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1. Introduction 
 

The research on the vibration behavior of structures in 

thermal environment has very important engineering 

background and theoretical value (Abdelrahman et al. 2022, 

Alazwari et al. 2021, Ahmed et al. 2021, Basha et al. 2022, 

Emadi et al. 2021, Babaei 2022a, b, Babaei and Eslami 

2021a, b, Chen et al. 2022a, b, Ding et al. 2023, Ding and 

She 2021, Ding et al. 2022a, Li et al. 2023, She et al. 2021, 

She and Li 2022, Wu and She 2023, Xu and She 2022, 

2023, Zhang et al. 2022, Zhang et al. 2023c, Zhang and She 

2022, 2023b, Zhao et al. 2022a, Hong et al. 2020, 2021, 

Duc et al. 2018, Chan et al. 2019). Many scholars studied 

the vibration response and resonance behavior of plate and 

shell structures in thermal environment (Ahmadi et al. 

2019, Foroutan et al. 2021, Aris et al. 2022, Li et al. 2022, 

2021, Ahmadi et al. 2020, Shi et al. 2021, Tu et al. 2021, 

Ding et al. 2023c). For example, studied the nonlinear 

vibration behavior of energy gradient cylindrical shells in 

thermal environment using multi-scale method. Ahmadi et 

al. (2021) employed Galerkin method to study the nonlinear 

thermal buckling of FG spherical shells under thermal 

environment. Safarpour et al. (2019) established the 

governing equations of composite cylindrical shells by 

Hamiltonian principle, and studied their thermal buckling 

and vibration characteristics. Dastjerdi et al. (2020) studied  
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the nonlinear dynamic analysis of cylindrical shells 

considering the hydrothermal environment based on the 

first-order shear theory. Ebrahimi et al. (2020) used the 

improved coupled stress theory to analyze the thermal 

buckling and forced vibration characteristics of graphene 

reinforced cylindrical shell. Li et al. (2022) studied the free 

vibration of composite conical shells under thermal 

environment by Galerkin method. Hajilak et al. (2019) 

premeditated the forced vibration and buckling behavior of 

graphene reinforced cylindrical shells in thermal 

environment based on the modified strain gradient theory. 

Chan et al. (2019) studied the dynamics of FG shells in 

thermal environment based on the CSTY with geometric 

nonlinearity. Abuteir et al. (2021) intended the dynamic 

buckling behavior of FG material shells structures in 

thermal environment. Nguyen et al. (2019) studied the 

nonlinear vibration response of carbon nanotube reinforced 

shells in thermal environment. Rout et al. (2019) used the 

finite element method to study the free vibration response 

of carbon nanotube reinforced cylindrical shells in the 

thermal environment. Liu et al. (2019) calculated the 

natural frequency of FG shells in thermal environment 

based on Donnell's shell theory. Zu et al. (2022) used 

Rayleigh Ritz method to study the vibration characteristics 

of graphene cylindrical shells in thermal environment. 

Shakouri et al. (2019) studied the vibration behavior of FG 

conical shells at high temperatures using Donnell shell 

theory. Duc et al. (2019) studied the vibration and nonlinear 

dynamic response of FG cylindrical plates in thermal 

environment. Rout et al. (2021) studied the free vibration  
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Fig.1 The shell 

 

