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Abstract. The aim of this work is to analyze and predict the wave propagation behavior of the carbon nanotube reinforced
composites (CNTRC) beams within the framework of various higher order shear deformation beam theory. Using the Euler-
Lagrange principle, the wave equations for CNTRC beams are derived, where the determining factor is to make the determinant
equal to zero. Based on the eigenvalue method, the relationship between wave number and circular frequency is obtained.
Furthermore, the phase and group velocities during wave propagation are obtained as a function of wave number, and the
material properties of CNTRC beams are estimated by the mixture rule. In this paper, various higher order shear beam theory
including Euler beam theory, Timoshenko beam theory and other beam theories are mainly adopted to analyze the wave
propagation problem of the CNTRC beams, and by this way, we conduct a comparative analysis to verify the correctness of this
paper. The mathematical model provided in this paper is verified numerically by comparing it with some existing results. We
further investigate the effects of different enhancement modes of CNTs, volume fraction of CNTs, spring factor and other
aspects on the wave propagation behaviors of the CNTRC beams.
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1. Introduction

Carbon nanotubes (CNTs) are a kind of one-dimensional
quantum materials with excellent properties. CNTs have
been widely used in aerospace engineering due to their high
melting point, lightweight and excellent mechanical,
electrical and chemical properties. It was found that the
density of CNTs is only 1/6 that of steel, but the mechanical
properties at tensile strength can reach 100 times than that
of steel. CNTs have brought great changes to the whole
industry. The excellent properties of CNTs have been
investigated by many researchers (Bensattalah et al. 2020).

For example, Ke ef al. (2010) studied the nonlinear free
vibration of functionally graded CNTRCs beams. Rafiee et
al. (2013) devoted to large amplitude vibration of CNTRCs
beams with piezoelectric layers. Wattanasakulpong and
Ungbhakorn (2013) obtained analytical solutions for
bending, buckling and vibration responses of CNTRCs
beams resting on elastic foundations. Hadji et al. (2018)
performed a new quasi-3D higher shear deformation theory
for vibration of CNTRCs beams supporting by elastic
foundations. Shenas et al. (2017) elaborated the vibration of
pre-twisted CNTRCs beams in thermal environment. Chen
and his partners (2022) discussed the wave propagation of
CNTRCs fluid-conveying pipes taking the thermal effects
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into consideration and using a new higher order beam
theory. Zhao et al. (2022) performed the vibration analysis
of CNTRCs double-beams incorporating thermal effects
with the help of Timoshenko beam model. Civalek and his
partners (2021a) presented the forced vibration analysis of
CNTRCs beams using different beam models. Ebrahimi and
Farazmandnia  (2018) investigated the  vibration
characteristics of CNTRCs beams in thermal environment
followed Timoshenko beam model. Considering surface
effect and geometric nonlinearity, Zhang et al. (2021)
applied the two-step perturbation method to analyze the
snap-buckling behaviors of CNTRCs curved nanobeams.
Tayeb et al. (2019) studied the scale effects on critical
buckling loads of zigzag triple walled carbon nanotubes
under axial compression. Timesli (2020) studied the
buckling behavior of double walled carbon nanotubes using
the nonlocal theory as well as Donnell shell theory. Babaei
et al. (2021) applied the perturbation method to analyze the
thermal post-buckling response of CNTRCs beams
considering different boundary conditions including pinned-
pinned, clamped-clamped, and clamped-roller. Babaei
(2021) discussed the thermal post-buckling behaviors of
CNTRCs pipes with temperature-dependent material
properties. Civalek et al. (2021b) performed the vibration
analysis of CNTRCs microbeams considering different
beam models. Daikh et al. (2021) performed the buckling
analysis of CNTRCs curved nanobeams, in which the
thermal effects are taken into account. Esen et al. (2022)
discussed the vibration response of CNTRCs nanobeams
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subjected to moving point loadings based on nonlocal strain
gradient theory. Peng er al. (2022) revealed the free
vibration characteristics of CNTRCs beams with initial
geometric imperfection using the first-order shear theory.
Karamanli and Vo (2021) proposed a finite element model
for the analysis of CNTRCs beams, in which the shear
deformation is included. Sekmi (2021) paid attention to the
nonlinear vibration vibration of clamped-clamped buckled
CNTRCs beams, in which the pre-and post-buckling states
are considered. Talebizadehsardari et al. (2020) studied the
static bending of CNTRCs curved beams, in which the
simply supported ends are considered. In addition, as a
novel composite material, functionally graded materials
have also attracted researchers' interest (Malikan and
Eremeyev 2021, Barretta et al. 2020, Golmakani et al.
2021, Heydari et al. 2018, Zenkour 2018, Zenkour and
Radwan 2019, Zouatnia et al. 2017, Xu et al. 2022).
Although relevant scholars have conducted extensive
research in relevant fields over the past few years (e.g.,
Alazwari et al. 2021, Assie et al. 2023, Babaei 2022a, b,
Babaei and Eslami 2021a, b, Basha ef al. 2022, Faghidian
and Elishakoff 2022a, b, Faghidian et al. 2022¢, Faghidian
et al. 2023a, b, ¢, Hendi et al. 2022, Mohamed et al. 2021,
2019, Melaibari et al. 2023, Chen et al. 2022a, b, Ding and
She 2021, 2023, Ding et al. 2022a, b, Gan and She 2023,
Gan et al. 2023, Li et al. 2023, Lu et al. 2021, She 2020,
2021, She and Ding 2023, She et al. 2018, 2021, 2022, She
and Li 2022, Xu and She 2022, Zhang et al. 2022, 2023a, b,
¢, Zhang and She 2022, 2023a, b, Zhang et al. 2021, Zhao
et al. 2022a, b), the topic of this article has not yet been
studied by scholars. Especially, there is no papers studying
the wave propagation of CNTRC beams resting on elastic
foundations.

