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1. Introduction 
 

As a foundation that can effectively provide pullout 

capacity, the anchor plate has been widely applied in 

electric power pylons, TV communication towers, high-rise 

structures, floating offshore oil wells and other structure 

foundations that bear uplift load. The anchor plate 

foundation has many advantages, such as its convenient 

installation, economy and practicability. According to the 

geometrical shape, anchor plates can be classified into strip 

anchor plates, rectangular anchor plates and circular anchor 

plates; according to the embedment mode, anchor plates can 

be classified into horizontal anchor plates, inclined anchor 

plates and vertical anchor plates. In practical engineering, 

how to reasonably determine the anchor plate's pullout 

capacity has always been a major concern of design and 

construction personnel. 

Strip anchor plates are longer along the length direction. 

Therefore, according to the plane strain hypothesis in 

elasto-plastic mechanics, it can be reduced to a relatively 

simple two-dimensional problem for analysis and 

processing. Many researchers have carried out extensive 

research on such anchor plates. For example, Hu et al. 

(2021) and Perazzelli and Anagnostou (2017) employed the 
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 upper bound method to study the pullout capacity of the 

shallow-buried strip anchor plate and the geometrical shape 

of the failure surface, and systematically analyzed the 

influence laws of geomaterial properties on the pullout 

capacity. Wang et al. (2014) and Zhao et al. (2018) 

introduced the nonlinear failure criterion to establish the 

kinematic admissible velocity fields for failure of the 

shallow-buried horizontal strip anchor plates, and obtained 

the analytical solution for the ultimate pullout capacity 

through upper bound analysis. Han et al. (2016) and 

Rokonuzzaman and Sakai (2012) investigated the soil 

failure mechanism above the anchor plate in sand or clay by 

means of laboratory model tests and numerical simulation 

technique. Choudhary and Dash (2017) analyzed the 

influence laws of sand density and embedment depth on the 

bearing mechanism of vertical anchor plates through 

laboratory tests. Zhang et al. (2019) utilized the upper limit 

theorem and the nonlinear Mohr-Coulomb criterion, and 

studied the ultimate bearing capacity of anchor plate in 

heterogeneous soil. Zhao et al. (2020) analyzed the 

influence of soil heterogeneity and nonlinearity on the 

ultimate bearing capacity of shallow horizontal anchor plate 

considering soil heterogeneity. Ganesh (2020) studied the 

interaction between adjacent anchor plates and their vertical 

ultimate pulling forces in sandy soil. Hu et al. (2022) also 

conducted two three-dimensional failure mechanisms for 

horizontally embedded circular and rectangular anchor 

plates. Hu et al. (2020) conducted pullout model tests of 

anchor plates, and proposed the method for calculating the 

vertical ultimate pullout capacity of shallow anchor plates 

in sand. Cerfontaine et al. (2019), Hao et al. (2014) and 
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Roy (2020) systematically studied the influence laws of 

physical and mechanical properties such as plate shape, 

embedment depth, rock or soil density, deformability and 

dilatancy on the pullout capacity of anchor plates. By using 

the finite element method of limit analysis, Bhattacharya 

and Kumar (2016), Kumar and Kouzer (2008) and Khatri 

and Kumar (2009) studied the pullout capacity of horizontal 

anchor plates in sand or clay. In most of the above 

researches, it was commonly assumed that the anchor plate 

was embedded horizontally in horizontal ground, but the 

influence of the ground inclination and the anchor plate 

inclination on the pullout capacity had received relatively 

little attention. 

In practical engineering, many structures in mountains, 

hills and other rock ground inevitably need to be built on 

the slope; the anchor plate often needs to be inclined due to 

different load action directions. In this field, Hanna et al. 

(2015) studied the pullout capacity and failure mechanism 

of shallow-buried inclined strip anchor plates in sand 

through limit equilibrium analysis and laboratory tests. 

Bhattacharya (2016) employed a lower bound limit analysis 

method with finite elements, and obtained the pullout 

capacity of strip anchor plates in clayey sloping ground 

under undrained condition. Yang et al. (2020) carried out a 

series of uplift load tests for scaled strip anchor plate 

models, and analyzed the influence of the distance from the 

anchor to the slope and the angle of the slope on the pullout 

capacity of horizontal strip anchor plates in sandy sloping 

ground. However, it should be noted that the above research 

works only focused on the anchor plates in sand or clay; the 

pullout capacity of inclined anchor plates in sloping rock 

ground need to be further studied and discussed. 

Based on the above research works, this paper focused 

on the pullout capacity analysis of inclined anchor plates in 

sloping rock ground. Specifically, this paper constructed an 

asymmetric curve failure mechanism of rock mass above 

the anchor plate, and employed the Hoek-Brown strength 

criterion to characterize the rock failure. Then, based on the 

upper bound method and variational extremum principle, 

this paper deduced the analytical expressions for the rock 

failure surface equation and for the anchor plate's ultimate 

pullout capacity in the limit state. The research work in this 

paper can provide some theoretical reference for design of 

inclined anchor plate foundations in sloping rock ground. 

