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Analysis of circular tank foundation on multi-layered soil subject to combined
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Abstract. A circular tank foundation resting on the ground and subjected to axisymmetric horizontal and vertical loads and
moments is analyzed using the variational principles of mechanics. The circular foundation is assumed to behave as a Kirchhoff
plate with in-plane and transverse displacements. The soil beneath the foundation is assumed to be a multi-layered continuum in
which the horizontal and vertical displacements are expressed as products of separable functions. The differential equations of
plate and soil displacements are obtained by minimizing the total potential energy of the plate-soil system and are solved using
the finite element and finite difference methods following an iterative algorithm. Comparisons with the results of equivalent
two-dimensional finite element analysis and other researchers establish the accuracy of the method.
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1. Introduction

Normally, strong winds have been associated with two
types of wind in typhoon prone region. The first one is the
nature wind and the other one is the typhoon, or say severe
tropical cyclone. Many investigations about the vibration
and buckling (static stability) characteristics of frames of
various types have been carried out. Cheng (2011) have
studied the elastic critical loads for plane frames by using
the transfer matrix method. A general digital computer
method has been described by Cheng and Xu (2012).

Circular tanks are efficient and economic liquid-storage
structures because these tanks can save up to 20% volume
of construction materials (concrete or steel) compared with
rectangular tanks of equal capacities (Jones 1997). These
tanks are often placed on the ground (sometimes on top of a
granular pad of compacted sand) and are subjected to a
combination of vertical and lateral forces arising from self-
weight of the tank, weight of stored liquid, internal liquid
pressure, temperature variations, and wind (Ghali 2003,
Galvis, Smith-Pardo 2020, Useche-Infante et al. 2021). The
dominating forces are, however, gravity driven (as the
heights of these tanks are often low compared with their
widths so that wind force is less impactful) because of
which these tanks are often designed against axisymmetric
gravity loads, consisting of tank self-weight and weight of
stored liquid in the vertical direction and internal liquid
pressure in radial directions.
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The super-structure part of the tank is typically analyzed
as a vertical shell element subjected to radial stresses.
Consequently, combinations of axisymmetric horizontal and
vertical forces, and moments act on the circular base of the
tank and along its edges. The tank base acts as the
foundation of the tank and remains in contact with the
ground (or granular pad) underneath (Useche-Infante et al.
2022). Typically, the tank super-structure (shell and roof
loads) generates vertical stresses along the edge of the
circular base that are of the order 70 kPa, and the weight of
the retained liquid generates vertical stresses over the entire
area of the base that are of the order of 400 kPa (Rosenberg
and Journeaux 1982). At the same time, the lateral thrust
from the liquid generates radially outward axisymmetric
horizontal forces along the edge of the base. Thus, the soil
mass underneath the tank foundation is subjected to forces
and displacements both in the vertical and horizontal
directions (Booker and Small 1983).

The serviceability limit states against which tank
foundations are designed include total and differential
settlements. Differential settlement (the difference between
the settlements at the center and the edge of tank
foundation) is often detrimental to the structural integrity
because of which it is routinely estimated (Marr ef al. 1982,
Ghali 2003, D’orazio and Duncan 1987, Remadna et al.
2017). A better representation of the structural distress
caused by differential settlement may be obtained by
angular distortion (Salgado 2008), which, for symmetrically
loaded circular tanks, is the angle formed with the
horizontal by the deformed tank foundation between the
edge and the center. Maintaining the differential settlement
and angular distortion within tolerable limits is very crucial
in the design of circular tank foundations. Even a small
differential settlement may induce large distortions at the
top of the vertical shell (i.e., tank wall), and this can
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damage the seal between the shell and the roof, and can
generate large bending deformations in the roof (Bell and
Wakiri 1980). Limits on angular distortions tolerable by
circular tank foundations are available in the literature
(Gunerathne et al. 2018).

