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Abstract. The objective of this work is to study the wave propagation of an FGM plate via a new integral inverse shear model
with temperature-dependent material properties. In this contribution, a new model based on a high-order theory field of
displacement is included by introducing indeterminate integral variables and inverse co-tangential functions for the presentation
of shear stress. The temperature-dependent properties of the FGM plate are assumed mixture of metal and ceramic, and its
properties change by the power functions of the thickness of the plate. By applying Hamilton's principle, general formulas of
wave propagation were obtained to plot the phase velocity curves and wave modes of the FGM plate with simply supported
edges. The effects of the temperature and volume fraction by distributions on wave propagation of the FGM plate are
investigated in detail. The results of the dispersion and the phase velocity curves of the propagation wave in the functionally

graded plate are compared with previous research.
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1. Introduction

Although composite structures have extensively been
utilized in many applications ranging from aerospace to
common facilities, the main concern has always been the
optimization of such structures, especially for hi-tech
engineering applications. Achievement of the most
compact/economic component that meets all the relevant
design criteria necessitates employing more accurate
modeling procedures and accurate theories in the design
stage. Some plate-type composite structures are vulnerable
to severe temperatures or thermal gradients induced by the
environment. In certain cases, the thermal load turns out to
be the primary load, and the thermal stability of the
composite is one of the factors governing their design
(Ashour 2003, Ellali et al. 2018, Bouazza et al. 2019,
Grover et al. 2013).

Many publications have appeared in the literature on the
free and forced vibration of shear deformable composite
plates. The free vibration of transversely isotropic magneto-
electro-elastic laminated circular plates was analyzed by
Chen et al. (2006). To present accurate mechanical behavior
analysis of plates and shells, different theoretical models
have been developed. Recently, the nonlinear flexural
analysis of laminated composite flat panels under hygro-
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thermo-mechanical loading was presented by Kar ef al
(2015) based on various higher-order shear deformation
plate theories. The material properties of the composite are
affected by the variation of temperature and moisture and
are based on a micro-mechanical model of laminates.
Bouazza et al. (2016) developed an analytical solution of
refined hyperbolic shear deformation theory to obtain the
critical buckling temperature of cross-ply laminated plates
with a simply supported edge. Bouazza and Benseddiq
(2015) investigated analytical modeling for the
thermoelastic buckling behavior of functionally graded
rectangular plates (FGM) under thermal loadings. Buckling
of symmetrically laminated plates using nth-order shear
deformation theory with curvature effects was studied by
Becheri ef al. (2016). The effect of temperature on the
interface stresses of composite plate beams is presented by
Bouazza et al. (2019). Bouderba et al. (2013) studied the
thermo-mechanical bending response of FGM plates resting
on elastic foundations. A nonlocal zeroth-order shear
deformation plate theory was introduced for free vibration
analysis of functionally graded nanoscale plates resting on
an eclastic foundation by Bounouara et al. (2016). To
overcome the limitations of traditional methods, in recent
years novel and modified methods have been proposed for
the investigation of buckling and wave propagation flexural
behavior of the composite plates by example (Dehshahri et
al. 2015, Mellouli ef al. 2019, Nazira et al. 2019, Ebrahimi
et al. 2019, Bensattalah et al. 2019, Kahya et al. 2019).
Recently, several novels and modified theories have been
developed for the behavior analysis of composites and wave
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propagation in FGM structures (Ebrahimi and Dabbagh
2018, Ebrahimi et al. 2021a, b, ¢ 2022a, Daikh et al. 2021,
Alazwari et al. 2022, Basha et al. 2022, Soliman et al.
2018, Melaibari et al. 2022, Bashiri et al. 2021, Sahoo et al.
2022, Hissaria et al. 2022, Bouazza and Zenkour 2020,
Choudhary et al. 2022, Ramteke et al. 2022a, b, Yang ef al.
2020, Zheng et al. 2018, Pham et al. 2022, Tho et al. 2023,
Garg et al. 2023, Zenkour and El-Shahrany 2022).

