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1. Introduction 
 

Composite materials are now widely used in many 

fields, including aeronautics, naval, automotive, sports, and 

leisure. This is mainly due to the increasingly demanding 

needs of the industry. Lightness, rigidity, and resistance 

requirements make composites essential in all these sectors. 
The key concept of composites is combining two or 

more materials with different characteristics, which do not 

have separated characteristics of value but form a material 

with essential properties. The fibers used as reinforcement 

have significantly better mechanical properties (strength 

and rigidity) than the same material in solid form: the  
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reduction in the characteristic dimensions often implies an 

improvement in the mechanical performance  because  the 

fiber has, through the manufacturing process, a structure 

more perfect solid material and because the probability of 

finding significant defects decreases with the dimensions 

(Mouritz et al. 2001, Ye et al. 2005, Gibson 2016, Nikbakt 

et al. 2018). A composite laminate is a special orthotropic 

material. It can be modeled as a single surface with multiple 

layers of orthotropic materials. The material thus obtained 

is heterogeneous and anisotropic. The fibers give the 

mechanical resistance while the matrix binds the fibers, 

protects them, and transfers the loads to the fibers by shear. 

In order to correctly predict the behavior of this kind of 

structure, several plate theories with different approaches 

have been developed to evaluate the response of laminated 

plates. These theories subdivide into three theories: the 

classical laminated plate theory (CLPT), the first order 

shear deformation theories (FSDT), and higher order shear 

deformation theories (HSDT). A general review and 

 
 
 

A novel hyperbolic integral-Quasi-3D theory for flexural response of  
laminated composite plates 

 

Ahmed Frih1, Fouad Bourada2,3, Abdelhakim Kaci2,4, Mohammed Bouremana1,  
Abdelouahed Tounsi2,5,6,7a, Mohammed A. Al-Osta6,7,  

Khaled Mohamed Khedher8 and Mohamed Abdelaziz Salem9 
 

1Laboratoire des Structures et Matériaux Avancés dans le Génie Civil et Travaux Publics, Faculté de Technologie, 
Département de Génie Civil, Université de Sidi Bel Abbes, Algeria 

2Material and Hydrology Laboratory, University of Sidi Bel Abbes, Faculty of Technology, Civil Engineering Department, Algeria 
3Science and Technology Department, Faculty of Science and Technology, Tissemsilt University, Algeria 

4Université Dr Tahar Moulay, Faculté de Technologie, Département de Génie Civil et Hydraulique,  
BP 138 Cité En-Nasr 20000 Saida, Algérie 

5YFL (Yonsei Frontier Lab), Yonsei University, Seoul, Korea 
6Department of Civil and Environmental Engineering, King Fahd University of Petroleum & Minerals,  

31261 Dhahran, Eastern Province, Saudi Arabia 
7Interdisciplinary Research Center for Construction and Building Materials, KFUPM, 31261 Dhahran, Saudi Arabia 

8Department of Civil Engineering, College of Engineering, King Khalid University, Abha 61421, Saudi Arabia 
9Department of Industrial Engineering, College of Engineering, King Khalid University, Abha 61421, Saudi Arabia 

 
(Received April 10, 2023, Revised June 17, 2023, Accepted June 19, 2023) 

 
Abstract.  This paper investigates the flexural analysis of isotropic, transversely isotropic, and laminated composite plates using 

a new higher-order normal and shear deformation theory. In the present theory, only five unknown functions are involved 

compared to six or more unknowns used in the other similar theories. The developed theory does not need a shear correction 

factor. It can satisfy the zero traction boundary conditions on the top and the bottom surfaces of the plate as well as account for 

sufficient distribution of the transverse shear strains. The thickness stretching effect is considered in the computation. A simply 

supported was considered on all edges of the plate. The plate is subjected to uniform and sinusoidal distributed load in the static 

analysis. Laminated composite, isotropic, and transversely isotropic plates are considered. The governing equations are obtained 

utilizing the virtual work principle. The differential equations are solved via Navier’s procedure. The results obtained from the 

developed theory are compared with other higher-order theories considered in the previous studies and 3D elasticity solutions. 

The results showed that the proposed theory accurately and effectively predicts the bidirectional bending responses of laminated 

composite plates. Several parametric studies are presented to illustrate the various parameters influencing the static response of 

the laminated composite plates. 
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assumptions of his theories on composite plates can be 

observed in (Noor 1973, Doğruoğlu and Omurtag 2000, 

Huang and Thambiratnam 2001, Ghugal and Shimpi 2001, 

Setoodeh and Karami 2004, Aguiar et al. 2012, Ozutok et 

al. 2014, Kar and Panda 2015, Kolahchi et al. 2016, 

Aldousari 2017, Soliman et al. 2018, Selmi and Bisharat 

2018, Cuong-Le et al. 2019ab, Khatir et al. 2019, Zenzen et 

al.2020, Bochkareva and Lekomtsev 2022, Cho 2022a, Fan 

et al. 2022, Hagos et al. 2022, Huang et al. 2022, Liu et al. 

2022, Man 2022, Wu and Fang 2022, Zhu et al. 2022). The 

simplest laminate theory is CLPT, based on the Kirchhoff 

hypothesis. It is only suitable for thin plates where the 

transverse shear deformation can be ignored.  Ding et al. 