 
characteristics of FG conical shells under thermal load 
based on the first-order shear theory. Heydarpour et al. 
(2020) analyzed the dynamic response of FG graphene 
reinforced cylindrical shells under impact loading by 
differential integration. Maji et al. (2020) discussed the free 
vibration characteristics of carbon nanotube reinforced 
shells considering rotational motion and temperature based 
on the first-order shear theory. Abuteir et al. (2022) 
researched the free vibration response of FG cylindrical 
shells under thermal environment using the principle of 
virtual work. Baghlani et al. (2020) analyzed the free 
vibration of FG cylindrical shells in thermal environment 
based on CSTY. Dat et al. (2020) studied the nonlinear 
dynamic response of carbon nanotube reinforced cylindrical 
shell in thermal environment based on the CSTY with von 
Karman geometric nonlinearity. Karimiasl et al. (2019) 
researched the thermal post buckling characteristics of 
composite shells under thermal environment. Fu et al. 
(2020) studied the dynamic behavior of FG cylindrical 
shells in thermal environment based on Hamilton principle. 
Chen et al. (2022) explored the thermal post-buckling 
behavior of sandwich cylindrical shells under thermal 
environment. Wang et al. (2021) analyzed the dynamic 
characteristics of spherical shells under thermal 
environment. More works can refer to Refs. (Daikh et al. 
2021, Emam et al. 2018, Esen et al. 2022, Hendi et al. 
2022, Mohamed et al. 2019, 2021, Melaibari et al. 2023).  

However, there is no research on nonlinear resonance of 

GPLRMFs doubly curved shells in thermal environment. In 

this paper, considering the uniform temperature changes, 

the nonlinear motion equations incorporating temperature 

effect are deduced. The MLP method is employed to obtain 

the resonance response of doubly curved shells. Finally, the 

effects of various factors on the forced vibration behaviors 

are discussed in detail. 

 

 

2. Material properties  
 

In this paper, we consider four types of doubly-curved 

shells, namely, cylindric shell (Rx=R, Ry=→∞), hyperbolic 

shell (Rx=R, Ry=−R), spherical shell (Rx=R, Ry=R), and 

elliptical shell (Rx=R, Ry=2R). The length, width, and 

thickness of the shell are respectively represented by a, b, 

and h, as shown in Figs. 1 and 2. Also, we consider the 

properties of materials to vary in the form of functional 

gradients (Ding et al. 2022b, Lu et al. 2021, She et al. 2021,  
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Fig. 2 Material characteristics (Wang and Wu 2017) 

 

 
2022, Xu et al. 2023, Zhang et al. 2023a, d, Zhang et al. 
2021, Zhao et al. 2022b, Ding et al. 2023), in which three 
different types of porosity distribution, of which the first 
and second (including Porosity-Ⅰ and Porosity-Ⅱ) are the 
cosine functions of thickness z, and the third (Porosity-Ⅲ) 
is uniform and independent of thickness z, with the specific 
expressions (Kitipornchai et al. 2017) 
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(1) 

Herein, the material properties of the doubly curved shells 

without pores are denoted by
#E , # ,

# , # .

e e ( 1,2,3)i mi i ， is used for porosity coefficient, which can 

be described as (Kitipornchai et al. 2017, Ding and She 

2023a, Gan and She 2023, Gan et al. 2023, She and Ding 

2023, Song and She 2023, Zhang et al. 2023b, Zhang and 

She 2023a) 
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(3) 

in which, the subscript M is used for matrix material, GPL 

for graphene platelet,
GPLV is the GPLs volume fraction, in 

addition  
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(5) 

Additionally, because the total masses of matrix for 

Porosity-Ⅰ, Porosity-Ⅱ and Porosity-Ⅲ are equal, we have 
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Three GPLs reinforced types (including GPL-A, GPL-B 

and GPL-C) are taken into account, in addition 
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(7) 

The total GPLs volume fraction
TGPLV have the following 

expression (Chai and Wang 2022, Wang et al. 2019) 
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( )(1 )
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(8) 

where, Wgpl refers to the GPLs weight fraction. 

 

 

3. Governing equations 
 

In this paper, we use the Reddy’ shell model to describe 

the displacement field for the doubly curved shells, which 

considers the shear deformation without introducing the 

shear factor (She and Ding 2023).  