Through literature searching, it can be found that the
existing researches on the CNTRC beams only studied the
bending wave, but did not study the longitudinal wave and
shear wave. Because of the existence of various forms of
waves in the structure, it would be unreasonable to ignore
the propagation of other waves, so it is necessary to carry
out the study of longitudinal wave and shear wave. In
addition, most of the published literature uses Timoshenko
and Euler-Bernoulli beam theory to establish the model. To
the author's knowledge, no one has used various high-order
shear deformation beam theory to study the wave
propagation in CNTRC beams. Therefore, this problem
remains to be solved.

This paper has the following three innovations:

i) The wave propagation model of CNTRCs beams is
established by using the various beam models, and three
different distribution types of CNTs are considered;

ii) We study the phase velocity and group velocity of
longitudinal, flexural and shear waves in CNTRCs beams.

iii) We studied the influence of different volume
fractions, elastic coefficients on the wave propagation
behaviors of CNTRCs beams.

2. CNTRCs beams

In this paper, we consider a straight CNTRCs beam with

the height / and length L, which is made from the isotropic
polymer matrix and CNTs. This beam rests on elastic
foundations incorporating shear layers k; and Winkler
springs k,,, see Fig. 1. In addition, depicted in Fig. 1 is the
three CNTs reinforcement patterns. The expressions for
estimating the effective Young's modulus and shear
modulus of CNTRC beams have the following forms
(Civalek et al. 2021, Ebrahimi and Rostami 2018)

Ell = 771Vcnt Tt + (1_Vcnt ) E°

s _NVew |, (Vo) (1)

cnt

G, G G

with [EF, GE2] being [Young’s; shear] modulus, [E?, GP]
being [Young’s; shear] modulus of the polymer matrix,
V1S the volume fractions of the CNTs. Considering the
scale-dependent material properties, the CNTs efficiency
parameter n; (i=1,2,3) is introduced, and the elastic modulus
of CNTRC beams obtained by MD simulation is matched
with the numerical results obtained by mixing law to
determine its value. By using the same rules, the Poisson's
ratio (v) and the mass density (p) of the CNTRCs beams
can been written as (Civalek et al. 2021, Ebrahimi and
Rostami 2018)

V=V, v +(1-V

cnt cnt

P :Vcntpcm + (1-Vcnt )pp

with [v™,p™] being [Poisson's ratio; mass density] of the
CNTs, [vP, pP] being [Poisson's ratio; mass density] of the
polymer matrix, [E?, GP]being[Young’s; shear] modulus of
the polymer matrix. The different CNTs reinforcement
patterns are also shown in Fig. 2, the continuous functions
of CNTs volume fraction for different distributions are as
follows (Civalek et al. 2021, Ebrahimi and Rostami 2018)

)V*
2)

Vv, for UD case
Z|\
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Herein, V,; is the volume fraction of the given CNTs,
which is calculated as
- W
Vou = w7 o 4
' cht +(p t/p )(1_cht) ( )
During the calculation, the CNTs efficiency parameters
and the given volume fraction (Viyr) are: n; =1.2833 and
1N, = 13 =1.0556 when Vjyr=0.12; n; =1.3414 and n, =
n; =1.7101 when Vjyr =0.17; 1, =1.3238 and 75, =
13=1.7380when V;y;=0.28 (Civalek et al. 2021, Ebrahimi
and Rostami 2018).