(2022) have employed the classical theory (Euler-Bernoulli) 

to analyze the nonlinear resonance of Halpin-Tsai of FG 

graphene platelet reinforced (FGGPLRC) beams using the 

modified Lindstedt-Poincare method. The nonlinear snap-

buckling and resonance of the clamped-hinged and hinged-

hinged FG-GPLRC curved beams in investigated by Gan 

and She (2023) based on the Euler-Bernoulli beam theory. It 

is not suitable to predict the response of the plate where the 

transverse shear deformation is more critical such as the 

moderately thick or thick plates (Zhang and Global 2001, 

Wang et al. 2016, Wang and Zu 2017). Several theoretical 

models capable of predicting the response of a laminated 

plate and considering the shear deformation have been 

developed to surmount this problem. The FSDT was 

developed and modified by (Reissner 1944, Reissner 1945, 

and Mindlin 1951). However, a suitable shear correction 

factor is needed. Gan et al. (2023) studied the wave 

propagation in the porous graphene platelets reinforced 

metal foams circular plates with the help of the first-order 

shear deformation theory. Based on the FSDT formulation 

and the Galerkin method, Li et al. (2023) examined the 

thermal post-buckling of graphene platelets strengthened 

metal foams plates. To incorporate the curvature effect of 

the normal after deformation, several theories known as 

HSDT have been developed, and the displacements can be 

considered quadratic or cubic across the thickness of the 

plate. A variationally consistent higher-order theory is 

needed to account for the shear deformation. It satisfies the 

conditions on the top and bottom faces of the plate of zero 

transverse shear stress. It does not need correction factors 

proposed for plate analysis (Kar et al. 2015, 

Ghasemabadian and Kadkhodayan 2016, Sobhy and 

Zenkour 2018, Zenkour 2018, Madenci 2019, Vinyas 2020, 

Madenci and Özütok 2020, Navale and Pise 2021, Onyeka 

and Edozie 2021). Ding and She (2021) have adopted a 

novel high-order shear theory to examine the snap buckling 

of the FG curved pipes conveying fluid with considering the 

geometric nonlinearity and thermal effects. Chen et al. 

(2022) investigated the impact of the thermal environement 

on the nonlinear dynamic analysis of FG carbon nanotube 

reinforced fluid-conveying pipe based on the higher-order 

shear deformation theory. Based on the assumption of the 

third-order shear deformation theory, Zhang et al. (2023a) 

presented the wave propagations analysis in the doubly 

curved spherical- and cylindrical- panels in which the 

structures are reinforced by carbon nanotubes (CNTs). 

It is important to note that the 2-D theories (i.e., CPT, 

FSDT, and HSDT) mentioned above do not take into 

account the effect of thickness stretching, considering a 

constant transverse displacement through the thickness, 

leading to theories of shear deformation that ignore 

stretching ( εz = 0) . This assumption is incorrect, 

specifically for thick laminated plates. Higher order normal 

shear and strain theories that consider the effect of thickness 

stretching have been stated in the work of Carrera et al. 

2011 using the unified formulation, which is substantial in 

thick plates. Therefore, it should be taken into 

consideration. To include the impact of the stretching (εz ≠
0), many quasi-3D theories with the combination of many 

shear deformation theories were developed in the literature 

to study the mechanical behaviors of thick plates 

(Matsunaga 2009, Thai and Kim 2013, Jha et al. 2013, 

Shahsavari et al. 2018, Fang and Bui 2019, Adhikari and 

Singh 2019). These theories are computationally heavy 

because they generate a large number of unknowns (Carrera 

et al. 2011 with fifteen unknowns, Talha and Singh 2010 

with thirteen unknowns, Chen et al. 2009 and Reddy 2011 

with eleven unknowns and Neves et al. 2012a, 2012b and 

2013 with nine unknowns, Zenkour 2007, Adhikari and 

Singh 2018, Mantari and Guedes Soares 2012 and 2013 

with six unknowns). On the other hand, thus, it is possible 

to develop a novel accurate theory of shear and higher-order 

normal strain that is quite simple to use and concurrently 

keeps essential physical characteristics. 

Based on the literature, it is found that in recent years many 

researchers have paid attention to analyzing the laminated 

composite plates in the framework of the quasi-3D theory. 

For example, Mantari and Canales (2016) investigated a 

unified quasi-3D HSDT for the bending analysis of 

laminated cross-ply beams utilizing an unavailable unified 

HSDT for composite beams with the thickness stretching 

effect. Han et al. (2018) studied the response of free 

vibration and buckling of multilayered composite beams 

using the proposed refined four-unknown quasi-3D zigzag 

beam theory. The beams are subjected to axial mechanical 

loading and uniform temperature variation. Kharghani and 

Guedes Soares (2020) used various equivalent single-layer 

theories with shape functions of polynomial and 

trigonometric to investigate the buckling and post-buckling 

response of composite laminates and compared the obtained 

results with 3D finite element and experimental results. 

Doan et al. (2020) presented the stress concentration 

phenomenon at the points with structural jumping, force 

jumping, and unexpected changes in boundary conditions of 

laminated cylinder shells. Zenkour and El-Shahrany (2021) 

presented a Quasi-3D theory for the vibration and deflection 

of a multilayered composite plate based on simple and 

refined sinusoidal shear deformation plate theories where 

the visco-elastic foundations model simulates the 

interaction between the smart composite sandwich plate and 

the surrounding medium. Shao et al. (2021) developed a 

unified procedure to investigate the free and transient 

vibration behavior of a composite laminated beam exposed 

to general boundary conditions under a thermal scenario. 

The effect of axial–shear–flexural–stretching coupling with 

the thermal stress and the impact of Poisson's ratio is 

considered. Using the reverberation ray matrix method, the 
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mode shapes, natural frequencies, and transient responses of 

composite laminated beams are assessed. Also, others 

techniques are proposed. For exemples, She et al. (2022) 

have used the first order shear deformation theory and 

Hamiltonian variational principle to analyze the wave 

propagation of FG plate with considering the physical 

neutral surface concept. Xu and She (2022) analyzed 

thermal post-buckling behavior of imperfect FG pipes using 

the Euler-Lagrange principle and the two-step perturbation 

method. The thermal stability of the simply supported and 

clamped imperfect cylindrical shells is examined by Zhang 

et al. (2023b) based on Donnell nonlinear shell theory and 

Eulerian-Lagrange equations. The snap-buckling of the FG-

CNTs nanotubes (CNTs) in thermal environment is 

investigated by Zhang et al. (2021) with considering the 

Chen-Yao's surface elastic theory, geometric nonlinearity 

and Euler-Lagrange equations. 

This present study aims to develop a simple integral 

quasi-3D theory with just five unknown displacement 

functions against displacement functions with six or more 

unknowns utilized in the corresponding ones to analyze the 

bidirectional bending of laminated composite, isotropic, and 

transversely isotropic plates. The influence of both 

transverse shear and normal deformations is considered. 