3 0
0 1 0

3 0
1 0 1

( ),

( ), .

x x y

y

w
u u z c z v v z

x

w
c z w w w

y

  




     




   


 

(9) 

in Eq. (9), 2

4
1 3h

c  , 
2 13c c . The strains of interest 

, , , ,x y xy xz yz     have the same expression as our previous 

work (She and Ding 2023). The constitutive equation 

considering thermal effect has the following expression 
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(10) 

With T being the uniform temperature changes, and 
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(11) 

According to Euler-Lagrange equation, the following 
equations of motion including thermal effect can be arrived 
at 
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4. Solution method  
 

In this article, we consider simply supported boundary 

conditions and assume that the external excitation load is a 

harmonic load, i.e.,  cosq q t ’ . Due to the fact that 

this article only considers simply supported boundary 

conditions, this is one of the limitations of this article. In 

addition, we assume that the displacements take the 

following form (She and Ding 2023), 
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(19) 

Because the transverse vibration plays a decisive role in the 

vibration problem, the influence of the inertia terms of axial 

and rotation vibrations can be ignored. Therefore, we only 

consider the transverse vibration. Upon substitution of Eq. 

(19) into Eqs. (12) - (16), a set of six ordinary differential 

equations can be extracted, these equations are given in 

Appendix. By eliminating the U(t) , V(t) ,
x

Φ (t) , and
yΦ (t) , 

we can get the classical Duffing equation, which is the same 

as the previous work (She and Ding 2023), and then, the 

solution can be determined with the aid of modified 

Lindstedt Poincare method, by referring to Ref. (Chen and 

Cheung 1996), we can obtain the asymptotic solution for 

the resonance problem.  
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5. Numerical analyses 
 

To validate the present paper, a metal foam cylindrical 

shell is taken into account, and Table 1 gives the 

dimensionless linear natural frequencies Ω = ωR(ρ1/E1)1/2 

for comparison. From Table 1, our results are basically 

consistent with those given in the existing literature (Wang 

et al. 2019), thus verifying the correctness of this study. 

In following part, the adopted material is given in Table 

2. 

Fig. 3 depicts the effect of temperature changes ΔT(K) 

on the resonance diagrams of hyperbolic- (Rx = R, Ry = −R), 

elliptical- (Rx = R, Ry = 2R), spherical- (Rx = R, Ry = R), and 

cylindrical- (Rx = R, Ry = →∞) shells. In the figure, the x- 

 

 

axis represents the exciting frequency, and the y-axis 

represents the deflection. It can be seen that, as the 

temperature goes up, the resonance position can be 

advanced. Thus, if we ignore the effect of temperature load, 

we will overestimate the resonance position. Therefore, it is 

necessary to consider the effect of temperature load in 

practical engineering. Besides, we can see that the 

ellipsoidal and hyperbolic shells have almost the similar 

resonance positions. Moreover, the forced vibration curve 

for the hyperbolic-shell is bent to lower frequency (soft 

spring). 

Fig. 4 shows the effects of material properties on the 

resonance diagrams of hyperbolic- (Rx = R, Ry = −R), 

elliptical- (Rx = R, Ry = 2R), spherical- (Rx = R, Ry = R), 

and cylindrical- (Rx = R, Ry = →∞) shells. As seen, (a) 

GPL-C shells first resonates. (b) Porosity-Ⅱ shells first 

resonates. (c) With the increase of GPL weight fraction, the 

resonance position will be delayed. (d) On the contrary, the 

natural frequency of the shell decreases with the increase of 

the porosity coefficient, so the resonance position will be 

advanced. 

In Fig. 5, we investigate the effect of geometric 

imperfection. As shown in the figure, when W1=0, the 

greater the amplitude is, the greater the nonlinear natural 

frequency becomes. The amplitude frequency response 

relationship shows the property of hard spring. With the  

  
(a) Cylindrical (b) Spherical 

  
(c) Hyperbolic (d) Elliptical 

Fig. 3 Resonance diagrams for different temperature changes at h = 0.45 m, a =b=R = 4.5 m, P=1 MPa, Wgpl=0.01,W1=0.5, 

porosity-Ⅰ,GPL-A, q =3MPa, e1=0.2, (m,n)=(1,1) 