3.Wave equations

Using the higher-order shear deformation theory, the
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Fig. 1 Geometric dimensions of CNTRC beam and
distribution pattern of CNTs in the cross-section

displacement field components of the CNTRC beam are
assumed to be (Wattanasakulpong and Ungbhakorn 2013,
She et al. 2018)

u(x,z,t)=u,—z

Mo (1) +¥(z) f,(x,t)
OX

v(x,y,2,t) =0 6))
W(X, z,t) =w,(x,t)

where the displacement in the y-axis direction is 0, u, and

wy (x, t) denote the displacements of the point in the x- and

z- directions in the reference plane, respectively, t denotes

time, and f,(x, t) have the following form

oW, (X, 1)
OX

fo(x.1) = — ¢ (x,1) (6)

where ¢, (x, t) is rotation, the purpose of the shape function

(\P) in the Eq. (5(a)) is to describe the distribution of
transverse shear stresses in the thickness direction of the

transverse beams. The shape function (‘P ) vary with

different beam  theories  (Wattanasakulpong and
Ungbhakorn 2013)
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Because Reddy beam model does not require the
introduction of shear factors, it has been widely used, So, in
this study, the Reddy beam model is adopted to build the

model. The axial and shear strains can be expressed as
follows (Wattanasakulpong and Ungbhakorn 2013, She et
al. 2018)
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Next, the Euler-Lagrange principle is employed to derive
the wave equations. The total energy mainly comes from
two parts, one is strain energy U, and elastic potential
energy Uy, the other is kinetic energy K.

The strain energy U, and elastic potential energy Ur

have the following expressions (Wattanasakulpong and
Ungbhakorn 2013)
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The kinetic energy has the following expression
(Wattanasakulpong and Ungbhakorn 2013, She et al. 2018)
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Fig. 2 Comparative analysis

Herein (Wattanasakulpong and Ungbhakorn 2013)
[1o, 1, 1,]= [, p(2)[ 1, 2,2° [4A
[1,1,] :IA‘P(z)p(z)[l, z]dA (12)
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Applying the Euler-Lagrangian method to derived the
motion equation, then we have (Wattanasakulpong and
Ungbhakorn 2013)
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In addition, the normal stresses, shear stresses, axial and
generalized forces and shear forces can be expressed as
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In which (Wattanasakulpong and Ungbhakorn 2013)
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4. Analytical solutions

The wave equations in Eq. (18) can be solved
analytically. We assume that the solutions for free boundary
conditions are shown as follows (She ef al. 2018)

U, (x,t)=U,e'®
D, (x,t) = D, e (19)
W, (x,t) =W, e/

i =1 (20)

with [ W, K ] being [circular frequency; wave number], U m>

Y, and W_ are the coefficients of the wave frequency.

Substituting Egs. (19(a))-(19(c)) into the equations of
Egs. (18(a))-(18(c)), then we have

0
Ay 8y 8y (D, = 0 2D
q
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In which
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Then we set the coefficient matrix equal to 0, so that we
can obtain an expression for the relationship between the
wave number and the circular frequency, and thus deriving

an expression for the phase velocity and group velocity of
the longitudinal, shear and bending waves.

5. Numerical analyses and calculation

In the following study, the calculated data are as follows
(Wattanasakulpong and Ungbhakorn 2013):v? = 0.3;p? =
1190kg /m3and EP = 2.5GPa. For reinforcement material,
the material properties of CNTs are: v = 0.19; p™ =
1400kg/m3; EfM* = 600GPa ; ESH =10GPa and
Gt = 17.2GPa.

Fig. 2 shows the phase velocity-wave number diagram
of UD-Beam bending waves under different Euler, Reddy
and Timoshenko beam theories. The phase velocity
calculated by Euler and Timoshenko beams is the most
intense with the increase of wave number when the beam
number is small. With the gradual increase of wave number,
the phase velocity tends to be stable and converges to a
certain value, in which the Euler beam theory phase
velocity is the largest, the Reddy beam theory phase
velocity is the second, and the Timoshenko beam theory
phase velocity is the smallest. The Timoshenko beam theory
is minimal.