 

 
2. Hoek-Brown failure criterion 

 

The Hoek-Brown failure criterion (Hoek and Broen 

1997, Hoek and Marinos 2007, Hoek and Broen 2019, Zhu 

et al. 2013), a criterion for hard rock mass, was first put 

forward by Hoek and Brown in 1980. Over the past 40 

years, the criterion has undergone five major modifications 

and improvements. Now, it can not only evaluate the 

strength of hard rock mass, but also analyze the mechanical 

properties of jointed rock mass or loose fractured rock 

mass; it has been widely used in failure and stability 

analysis of geotechnical and underground engineering. In 

the Mohr's plane, the Hoek-Brown failure criterion can be 

expressed by normal stress n  and shear stress n  as 

(Hoek and Broen 1997, Wang et al. 2019, Wang et al. 2021, 

Zhu et al. 2013) 

  1
B

n c n t cA          (1) 

where, A and B are empirical coefficients related to rock-

mass properties, and their values range from 0 and 1; n  

and n  are the normal stress and shear stress at the rock 

failure surface respectively; c  and t  are the uniaxial 

compressive strength and tensile strength of the rock mass 

respectively. This paper employs this criterion to investigate 

the uplift failure of inclined anchor plates in sloping ground. 

 
 
3. Failure mechanism of an inclined anchor plate 
embedded in a rock slope 
 

As shown in Fig. 1, a strip anchor plate with an 

inclination of α and a width of 2b  is embedded in a rock 

slope, the inclination of the slope is β. Under the continuous 

action of uplift load Pu, the anchor plate needs to overcome 

the rock weight, rock shear strength and additional surface 

load q to move up. This will cause a certain range of failure 

to the rock mass above. Moreover, because both the ground 

surface and the anchor plate have a certain inclination, the 

thickness of the corresponding overlying rock at any point 

on the surface of the anchor plate also varies. This will 

further influence the rock failure range above the anchor 

plate to present some asymmetric failure characteristics. 

According to the asymmetry, this paper constructed a new 

curve failure mechanism, as shown in Fig. 1. Specifically, 

the equation for the rock failure surface on the right side 

above the anchor plate is f1(x), and the failure width at the 

ground surface is d1; the equation for the rock failure 

surface on the left side is f2(x), and the failure width at the 

ground surface is d2. Meanwhile, in order to facilitate 

analysis, this paper constructed the Cartesian coordinate 

system xoy by taking the center of the anchor plate's upper 

surface as the origin O  , the anchor plate's inclined 

direction as the  axis, and the pullout load's action 

direction as the y axis, as shown in Fig. 1. The 

corresponding vertical embedment depth of the anchor 

plate's center O  is H . 

It should be noted that the asymmetric failure 

mechanism of the anchor plate shown in Fig. 1 is 

completely different from the symmetric failure mechanism 

in Reference (Wang et al. 2014, Zhao 2018). When both the 

ground surface and the anchor plate are horizontal, the 

failure mechanism in Fig. 1 can be reduced to the 

symmetric mechanism in Reference (Wang et al. 2014, 

Zhao 2018). Further, according to the upper bound theorem 

of limit analysis, this paper also made the following 

assumptions to analyze the uplift failure of the anchor plate: 

a. The uplift failure of the inclined strip anchor plate is 

regarded as a plane strain problem; 

b. The anchor plate is regarded as a shallow-buried rigid 

body whose geometric deformation can be negligible; 

c. The rock mass above the anchor plate is regarded as 

an ideal rigid-plastic material, and its failure complies with  

x
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Fig. 1 Failure mechanism of an inclined strip anchor plate 

embedded in a slope 

 

 

the Hoek-Brown failure criterion and its associated flow 

rule; the internal deformation of rock mass during the uplift 

failure process is ignored. 

d. In the process of uplift failure, no relative sliding 

occurs between the anchor plate and the rock mass, and 

they both move upward with velocity v  in the positive 

direction along the y  axis. 

Also notice that, in practical engineering, the ground 

excavation range above the anchor plate is often limited, 

and the excavation style can be stratified or partitioned due 

to installation process. Meanwhile, the filling material 

above the anchor plate can be concrete, cement mortar or 

other various types of materials. The installation process of 

anchor plate and the top filling material may significantly 

affect its bearing capacity. However, due to the complexity 

and diversity of the installation process of anchor plate, the 

influence of such factors was not incorporated into the 

theoretical failure mechanisms in most of existing research 

works and in this paper, which is also a limitation in current 

researches. In this paper, we just propose a theoretical 

prediction method for the pullout capacity of anchor plates 

in homogeneous Hoek-Brown medium, which can provide 

some theoretical guidance for anchor plate design 

practically. 

 

 

4. Upper bound analysis on ultimate pullout capacity 
of an inclined anchor plate in a slope 

 

According to the mechanism in Fig. 1 and the above 

assumptions, the internal energy dissipation rate and work 

rates of external forces corresponding to the uplift failure 

process of the anchor plate should be calculated first during 

the upper bound analysis. However, it should be noted that 

the failure mechanism in Fig. 1 shows obvious asymmetry; 

the rock failure range on the left side of the y axis and that 

on the right side of the y axis should be addressed 

separately. Taking the failure range on the right as an 

example, the rock failure surface can be regarded as a 

deformable thin layer based on the traditional plastic 

mechanics. The shear stress τn and normal stress σn at the 

thin layer satisfy the Hoek-Brown failure criterion 

expression in Eq. (1), and the corresponding rock yield 

function F can be expressed as 

 
(2) 

The plastic strain rate generated at the rock failure 

surface can be solved on the basis of the plastic potential 

theory (Chen 1975) 

 

(3) 

where, Q  is plastic potential function;   is a plastic factor; 

ij  is plastic strain rate vector; σij is stress vector. 

