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Abstract. The destruction and fracture of rock masses are crucial components in engineering and there is an increasing demand
for the study of the influence of rock mass heterogeneity on the safety of engineering projects. The numerical manifold method
(NMM) has a unified solution format for continuous and discontinuous problems. In most NMM studies, material homogeneity
has been assumed and despite this simplification, fracture mechanics remain complex and simulations are inefficient because of
the complicated topology updating operations that are needed after crack propagation. These operations become computationally
expensive especially in the cases of heterogeneous materials. In this study, a heterogeneous model algorithm based on stochastic
theory was developed and introduced into the NMM. A new fracture algorithm was developed to simulate the rupture zone. The
algorithm was validated for the examples of the four-point shear beam and semi-circular bend. Results show that the algorithm
can efficiently simulate the rupture zone of heterogeneous rock masses. Heterogeneity has a powerful effect on the macroscopic
failure characteristics and uniaxial compressive strength of rock masses. The peak strength of homogeneous material (with
heterogeneity or standard deviation of 0) is 2.4 times that of heterogeneous material (with heterogeneity of 11.0). Moreover, the
local distribution of parameter values can affect the configuration of rupture zones in rock masses. The local distribution also
influences the peak value on the stress—strain curve and the residual strength. The post-peak stress—strain curve envelope from
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60 random calculations can be used as an estimate of the strength of engineering rock masses.
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1. Introduction

Geological materials such as rock masses are highly
heterogeneous and widely used in geotechnical engineering.
They contain multi-scale defects (Zhou et al. 2014), such as
inclusions (Cook 1965), internal pores (Tsang and
Witherspoon 1981), and microscopic or macroscopic
fractures (Wang et al. 2020). These defects add variability
to the engineering properties of the material, such as
strength and other physical and mechanical properties
(Shemirani et al. 2017, Baud et al. 2014, Xue et al. 2020),
which may significantly affect soil-structure interaction (Shi
et al. 2019, Shi et al. 2022, Shi et al. 2023). Engineering
problems, especially those that involve small quantities of
materials such as rock masses, do not usually account for
heterogeneity explicitly. The problem is usually simplified;
homogeneity is assumed and average values of material
properties are used. When the representative volume is
much larger than the volume involved in the problem, the
assumption of homogeneity is inadequate, and a precise
representation of the heterogeneity of the properties
becomes vitally important.

Over the past decades, researchers have improved the
efficiency of simulations of fractures and deformation in
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heterogeneous rock masses (Tang 1997, Chen et al. 2004,
Zhu and Tang 2006, Ma and An 2008, Xiong ef al. 2011,
Jiao et al. 2015, Yu et al. 2020). These studies have
important geotechnical engineering applications. The use of
the Finite Element Method (FEM) to study material
heterogeneity began in the late 1960s. Internal structure of
materials has been characterized using various joint element
and interface element models, including Goodman’s joint
elements (Goodman ef al. 1968), six-node fracture elements
(Li et al. 2017), and interface elements in contact
mechanics (Katona 1983). Azarafza et al. (2021) proposed a
machine vision and image processing-based approach for
determining grain size and distribution, which has been
used to identify granular sediment gradation distribution.
Artificial intelligence (Al) image processing (Azarafza et
al. 2019) has also been wused to categorize the
discontinuities of rock blocks into two groups (opened and
closed), and has considerably reduced errors. Wu et al.
(2019) adopted a Voronoi tessellation technique in the
numerical manifold method (NMM), generating random
polygonal grains to better approximate rock microstructure.
Wu et al. (2020) developed a numerical manifold model to
simulate the dynamics of saturated and semi-saturated
porous media, which are commonly encountered in
engineering problems. Liu et al. (2021) used a discrete
fracture network model in NMM to simulate grout
penetration in fractured rock masses. These studies
examined rock mechanical properties by modeling rock
internal structure on a small scale. However, simulations on
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Table 1 Comparison of methods used to simulate macroscopic failure of rock masses

Method Advantages

Disadvantages

XFEM
(Patil et al. 2019)

Peridynamics
(Ouchi et al. 2015)

Smoothed Particle
Hydrodynamics (SPH)
(Maet al. 2011)

RFPA (Tang 2011)

No need to remeshing

analysis

No fixed grid,

Consider heterogeneity

NMM (Ma et al. 2010) discontinuous problems

High accuracy and efficiency in solving
macro/micro discontinuous mechanical problems

Able to simulate progressive material failure,

Simultaneous handling of continuous and

Unable to handle multiple crack propagation and
coupling

Difficult to directly simulate structure from a macro
perspective

Need to set a pressure constant in the state equation
manually

The crack growth is a quasistatic process, ignoring
the influence of inertia force caused by rapid growth
The value of contact spring stiffness is sensitive to
the rate of convergence of the solution

larger scales may require considerable amounts of
computational resources.