The proposed model gives a parabolic distribution of the 

transverse shear stresses across the thickness direction and 

ensures the nullity at the upper and lower surfaces without 

using the shear correction factors. The governing equations 

are deduced from the virtual work principle and determined 

by the Navier method. Comparative studies are conducted 

to verify the accuracy and efficiency of the current theory.  

The consideration of the stretching effect leads to a very 

good prediction of the flexural characteristics of the 

composites which ensures a correct pre-dimensioning of the 

plates which can be used in several sectors. 

 

 

2. Theoretical formulation 
 

The system to be considered is shown schematically in 

Fig. 1. 

 

2.1 Kinematic relations and constitutive relations 
 
In this article, the conventional HSDTs with thickness 

stretching effect are modified by proposing simplifying 

suppositions to reduce the number of unknowns number.  

The displacement field of the existing HSDTs with 

thickness stretching effect is defined by 
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where:
0
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0
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x

 , y
 , and z  denote the six 

unknown displacements of the plate's mid-plane and )(zf  

is the shape function defining the variation of stresses  

 

Fig. 1 Geometry and coordinates of the laminated plate 

 

 

across the thickness and the transverse shear strains. With 

only five unknowns, in this article, a novel displacement 

field can be proposed as 
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k  and 

2
k  are the coefficients depend on the geometry. 

In this article, the )(zf  function is considered based on the 

hyperbolic as follows (Akavci and Tanrikulu 2008)  
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Among the advantages of the present theory, it takes 

into consideration both the normal and transverse shear 

deformations and it contains only five unknown variables 

compared to six or more in the others quasi-3D HSDTs 

which reduces the time and cost of calculation. The 

proposed model gives a parabolic distribution of the 

transverse shear stresses and ensures the boundary 

conditions in the top and bottom surfaces without requiring 

the shear correction factors. 

The linear strain relations obtained from Eqs. (2(a)-

2(c))of the displacement model can be used for the thin, 

moderately thick, and thick plates under consideration as 

follows 
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The integrals involved in the above equations should be 

solved by a Navier-type solution and shall be given as 
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where 'A  and 'B  are the coefficients expressed according 

to the type of solution utilized. In this case, Navier is used. 

Therefore, 'A  and 'B  are expressed as follows 
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where α and β are defined in expression (22). 

The stress-strain relations of laminate in the kth 

orthotropic layer can be obtained as 
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𝑄̅𝑖𝑗  represents the transformed elastic coefficients. The 

transformed material constants are given as  
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where θ denotes the material axes' angle of each layer with 

the reference coordinate axes and 𝑄𝑖𝑗  represents the plane 

stress-reduced stiffnesses and can be given as follows
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in which E1, E2, E3 are the Young's moduli in the x, y and z 

directions, respectively, G23, G13, G12 are the shear moduli 

and νijare the Poisson's ratios for stressed in the i - direction 

when the transverse strain in j - direction. Young's moduli 

and Poisson's ratios are related as 

 321jiEE
ijijij

,,,   (11) 

 
2.2 Virtual work principle 
 
The governing equations and boundary conditions of the 

new simple quasi-3D hyperbolic shear deformation theory 

are derived utilizing the virtual work principle (Hadji 2020, 

Fenjan 2020) and can be expressed in analytical form as 
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where δU  denotes the virtual strain energy. δV  is the 

external virtual work resulting from an external load applied 

to the plate. Substituting the appropriate energy expressions 

can be determined. 
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where  the top is surface. q  represents the distributed 

transverse load. 

Eq. (12) can be obtained by putting Eqs. (4) and (8) into 

Eq. (13) and integrating within the plate's thickness as 

follows 
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where the stress resultants N, M, and S can be given by 
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where hk and hk+1  are the top and bottom z-coordinates of 

the nth layer. 

The stress resultants are obtained in terms of generalized 

displacements (
0

u ,
0

v ,
0

w , θ ,
z

 ) by putting Eq. (4) into 

Eq. (8) and the following results into Eq. (15) as follows 
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2.3 Plate governing equations 
 
By employing the generalized displacement–strain 

expressions (Eqs. (4) and (5)) and stress-strain expressions 

(Eq. (8)), and applying the integration by parts and the 

fundamental lemma of variational calculus and gathering 

the coefficients of
0

 u ,
0

 v ,
0

 w ,   and
z

   in Eq. 

(14), the governing equations are determined as 
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(18) 

Putting Eq. (16) into Eq. (18), the governing equations 

of the present quasi-3D hyperbolic shear deformation 

theory can be obtained in terms of displacements (
0

u ,
0

v ,

0
w , θ, 

z
 ) as 
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3. Solution procedure 

 

In the present work, the structure is assumed to be 

simply supported in the four opposite edges. By employing 

Navier's method, the following Fourier series can be 

obtained in which the solution of the displacement variables 

(
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w ,  , z )  can satisfy automatically the simply 

supported  boundary conditions 
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where (
mn

U ,
mn

V , 
mn

W ,
mn

X ,
mn

 ) are unknown functions to 

be calculated.  
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q is the transverse load that can be expanded as 
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The analytical solutions are determined from the 

following equations by putting Eqs. (21) and (23) into Eq. 

(19) 
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Solving Eq. (25), the unknowns 
mn

U ,
mn

V , 
mn

W ,
mn

X ,

mn
  can be obtained. By using Eqs. (1)-(8), all plate 

displacements and stress components can be calculated after 

determining the values of these unknown coefficients.  
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The transverse shear stresses are obtained by using 

constitutive relations and giving a discontinuity of 

transverse shear stresses at the layer interface. The 

equations for transverse shear stresses are written as 
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(34) 

The continuity of the shear stresses at the layer interface 

can be determined by obtaining the equations for transverse 

shear stresses through the equilibrium equations from the 

theory of elasticity as follows 
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The relations in the case of in-plane normal and shear 

stresses (σx, σy, τxy)  in Eq. (35) are used for individual 

layers. Transverse shear stresses that are determined 

utilizing the constitutive relations are specified by τxz
CR, τyz

CR. 