Figs. 3-5 illustrate the relationship between longitudinal,
shear and bending wave phase velocities versus wave
number for UD, X and V beams at different volume
fractions of CNTs. (Where the UD, X and V beams are the
result of different arrangements and distributions of CNTs
on the polymer matrix). As we can see from the pictures (c)
of these three figures, the longitudinal waves along the X-
axis are constant for the three reinforcement types of beams
during wave propagation and do not vary with the wave
number. Since all the three types of CNTRC beams are
symmetrically distributed, the values of the longitudinal
waves are the same for all three types of beams with the
same volume fraction of CNTs, and increase in parallel as
the volume fraction of CNTs increases. In the process of

wave propagation, the displacement of the three reinforced
beams along the X-axis is constant and does not change
with the wave number. Although the distribution patterns of
CNTs on the polymer matrix are different, because the three
types of beams are symmetrically distributed, the
longitudinal wave values are the same for the three types of
beams with the same CNTs volume fraction, and the
longitudinal wave values increase in parallel with the
increase of the CNTs volume fraction.

In picture (b) of Figs. 3-5, the phase velocity of shear
waves due to torsion is given as a function of wave number
for three different CNTRC beams with different values of
CNTs volume fraction. The images show that for the same
volume fraction of CNTs, the phase velocity of shear waves
tends to decrease with the increase of wave number.
Whereas the phase velocity decreases sharply when the
value of wave number is small (k less than 2000 (1/m)), as
the wave number continues to increase, the phase velocity
tends to level off and keeps approaching the value of 8
(km/s). Secondly, the graphs also show that the phase
velocity of the CNTRC beams decreases with increasing
volume fraction of CNTs for the same wave number.

For the case of bending waves, in picture (a) of Figs. 3-
5, according to different volume fraction of CNTs, the
relationship between bending wave and wave number
caused by volume bending of three different CNTRC beams
is given. The images show that in contrast to the trend of
shear wave, the phase velocity of the bending waves tends
to increase as the wave number increased for the same
volume fraction of CNTs. And when the value of wave
number is small (less than 2000 (1/m)), the phase velocity
increases sharply. It is further observed that when the wave
number is small, an increase in wave number has the
greatest effect on the phase velocity of the X-beam,
followed by the UD-beam, with the O-beam having the
least effect. As the wave number continues to increase, the
phase velocity tends to level off and keeps approaching the
value of 8 (km/s). Secondly, the graph also shows that the
beam with more CNTs has a higher phase velocity when the
wave number is the same. Comparing the bending waves of
these three different types of beams, we can see that the
phase velocity is greatest for UD beams and least for X
beams for the same number of waves when the volume
fraction of CNTs is 0.12, with the same pattern for

V. =0.17 and V., =0.28..

Figs. 6-8 illustrate the effect of the volume fraction of
CNTs on the group velocities of longitudinal, shear and
bending waves in the UD, X and O-beams during wave
propagation, respectively. As can be seen in picture (¢) of
these three figures, in the same direction as the longitudinal
phase velocity, the longitudinal group velocity along the X-
axis is constant for all three types of beams, and for the
same CNT volume fraction, the longitudinal group velocity
is the same, also for the same wave number £, it increases
with the increase of the CNT volume percentage. Picture (b)
of Figs. 6-8 demonstrates the effect of wave number as well
as CNTs volume fraction on the shear wave group velocity
of a CNTRC beams during wave propagation, we can
clearly see that regardless of the symmetrical pattern in
which the CNTs are distributed on the polymer matrix, the
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Fig. 5 Wave propagation diagram with different volume fractions of CNTs (X-Beam)

group velocity shows an increasing trend as the wave
number increases, and when the wave number is less than
20 (1/m), the increasing trend of the group velocity of the
three beams is dramatic for the same volume fraction of
CNTs, and compared Fig. (6(b)) with Fig. (7(b)), it can be
clearly seen that when the CNTs volume fraction is 0.28,
the increasing trend of the UD-beam beam is the most
dramatic and the O-beam is the smallest.

When the wave number k is greater than 20 (1/m), the
growth trend of the shear wave group velocity for the three

different distribution types of beams slows down and
gradually converges to a certain value. When the wave
number k is constant, the shear wave group velocity
increases with the increase of volume fraction of CNTs for
the three different distribution types of CNTRCs beams.