Numerous scholars have used numerical models to
characterize heterogeneous materials by incorporating
physical and mechanical parameters that are heterogeneous
to describe the internal structure of the materials. Mesoscale
heterogeneity can be accurately represented by the
heterogeneity index of statistical models. For example,
Yang et al. (2022) used ABAQUS to simulate the impact of
heterogeneity on the characteristics of ubiquitiformal cracks
during the Brazilian rock splitting test. The Weibull
distribution has also been widely used to characterize
material heterogeneity, for example, in the popular rock
mechanics software Rock Failure Process Analysis (RFPA)
(Tang et al. 1998, Tang et al. 2000, Tang et al. 2000). Tang
et al. (2000) developed RFPA, which is based on FEM. The
introduction of heterogeneous properties allows RFPA to
simulate the nonlinear deformation of quasi-brittle behavior
with an ideal brittle constitutive law for rock masses. To
examine the physical mechanisms underlying the
discrepancies in rock tension, Liao et al. (2019) carried out
three-dimensional RFPA simulations of the direct tension
test, Brazilian test, and three-point bending test of intact
heterogeneous rock. To study the heterogeneity of concrete
failure, a spatial correlation length factor was added to the
conventional Weibull distribution (Tang et al. 2009). By
combining linear elastic material constitutive relations with
statistical heterogeneous models at the mesoscale, Tang et
al. (1998) accurately predicted the nonlinear deformation
and failure behaviors of rock at the macroscale.

Unprecedented developments in numerical simulation
technology provide a strong foundation for the study of the
macroscopic failure of rock masses in the present day.
Numerical methods can solve complex problems that
cannot be solved by analytical methods. Various continuum-
based numerical methods have been developed over the
decades; they include FEM, the finite difference method
(FDM), the boundary element method (BEM), and other
meshless methods. Among these methods, FEM is the most
widely used in engineering because it can be used to set up
complex constitutive models with complex boundary
conditions to solve dynamic problems. However, FEM also
has drawbacks. The finite element mesh must align with
fractures. Mesh generation requires considerable amounts

of work and remeshing is unavoidable in simulations of
fracture growth. Considering all these shortcomings, FEM
is not the ideal tool for the simulation of fracture evolution.
To overcome these drawbacks, especially in meshing, much
effort has been put into modifying the conventional FEM.
One famous example is the extended finite element method
(XFEM) (Zi and Belytschko 2003). The XFEM is based on
the partition of unity (PU). It introduces discontinuous
enrichment functions into the conventional FEM
approximation to avoid remeshing during discontinuity
development. Another example is the generalized finite
element method (GFEM) (Strouboulis et al 2000,
Strouboulis ef al. 2001).

The NMM is based on the mathematical concept of
manifold and the finite cover approximation theory. It uses
truncated discontinuous shape functions to solve continuous
medium problems, fractured medium problems, and block
system problems in a unified format, building a bridge that
connects continuity and discontinuity (Ma et al. 2010). The
NMM uses two covers—a physical and a mathematical—
that are separate for less restrictive meshing. Most of the
current research on the NMM focuses on crack propagation
in homogeneous materials (Chiou et al. 2002, Ma et al.
2009, Zhang et al. 2010). Wang et al. (2003) simulated
crack extension using a first-order cover function and
accurately calculated the length of crack extension at each
computational step. Wu et al. (2017) used the NMM to
characterize the mechanical response of rock mass under
uniaxial compression. Zhang et al. (2002) used the NMM to
investigate crack generation and expansion in dams with
homogeneous mechanical properties. Table 1 summarizes
the advantages and disadvantages of the numerical methods
that have been used to simulate the macroscopic failure of
rock masses.

Some efforts have also been made to extend the NMM
to study the influence of heterogeneous conditions on rock
failure (Yang et al. 2016, Yang et al. 2018, Yang et al. 2020,
Wu et al. 2019, Wu et al. 2020). These studies are focused
on the spread of internal cracks in rocks. The decrease in
computational efficiency with crack expansion hinders the
application of NMM to large-scale engineering projects.