If the Hoek-Brown yield function surface coincides with 

the plastic potential function surface in the principal stress 

space, we can establish an associated flow rule with the 

Hoek-Brown failure criterion. Then, set Q = F and 

substitute Eq. (2) into Eq. (3); we may obtain the plastic 

strain rate at the rock failure surface on the right 

 

(4) 

where, 1n  is plastic positive strain rate; 1n  is plastic 

shear strain rate. 

Meanwhile, according to the geometric relationships in 

Fig. 1, the plastic strain rate at the rock failure surface on 

the right can also be expressed by equation f1(x) as 

 

 

1/2
2

1 1 1

1/2
2

1 1 1 1

/ 1 ( )

/ ( ) 1 ( )

n

n

v w f x

v w f x f x









     


        

(5) 

where, 1w  is the thickness of the thin layer at the rock 

failure surface on the right; 1( )f x  is the first derivative of 

1( )f x . 

For the same failure mechanism, the plastic strain rate in 

Eq. (4) and that in Eq. (5) should be equivalent. 

Accordingly, we may set Eqs. (4) and (5) to be equal, and 

the normal stress at the rock failure surface on the right can 

be obtained as: 

 
1/ 1

1 1( )
B

n t c ABf x  


  
（ ）

 (6) 

Then, by using Eqs. (1), (5) and (6), the energy 

dissipation rate per unit volume 1D  at the thin layer of the 

right failure surface can be expressed as 

 
1 1 1 1 1
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Similarly, we may obtain the energy dissipation rate per 

unit volume 2D  at the thin layer of the left failure surface: 

 

 

2 2 2 2 2

1/ 11/ 1 1/ 1

2

1

2

2 2
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1

1 ( )

n n n n

BB B

t c

D

A B f x

B v

w f x
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 
 



  
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  

 
 

（ ）（ ） （ ）

 
(8) 

where, 2w  is the thickness of the thin layer at the rock 

failure surface on the left. 

By integrating Eqs. (7) and (8) along the rock failure 

curve on the right and that on the left respectively, we may 

obtain the internal energy dissipation rate generated at the 

rock failure surface on the right and that on the left 

respectively 

 

 
 

1 1

1

cos
2

1 1 1 1 1 1
0

1/ 1 1/ 1
cos

1/ 1 1

1

= 1 ( )

( ) 1

S d

i
b

B B
d t c

Bb

W D w ds D w f x dx

A B
dx v

f x B

 

   



 


 

  

  
  

    

 



（ ） （ ）

（ ）

 
(9) 
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(10) 

where, 
1

S  is the total length of f1(x) in the interval 

 1, cosb d     ; S2 is the total length of f2(x) in the 

interval  2 cos ,d b      . 

By adding Eqs. (9) and (10), we may obtain the total 

internal energy dissipation rate iW  corresponding to the 

failure mechanism in Fig. 1 
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(11) 

In the failure mechanism shown in Fig. 1, during the 

action process of the uplift load, the inclined anchor plate 

needs to overcome the effect of the rock weight and ground 

surface load. The corresponding work rates of external 

forces include the work rate of rock weight, the work rate of 

ground surface load and the work rate of the anchor plate's 

ultimate pullout capacity. According to the geometric 

relationships in Fig. 1, we may obtain the work rate of rock 

weight on the right side above the anchor plate 
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(12) 

where,   is the unit weight of rock mass. 

The work rate of rock weight on the left side above the 

anchor plate is 

 
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 (13) 

By adding Eqs. (12) and (13), we may obtain the total 

work rate of rock weight above the anchor plate 
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The work rate of the ground surface load is 
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where, q  is ground surface load. 

The work rate of the anchor plate's ultimate pullout capacity 

Pu is 

P uW P v   (16) 

On this basis, according to the principle of virtual work 

rate, set the total internal energy dissipation rate to be equal 

to the total work rates of external forces 

i P qW W W W  
 

(17) 

By substituting Eqs. (11), (14), (15) and (16) into Eq. 

(17) respectively, we may obtain the anchor plate's ultimate 

pullout capacity 
uP  after rearrangement 
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(18) 

where,  1 1 1( ), ( ),f x f x x  and  2 2 2( ), ( ),f x f x x  are 

functional of 1( )f x  and functional of 2 ( )f x  respectively.  

Their expressions are as follows 

   

     

1/ 1

1 1 1

1/ 1 1/ 1 1

1 1

( ), ( ),

( ) 1 ( ) cos

B

t c

B B

f x f x x A

B f x B f x

 

 



  

   

   
 (19) 
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       
 

 

1/ 11/ 1 1/ 1

2 2 2 2

1

2

( ), ( ), ( )

1 ( ) cos

BB B

t cf x f x x A B f x

B f x

 

 

 



    

  
 (20) 

According to the upper bound theorem of the limit 

analysis theory, the failure load in Eq. (18) determined by 

the virtual work rate equation should be greater than or 

equal to the real ultimate pullout capacity of the anchor 

plate. That is, the minimum value of Eq. (18) in the 

corresponding integral interval should be sought if we want 

to obtain the ultimate pullout capacity that is closer to the 

real value. It should be noted that in Eq. (18), the minimum 

value of 
uP  mainly depends on  1 1 1( ), ( ),f x f x x  and 

 2 2 2( ), ( ),f x f x x  functionals. Furthermore, these are two 

simple integral-type functionals that can be solved by using 

the following Euler-Lagrange equations based on the 

variational principle. 