However, the transverse shear stresses that are determined 

using the equilibrium equations are indicated by τxz
EE, τyz

EE.  

The material properties of the plate that are used to 

obtain numerical results are given below 

Isotropic 

𝐸1 = 𝐸2 = 𝐸3 = 210𝐺𝑃𝑎,   

 𝐺13 = 𝐺23 = 𝐺12 = 𝐺 =
𝐸

2(1 + 𝜈)
, 

𝜈12 = 𝜈32 = 𝜈31 = 𝜈 = 0.3 

(36) 

Transversely isotropic 

𝐸1 = 𝐸2 = 0.04,     𝐸3 = 0.5, 𝐺13 = 𝐺23 = 0.06,   𝐺12 = 0.016,
 

𝜈12 = 𝜈32 = 𝜈31 = 0.25
 

(37) 

Laminated composite (graphite-epoxy) 
𝐸1

𝐸2
= 25,

𝐸3

𝐸2
= 1,    

𝐺12

𝐸2
=  

𝐺13

𝐸2
= 0.5,   

𝐺23

𝐸2
= 0.2, 

𝜈12 = 𝜈13 = 𝜈23 = 0.25
 

(38) 
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4. Numerical results and discussions 
 

The present simple integral quasi-3D shear deformation 

theory with only 5 unknowns is applied to several static 

bending examples. At this stage, numerical examples are 

given in order to validate the present theory's accuracy and 

efficiency. 

The following nondimensional equations can be 

employed 
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where  S = a h⁄  and E3 denote the elastic modulus of the 

middle layer. 
 
4.1 Bidirectional bending analysis  
 
4.1.1 Isotropic plates 
The first numerical example illustrates a square isotropic 

plate subjected to sinusoidal and uniform distributed load.  

The results of stresses and transversal displacement 

determined by the present quasi-3D shear model with only 

5 unknowns are compared to those obtained for bending by 

the exact solution carried out by Pagano (1969) and quasi-

3D solutions reported by Sayyad and Ghugal (2014), as 

presented in Table 1. The agreeability between the present 

and published results can be observed. However, the present 

model is found to be overestimated the obtained values of 

transverse shear stress when utilizing constitutive relations. 

Whereas the calculated values of transverse shear stress 

using the equilibrium equations of the theory of elasticity of 

Pagano, 1969 are accurate.  

Table 1 Comparison of nondimensional displacements and stresses for isotropic square plate (b = a) 

S Theory Model 
𝑢̅ 

(ℎ 2⁄ ) 

𝑤̅ 

(0) 

𝜎𝑥 
(ℎ 2⁄ ) 

𝜎𝑦 

(ℎ 2⁄ ) 

𝜏̅𝑥𝑦 

(−ℎ 2⁄ ) 

𝜏̅𝑧𝑥
𝐶𝑅 

(0) 

𝜏̅𝑧𝑥
𝐸𝐸 

(0) 

𝜏̅𝑦𝑧
𝐶𝑅 

(0) 

𝜏̅𝑦𝑧
𝐸𝐸 

(0) 

SDL 

4 

Present I-HySDT 0,044 3,6588 0,2237 0,2237 0,1063 0,2426 0,2333 0,2426 0,2333 

Pagano (1969) Exact 0.0454 3.6630 0.2040 0.2040 – 0.2361 – 0.2
61 – 

Sayyad and Ghugal (2014) SSNDT 0.0440 3.6534 0.2267 0.2267 0.1063 0.2444 0.2355 0.2444 0.2355 

10 

Present I-HySDT 0,0439 2,938 0,2087 0,2087 0,1062 0,2435 0,2364 0,2435 0,2364 

Pagano (1969) Exact 0.0443 2.9425 0.1988 0.1988 – 0.2383 – 0.2383 – 

Sayyad and Ghugal (2014) SSNDT 0.0440 3.6534 0.2267 0.2267 0.1063 0.2444 0.2355 0.2444 0.2355 

20 

Present I-HySDT 0,044 2,8332 0,2066 0,2066 0,1062 0,2437 0,2368 0,2437 0,2368 

Pagano (1969) Exact 0.0440 2.8377 0.1979 0.1979 – 0.2386 – 0.2386 – 

Sayyad and Ghugal (2014) SSNDT 0.0439 2.8286 0.2105 0.2105 0.1060 0.2455 0.2384 0.2455 0.2384 

50 

Present I-HySDT 0,044 2,8038 0,206 0,206 0,1062 0,2437 0,2369 0,2437 0,2369 

Pagano (1969) Exact 0.0440 2.8082 0.1976 0.1976 – 0.2386 – 0.2386 – 

Sayyad and Ghugal (2014) SSNDT 0.0439 2.7991 0.2100 0.2100 0.1060 0.2456 0.2385 0.2456 0.2385 

100 

Present I-HySDT 0,044 2,7996 0,206 0,206 0,1062 0,2437 0,237 0,2437 0,237 

Pagano (1969) Exact 0.0440 2.8040 0.1976 0.1976 – 0.2387 – 0.2387 – 

Sayyad and Ghugal (2014) SSNDT 0.0439 2.7949 0.2099 0.2099 0.1060 0.2456 0.2385 0.2456 0.2385 

UDL 

4 

Present I-HySDT 0,0742 5,688 0,3166 0,3166 0,2099 0,4802 0,3911 0,4802 0,3911 

Pagano (1969) Exact 0.0758 5.6947 0.2948 0.2948 – 0.4606 – 0.4606 – 

Sayyad and Ghugal (2014) SSNDT 0.0742 5.6799 0.3185 0.3185 0.2082 0.4833 0.4201 0.4833 0.4201 

10 

Present I-HySDT 0,0735 4.6326 0,3022 0,3022 0,1969 0,5023 0,4623 0,5023 0,4623 

Pagano (1969) Exact 0.0741 4.6397 0.2886 0.2886 – 0.4871 – 0.4871 – 

Sayyad and Ghugal (2014) SSNDT 0.0734 4.6252 0.3071 0.3071 0.1954 0.5044 0.4814 0.5044 0.4814 