The wave propagation characteristics of FGM plates
with temperature-dependent material properties are
investigated via a new integral inverse shear model. This
theory does not use shear correction factors. The
temperature field is assumed to be constant in the plane and
only varies in the thickness of the plate. Material properties
are assumed to be temperature-dependent and graded in the
thickness direction according to a simple power-law
distribution in terms of the volume fractions of the
constituents. The paper introduced a new mathematical
model to analyze the graded structure under a thermal
environment based on a high-order theory field of
displacement is included by introducing indeterminate
integral variables and inverse co-tangential function for the
presentation of shear stress. The governing equations of the
wave propagation are obtained for the FGM plate for
simply-supported boundary conditions by using Hamilton’s
principle. The dispersion phase velocity and mode curves of
the wave propagation in the functionally graded plate in
thermal environments are plotted. The influences of the
volume fraction index and temperature on the dispersion
phase velocity and mode of the wave propagation in the
functionally graded plate are also clearly discussed.

2. Theoretical formulation

The properties of FGM plates are expressed by the law
of mixing as follows (Shen ef al. 2009, Bui et al. 2016)

P =PV, + PV, €))

with P, and P, the properties of metal and ceramic
respectively and can be given as a function of the
temperature variation (Shen ef al. 2009, Bui ef al. 2016)

P=P0(P_1T_1+1+P1T+P2T2+P3T3), (2)

where Py, P_;, P;, P, and P; are the coefficients showing
the temperature - the dependence of the properties of the
material. T(K) is the ambient temperature. It is assumed that
Young’s modulus, coefficient of thermal expansion «, and
Poisson's ratio v of the FGM plate are dependent on
temperature, while density p and thermal conductivity A are
independent of temperature (Sun and Luo 2011)
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The volume fraction of ceramic would vary through the
thickness in the form of power-law (P-FGM)

-

where N is the parameter of the material which is greater
than or equal to zero. The volume fractions are related to
each other as

2@) = D= 2]
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In this work, one considers that the wvariation of
temperature of this product in the thickness is supposed to
be one-dimensional is constant in the x-y plane of the plate.
This equation is given by the heat transfer equation of state
by the following expression (Bouazza and Benseddiq 2015)

~glog]=0 ©

We consider the boundary conditions

z=h/2 at T=T; 7
z=—h/2 at T =T,. Q)

To solve this equation using the polynomial series is
obtained as follows

T(z) =Ty, + (T, — Tp)n(2), (3
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The present approach is developed based on the
assumptions of the inverse trigonometric shear strain theory
in which the axial displacements contain an integral
component that can be given as follows (Ellali et al. 2022)
ow,
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where t denotes time, uy, vy, Wy and 8 are the four
unknowns of the displacements of the mean surface of the
plate, f(z) presents the shape function which defines the
distribution of transverse shear stresses and strains through
the thickness of the plate. The constants S; and S, depend
on the geometry. In this study, we take the function f(z) as
follows

_(Th 4r _
f(z) = cot (7)—Zm;

In the field of linear elasticity, the displacement-strain
relation associated with the field of this approach is
expressed in the following form

r=046 (12)
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The integral terms used in the displacement field
equations can be solved using Navier's solution and can be
given by
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According to the type of solution used, the coefficients
A, B',kyand are chosen, in this contribution, Navier’s
solution is used. The coefficients A, B', k, and k, are given
as follows

A = ! B' = !
I (16)
51:Z, Szzk%.

The constitutive equations of the FGM plates of linear
elasticity concerning the stresses to the strains taken into
account of the thermal effects are given by (Kar ef al. 2015)
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where (Ni, ML-”,ML-S) and (5,52,552) are the resultants of the
stresses in a plate FGM can be expressed by integrating Eq.
(19) on the thickness. The resultants of stress are given by
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Replacing Eq. (17) in Eq. (19) gives Eq. (20), the
resulting stresses from this proposed model can be obtained
in terms of strains and stiffness elements as follows
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The stiffness rigidity terms of this model are defined as
follows

{Al], By, Dyj, B, D, Hi

2

f 0,222 f@),2f (D), [F @D}z, i,

h

= 1,26, (23)

45}4 = Q44[g(Z)]2dZ, ;s = st[g(Z)]ZdZ.