1 1

1 1

0
( ) ( )f x x f x

  
  

   

 (21) 

2 2

2 2

0
( ) ( )f x x f x

  
  

   

 (22) 

By substituting Eqs. (19) and (20) into Eqs. (21) and 

(22) respectively, we may obtain the following equations 

   

 

1/ 1 1/ 11

(2 1)/ 1

1

( 1)

( ) cos 0

B B

c

B B

B A B

f x



 

 

 

 

  
 (23) 

   

 

1/ 1 1/ 11

(2 1)/ 1

2

( 1)

[ ( )] cos 0

B B

c

B B

B A B

f x



 

 

 

 

  

 (24) 

Both Eqs. (23) and (24) are second-order homogeneous 

differential equations with constant coefficients. By 

integrating them twice separately, we may obtain 

     

 

1 1 /

1

1/1/

1 1

cos

cos

B B

c

BB

f x

A M x N

  

 

 



  

 
 (25) 

   

 

11 / 1/

2

1/

2 2

( ) cos

cos

B B B

c

B

f x A

M x N

  

 

   

 
 (26) 

where, 
1M , 

1N , 
2M  and 

2N  are integration constants, 

which can be determined by the geometric boundary 

conditions in Fig. 1. 

Specifically, according to the geometric relationships 

shown in Fig. 1, the rock failure curve 
1( )f x  on the right 

should satisfy 

   1
1 1cos

tan
x d

f x
 


 

   (27) 

     

 

1
1 cos

1

1 tan tan cos

sin

x d

H
f x

d

 
  

 

 
 

 



 (28) 

 1 0x bf x    (29) 

where, 
1  is the angle between the rock failure curve . on 

the right side and the ground. 

The rock failure curve 
2 ( )f x  on the left should satisfy 

   2
2 2cos

tan
x d

f x
 


 

    (30) 

     

 

2
2 cos

2

1 tan tan cos

sin

x d

H
f x

d

 
  

 

 
 

 



 (31) 

 2 0x bf x    (32) 

where, 
2  is the angle between the rock failure curve 

2 ( )f x  

on the left side and the ground. 

By substituting Eq. (25) into Eq. (27), we may obtain 

constant 
1M  

     

 

/ 1 1/ 1 / 1

1 1

1

tan

cos cos

B B B B B

cM A B

d

 

   

  
 

 
 (33) 

By substituting Eq. (25) into Eq. (27) and combining 

with Eq. (28), we may obtain constant N1  

 
 

       

1 1

1 1/ 1 1/ 1 1/ 1

1

sin
1 tan tan cos

cos tan
B B B

c

H
N d

A B

 
  

   
   

   
 

 
 

 (34) 

By substituting Eq. (25) into Eq. (29), we may obtain 

the following equation: 

     
1 1/1 / 1/

1 1cos cos 0
BB B B

c A M b N    
       (35) 

It should be noted that the simplified Eq. (35) is an 

implicit equation that includes only unknown parameters d1  

and θ1 after M1 and N1 in Eqs. (33) and (34) are substituted 

into Eq. (35). 

Similarly, according to the geometric relationships 

corresponding to failure curve  f2(x) on the right shown in 

Fig. 1, we may obtain constants M2  and N2 

     

 

1/ 1 / 1 / 1

2 2

2

tan

cos cos

B B B B B

cM A B

d

 

   

  
 

 
 (36) 

 
 

       

2 2

1 1/ 1 1/ 1 1/ 1

2

sin
1 tan tan cos

cos tan
B B B

c

H
N d

A B

 
  

   
   

   
 

 

(37) 

We may also obtain another implicit equation that 

includes only unknown parameters d2 and θ2 

     
1 1/1 / 1/

2 2cos cos 0
BB B B

c A M b N    
      (38) 

On this basis, substitute Eqs. (25) and (26) into Eq. (18). 
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After integration and rearrangement, we may obtain the 

pullout capacity of the inclined strip anchor plate in the 

limit state 

   
   

 

 

   
   

 

 

1 1

11 / 1/

( 1)/

1 1

( 1)/

1

2 2

11 / 1/

( 1)/

2 2

(

2

cos cos

cos

cos cos1

1 cos

cos cos

cos

cos cos1

1 cos

u t

B B B

c

B B

B B

t

B B B

c

B B

B

P d b N

A

M d

B M b

d b N

A

M d

B M b

    

  

   

 

    

  

   

 

 





 





      

 

       
 

   

     

 

     

 

   

 

   

   

1)/

1 2

2 2

1 2

1 2

cos

1 tan tan cos
cos

1
sin 2

4

cos

B

H d d

d d

q d d

 

  
 

 

 

 
 

 
  

  
 

    
 

  
 

 

 
(39) 

where, constants 
1M , 

1N , 
2M  and 

2N  can be obtained by 

Eqs. (33) and (34) and Eqs. (36) and (37). 

After simplification, the Pu expression in Eq. (39) 

contains only four unknown parameters d1, d2, θ1 and θ2. In 

addition, parameters d1 and θ1 should satisfy the implicit 

equation in Eq. (35), and parameters d2 and θ2 should 

satisfy the implicit equation in Eq. (38). In order to obtain 

the optimal upper bound solution, the minimum value of Pu  

should be sought. This is a typical constrained optimization 

problem. However, as the objective function Pu in Eq. (39) 

contains a large number of unknown parameters, and the 

constraint conditions in Eqs. (35) and (38) are implicit 

equations, it is very complex to solve. In order to solve this 

problem, this paper employed the nonlinear optimization 

solution function in the Lingo software to calculate the 

minimum value of Pu through programming, and to 

determine the corresponding failure range. 