In order to estimate the settlement of circular tank
foundations, the tank base is conventionally analyzed as a
circular plate resting on a bed of linear elastic Winkler
springs characterized by the spring constant ks, which is
related to the soil subgrade modulus (Brown 1969, Hemsley
1987, Pavlovic 2001). Studies on response of plates resting
on Winkler foundations are available, although circular
plates are not extensively studied (Komlev and Makeev
2018, Li et al. 2013, Utku et al. 2000, Utku and Citipitioglu
2000, Timoshenko and Woinowsky-Krieger 1959).
However, the Winkler model does not represent the soil
behavior properly because the vertical Winkler springs are
assumed to work in isolation with respect to each other as a
result of which the resistance of soil arising from shear
stresses are neglected. The Winkler model is improved by
the addition of a second parameter ts to the model that takes
into account the interaction between adjacent springs
(Pasternak 1954, Hetenyi 1946, Filonenko-Borodich 1945).
Thus, the two-parameter models are more realistic than the
Winkler model in capturing the soil behavior because both
the compressive and shear resistances of soil are captured
through the parameters k; and #. Analysis of circular plates
with two-parameter models has been performed as well
(Buczkowski and Torbacki 2001, Worku and Habte 2022).
However, the difficulty in using the two-parameter models
is that the two parameters ks, and #;, cannot be reliably
obtained from measurable soil properties and are often
inaccurately determined from ad hoc, empirical equations
(Bowles 1996).

Ideally, soil should be modeled as a continuum for
foundation-related problems to capture the multi-axial
stress-strain behavior of soil in response to foundation
loading. Vlasov and Leont’ev (1966) modeled the soil
beneath circular plates subjected to axisymmetric vertical
loads as a simplified continuum with zero horizontal soil
displacement and the wvertical soil displacement
approximated by a product of separable functions.
Vallabhan and Das (1991) improved the model of Vlasov
and Leont’ev (1966) by reducing the assumptions and by
incorporating an iterative solution algorithm, and analyzed
circular tank foundations subjected to axisymmetric vertical
loads. Gunerathne et al. (2018) adopted the model by
Vallabhan and Das (1991) and made artificial adjustments
to the soil elastic constants to estimate differential
settlement underneath circular tank foundations. Later,
Gunerathne et al. (2019) extended the analysis of Vallabhan
and Das (1991) by incorporating multiple soil layers. The
advantage of the simplified continuum approach of
Vallabhan and Das (1991), Gunerathne et al. (2018), and
Gunerathne et al. (2019) is that solutions are obtained much
faster than conventional finite element (FE) analysis, but
the limitation is that horizontal displacement in the soil
underneath foundation is neglected because of which
artificially stiff foundation response is obtained and the
effect of horizontal forces acting on the tank foundation

cannot be incorporated in the analysis.

The elastic half-space theory has also been used to
obtain analytical expressions of settlement under a loaded
circular region (representing an infinitely flexible
foundation) and a rigid circular foundation (Ahlvin and
Ulery 1962, Gerrard and Harrison 1970, Melerski 1991);
however, these analytical solutions do not predict accurate
foundation response because tank foundations are neither
completely rigid nor infinitely flexible. Numerical methods
such as the FE and finite difference (FD) methods can be
used to analyze circular tank foundations, and has been used
sparsely in the literature (Mahmood 1984, Kukerti 1997);
but the problem with these numerical analyses is that these
are time consuming and are generally not adopted in routine
projects.

In this paper, a continuum-based analysis is developed
to predict the flexural behavior of circular tank foundations
resting on multi-layered elastic soil and subjected to
axisymmetric vertical and horizontal forces and moments.
The tank base is modeled using the thin plate theory and the
soil underneath is modeled as a multi-layered continuum
with  rationally assumed vertical and horizontal
displacement fields. The principle of minimum potential
energy and variational calculus are used to obtain the
differential equations governing the plate and soil
displacements under equilibrium. The differential equations
are solved using the FE and FD methods following an
iterative algorithm. The analysis produces accurate plate
response as verified with equivalent two-dimensional FE
analysis. The advantage of the present analysis is that the
results produced are much faster than equivalent FE
analysis. The present analysis is inspired by the simplified
continuum approach of Vallabhan and Das (1991) with the
improvement that horizontal soil displacement beneath the
circular foundation is not assumed to be zero and is
explicitly taken into account. This makes the analysis more
accurate which is verified by comparisons with other
analysis through multiple examples.

2. Analysis
2.1 Problem definition

A circular plate of diameter B, radius rp (= B/2), depth
(thickness) t,, Young’s modulus E,, Poisson’s ratio vy,
extensional rigidity C [= Epto/(1 — 1?)], and flexural rigidity
D [= Eptp3{12(1 — 1,?)}] is assumed to rest on top of a
multi-layered continuum (soil) consisting of n layers (Fig.
1). The i soil layer extends vertically downward to a depth
Hi (Ho = 0) so that the thickness of the i layer T; = H;i — Hi.1.