|

N >
|

N >

In this contribution, we use Hamilton's principle to
obtain the equations of motion. This principle can be given
in analytical form as follows

f (8U — 8K) dt = 0, 4)

where 6U represents the change in strain energy; while 6K
represents the change in kinetic energy.
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The change in kinetic energy can be given as
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where  dot-superscript ~ convention  indicates  the
differentiation with respect to the time variable t, p(2) is
the mass density; and (1, ]) are the mass inertias defined by

h
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By replacing the expressions the U and 8K in Eq.(24)
and we integrate by parts and separately isolate the
coefficients uy, vy, Wy, and 6, we obtain the equilibrium
equations as follows
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We assume solutions for u,, vy, wy and 6 representing
waves propagating in the x-y plane with the form

vo(x,y,t) Vexpli(kix + kyy — wt)]
wo(x, y,t) Wexpli(k,x + kyy — wt)]
6(x,y,t) Xexpli(k,x + k,y — wt)]

where U, V, W, and X are the coefficients of the amplitude
of the wave, k; and k, are the wavenumbers of wave
propagation along the x-axis and y-axis directions
respectively, w is the frequency. Substitute Eq. (29) in Eq.
(28), we obtain

(IK] — w?[M]D{4} = {03, (30)
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Where
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{ay={u,v,w,x}". (31)
We can write Eq. (30) in matrix form as
S11 S1z Sis my; My Mys U
S21 S2p Sas — W2 Mmy; Myy; Myz %4
S31 S32 S33 Mmz; Mzy; Mgz w
541 542 543 My Myy Myg X
0 (32)
_)o0
o
0

The relations of dispersion wave propagation in the
FGM plate are written as follows

K] — w?[M]] = {0}. (33)

Assuming, k; = k, = k, the roots of Eq. (33) can be given
as follows

wy =Wy (k), wy = Wy(k), wz = Ws(k),ws = W,(k).(34)

They correspond to the wave modes M,, M, M,, and
M, respectively. The M, and M; wave modes correspond to
the bending wave, the M; and M, wave modes correspond
to the extension wave. The wave propagation phase velocity
in the FGM plate can be expressed by

Wik

i w0 L=1234 (35)

3. Numerical results
3.1 Comparative studies

For the validation and verification of the developed
method, comparisons were made with other results already
published by other authors. Using Navier's analytical
method, to determine eigenvalues of isotropic plates and
FGM plates consisting of a mixture of Si3N4 and SUS304.
Firstly, we analyze an isotropic plate simply supported with
characteristics (2 =2 mm, wave number, k, =k, =k,
p =7480kg/m3. The results obtained by the present
theory are compared to data available in the literature on the
closed-form solution published by Nami and Janghorban
(2014) based on the classical theory of plates (CPT) and
Aminipour et al. (2018) based on higher-order shear strain
theory (HOSST). The comparisons agree well with those
obtained by CPT and HOSST. Also, physically transverse
shear effects always affect the plate behavior.

In the second example, the analysis relates to the case of
FGM plates simply supported with a chosen thickness equal
to 0.02 m. The mechanical characteristics of the materials
used, such as Young's modulus E, density p, Poisson's ratio
v, thermal expansion «, and thermal conductivity A are
given in Table 2, which are taken from references (Shen et
al. 2009, Bui et al. 2016). The comparison and validation of
this model present a displacement field incorporating
indeterminate integral terms with another shear strain
approach available in the literature obtained by Sun and

Table 1 Comparison of the results of frequency mode (M,).
Case of isotropic square plate simply supported

k
Theory 10 15 20 25
HOSST® 160.336 641.28 1442.61 2564.00 4004.96
CPT® 160.342 641.37 1443.08 2565.47 4008.55
Present 160.24  639.76 1434.99 2540.17 3947.59

1.6+ —&— Sunand Luo (2011)
—— Present

@ (10° rad/s)

Mode 1

0.0 I 0.2 I 04 I 0‘6 I 0.8 I 1.0

k (10? rad/m)
Fig. 1 Comparison of dispersion curves of first three
wave modes under thermal environmental conditions
T, =T, =300Kwith N =0

Luo (2011) using Reddy's theory. The dispersion curves of
the first four wave modes are shown in the Figs. 1 and 2 for
the power-law index N equal 0 and 2 respectively. The
chosen temperature is the ambient temperature T, = T, =
300 K.