 

 
5. Results and discussion 

 
Based on the above upper bound analysis, this paper 

proposed a theoretical prediction method for the pullout 
capacity of an inclined shallow anchor plate embedded in 
sloping rock ground. It should be noted that the above 
derivation process is performed on the basis of the Hoek-
Brown failure criterion defined by normal stress σn and 
shear stress τn. However, in engineering practice, the 
design, construction and scientific research personnel may 
be more familiar with the Hoek-Brown failure criterion 
(Hoek and Broen 1997, Hoek and Marinos 2007, Hoek and 
Broen 2019, Zhu et al. 2013)  defined by principal stress, 
asshown in Eq. (40). For example, currently, the built-in 
Hoek-Brown constitutive model in the FLAC-3D software 
is defined in the form of Eq. (40). In Eq. (40), rock strength 
parameters such as mb, s  and a  are more commonly used.  

They are obviously different from the rock parameters 

in Eq. (1). Thus, in order to better guide engineering 
application, this section adopts the more commonly used 
Hoek-Brown strength parameters in practice to investigate 
the influence laws of different factors on the anchor plate's 
pullout capacity and failure range. 

3
1 3

a

c b

c

m s


  


 
   

 
 (40) 

where, σ1 is the maximum principal stress; σ3 is the 
minimum principal stress; σc is rock compressive strength;  
mb, s  and a  are dimensionless parameters related to rock 
properties, which can be calculated by the following 
equations. 

20

15 3

100
exp

28 14

100
exp

9 3

1 1

2 6

b i

GSI

GSI
m m

D

GSI
s

D

a e e
 

  
   

 
   

  
 

  
    
  

 
(41) 

where, GSI  is a geological strength index reflecting the 

rock quality grade; mi is an empirical parameter reflecting 

the degree of rock hardness; its value ranges from 0.001 to 

25; D is the coefficient reflecting the degree of external 

disturbance for the rock mass; its value ranges from 0 to 1. 

Parameters such as GSI, mi and D  can be determined by 

site surveys or laboratory tests. 
In fact, for the same type of rock mass, the Hoek-Brown 

failure criterion defined by normal stress σn and shear stress 
τn. should be equivalent to that defined by principal stresses 
σ1 and σ3. That is, there must be a certain equivalent 
transformation relationship between rock strength 
parameters in Eq. (1) and those in Eq. (40). Specific to this 
problem, we can refer to the methods proposed by Gao et 
al. (2011) and Zuo and Shen (2020). The corresponding 
normal stress σn, shear stress τn., principal stress σ1 and 
principal stress σ3 in the case of rock failure should satisfy 
the following relations 

1 3 1 3 1 3

1 3

/ 1

2 2 / 1
n

d d

d d

     


 

   
   

 

 (42) 

  1 3

1 3

1 3

/

/ 1
n

d d

d d

 
  

 
 


 

(43) 

where, according to Eq. (40), dσ1 / dσ3  can be expressed as 

1

31

3

1

a

b
b

c

md
am s

d



 


 

   
 

 (44) 

At this time, if we know the Hoek-Brown failure criterion 

expression in the form of σ1 – σ3 in Eq. (40), we may 

determine the value of any point  (σ1, σ3) on the strength 

envelope curve; then, by using Eqs. (42)-(44), we may 

obtain the corresponding (σn , τn) value of any(σ1, σ3). On 

this basis, by fitting the series of (σn , τn) values by Eq. (1),  
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Fig. 2 Fitting curve of σn - τn 

 

 

we may obtain the Hoek-Brown criterion expression 

defined by normal stress σn and shear stress τn. Then, the 

above two forms of Hoek-Brown strength parameters can 

be transformed. Taking parameters GSI=20, mi=8, D=0.8 

and 2MPac   as an example, Fig. 2 shows the strength 

envelope curve after fitting by Eq. (1). As can be seen from 

Fig. 2, the fitting precision of the series of (σn , τn) values 

obtained from Eqs. (42) and (43) is high, and the correlation 

coefficient is close to 1; this also shows the validity of the 

above parameter transformation method. 

 

5.1 Influence of different mechanical parameters on 

ultimate pullout capacity of anchor plate 

 

On this basis, by utilizing the above parameter 

transformation method, Fig. 3 shows the variation curves of 

the anchor plate's ultimate pullout capacities corresponding 

to different embedment depth/width ratio H/2b, anchor plate 

inclination α and ground inclination β. Where, the anchor 

plate's width is 2 m; the following rock strength parameters 

are adopted for calculation: GSI= 20, D = 0.8, mi =8, σc = 2 

MPa and γ = 20 kN/m3, ground surface load q = 0 kPa. 

According to Figs. 3(a)-3(c), as the embedment 

depth/width ratio H/2b of the anchor plate increases, the 

corresponding ultimate pullout capacity increases 

significantly. For example, when the anchor plate 

inclination and ground inclination are constant, the ultimate 

pullout capacity with the embedment depth of 6 m is about 

4 times that with the embedment depth of 2 m. Meanwhile, 

the ground inclination and the anchor plate inclination also 

have a significant influence on the ultimate pullout capacity.  