In this study, we present the enriched NMM, which uses
the heterogeneity index of a statistical model to take into
account heterogeneous material properties. It can be used to
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study the fracture processes of rock masses and the
mechanical responses to the processes. Existing NMM
crack extension simulations require constant updating of the
fracture elements and their cover information for both sides
of the crack and are computationally expensive. We present
a novel algorithm to simulate the rupture zone in rock
masses. The new algorithm efficiently characterizes the
macroscopic failure of rock masses as a cumulative process
of the failure of multiple elements. It is an efficient and
cost-effective method for simulating macroscopic failure.

2. Basic NMM theory

Detailed explanation of the theory of NMM can be
found in Shi (1991). In this section, we present a simple
example to illustrate the basic concepts of NMM and the
generation of manifold elements. In this example, the
mathematical covers are a rectangle (M1) and a circle (M2)
(Fig. 1(a)). The physical grid (i.e., the actual computational
domain) is a triangle with one crack (Fig. 1(b)). The NMM
covering system has the advantage of not needing to divide
the computational grid to match the grid to the
computational domain. The NMM system only requires the
complete coverage of the physical grid by the mathematical
covers; areas of overlap between the physical grid and the
mathematical covers form the physical cover and manifold
elements (Figs. 1(c)-1(e)). Discontinuities in the physical
grid can be easily characterized using NMM because the

mathematical cover can be split by the boundaries as well as
the internal cracks of the physical grid. The crack in the
physical grid splits the mathematical cover M2 into two
independent physical covers (P21 and P22) and partially
cuts into the mathematical cover M1 to form the physical
cover P11 (Fig. 1(d)). As a result, five manifold elements,
namely E1 (P11), E2 (P11P21), E3 (P11P22), E4 (P21), and
E5 (P22), are formed (Fig. 1(e)).

3. Enriched numerical manifold method for
Heterogeneous rock masses

3.1 Heterogeneous algorithm based on random
theory

The NMM assumes that materials are linear elastic and
homogeneous bodies and uses the incremental method to
calculate model strain. We used the NMM to develop a
model for heterogeneous materials by incorporating a
heterogeneous algorithm based on random theory.

The heterogeneous algorithm for different physical and
mechanical parameters—elastic modulus, internal friction
angle, and cohesion—of heterogeneous rock masses was
generated following two steps. First, we used random
theory to generate arrays of parameter values that conform
to a specific distribution. Second, the data arrays were
discretized and incorporated into the model.
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Fig. 2 Schematic diagram of the probability distribution
of number sets following the normal distribution

The physical and mechanical properties of the manifold
elements in the numerical manifold model were assumed to
follow the normal distribution

2(@)=[exp(~(@~a,)’ /20" )| N2m & (1)

where a is the physical or mechanical property of the
manifold element; e, is the position parameter, which is

the mean value of the property; o is the scale parameter,
which is the standard deviation of the property.

The programming language C was used to extend the
NMM program. To facilitate programming, we used the
Box—Muller algorithm to implement a probability function
that follows the normal distribution; Z is a set of random
numbers in the interval (0, 1) that follows the standard
normal distribution; it was mapped to the statistic ¢ with

mean 4 and standard deviation o as follows
o=u+(20) e

Fig. 2 shows the distribution of the number sets under
the influence of three different o values (2, 5, and 10).

The random number discretization method is commonly
used to discretize spatial coordinates according to the
Gaussian integral points. In the NMM, the traditional
Gaussian integral is replaced by simplex integral, which is
more efficient. Therefore, Gaussian coordinates are
unsuitable for data discretization in the NMM. Because the
NMM uses regular mathematical meshes (e.g., triangular
meshes), we discretized data using the following manifold
element center co-ordinate discretization method

despersed[ ¢, | E,center :(x,, ;) 3)
where Eicenter is the center of the i manifold element.