The total thickness of the n layers is Hital (:ZHJTI ). The

bottom n' layer rests on top of a rigid layer (e.g., bed rock),
which means that the displacements at a depth z = H, =
Hiwt are all zero. The plate is always in full contact with
the layered continuum during loading. Each foundation
layer i is homogeneous, isotropic, and linear elastic with
Young’s modulus Es; and Poisson’s ratio us;.
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A set of static axisymmetric loads (Fig. 1) act on the
plate — a transverse (vertical) line load Q (kN/m) acts
along the perimeter (edge) of the plate, a distributed
transverse (vertical) load q(r) (kN/m?) acts over the entire
area of the plate, a line moment M (kN.m/m) acts along the
perimeter (edge) of the plate, and a radial (horizontal) load
N (kN/m) acts along the perimeter of the plate (the line of
action of N lie in the neutral plane of the plate). The
combination of Q, g, M, and N produces flexure, transverse
shear, and membrane (axial) stresses in the plate.

A right-handed cylindrical (r-6-z) coordinate system is
assumed for analysis and is attached to the center of the
circular plate with r positive radially outward, z positive
vertically downward, and @ positive in the counter-
clockwise direction when looked down from the top. As the
soil (continuum) beneath the plate deforms beyond the
loaded circular region of the plate, it is necessary to
consider a soil domain in the radial direction extending
beyond the edges of the circular plate (Fig. 1). Accordingly,
the analysis domain in the continuum is extended to a radial
distance pr, from the center of the plate beyond the edge of
the plate and this eliminated any boundary effects (the
dimensionless factor f > 1 and its actual value is
determined by trial and error for a given problem). Thus, a
cylindrical soil domain of radius fr, and depth Hiow is
assumed in the analysis.

2.2 Soil displacements,
potential energy

strains, stresses, and

For the axisymmetric problem considered, the radial
(horizontal) soil displacement ur and the vertical soil
displacement u, are expressed as products of separable
functions (see Fig. 1)

U =u(r)w(2) (1a)
u, =w(r)¢(z) (1b)

where w(r) and u(r) are the vertical and radial (horizontal)
displacements at the top surface of the continuum, which
are the same as the transverse and radial (horizontal)
displacements of the plate for —r, <r < rp, and @(z) and y(z)
are dimensionless displacement functions varying with
depth. It is assumed in the analysis that ¢(0) = w(0) = 1,
which ensures perfect contact between the plate and the
underlying continuum, and that #(Hwt) = w(Hwow) = 0,
which ensures that the vertical and horizontal displacements
in the continuum, arising from applied forces on the tank,
decrease with an increase in depth and become zero at the
interface with the rigid layer.

For the displacement field described in Eq. (1), the
strain tensor at any point in the continuum (soil) is given by

du, du
dr dr v
Srr
) dduZ c(iTqﬁw
_ z | _ zZ _ zZ
& = £ u, uy (2)
e r r
%_‘,% dlu +d7W¢
dz dr dz dr

The elastic constitutive relationship relates the strain
tensor at any point within the continuum to the
corresponding stress tensor (see Fig. 1)
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The stresses and strains can be used to calculate the
strain energy density Up.sil Within any soil layer i as

1 1
u D-soil — Eo-jk‘gjk - E[O-rr‘grr + 0,4€, + O o€ + Trzyrz]

2 2 2,2
e wf(d—“j o %] A
2 dr dz r
2 “
+2§si Ysi diu‘//iu_‘_diucjﬂ WiW+%LVVU
1-vg )ldr r  dr dz dz r
2
+G, (d—wqﬁ, +%uj
dx dz
where ¢ and y; represent the functions ¢(z) and y(z) within

the i layer, and E_ (constrained modulus) and Gsi (shear
modulus) are given by

E _ E, (1—Usi) 5
L o,)(1-207) (52)
Esi
Gsi = 2(1+Usi) (Sb)

The total potential energy Ilsi of the soil is obtained by
integrating the strain energy density over the entire soil
volume Qs participating in the deformation as

1_[suil = IU D—soiIdQsml
Q

n Hi 27128 2 2 2,2
S D R IR
24,0 o r dz r

2 (6)
+2E. | Y diu‘//iu+d7Ud¢|V/iw+%l//iWu
1-vg )\dr r dr dz dz r

dy, 2
+—Lu | [rdrd@dz

dz
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Fig. 1 Plate-soil interaction model
2.3 Plate potential energy
5Hsystem = 5(“50” + leate + l_[Ioad ) = 0 (8)