As far as the bending waves, it can be seen from picture
(a) that despite the different enhancement patterns of CNTs,
the trend of the bending wave group velocity under the
influence of the wave number k is basically the same when
the wave number k is less than 1000 (1/m), the bending
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Fig. 6 Wave propagation diagram with different volume fractions of CNTs (UD-Beam)
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Fig. 8 Wave propagation diagram with different volume fractions of CNTs (X-Beam)

wave group velocity increases substantially with the
increase of the wave number, until a maximum group
velocity value occurs between the wave number of 1000
(1/m) and 2000 (1/m), and then slowly decreases to a stable
value. It can be clearly observed from picture (a) of Fig. (6)
to Fig. (8) that although the three different distribution types
of beams bending wave group velocities follow essentially
the same trend, their maximum values are quite different,
with UD-beam having the largest bending wave group
velocity, X-beam the next largest and O-beam the smallest.
As the longitudinal group velocity of shear wave, for a

specific wave number k, the larger the volume fraction of
CNTs, the greater the group velocity.

In Fig. 9, we analyze the effect of spring coefficients on
the bending wave phase-velocity-wave number curves for
different types of beams. Taking the UD-Beam as an
example, it can be seen that when the CNTs beam is placed
on a Pasternak elastic base, including shear layers and
Winkler springs, the phase velocity curve of bending wave
of UD beam changes significantly when the elastic
coefficient is zero. In contrast to the previous growth trend,
the UD-Beam bending wave-phase velocity decreases
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sharply as the wave number increases, and as the wave spring coefficient has basically the same effect on
number continues to increase, the value of the bending  thesethree different distribution types, so the wave number
wave phase velocity gradually stabilizes. In addition, the curve will not be repeated.
author has separately investigated the effect of each of the As can be seen in (a) of Fig. 10, the bending wave phase
shear layer springs and the Winkler spring on the bending velocity of the CNTRCs beams increases with the
phase velocity-wave number curves. The curves in Fig. 9 increasing of wave number based on different higher-order
show that the Winkler spring has the greatest influence on beam theory models. For Trigonometric and exponential
the bending phase velocity, followed by the shear layer beam theories, both of them have basically the same
spring. Since UD-beam, X-beam and O-beam are all beams influence on the curve of phase velocity wave number of

with CNTs uniformly distributed on the polymer matrix, the bending wave, and the difference between them and the
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curve of phase velocity wave value under the action of
Reddy's higher-order beam theory is small. On the contrary,
the use of hyperbolic beam theory leads to a sharp increase
in the phase velocity of bending wave when compared with
the wavelet number, and the curve change trend is more
obvious. In (b) of Fig. 10 depicts the phase velocity-wave
number curves of shear waves under different beam
theories. The phase velocity curves tend to decrease as the
wave number increases, and it can be seen from the images
that, similar to (a), the Hyperbolic beam theory has a more
pronounced effect on the phase velocity-wave number
curves.

As can be seen from (a) and (b) of Fig. 11, the different
Hyperbolic beam theories can have some effect on the
group velocities of the different waveforms, but in general
they do not change the trend. The group velocities of the
bending and shear waves still increase with the number of
waves and tend to a certain value at higher wave numbers.

It can also be seen that the Hyperbolic higher order
shear beam theory has a greater effect on the group velocity.
The Exponential beam theory and the Trigonometric beam
theory are not very different from the Reddy beam theory
used in this paper.

5. Conclusions

Based on the Reddy beam model, longitudinal waves,
shear waves and bending waves in CNTs beams are
systematically studied. By solving an eigenvalue problem,
the relation between wave number and circular frequency is
obtained, and thus the relation between wave number and
phase velocity, wave number and group velocity is
obtained. The effects of volume fraction of CNTs, different
distribution types of CNTs and elastic coefficients on the
wave propagation are analyzed. Through numerical
analysis, we found that:

1) The Longitudinal wave group velocity of the CNTRC
beam is a constant, which is independent of the elastic
coefficients and increases with the increase of the volume
fractions of the CNTs.

2) The phase velocity group of shear wave decreases with
the increase of wave number, and the group velocity
increases with the increase of wave number. When the wave
number is greater than 20, the curve gradually flattens.
Under the same wave number, the CNTs increase with the
increase of volume fraction.

3) As for the bending wave of CNTRC beams, the phase
velocity group velocity increases with the increase of wave
number under the same volume fractions of CNTs. When
the wave number is very large, the curve tends to be flat.

4) It is found that when the wave number is small, the
elastic coefficient has a great effect on the trend of phase
velocity, but when the wave number is large, it has almost
no effect.

5) It is further observed that when the wave number is
small, an increase in wave number has the greatest effect on
the phase velocity of the X-beam, followed by the UD-
beam and O-beam.
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