3.2 Rupture zone algorithm

Rock fracture behavior is usually modeled using the
elastic-brittle constitutive law and the modified Mohr—
Coulomb criterion. The Mohr—Coulomb criterion is widely
used in rock mechanics to determine rock damage under
compression. However, it can only consider the shear
failure of rock masses under compression and ignores the
influence of intermediate principal stress. As illustrated by
the shaded area I in Fig. 3(a), shear failure occurs under

A

0 O3 O, Oy

(a) Mohr—Coulomb criterion
A

II[ -7, |O o; o, o,

(b) Modified Mohr—Coulomb criterion
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stress states that lie beyond the fracture line. Thus, the
Mohr—Coulomb criterion cannot be used to determine
tensile damage of rock masses. To enable the simulation of
shear and tensile damage, we modified the Mohr—Coulomb
criterion to include a tensile cutoff. The modified criterion
is shown in Figure 3 (b). The shaded area represents failure
and can be divided into three blocks; block I represents
complete shear failure; block II represents the coexistence
of shear and tensile failure, and block III represents
complete tensile failure. The modified Mohr—Coulomb
criterion takes into account rock tensile strength 7, and
tensile failure occurs when the minor principal stress
exceeds the tensile strength

o, <-T,

{((0'1 -0,)/2)2c-cosg+((o, + 03)/2) -sing,—T, < o, )

In real-life engineering situations, external loads can
damage the internal structure of rock masses and lead to
reductions in compressive strength and elastic modulus,
fracture, expansion of primary cracks, and other changes.

We developed a damage algorithm for the elastic
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Table 2 Physical and mechanical properties of the heterogeneous rock masses in the Four-Point Shear Beam
(FPSB) and the Semi-Circular Bend (SCB)
Example mf&i?ﬂ: p  Cohesion, ¢ Internal friction Poisson Ratio, Tensile strength,
’ 1 o
name (GPa) (MPa) angle, @ (°) H To (MPa)
Mean value 27.9 5.5 63 0.19 -
FPSB .
Standard deviation, o 2.0 1.22 2.24 - -
SCB Mean value 42 5.5 63 0.19 30
Standard deviation, o 2.0 1.22 2.24 - 2.0
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Fig. 5 Schematic diagram of the Four-Point Shear Beam (FPSB)
modulus of the manifold element to describe the 0
corresponding changes in the internal characteristics of 8 < Eop
heterogeneous rock masses. The damage algorithm is based o (7

on the elastic—brittle constitutive law (Fig. 4).

In the numerical manifold model, stresses in the
manifold elements are calculated using the following
incremental method

Ao, =
X 1_ﬂ2

2(;1Aex+Aey)

, . E
Y21+ p)

(A&'x + yAey)

Aay=l

)

u

A Ay,

The use of the incremental method results in stress
accumulation in the manifold elements. Elements that meet
the failure criterion may have a reduced elastic modulus,
but the final stress value may not reflect characteristics of
brittle damage. As a result, we modified the algorithm and
introduced a damage variable D to reduce the elastic
modulus when the failure criterion is met

€= E(1-D) ©

The damage variable is the stiffness degradation
parameter of the failing element. Introduction of the
damage variable allows the algorithm to simulate nonlinear
stress—strain behavior during rock failure by resetting stress
and reducing the elastic modulus. Under uniaxial tensile
stress, D of the manifold element is expressed as (Zhu and
Tang 2004)

£l
1-——,¢g2¢,
&

where &, is the strain when compressive stress reaches the
uniaxial compressive strength f., and A is the residual

strength coefficient.

After failure, the stiffness and stress of the damaged
manifold elements are set to zero. If the stress state of the
damaged element shows recompression, the corresponding
stiffness is restored to a certain degree, allowing the
element to transmit stress under loading. Substituting Eq.
(6) into Eq. (5) gives

1-D)

Ao, =L7(Aex + e,
Ao, = El(l_ ZD)(;mx +Az,) (®)
_E(1-D)
" () T

3.3 Validation of the proposed algorithm

We applied the algorithm to the examples of the Four-
Point Shear Beam (FPSB) and the Semi-Circular Bend
(SCB) to validate its ability to simulate the rupture of
heterogeneous rock masses. The material parameters of the
two examples are summarized in Table 2.

Most natural rock masses are in compression and shear
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Fig. 6 Rupture zones (green) of the Four-Point Shear Beam (FPSB)

failure is the most common form of rock damage. In
addition to the conventional uniaxial compression test, the
FPSB is also often used to study shear damage of
specimens, especially in concrete structures. Bocca et al.
(1990), Schlangen ef al. (1992), and others have conducted
numerical simulation studies of the damage process of the
FPSB.

We used a two-dimensional NMM program to set up the
FPSB model (Fig. 5) during pre-processing. The ratio of the
two loads on the upper part of the FPSB was set to 1:15
(Melin 1989). The NMM pre-processing meshing function
created an FPSB model with 3,200 manifold elements.