20 

Present I-HySDT 0.0735 4.4800 0.3002 0.3002 0.1951 0.5096 0.4858 0.5096 0.4858 

Pagano (1969) Exact 0.0737 4.4871 0.2876 0.2876 – 0.4931 – 0.4931 – 

Sayyad and Ghugal (2014) SSNDT 0.0734 4.4727 0.3054 0.3054 0.1942 0.5083 0.4921 0.5083 0.4921 

50 

Present I-HySDT 0,0735 4,4372 0,2996 0,2996 0,1946 0,5133 0,4977 0,5133 0,4977 

Pagano (1969) Exact 0.0736 4.4442 0.2874 0.2874 – 0.4946 – 0.4946 – 

Sayyad and Ghugal (2014) SSNDT 0.0734 4.4299 0.3050 0.3050 0.1941 0.5091 0.4942 0.5091 0.4942 

100 

Present I-HySDT 0,0735 4,4311 0,2996 0,2996 0,1946 0,5138 0,4993 0,5138 0,4993 

Pagano (1969) Exact 0.0736 4.4381 0.2873 0.2873 – 0.4949 – 0.4949 – 

Sayyad and Ghugal (2014) SSNDT 0.0734 4.4238 0.3049 0.3049 0.1941 0.5092 0.4944 0.5092 0.4944 
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Fig. 2 Variation of nondimensional displacement and stresses through the thickness of rectangular isotropic plate (a=2b)   

subjected to SDL/UDL with (S = 10): (a) the axial displacement𝑢̅, (b) the deflection 𝑤̅,(c) the axial stress 𝜎𝑥, (d) the in-

plane shear stressτ̅xy, (e) the transverse shear stress τ̅xz
CR and (e) the transversal shear stress τ̅xz

EE 

240



 

A novel hyperbolic integral-Quasi-3D theory for flexural response of laminated composite plates 

 

 

 

 

The through-thickness variations of displacements and 

stresses for isotropic plate (a = 2b) subjected to sinusoidal 

and uniform distributed load according to present higher-

order normal and shear deformation theory are illustrated in 

figure 2 for aspect ratio 10. It can be seen from Fig. 2(a) 

and Fig. 2(b) that the axial displacement u̅ and transverse 

displacement w̅ under uniform distributed load are greater 

than those subject to a sinusoidal load. Fig. 2(c) shows the 

variation of axial stress σ̅x across the thickness.  

The stress is tensile and compressive at the plate's top 

and bottom surfaces, respectively. In Fig. 2(d), the in-plane 

shear stress τ̅xy is tensile and compressive at the bottom and 

the top surfaces, respectively. 

For aspect ratio 10,  the obtained nondimensional 

transverse shear stress τ̅xz
CR utilizing constitutive relation is 

shown in Fig. 2(e). It can be observed that the values of 

transverse shear stress satisfy the stress-free boundary 

conditions on plate's top and bottom surfaces. It should be 

noted that the values of τ̅xz obtained using the constitutive 

relations indicated by τ̅xz
CR . The transverse shear obtained 

using constitutive relation under uniform distributed load is 

greater than that corresponding subject to a sinusoidal load. 

In Fig. 2(f), it can be observed that the nondimensional 

values of the transverse shear stress τ̅xz
EE at layer interface 

and calculated using equilibrium equations satisfy the 

continuity, where parabolic distribution and traction-free 

boundary conditions of shear stress are noted. 

 

 
4.1.2 Transversely isotropic plates 
The second example is performed for transversely 

isotropic square plates subjected to sinusoidal and uniform 

distributed load. This enhanced plate theory considers the 

effect of stretching and provides more accurate results that 

are very close to 3-D elasticity ones. Table 2 shows the 

calculated results of nondimensional displacement and 

stress. Results are compared with the CLPT of Kirchhoff, 

the FSDT of Mindlin (1951), and those from Reddy's shear 

deformation theory (Reddy 1984), considering εz = 0, and 

those from Sayyad and Ghugal (2014), accounting for εz. 

The results from the present quasi-3D higher-order plate 

theory taking into account   εz ≠ 0  are found to be in good 

agreement with those reported by Sayyad and Ghugal 

(2014), who as well consider εz ≠ 0. 

The nondimensional displacements and stresses 

through-thickness of the transversely isotropic rectangular 

plate (a=2b) subjected to SDL/UDL according to the 

present higher-order normal and shear deformation theory 

are illustrated in Fig. 3 for aspect ratio 10. It can be 

observed from Figs. 3(a) and 3(b) that the axial 

displacement  u̅  and transverse displacement w̅  under 

uniform distributed load is greater than those subject to a 

sinusoidal load. Fig. 3(c) shows the variation of axial stress 

σ̅x across the thickness. The stress is tensile and 

compressive at the plate's top and bottom surfaces. In Fig. 

3(d), the in-plane shear stress τ̅xy is tensile and compressive  

Table 2 Comparison of nondimensional displacements and stresses for transversely isotropic square plate (b=a) 

S Theory Model 
𝑢̅ 

(− ℎ 2⁄ ) 

𝑤̅ 

(0) 

𝜎̅𝑥 
(−ℎ 2⁄ ) 

𝜎̅𝑦 

(−ℎ 2⁄ ) 

𝜏̅𝑥𝑦 

(−ℎ 2⁄ ) 

𝜏̅𝑧𝑥
𝐶𝑅 

(0) 

𝜏̅𝑧𝑥
𝐸𝐸 

(0) 

𝜏̅𝑦𝑧
𝐶𝑅 

(0) 

𝜏̅𝑦𝑧
𝐸𝐸 

(0) 

SDL 

4 

Present I-HySDT 0,5735 39,1503 0,1934 0,1934 0,1153 0,2439 0,2378 0,2439 0,2378 

Kirchhoff CLPT 0.5669 36.091 0.1900 0.1900 0.1140 – 0.2387 – 0.2387 

Mindlin (1951) FSDT 0.5669 39.257 0.1900 0.1900 0.1140 0.1592 0.2387 0.1592 0.2387 