From Figs. 1 and 2 we observe that the present results
are in good agreement with those of Sun and Luo (2011) for
the two values of the power index N =0 and N = 2.
However, the proposed model introduces the terms of an
indeterminate integral in the displacement field to get only
four unknowns. In addition, for instance, for a given value
of power-law exponent (i.e., N = 0) the difference between
the dispersion curves predicted by a new model based on a
high-order theory field of displacement is included by
introducing indeterminate integral variables and inverse co-
tangential function and higher-order shear deformation plate
theory obtained by Sun and Lou (2011) for mode 1 and
mode 3 in the FGM plate (i.e., N = 2).

In the third comparison wave propagation in the FG
plate made of a mixture of silicon nitride (Si3N4) ceramic
and stainless steel (SUS304) metal are the materials of the
upper and lower surfaces of the FGM plate, respectively.
The properties of the ceramic and the metal are given in
Table 2. The results obtained are illustrated in Table 3. This
comparison is also carried out with the results of Sun and
Luo (2011) and the results of Aminipour et al. (2018) under
thermal environmental conditions T, =T, = 300 K. We
notice that the results obtained by Sun and Luo (2011) and
Aminipour et al. (2018) and the present theory are in great
agreement for distinct volume fraction indices.
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Table 2 Physical and mechanical properties of the materials analyzed
Materials Proprieties P_, Py Py P, Py
E (Pa) 0 348.43 " -3.070 ¢ 2.160 7 -8.946 ¢!
) v 0 0.2400 0 0 0
Si3N4
p (kg/m3) 0 2370 0 0 0
a (1/K) 0 5.8723 ¢ 9.095 e 0 0
E (Pa) 0 201.04 ¢ 3.079 ¢* -6.534¢” 0
R -4 -7
SUS304 v 0 0.3262 2.002 e 3.797e 0
p (kg/m3) 0 8166 0 0 0
a (1/K) 0 12.330 ¢ 8.086 ¢ 0 0
Table 3 Comparison of the results of the mode frequencies. Case of a simply-supported FGM plate, material
Si3N4/SUS304 in thermal environmental conditions T}, = T, = 300 K (Sun and Luo 2011)
N=0.5 N=1
Theory
k =80 k=90 k=100 k =80 k =90 k =100
Aminipour et al. (2018) 388.6075 459.8357 532.3897 339.9935 402.1894 465.5563
Sun and Lou (2011) 384.1406 453.6233 524.0754 335.8684 396.4238 457.8079
Present 332.7490 412.3141 498.3111 292.5817 362.6905 438.5160
1.0 0.8
—#— Sun and Luo (2011)
—— Present 0.7 4
0.8
N=2 / / 0.6 1
%;-; 0.6 / / Mode 3 ;‘UE 0.5+
= I
= Mode 2 ;‘ 0.4
S - g
3 3 034
0.2 0.2
0.1 4
0.0+ " T T T T
0.0 02 04 0.6 08 Lo’ 0.0 ol - : . .
k (102 rad/m) 0.0 02 04 06 0.8 1.0
2 ..
Fig. 2 Comparison of dispersion curves of first three e (10% rad/m)
wave modes under thermal environmental conditions (a) M,

T, =T, = 300 Kwith N = 2

3.2 Parametric study

The dispersion variations for the different wave modes
(My, My, M,, and M3) of the functionally graduated plate
under thermal environment condition T, = T; = 300 K are
shown in Fig. 3. Different values of the power-law index N
were chosen (N = 0, 0.5, 1, and 2). It can be observed that
the variation in the dispersion curves of the FGM plates is
greatly influenced by the volume fraction distributions. In
addition, the frequency of wave propagation in the FGM
plate decreases as the index of the volume fraction N
increases. It is also observed, that the frequency of wave
propagation in the homogeneous plate (N = 0) is higher
compared to those of all cases of FGM plates. Physically,
this is because for FG plates, when the volume fraction
index is increased, the contained quantity of ceramic
increases.

0.0 4 T T T T
0.0 02 0.4 0.6 0.8 1.0
k (10% rad/m)
(b) My

Fig. 3 The dispersion curves of the different FG plates
with (T, = T, = 300 K)
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0.0 . . . . . . . .