Table 1 Comparative analysis for the dimensionless  

linear natural frequencies Ω=ωR(ρ1/E1)1/2 of a metal foam 

cylindrical shell 

e1 

n = 3  n = 4  

Ref. (Wang 

et al. 2019) 
Present 

Ref. (Wang 

et al. 2019) 
Present 

0 1.2366 1.2434 1.2300 1.2410 

0.2 1.2102 1.2159 1.2048 1.2139 

0.4 1.1836 1.1879 1.1795 1.1862 

0.6 1.1585 1.1609 1.1560 1.1596 
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increase of initial geometric defect, especially when 
W1=0.8, the larger the amplitude is, the smaller the 
nonlinear natural frequency is. At this time, the amplitude 
frequency response relationship shows the property of soft 
spring. In addition, we can also find that the resonance 
position hardly changes with the increase of initial 
geometric imperfection. 

Fig. 6 describes the influence of prestress on the 
amplitude frequency response curve of GPLRMFs doubly 
curved shells. When prestress is applied to GPLRMFs 
hyperbolic shells, the natural frequency of the structure 
increases with the increase of prestress, thus delaying the 
resonance position of GPLRMFs hyperbolic shells. 

 

 

 

6. Conclusions 
 

Through the dynamic analysis of the frequency-

amplitude response curves, the following conclusions can 

be drawn. 

(1) The resonance position will be advanced with the 

increase of temperature. If we ignore the effect of 

temperature load, we will overestimate the resonance 

position. 

(2) The spherical shell has the maximum resonant 

position, and the forced vibration curve for the 

hyperbolic-shell is bent to lower frequency.  

Table 2 Material properties (Wang and Zhang 2022) 

Materials Properies P-1 P0 P1 P2 P3 

Nichel 

Em (Pa) 0 223.95×109 -2.974×10-4 -3.998×10-9 0 

vm 0 0.28 0 0 0 

ρm (kg/m3) 0 8908 0 0 0 

αm (1/K) 0 9.9209×10-6 8.7056×10-4 0 0 

GPLs 

Egpl 0 1087.8×109 -0.261×109 0 0 

vgpl 0 0.186 0 0 0 

ρgpl (kg/m3) 0 1060 0 0 0 

αgpl (1/K) 0 13.92×10-6 -0.0299×10-6 0 0 

  
(a) Cylindrical (b) Spherical 

  

(c) Hyperbolic (d) Elliptical 

Fig. 4 Resonance diagrams for material properties of hyperbolic shells at Wgpl = 0.01, h = 0.45 m, a =b=R= 4.5 m, P=1 

MPa, e1 = 0.2,ΔT = 100 K, (m,n)=(1,1); the effect of (a) GPLs distribution patterns, (b) porosity distribution patterns, (c) 

GPLs weight fraction and (d) the porosity coefficient 
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(a) Cylindrical (b) Spherical 

  
(c) Hyperbolic (d) Elliptical 

Fig. 5 Resonance diagrams at Wgpl = 0.01, h = 0.45m, a =b=R = 4.5 m, P=1MPa, e1 = 0.2, porosity-Ⅰ,GPL-A, q =10 

MPa,ΔT = 100 K, (m,n)=(1,1) 

  
(a) Cylindrical (b) Spherical 

  
(c) Hyperbolic (d) Elliptical 

Fig. 6 Resonance diagrams at h = 0.45 m, a =b=R= 4.5 m, e1=0.2, Wgpl=0.01,W1=0.5, porosity-Ⅰ,GPL-A, q =10 MPa, ΔT = 

100 K, (m,n)=(1,1) 
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(3) For GPLs distribution patterns, GPL-C shells first 

resonates, followed by GPL-B and GPL-A shells. 

For porosity distribution patterns, Porosity-Ⅱ shells 

first resonates, followed by Porosity-Ⅲ and 

Porosity-Ⅰ shells. For GPLs weight fraction, with the 

increase of GPL weight fraction, the resonance 

position will be delayed. For the porosity coefficient, 

with the increase of the porosity coefficient, the 

resonance position will be advanced. 
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