Reddy (1984) HSDT 0.5705 38.952 0.1937 0.1937 0.1147 0.2385 0.2379 0.2385 0.2379 

Sayyad and Ghugal 
(2014) 

SSNDT 0.5736 39.146 0.1936 0.1936 0.1153 0.2461 0.2377 0.2461 0.2377 

10 

Present I-HySDT 0,5679 36,5812 0,1908 0,1908 0,1142 0,2442 0,2385 0,2442 0,2385 

Kirchhoff CLPT 0.5669 36.091 0.1900 0.1900 0.1140 – 0.2387 – 0.2387 

Mindlin (1951) FSDT 0.5669 36.598 0.1900 0.1900 0.1140 0.1592 0.2387 0.1592 0.2387 

Reddy (1984) HSDT 0.5635 36.295 0.1914 0.1914 0.1133 0.2387 0.2386 0.2387 0.2386 

Sayyad and Ghugal 

(2014) 
SSNDT 0.5679 36.578 0.1909 0.1909 0.1142 0.2463 0.2385 0.2463 0.2385 

UDL 

4 

Present I-HySDT 0,9629 61,5829 0,2798 0,2798 0,2199 0,4992 0,4522 0,4992 0,4522 

Kirchhoff CLPT 0.9479 57.127 0.2763 0.2763 0.2086 – 0.4950 – 0.4950 

Mindlin (1951) FSDT 0.9479 61.732 0.2763 0.2763 0.2086 0.3300 0.4950 0.3300 0.4950 

Reddy (1984) HSDT 0.9570 61.250 0.2806 0.2806 0.2178 0.4912 0.4816 0.4912 0.4816 

Sayyad and Ghugal 

(2014) 
SSNDT 0.9629 61.577 0.2803 0.2803 0.2180 0.5024 0.4686 0.5024 0.4686 

10 

Present I-HySDT 0,9502 57,8391 0,2772 0,2772 0,2107 0,5105 0,4887 0,5105 0,4887 

Kirchhoff CLPT 0.9479 57.127 0.2763 0.2763 0.2086 – 0.4950 – 0.4950 

Mindlin (1951) FSDT 0.9479 57.864 0.2763 0.2763 0.2086 0.3300 0.4950 0.3300 0.4950 

Reddy (1984) HSDT 0.9427 57.385 0.2782 0.2782 0.2136 0.4944 0.4927 0.4944 0.4927 

Sayyad and Ghugal 
(2014) 

SSNDT 0.9500 57.835 0.2775 0.2775 0.2098 0.5098 0.4917 0.5098 0.4917 
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at the plate's top and bottom surfaces, respectively, of the 

transversely isotropic rectangular plate (a=2b). For aspect 

ratio 10, the obtained nondimensional transverse shear 

stress τ̅xz
CR using constitutive relation is shown in Fig. 3(e). It 

can be observed that the values of transverse shear stress 

satisfy the stress-free boundary conditions on the plate's top 

and bottom surfaces. It should be noted that the values of 

τ̅xz obtained using the constitutive relations indicated 

by  τ̅xz
CR  . The transverse shear obtained using constitutive 

relation under uniform distributed load is greater than that 

corresponding subject to a sinusoidal load. In Fig. 3(f), it 

can be observed that the nondimensional values of the 

transverse shear stress τ̅xz
EE at layer interface and calculated 

using equilibrium equations satisfy the continuity, where 

parabolic distribution and traction-free boundary conditions 

of shear stress are noted. 

 
4.1.3 Cross-ply laminated composite plates 
In the third example, the nondimensional displacement 

and stresses of the two layers (0°/90°) anti-symmetric cross-

ply square and rectangular plates subjected to sinusoidal 

and uniform distributed load are illustrated in Tables 3 and 

4. The present results are compared with the results of a  

 

 

sinusoidal shear and normal deformation theory (SSNDT) 

presented by Sayyad and Ghugal (2014), the exact 3D of 

Zenkour (2007), and CLPT of Kirchhoff, the FSDT of 

Mindlin (1951), and those from Reddy's shear deformation 

theory (Reddy 1984) where the effect of thickness 

stretching is neglected ( εz = 0 ). The dimensionless 

displacement and stresses estimated by the new quasi-3D 

integral hyperbolic shear deformation theory with only 5 

unknowns are almost identical to those evaluated by the 

SSNDT reported by Sayyad and Ghugal (2014) and the 

exact 3D solution of Zenkour (2007). Results are also 

compared with the CLPT of Kirchhoff, the FSDT of 

Mindlin (1951), and those from Reddy's shear deformation 

theory (Reddy 1984), considering εz = 0. It can be seen that 

the present theory (I-HySDT) and Reddy (1984) predict 

lower values of transverse shear stresses. In contrast, the 

theory of CLPT and Mindlin (1951) predicts excellent 

values of those calculated utilizing equilibrium equations. It 

can also be seen that for a square plate, the transverse shear 

stresses τ̅xz and τ̅yz are identical. 

The nondimensional values of displacements and 

stresses through-thickness of two layers (0°/90°) anti-

symmetric rectangular plate (a = 2b)  subjected to  

Table 3 Comparison of nondimensional displacements and stresses for two layers (0°/90°) anti-symmetric composite square 

plate (b = a) 

S Theory Model 
𝑢̅ 

(− ℎ 2⁄ ) 

𝑤̅ 

(0) 

𝜎̅𝑥 
(−ℎ 2⁄ ) 

𝜎̅𝑦 

(−ℎ 2⁄ ) 

𝜏̅𝑥𝑦 

(−ℎ 2⁄ ) 

𝜏̅𝑧𝑥
𝐶𝑅 

(0) 

𝜏̅𝑧𝑥
𝐸𝐸 

(0) 

𝜏̅𝑦𝑧
𝐶𝑅 

(0) 

𝜏̅𝑦𝑧
𝐸𝐸 

(0) 