Manifold elements that meet the Mohr—Coulomb
criterion are considered as damaged and are marked in
green, forming the rupture zone in Fig. 6. Simulation results
show that the FPSB is in central symmetric shear failure.
The rupture zone is located halfway along the width of the
beam, near loading blocks B and C. Failure takes place in
three stages. The first stage is from 0 to 2.3 s. During this
stage, the beam is under shear loading. Failure first occurs
near the loading blocks B and C and the fractures are
perpendicular to the top and bottom surfaces of the beam.
As the load increases, stress accumulates inside the two-
dimensional NMM model; the fracture in the top part of the
beam grows in parallel to the one in the bottom part. Figs.
6(a) and 6(b) shows the rupture zone at 2.1 and 2.3 s,
respectively. The second stage is from 2.3 to 6.9 s. During
this stage, the beam is under shear loading, but no new

manifold element meets the failure criterion, and the rupture
zone stops growing. The third stage is from 6.9 to 7.4 s.
During this stage, the beam is damaged further. At 6.9 s, the
fractures in the top and bottom parts of the beam gradually
grow toward each other. Fig. 6(c) shows the rupture zone at
7.2 s. Finally, stresses are equivalent to the shear strength of
the beam and a continuous fracture runs between the top
and bottom surfaces of the beam at 7.4 s, connecting the
two initial fractures (Fig. 6(d)).

Melin et al. (1989) reported the results of a laboratory
FPSB experiment. The final failure mode and fracture
development in the experiment are consistent with the
rupture zones and their development in the enriched NMM
(Fig. 6(e)). This confirms that our algorithm can reproduce
the shear failure of the loaded FPSB.

The SCB is an effective means to test the tensile
strength of brittle materials, such as rocks (Ayatollahi et al.
2006). We used the NMM program to set up a two-
dimensional numerical manifest model of the SCB with
homogeneous physical and mechanical properties (Fig. 7).

We made a number of simplifications to improve the
modeling of the half-disc tensile test. These simplifications
include: (1) using fixed triangular supports instead of
bearing tables; (2) using loading plates instead of
concentrated loads to prevent stress concentration inside the
manifold element. The loading rate was set to 0.02 mm/s
(Huang et al. 2021, Lim et al. 1993).
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Fig. 7 Schematic diagram of the Semi-Circular Bend
(SCB)

Simulation results are shown in Fig. 8(a). Tensile
fracture in the SCB starts at the bottom of the disc. As
loading increases, the rupture zone grows toward the
loading point at the top of the disc, and a continuous rupture
zone finally connects the top and bottom parts of the semi-
circular disc (Figs. 8(b)-8(d)). Fig. 8(e) shows the SCB at
final failure in laboratory experiments as reported in the
literature (Ayatollahi et al. 2006). There is a close
agreement between Figs. 8(d) and 8(e). Thus, we infer that
our algorithm can be used to model tensile rupture zone and
shear damage with reasonable accuracy.

4. Description of numerical parametric study
4.1 Parameter values

After algorithm validation, we used the algorithm to set
up a uniaxial compression model without surrounding
pressure. We conducted a series of parametric tests to
investigate the nonlinear characteristics of the damage
process of rock masses and the evolution of manifold
element damage.

Table 3 summarizes the values that were used in the
parametric study; A-0 is the control group. It is made of
homogeneous materials and is used to compare with the
results of groups B and C, which are made of heterogeneous
materials. To explore the influence of heterogeneity on
peak/post-peak strength, stress—strain curve, and rupture
zone configuration of rock masses, we kept the
heterogeneity (o ) and distribution of cohesion and internal
friction angle invariant, and varied the heterogeneity of the
elastic modulus. We compared the results from A-0, B, and
C to explore the influence of heterogeneity on rock
properties, especially on the elastic modulus. In addition,
we conducted three random calculations (A-1, A-2, and A-
3) using the same heterogeneity to explore the impact of
different random distributions of heterogeneous parameters
on peak/post-peak strength, stress—strain curves, and rupture
zone configuration. We also conducted multiple random
calculations (total of 60) using the same heterogeneity
(o =2.0); they are not shown in Table 3. Different discrete
results can be obtained for each calculation by using a
random algorithm to generate a heterogeneous array of
strength parameter values. Thus, we kept the distribution of
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Fig. 8 Rupture zones (green) of the Semi-Circular Bend
(SCB)

cohesion and internal friction angle invariant and varied the
distribution of elastic modulus.