When the ground inclination is constant, the ultimate 

pullout capacity decreases with the increase of the anchor 

plate inclination. When the anchor plate inclination is small, 

the ultimate pullout capacity increases with the increase of 

the ground inclination. When the anchor plate inclination 

exceeds a certain value, the ultimate pullout capacity 

decreases with the increase of the ground inclination.  

 
(a) H/2b = 1 

 
(b) H/2b = 2 

 
(c) H/2b = 3 

Fig. 3 Ultimate pullout capacities of anchor plates under 

different embedment depth/width ratios: (a) H/2b = 1, (b) 

H/2b = 2 and (c) H/2b = 3 

 

 

Therefore, in practical engineering, when the anchor 

plate's width is constant, increasing the embedment depth is 

one of the most effective ways to improve the pullout 

capacity. Moreover, during design of the anchor plate 

foundation, the influence of factors such as ground  
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inclination and anchor plate inclination should be 

considered comprehensively, and the optimal layout angle 

of anchor plate should be selected on the basis of the actual 

ground inclination, so as to obtain better pullout capacity. 

Further, when anchor plate's embedment depth/width 

ratio /2 2H b  , ground inclination β = 30º and anchor plate 

inclination 0 ~ 40 , Fig. 4 shows the variation curves of the 

 

 
anchor plate's ultimate pullout capacities corresponding to 
different Hoek-Brown strength parameters and ground 
surface loads. Where, the following rock parameters are 
adopted for calculation: GSI = 10 ~ 30, D =0.2~1,  

4 ~ 12im  , 1~3MPac  , 
316 ~ 24kN / m   and 

ground surface load q = 0~40 kPa. When one of the 
parameters changes, the rest of the parameters remain 
constant. 

  
(a) GSI (b) D 

  
(c) mi (d) σc 

  
(e) γ (f) q 

Fig. 4 Ultimate pullout capacities of anchor plates under rock parameters and ground surface loads: (a) GSI; (b) D, (c) 

mi, (d) σc, (e) γ and (f) q 
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According to Figs. 4(a)-4(f), with the increase of the anchor 

plate inclination, the ultimate pullout capacity also tends to 

decrease. When Hoek-Brown strength parameters GSI , mi 

and 
c  increase, the overall quality of the rock mass 

increases, and the corresponding ultimate pullout capacity 

increases. On the contrary, when the rock disturbance 

 

 

coefficient D  increases, the external disturbance to the 

rock mass intensifies, and the rock quality tends to 

decrease; the corresponding ultimate pullout capacity 

decreases. Moreover, the geological strength index GSI  

and disturbance coefficient D  have a significant influence 

on the anchor plate's ultimate pullout capacity. For example,  

 
(a) β = 20º 

 
(b) β = 30º 

 
(c) β = 40º 

Fig. 5 Rock failure surfaces under different ground inclinations and anchor plate inclinations: (a) β = 20º, (b) β = 30º and 

(c) β = 40º 
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when the anchor plate inclination is 0º and the ground 
inclination is 30º, the ultimate pullout capacity 
corresponding to D = 0.2 is about 2 times that 
corresponding to D = 0.1. Besides, when the rock unit 
weight   and ground surface load q  increase, the 
resistance to the anchor plate's uplift failure increases, and 
the corresponding ultimate pullout capacity tends to 
increase. 

 

5.2 Influence of different mechanical parameters on 
shape of rock failure surface 

 

In order to investigate the influence of different 

parameters on the shape of the rock failure surfaces above 

the inclined anchor plate, here we set anchor plate's width b  

 

 

= 2 m and embedment depth/width ratio H/2b = 2. Fig. 5 

shows the rock failure curves corresponding to different 

ground inclinations and anchor plate inclinations. The 

failure width values at the ground surface are also marked 

in Fig. 5. Where, the following rock parameters are adopted 

for calculation: GSI =20, D=0.8, mi = 8, σc = 2 MPa, γ = 20 

Kn/m3 and ground surface load q = 0 kPa. 

As can be seen from Figs. 5 (a)-5(c), because both the 

ground surface and the anchor plate have a certain 

inclination, the rock failure range above the anchor plate 

shows obvious asymmetry. On the whole, as the anchor 

plate inclination increases, the rock failure range tends to 

incline downward along the slope. Specifically, when the 

anchor plate inclination is less than the ground inclination, 

the failure width on the left is less than that on the right at  

  
(a) GSI (b) D 

  
(c) mi (d) σc 

  
(e) γ (f) q 

Fig. 6 Rock failure surfaces under different rock parameters and ground surface loads: (a) GSI; (b) D, (c) mi, (d) σc, (e) γ 

and  (f) q 
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the ground surface; when the anchor plate inclination is 

greater than the ground inclination, the failure width on the 

left is greater than that on the right; when the ground 

inclination is the same as the anchor plate inclination, the 

rock failure width on the left is equal to that on the right. 

Further, taking the embedment depth/width ratio 

H/2b=2, anchor plate inclination α = 20º and the ground 

inclination β = 30º as an example, Fig. 6 shows the rock 

failure curves corresponding to different rock parameters  

GSI, D, mi, σc,   and ground surface load q . 