SDL 

4 

Present I-HySDT 0,0111 1,9494 0,9039 0,0965 0,0562 0,127 0,1121 0,127 0,1121 

Zenkour (2007) Exact – 2.0670 0.8410 0.1090 0.0591 0.120 – 0.135 – 

Kirchhoff CLPT 0.0088 1.0636 0.7157 0.0843 0.0525 – 0.122 – 0.122 

Mindlin (1951) FSDT 0.0088 1.9682 0.7157 0.0843 0.0525 0.091 0.122 0.091 0.122 

Reddy (1984) HSDT 0.0113 1.9985 0.9060 0.0891 0.0577 0.125 0.110 0.125 0.110 

Sayyad and Ghugal (2014) SSNDT 0.0111 1.9424 0.9062 0.0964 0.0562 0.127 0.112 0.127 0.112 

10 

Present I-HySDT 0,0092 1,21 0,7463 0,0872 0,053 0,1297 0,1202 0,1297 0,1202 

Zenkour (2007) Exact – 1.2250 0.7302 0.0886 0.0535 0.121 – 0.125 – 

Kirchhoff CLPT 0.0088 1.0636 0.7157 0.0843 0.0525 – 0.122 – 0.122 

Mindlin (1951) FSDT 0.0088 1.2083 0.7157 0.0843 0.0525 0.091 0.122 0.091 0.122 

Reddy (1984) HSDT 0.0092 1.2161 0.7468 0.0851 0.0533 0.127 0.120 0.127 0.120 

Sayyad and Ghugal (2014) SSNDT 0.0092 1.2089 0.7471 0.0876 0.0530 0.130 0.120 0.130 0.120 

UDL 

4 

Present I-HySDT 0,019 3,0098 1,2655 0,14 0,1074 0,2352 0,1315 0,2352 0,1315 

Zenkour (2007) Exact – 3.1580 1.1840 0.1590 – 0.246 – 0.279 – 

Kirchhoff CLPT 0.0147 1.6955 1.0763 0.1269 0.0934 – 0.246 – 0.246 

Mindlin (1951) FSDT 0.0144 3.0082 1.0636 0.1258 0.0992 0.191 0.239 0.191 0.239 

Reddy (1984) HSDT 0.0190 3.0706 1.2691 0.1314 0.1070 0.241 0.143 0.241 0.143 

Sayyad and Ghugal (2014) SSNDT 0.0189 2.9983 1.2603 0.1394 0.1104 0.239 0.136 0.239 0.136 

10 

Present I-HySDT 0,0154 1,9096 1,108 0,1304 0,0963 0,2583 0,2047 0,2583 0,2047 

Zenkour (2007) Exact – 1.9320 1.0860 0.1300 – 0.246 – 0.248 – 

Kirchhoff CLPT 0.0147 1.6955 1.0763 0.1269 0.0934 – 0.246 – 0.246 

Mindlin (1951) FSDT 0.0146 1.9050 1.0533 0.1265 0.0961 0.194 0.244 0.194 0.244 

Reddy (1984) HSDT 0.0154 1.9173 1.1049 0.1274 0.0977 0.264 0.214 0.264 0.214 

Sayyad and Ghugal (2014) SSNDT 0.0153 1.9070 1.1057 0.1307 0.0978 0.266 0.210 0.266 0.210 
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Fig. 3 Variation of nondimensional displacement and stresses through the thickness of the transversely isotropic rectangular 

plate (a=2b) subjected to SDL/UDL with (S = 10): (a) the axial displacement𝑢̅, (b) the deflection 𝑤̅,  (c) the  axial stress 𝜎𝑥, 

(d) the in-plane shear stressτ̅xy, (e) the transverse shear stress τ̅xz
CR and (e) the transversal shear stress τ̅xz

EE 
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sinusoidal and uniform distributed load according to present 

higher-order normal and shear deformation theory are 

illustrated in Fig. 4 for aspect ratio 10. 

It can be found from Figs. 4(a) and 4(b) that the axial 

displacement  u̅  and transverse displacement w̅  under 

uniform distributed load is greater than those subject to a 

sinusoidal load. Fig. 4(c) displays the variation of axial 

stress σ̅x across the thickness. It is clear that there is 

pronounced discontinuity at the layer interface. In Fig. 4(d), 

the in-plane shear stress τ̅xy is tensile and compressive at 

the plate's top and bottom surfaces, respectively, of a 2-

layer (0°/90°) anti-symmetric rectangular plate. 

For aspect ratio 10, the obtained nondimensional 

transverse shear stress τ̅xz
CR using constitutive relation is 

shown in Fig. 4(e). 

It can be observed that the values of transverse shear 

stress satisfy the stress-free boundary conditions on the 

plate's top and bottom surfaces. It should be noted that the 

values of τ̅xz obtained using the constitutive relations 

indicated by τ̅xz
CR 

 

 
 

The transverse shear obtained using constitutive relation 
under uniform distributed load is greater than that 
corresponding subject to a sinusoidal load. In Fig. 4(f), it 
can be seen that the nondimensional values of the transverse 
shear stress τ̅xz

EE  at layer interface and obtained using 
equilibrium equations satisfy the continuity, where 
parabolic distribution and traction-free boundary conditions 
of shear stress are noted. 
 

 
5. Conclusions 
 

A new higher-order shear and normal deformation 
theory is utilized to study the plates' bidirectional bending 
behavior. The theory includes stretching and shear 
deformation effects without using a shear correction factor. 
Furthermore, the governing equations and the number of 
unknowns are reduced to 5 compared to 6 or more 
unknowns used in the other theories. 