To explore the influence of the local discrete state in the
heterogeneous model on rock failure, a random algorithm
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Table 3 Values used in numerical parametric study of uniaxial compression model

Group Elastic modulus . Internal friction Poi Rati
> tio,
name E (GPa) Cohesion, ¢ (MPa) angle, @ (%) oisson Ratio,
Mean value 42 5.5 63.0 0.19
A-0 .
Standard deviation, o - 1.22 2.24 -
A-1(A) Mean value 42 5.5 63.0 0.19
Standard deviation, & 2 1.22 2.24 -
Mean value 42 5.5 63.0 0.19
A-2 .
Standard deviation, & 2 1.22 2.24 -
A3 Mean value 42 5.5 63.0 0.19
Standard deviation, o 2 1.22 2.24 -
Mean value 42 5.5 63.0 0.19
B .
Standard deviation, o 5 1.22 2.24 -
Mean value 42 5.5 63.0 0.19
C .
Standard deviation, & 11 1.22 2.24 -
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Fig. 9 Schematic diagram of uniaxial compression model

was used to generate three random calculations—A-1, A-2,
and A-3—using the same heterogeneity. To study the
influence of heterogeneity on the failure characteristics and
compressive strength of rock masses, two groups of B and
C tests were set up and their results were compared with
those from A-1.

4.2 Numerical model of uniaxial compression

The uniaxial compression model is shown in Fig. 9.
Displacement loading was applied at a controlled rate. At
each time step, loading was applied at a uniform rate. Stress
was measured at M1, M2, M3, and M4, and displacement
was measured at M5 and M6.

Following Huang er al. (2021) and the results from
many similar tests that we have conducted, the loading rate
was set at 0.02 mm/s.

5. Results of numerical parametric study

5.1 Effects of discrete distributions of parameter
values on macroscopic failure characteristics

Elastic modulus was one of the heterogeneous
parameters that was examined in the parametric study. Fig.
10 shows the discrete distributions of elastic modulus
values in the comparative models A-1, A-2, and A-3.
Although the models were parameterized using the same
standard deviation for the elastic modulus at the macroscale
(Table 3), they had different local distributions of elastic
modulus values, which will give considerably different
results at different steps of the calculation. Therefore, we
used the random algorithm to generate different random
sample models even for the heterogeneous models that used
the same means and standard deviations.

Three separate numerical calculations (A-1, A-2, and A-
3) were performed using the values in Table 3 and the
damage process is shown in Fig. 11. Over time, the
damaged manifold elements (in green) connect with each
other to form a continuous rupture zone. Different local
distributions of elastic modulus values result in different
configurations of the rupture zone, and the differences can
be substantial. The penetrating fracture zone often appears
along the 45° plane. The location of this oblique rupture
zone depends on the distribution of parameter values inside
the sample. There is a tendency for failure to start in the
weakest part of the sample. Because of the randomness of
the mechanical properties of microscopic elements, Fig. 11
shows completely different final failure modes for three
heterogeneous samples with the same macroscopic physical
and mechanical properties. The local distribution of
mechanical parameter values affects the mode of
macroscopic failure and also affects the time and speed of
macroscopic failure to a certain extent.

Fig. 12 shows the stress—strain curves of A-1, A-2, and
A-3. The effect of local elastic modulus values on
macroscopic mechanical response is more prominent
around and after peak stress. Rock mass peak and residual
strengths depend on the discrete distributions of parameter
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Fig. 12 Stress—strain curves of A-1, A-2, and A-3
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Fig. 13 Envelope of stress-strain curve for the rock
masses with the same heterogeneity

values inside the sample, which vary between samples. The
macroscopic compressive strengths of A-1, A-2, and A-3 are
within 7% of one another, although the different
distributions of parameter values inside samples have led to
different macroscopic failure characteristics.