As can be seen from Figs. 6(a)-6(f), when other 

parameters remain constant, as the geological strength index 

GSI, parameter mi and rock compressive strength σc  

increase, the rock failure range above the anchor plate tends 

to increase. Conversely, as the disturbance coefficient D , 

ground surface load q  and rock unit weight   increase, the 

rock failure range tends to decrease. Where, the disturbance 

coefficient D has the most significant influence on the 

failure range. Therefore, during engineering design and 

construction, the disturbance damage (Wang et al. 2019, 

Wang et al. 2020) caused by external factors to the rock 

mass should be reduced as much as possible, so as to 

improve the stability and pullout capacity of the anchor 

plate foundation. 

 

 
6. Comparison with numerical simulation results 
 

To further verify the correctness of the proposed 

theoretical method in this paper, this section uses the finite 

 

 

 

difference software FLAC-3D to carry out numerical 

simulation for the pullout process of inclined anchor plates 

in sloping ground under six schemes. Fig. 7 shows the 

numerical simulation model. Specifically, horizontal and 

vertical displacements are fixed at the bottom boundary of 

the model; horizontal displacement is fixed at the front, 

rear, left and right boundaries; the top surface is a free 

boundary. In the model, the rock mass is simulated by the 

built-in Hoek-Brown constitutive model of the FLAC-3D 

software. Table 1 lists the specific parameters 

corresponding to the six schemes. Meanwhile, during 

modeling, common nodes are set between the anchor plate 

and the rock mass to simulate the interaction between them. 

It should be noted that the numerical simulation in this 

section is just to validate the effectiveness of the proposed 

method in this paper. The rock mass around the anchor plate 

is assumed to be homogenous, and the installation process 

is also ignored, in order to obtain convincing results under 

the same conditions. Specifically, in the numerical 

simulation, after the initial geostress field that is applied to 

the model achieves a balance, taking the center of the 

anchor plate as the control point, the displacement load 

perpendicular to the surface of the anchor plate is applied to 

simulate the pullout failure process. The applied 

displacement load is 10-5 m/time step. Fig. 8 shows the 

process curves between the pullout load and the pullout 

displacement under the above six simulation schemes. 

As can be seen from Fig. 8, in the pullout process, as the 

displacement increases, the pullout load that the anchor 

plate can bear increases rapidly until it reaches the peak  

 

Fig. 7 Numerical simulation model for an inclined anchor plate 

Table 1 Parameters for numerical simulation under different schemes 

Item α/º β/º b/m H/m σci/MPa GSI D mi 

1 10 10 1 4 2 20 0.8 8 

2 20 10 1 4 2 20 0.8 8 

3 30 10 1 4 2 20 0.8 8 

4 10 20 1 4 2 20 0.8 8 

5 20 20 1 4 2 20 0.8 8 

6 30 20 1 4 2 20 0.8 8 
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Table 2 Comparison of ultimate pullout capacities obtained 

by the upper bound solution and the numerical simulation 

 

 

point. After the peak point, due to the monolithic failure of 

the rock mass above the anchor plate, as the pullout 

displacement increases, the pullout load decreases, and then 

gradually shows a slow downward trend. Further, the peak  
point is regarded as the critical failure state, and the  

 
 
corresponding peak pullout load is taken as the ultimate 
pullout capacity of the anchor plate. Table 2 lists the 
numerical simulation results corresponding to the six 
schemes and the upper bound solutions obtained by the 
proposed method in this paper. As can be seen from Fig. 2, 
all the upper bound solutions are close to the numerical 
simulation results, and the maximum difference is not more 
than 4.4%. For example, when 20   and 20  , the 
numerical simulation result for the anchor plate's ultimate 
pullout capacity is 291.55 kN, while the upper bound 
solution is 282.95 kN; the difference is only 2%, which also 
verifies the validity of the proposed method in this paper. 

In addition, Figs. 9 and 10 show the contours of 

displacement magnitude and the contours of shear strain 

rate corresponding to the critical failure states of the anchor 

plates. The rock failure curves calculated by the upper 

bound method are also shown in Figs. 9 and 10 for 

comparison. As can be seen from Figs. 9 and 10, due to the 

existence of a certain inclination between the ground 

surface and the anchor plate, the numerical simulation result  

  
(a) α=10º, β=10º (b) α=20º, β=10º 

 

 
(c) α=30º, β=10º (d) α=10º, β=20º 

  
(e) α=20º, β=20º (f) α=30º, β=20º 

Fig. 9 Contours of displacement magnitude at critical failure state under different schemes: (a) α=10º, β=10º, (b) α=20º, 

β=10º, (c) α=30º, β=10º, (d) α=10º, β=20º, (e) α=20º, β=20º and (f) α=30º, β=20º 

Item α/º β/º 

Upper 

bound 

solution  

/kN 

Numerical 

simulation 

result /kN 

Result 

difference 

1 10 10 312.23 325.43 4.1% 

2 20 10 307.87 321.94 4.4% 

3 30 10 310.29 316.49 2% 

4 10 20 314.62 300.69 4.4% 

5 20 20 282.95 291.55 2.9% 

6 30 20 271.47 280.7 3.3% 
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of each scheme shows that the rock failure range above the 

anchor plate is approximately in asymmetric trumpet shape 

that is "wide at the top and narrow at the bottom." 

Moreover, as the slope inclination increases, the rock failure 

range tends to incline downward along the slope, which is 

consistent with the failure characteristics described in 

section 5.2. The rock failure range obtained by the upper 

bound method is roughly consistent with that calculated by 

numerical simulation, which further verifies the validity of 

the proposed method in this paper. 

