, the investigation's 

findings demonstrate a considerable fall in frequency 

values as power exponent values rise.  

 The free vibrational responses of any structure are 

greatly influenced by its thickness, the stiffness value 

 

 

of any structure falls as its thickness decreases, 

resulting in a drop in frequency. This study reveals 

that the dimensionless frequency value drops as the 

thickness ratio lowers in bi-directional and multi-

directional FG plates with and without porosity. 

 The dimensionless frequency value of bidirectional 

and multidirectional FG plates with and without 

porosity significantly increases when aspect ratio rises 

from lower to higher values. The non-dimensional 

fundamental frequency value increased by more than 

30% when the geometry changed from square shape 

(a/b = 1) to rectangular shape (a/b = 1.5). 

 The kind of support conditions has a significant 

impact on the natural frequency of the FGM 

structures. The maximum number of constraints are 

provided in CCCC boundary condition than any other, 

so the bi-directional and multi-directional FGM plates 

with and without porosity became stiff and maximum 

NFF associated with it, while lowest with CFFF, 

because of the cantilever boundary condition and the 

free vibration results gradually decrease in value as 

follows: CCCC > SCSC > SSSS > CFFF.  

 The dimensionless fundamental frequency value 

shows a decreasing trend with an increment of 

curvature ratio. The spherical structure is the stiffest 

of the geometries offered, while the cylindrical 

surface is the most flexible. Also, it is worth to note 

that the influence of geometrical shapes of curved 

structures on the NFF value is minor, while the effect 

of curvature ratio and porosity type is substantial.  

 The dimension less frequency value reduces as the 

material is graded from one direction to two 

directions, and it lowers again when the gradation is 

altered from two directions to three directions. Hence, 

the natural frequency value decreases when the 

unidirectional FGMs are replaced with 

multidirectional FGMs for the same structures. 

 The perfect FGM plates and curved structures have 

the highest NFF values compared to porous FGM 

 

Fig. 9 NFF of unidirectional and multidirectional porous FG plates 
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plates and curved structures, also it is maximum for 

FGM plates and curved structures with uneven kind of 

porosity than even porosity for constant geometrical 

parameters and the Power-law indices. 

 This developed generalized HSDT computational 

model will be the reference for the designers and 

researchers to predict the free vibration behaviour of 

multi-directional FGMs for better design and 

continuation of research in this area. Moreover, this 

study helps designer to design structures that are 

lighter and more durable for a variety of engineering 

applications specially in the aerospace and automobile 

sector. 
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