5.2 Stress—strain curve envelope

We conducted 60 random calculations using the same
heterogeneity. While the local distributions of elastic
modulus values vary, the stress—strain curves are all within
the same envelope (gray shading in Fig. 13). This indicates
that the numerical model can reproduce a reasonable
strength envelope that is consistent with reality using the
same heterogeneity. Our enriched NMM can be used to
estimate rock mass strength values and envelopes for
engineering projects on the basis of on-site measurements
of the physical and mechanical parameters of the rock
masses. Estimates of strength values and envelopes can be
used to improve the reliability, safety, and financial viability
of engineering projects during the design phase

5.3 Effects of heterogeneity on macroscopic failure
characteristics

Fig. 14 shows the local distributions of elastic modulus
values for A-0, A, B, and C (Table 3). The control group A-
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Fig. 14 Distributions of elastic modulus values in A-0, A,
B,and C

0 has a symmetrical X-type rupture zone, which is typical
of homogeneous materials. To study the effects of
heterogeneity on the macroscopic failure and strength of
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Fig. 16 Stress—strain curves of A-0, A, B, and C

rock masses, we compared the results of A-0 with those
from A-1 (A), B, and C.

Comparison of the results of A-0, A, B, and C shows
that a higher standard deviation is associated with a higher
level of discretization of the internal parameter distribution.
Fig. 15 shows the development of rupture zones in the
simulations of the heterogeneous materials—A, B, and C.
The green triangles indicate damaged manifold elements.
The rupture zones of the heterogeneous materials do not
have the X-type symmetry that is present in the rupture
zone of the homogeneous material. With increased
heterogeneity, macroscopic failure occurs earlier and at a
higher speed.

The heterogeneous materials (A, B, and C) have the
same macroscopic properties as the homogeneous material
(A-0). However, strength in A-0 is considerably higher than
the strength in A, B, or C, highlighting the importance of
the consideration of material heterogeneity in the design of
engineering projects. Moreover, high standard deviation is
associated with high inhomogeneity in heterogeneous rock
masses and enhanced nonlinearity in the stress—strain curve.

The stress—strain curve of A-0 clearly shows the
characteristics of brittle failure; post-peak stress decreases
rapidly and stabilizes at the level of residual strength. At a
standard deviation of 11.0, there is a considerable decrease
in peak stress; higher inhomogeneity is associated with
earlier failure and decreased brittle damage.

The peak strengths of A-0, A, B, and C are 35.4, 19.3,
18.2, and 14.8 MPa, respectively. The peak strength of the
homogeneous material A-0 (o=2.0) is 2.4 times that of
the heterogencous material C (o0 =11.0). Moreover, the
post-peak strength of A-0 is almost twice that of C. Thus,
heterogeneity affects the peak strength of rock materials and
the residual strength of heterogeneous material is lower than
that of homogeneous material. However, the stress—strain
curves of A, B, and C show that residual strength varies
little with heterogeneity in heterogeneous materials.

6. Conclusions

In this study, we presented an enhanced numerical
manifest model that can effectively simulate the rupture
zone in heterogeneous rock masses. This provides a cost-

effective and efficient method to simulate rock failures on
large scales. A rupture zone simulation algorithm was
introduced into the NMM by using a modified Mohr—
Coulomb criterion with tensile cutoff and the intrinsic
relationship of manifold element damage. We draw the
following conclusions, which are based on our simulation
results:

e We used the FPSB and SCB tests to evaluate the
performance of our enriched numerical manifold model in
reproducing shear and tensile damage. There was a close
agreement between our model results and experimental
results published in the literature.

¢ Our enriched numerical manifold model improves on the
NMM by considering heterogeneity in the physical and
mechanical characteristics of materials. It can accurately
simulate rock fractures and is suitable for the simulation of
rock masses with heterogeneous properties.

* The local distribution of elastic modulus values influences
the post-peak damage characteristics and stress—strain
curves and gives rise to a vast variety of rupture zone
configurations. Post-peak stress—strain curve and peak and
residual strengths vary with local distributions of elastic
modulus values.

¢ We conducted 60 NMM simulations using the same
heterogeneity. Simulated stress—strain curves all fall within
the same envelope, which is consistent with the engineering
properties of natural rock masses. The simulated strength
values and envelope correspond to the possible values of
similar types of rock materials, indicating that our enriched
numerical manifold model can be used in the geological
monitoring of engineering projects.

e As the heterogeneity of rock mass increases, the
nonlinearity of the stress—strain curve also increases,
causing a gradual reduction in the peak value on the stress—
strain curve. Moreover, the peak strength of homogeneous
rock material is higher than that of heterogeneous material.
Thus, the characterization of heterogeneous materials is
essential for practical engineering applications. In addition
to reducing the strength of heterogeneous rock masses,
heterogeneity also affects the time and speed of rock mass
failure. High heterogeneity is associated with early failure
and high failure rate.
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