0.0 0.2 04 0.6 038 1.0
k (10% rad/m)
(c) M,

0.0 . . : T . . , T .
0.0 0.2 0.4 0.6 0.8 1.0
k (10% rad/m)
(d) M3

Fig. 3 Continued-

The phase velocity variations of FGM plates under the
condition of the thermal environment T, = T, = 300 K are
shown in Fig. 4. It can be seen that when the index of the
volume fraction increases N the phase velocity of the wave
propagation in the functionally graded plate decreases for
the same value of k. The phase velocity for M, and M3
modes of the isotropic plate (N = 0) is a constant, but it is
not a constant for the FGM plate (N # 0). The velocity of
the phase of wave propagation in the homogenecous
isotropic plate (N = 0) is the maximum among those of all
functionally graded plates. So, it is clear that the
heterogeneity of functionally graded materials has a great
effect on the velocity of the wave propagation phase in the
FGM plate. In terms of material, nowadays, there is a high
demand for high structural implementation and
multifunctionality with great mechanical properties (Yang
et al. 2014a, b, 2015, Kar et al. 2015, 2017, Ebrahimi et al.
2019a,b, 2022b,c, Assie et al. 2011).

Fig. 5 presents the variations of the dispersion of the
square FG plate under three different thermal environment
conditions such as; case 1 T, =T, = 300K; case 2T, =
300K, T, = 500K and case 3 T, = 300K, T, =800 K.
This analysis is carried out for a value of the power law
N = 2. We can see that the frequency of wave propagation

C (10*m/s)

k (10% rad/m)
(a) My

T
1.0 L5 2.

0 2.5

C (10* m/s)

05 10 L5 20 25 3.0
k (10? rad/m)
(b) My
18
1.6
—8— N=0
1ad —e— N=05
@ —a—N=1
**; 12
)
© ~——
1.0
| e e
0.8~
0.6 T T T T T
05 10 15 20 25
k (102 rad/m)
(c) M,

—e— N=0.5
s —a—N=1
7 N=2

—a— N=0

0.5 10

T T
15 2.0

k (102 rad/m)
(d) M3

433

Fig. 4 The phase velocity curves of the different

functionally graded plates (T, = T; = 300 K)
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04
—=—7. = 300K
sl —eT=500K
: —a—T, = 800K
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in the functionally graded plate decreases with increasing
surface temperature differences. We also observe the effect
of temperature variation on the frequency of the modes M,
and M, are very small. Fig. 6 shows the phase velocity of
the FG plate under different thermal environmental
conditions with N = 2. It is observed the phase velocity of
the FG plate decreases as the surface temperature difference
increases.

5. Conclusions

In this contribution, the analysis of wave propagation in
functionally graduated plates is examined by a
mathematical model that introduces indeterminate integral
variables into the displacement field and an inverse
cotangential shape function to determine the distribution of
deformations and stresses of transverse shears along the
thickness. The properties of the materials are assumed to
depend on the temperature and to vary in the direction of
the thickness according to a simple power-law distribution
in terms of the volume fraction of the constituents. The
wave propagation equations for the FG plate are obtained
by applying the Hamilton principle. The analytical
dispersion relation is found by solving an eigenvalue
problem. From these results obtained, we can conclude:

. The new class of composite FG materials can be
used for different applications, such as thermal barrier
coatings for ceramic engines, gas turbines, and optical thin
films.

. The accuracy of this approach is determined by
comparing its results with other numerical and analytical
solutions in the literature. The results of this approach show
excellent agreement with the results available in previously
published articles.

. The power-law index has a considerable effect on
dispersion and phase velocity. On the other hand, the
surface temperature it has an also effect on wave
propagation and phase velocity.

. The approach presented in this work is simple for the
analysis of wave propagation in functionally graduated
plates which require only four variables while the theory of
higher-order shear strain plates requires five variables.

. Generally, these higher-order shear deformation
theories involve higher-order stress resultants that are
difficult to interpret physical and require considerably more
computational effort.

Finally and through this contribution, we hope to have
brought a plus in the analysis of wave propagation in FG
plates by a model of four variables that introduce
indeterminate integral variables in the displacement field,
the present study will be a point useful reference for
developing other approaches. In addition, in the future,
research is needed on piezoelectric FG structures; carbon
nanotube-reinforced composites, and laminated composites
with transverse cracks. This contribution deserves to be
developed and broadened in new perspectives.
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