 

 
7. Conclusions 

 

(1) Focusing on the shallow-buried inclined strip anchor 

plates in sloping rock ground, this paper proposed an 

asymmetrical curve failure mechanism for the rock masses 

above the anchor plates. Then, by using the Hoek-Brown 

failure criterion and upper bound method, this paper 

deduced the theoretical analytical solutions for the anchor  

 

 

plate's ultimate pullout capacity and the rock failure surface 

in the limit state. On this basis, a Hoek-Brown strength-

parameter equivalent transformation method was employed 

to systematically investigate the influence laws of various 

parameters on the ultimate pullout capacity and the rock 

failure range. Finally, the numerical simulation was carried 

out for the pullout process of an inclined anchor plate under 

six schemes to further validate the proposed method in this 

paper. 

(2) The embedment depth, ground inclination, anchor 

plate inclination, geological strength index GSI and 

disturbance coefficient D are significant factors affecting 

the anchor plate's ultimate pullout capacity; we should 

attach importance to them in engineering design and 

construction. Specifically, when the ground is inclined, the 

ultimate pullout capacity tends to decrease with the increase 

of the anchor plate inclination, the optimum value for 

inclination angle of anchor plate is 0º; when the anchor 

plate inclination is over 10º, the optimum ground 

inclination is suggested to be no more than 20º. The anchor 

  
(a) α=10º, β=10º (b) α=20º, β=10º 

 

 
(c) α=30º, β=10º (d) α=10º, β=20º 

  
(e) α=20º, β=20º (f) α=30º, β=20º 

Fig. 10 Contours of shear strain rate at critical failure state under different schemes: (a) α=10º, β=10º, (b) α=20º, β=10º, 

(c) α=30º, β=10º, (d) α=10º, β=20º, (e) α=20º, β=20º and (f) α=30º, β=20º 
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plate's ultimate pullout capacity is positively correlated with 

Hoek-Brown strength parameters GSI, mi and σc, rock unit 

weight γ and ground surface load q, but it is negatively 

correlated with rock disturbance coefficient D. 

(3) For inclined anchor plates in sloping rock ground, 

the rock failure range above the anchor plate shows obvious 

asymmetry. On the whole, as the anchor plate inclination 

increases, the rock failure range tends to incline downward 

along the slope. Moreover, the rock failure range above the 

anchor plate is positively correlated with geological 

strength index GSI, parameter mi and rock compressive 

strength σc, but it is negatively correlated with disturbance 

coefficient D, ground surface load q and rock unit weight 

γ. 
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List of symbols 
 

τn 
The shear stress at the rock failure 

surface 

σn 
The normal stress at the rock failure 

surface 

σt The tensile strength of the rock mass 

σc 
The compressive strength of the rock 

mass 

A, B 
The empirical coefficients related to 

rock-mass properties 

v 
The velocity vector within the velocity 

field 

α 
The inclination angle of strip anchor 

plate 

β The inclination angle of rock slope 

2b The width of strip anchor plate 

Pu The uplift load 

q The additional surface load 

f1(x) 
The curve equation of the right failure 

surface above the anchor plate 

f2(x) 
The curve equation of the left failure 

surface above the anchor plate 

d1 
The failure width on the right side of the 

ground surface 

d2 
The failure width on the left side of the 

ground surface 

H 
The vertical embedment depth of the 

anchor plate's center 

F The yield function of rock mass 

Q The plastic potential function 

 
The plastic factor 

ij  The plastic strain rate vector 

ij  The stress vector 

n1  The plastic positive strain rate 

n1  The plastic shear strain rate 

W1 
The thickness of the thin layer at the 

rock failure surface on the right 

(x)f1
  The first derivative of 

1( )f x  

1D  
The energy dissipation rate per unit 

volume at the right failure surface 

2D  
The energy dissipation rate per unit 

volume at the left failure surface 

W2 
The thickness of the thin layer at the 

rock failure surface on the left 

i1W  
The internal energy dissipation rate 

generated at the right failure surface 

i2W  
The internal energy dissipation rate 

generated at the left failure surface 

S1 The total length of curve
1( )f x  

S2 The total length of curve 2 ( )f x  

iW  The total internal energy dissipation rate 

1W
  

The work rate of rock weight on the 

right side above the anchor plate 

2W
  

The work rate of rock weight on the left 

side above the anchor plate 

γ The unit weight of rock mass 

W  
The total work rate of rock weight 

above the anchor plate 

 

The work rate of the ground surface 

load 

 

The work rate of the anchor plate's 

ultimate pullout capacity 

 
The functional of  f1(x) 

 
The functional of  f2(x) 

M1, N1, M2, N2 The integration constants 

1θ  
The angle between the right failure 

curve  1f x  and the ground surface 

2θ  
The angle between the left failure curve 

 2f x  and the ground surface 

σ1 The maximum principal stress 

σ3 The minimum principal stress 

mb, s, a  
The dimensionless parameters related to 

rock properties 

GSI 
The geological strength index reflecting 

the rock quality grade 

mi 
The empirical parameter reflecting the 

degree of rock hardness 

D 
The coefficient reflecting the external 

disturbance degree for the rock mass 

 

 

 

 

 

 

 



qW

PW

 1 1 1( ), ( ),f x f x x

 2 2 2( ), ( ),f x f x x
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