The accuracy of the present theory is evaluated by 
comparing it with existing solutions. It was found that the 
results determined from the present theory have excellent  

Table 4 Comparison of nondimensional displacements and stresses for two layers (0°/90 °) anti-symmetric composite 

rectangular plate (b = 3a) 

S Theory Model 
𝑢̅ 

(− ℎ 2⁄ ) 

𝑤̅ 

(0) 

𝜎̅𝑥 
(ℎ 2⁄ ) 

 𝜎̅𝑦 

(ℎ 2⁄ ) 

𝜏̅𝑥𝑦 

(−ℎ 2⁄ ) 

𝜏̅𝑧𝑥
𝐶𝑅 

(0) 

𝜏̅𝑧𝑥
𝐸𝐸 

(0) 

𝜏̅𝑦𝑧
𝐶𝑅 

(0) 

𝜏̅𝑦𝑧
𝐸𝐸 

(0) 

SDL 

4 

Present I-HySDT 0,0246 4,0376 0,1922 0,2524 0,0438 0,2273 0,0237 0,2273 0,1956 

Zenkour (2007) Exact 0.0220 4.3931 0.2246 0.3306 0.0598 0.2217 – 0.0527 – 

Kirchhoff CLPT 0.0208 2.4628 0.1799 0.1918 0.0417 – 0.1942 – 0.0415 

Mindlin (1951) FSDT 0.0204 4.1518 0.1780 0.3035 0.0447 0.1730 0.1923 0.0266 0.0556 

Reddy (1984) HSDT 0.0248 4.1767 0.1825 0.3105 0.0589 0.2366 0.1759 0.0366 0.0513 

Sayyad and Ghugal 
(2014) 

SSNDT 0.0246 4.0813 0.1904 0.3152 0.0530 0.2411 0.1799 0.0376 0.0511 

10 

Present I-HySDT 0,0213 2,7073 0,1825 0,2146 0,0421 0,2312 0,0182 0,2312 0,2122 

Zenkour (2007) Exact 0.0209 2.7760 0.1878 0.2277 0.0440 0.1995 – 0.0437 – 

Kirchhoff CLPT 0.0208 2.4628 0.1799 0.1918 0.0417 – 0.1942 – 0.0415 

Mindlin (1951) FSDT 0.0207 2.7346 0.1795 0.2250 0.0403 0.1748 0.1938 0.0213 0.0442 

Reddy (1984) HSDT 0.0214 2.7430 0.1802 0.2252 0.0650 0.2426 0.1911 0.0307 0.0435 

Sayyad and Ghugal 

(2014) 
SSNDT 0.0213 2.7161 0.1843 0.2257 0.0438 0.2480 0.1941 0.0310 0.0423 

UDL 

4 

Present I-HySDT 0,0362 5,5984 0,1516 0,1267 0,1267 0,3545 1,7476 0,3545 0,5676 

Zenkour (2007) Exact 0.0319 6.1055 0.2985 0.2131 0.1450 0.3899 – 0.2196 – 

Kirchhoff CLPT 0.0299 3.4757 0.2448 0.0594 0.1118 – 0.3148 – 0.2110 

Mindlin (1951) FSDT 0.0295 5.7679 0.2432 0.2056 0.1367 0.2910 0.3151 0.1578 0.2246 

Reddy (1984) HSDT 0.0364 5.7999 0.2477 0.1705 0.1466 0.3744 0.2118 0.2042 0.1599 

Sayyad and Ghugal 

(2014) 
SSNDT 0.0362 5.6755 0.2566 0.1772 0.1435 0.3740 0.2077 0.2031 0.1545 

10 

Present I-HySDT 0,0308 3,7995 0,8058 0,1178 0,1151 0,3806 0,0316 0,3806 2,5614 

Zenkour (2007) Exact 0.0302 3.9030 0.2543 0.0860 0.1211 0.3478 – 0.2233 – 

Kirchhoff CLPT 0.0299 3.4757 0.2448 0.0594 0.1118 – 0.3148 – 0.2110 

Mindlin (1951) FSDT 0.0298 3.8452 0.2447 0.0862 0.1180 0.2925 0.3153 0.1536 0.2126 

Reddy (1984) HSDT 0.0310 3.8554 0.2454 0.0802 0.1580 0.3973 0.2843 0.2129 0.1990 

Sayyad and Ghugal 
(2014) 

SSNDT 0.0309 3.8152 0.2506 0.0803 0.1187 0.4033 0.2868 0.2162 0.1983 
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agreement with obtained results from the exact 3D solutions 
and the higher order shear deformation theory of Reddy for 
analyzing the bidirectional bending of laminated composite, 

 
 
isotropic, and transversely isotropic. It can be concluded 
that the present theory is simple and accurate in evaluating 
displacements and stresses of the bidirectional bending of 
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Fig. 4 Variation of non-dimensional displacement and stresses through the thickness of 2-layer (0°/90°) anti-symmetric     

rectangular plate (a=2b) subjected to SDL/UDL with (S = 10): (a) the axial displacement𝑢̅, (b) the deflection 𝑤̅,(c)the axial 

stress 𝜎𝑥, (d) the in-plane shear stressτ̅xy, (e) the transverse shear stress τ̅xz
CR and (e) the transversal shear stress τ̅xz

EE 
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laminated composite, isotropic, and transversely isotropic.  
An improvement of the proposed theory will be 

extended in the future investigations to consider other type 

of materials and structures with various scale and compared 

with experimental investigation (Akbas 2015, Avcar 2019, 

Ramteke et al. 2019, Ahmed et al. 2019, Rachedi et al. 

2020, Yaylaci and Avcar 2020, Arefi and Zur 2020, Faleh 

2020, Ramady et al. 2020, Cuong-Le et al. 2020ab,   Khatir 

et al. 2021, Selmi 2020 and 2022, Yaylaci et al. 2021a, b, 

Madenci and Özkılıç 2021, Xiao et al. 2021, Alnujaie et al. 

2021, Bashiri et al. 2021, Madenci 2021, Mansouri et al. 

2021, Al-Toki et al. 2022, Hussain et al. 2022, Zhou et al. 

2022, Cuong-Le et al. 2022a, b, Akbas 2022, Azandariani et 

al. 2022, Alimoradzadeh and Akbas 2022, Choi et al. 2022, 

Cho 2022b, Chinnapandi et al. 2022, Ding et al. 2022, Du 

et al. 2022, Mula et al. 2022, Rezaiee-Pajand et al. 2022, 

Tran and Cuong-Le 2022, Polat and Kaya 2022, Kumar and 

Kattimani 2022, Yaylaci et al. 2022c, Ghandourah et al. 

2023, Zhang et al. 2023c, Zhang and She 2022, 2023, 

Madenci et al. 2023a,b, Ding and She 2023). 
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