In this study, plate deformation is assumed to follow the
Kirchhoff (thin plate) theory of circular plate, according to
which a straight line normal to the neutral plane of the plate
remains straight and normal to the neutral plane after
deformation (Reddy 2006). The potential energy Iy Of @
circular plate in polar coordinates, including both
extensional and transverse displacements, is given by
(Reddy 2006, Chandrasekaran and Kunukkasseril 1976, and
Timoshenko 1959)

leate = .[U D—plaledelate

Q
D} 2 2(1-20,) dw d?w
=2 ! ﬂ(vzw) B } rdrd@ R

27" 2

C d
+E£J[d—l:+ﬂ rdrd@

0

where Up.piae IS the strain energy density of the plate
considering both extensional and transverse displacements

over the domain Qgiate, and V2 = [(dz/dr2)+(]/r)(d /dr)]

2.4 Principle of minimum potential energy

The principle of minimum potential energy is used to
obtain the differential equations governing the equilibrium
of the plate and soil under static loads

where ¢ is the variational operator, TTssem iS the total
potential energy of the plate-soil system, and ITjq is the
external work done by the non-conservative forces acting
on the system, given by
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00 0

)
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Substituting Egs. (6), (7), and (9) in Eq. (8) results in
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Eg. (10) is rearranged as
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2.5 Differential equations for vertical displacements of
plate and soil surface

Considering the variation of function w in Eq. (11), the
governing differential equations for transverse displacement
of the plate and vertical displacement of the soil surface can
be obtained along with the corresponding boundary
conditions. For the domain —r, < r < r, (i.e., over the
domain within which the plate is present), the governing
differential equation of transverse plate displacement is
given by

DV*w— 2t V°W+kw+ (17, —775)Vu=q(r)

(—rp <r< rp) (122)

For the domains —fr, <r < —p and rp < r < gy (e,
over the domain with no plate), the vertical displacement of
the top surface of the soil is governed by the following
differential equation

—2t,V*W+KkW+ (7, —17,)Vu=0
(-pr,sr<-r)and (r,<r<pr,)

In Egs. (12(a)) and (12(b)), the differential operators are

defined as v:(i+1j, V2 _(ﬁ 1d j and
dr r dr? rdr
4 3 2
VAZ[d_+Ed_+id_+ 1 d J
dr* rdr® r?dr? rdr

The boundary conditions associated with the differential
Egs. (12(a)) and (12(b)) are also obtained from Eq. (11).
The domain of the problem (—fr, < r < frp) is chosen
sufficiently large in the radial directions such that the
vertical displacement at the outer boundaries of the domain
is zero; i.e., w =0 at r = —fr, and r = fr,. At the plate edges
(r = —rp and r = rp), the continuity of displacements, and
equilibrium in terms of shear force and bending moment is
satisfied (the plate edge is assumed to be free to deflect and
rotate)

(12b)

WRight

= Weent|,—, (13a)

r=—r,
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Wl_eft|Ir=rp = Whight =, (13b)
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r=—r, andr=r,
2.6 Differential ~ equations  for  horizontal

displacements of plate and soil surface

Considering the variation of the function u in Eq. (11),
the governing differential equations for the radial
(horizontal) displacements in the plate-soil system can be
obtained along with the corresponding boundary conditions.
For the domain —r, <r <, (i.e., the radial domain covering
the plate), the differential equation governing the horizontal
displacement in the plate is given by

u d?u 1du
Cl ==V |- =~ =
(r j e dr? e rdr

dw
+(%+777\Ju_(771_773)azo (142)

(—rp srgrp)

For the domains —fr, < r < -, and rp < r < frp (i.e.,
over the radial domain with no plate), the radial
displacement of the top surface of the soil is governed by
the following differential equation

d®u 1du (7,
_UBF_UGFE_'— r_z+777 u

dw

—(771—773);—0

(-pr,<r<-r,)and (r,<r<pr,)

The boundary conditions for Egs. (14(a)) and (14(b)) are
obtained from Eq. (11). As the domain of the problem (-fr,
<r < pry) is sufficiently large, the radial displacement at the
outer boundaries are zeros; i.e, u=0atr=—frpandatr =
prp. At the plate edges (r = —rp, and r = rp), the continuity of
horizontal displacement and equilibrium of horizontal force
are maintained by the following boundary conditions

(14b)

u

Right |, :ul_eft|r:,rp (15a)

uLeft|r=rp = Ugignt s (15b)
P

du du
C raﬂ)pu + rE%
(15¢)
+ (17U +mwr ) = N |

r=—r, &r=r,

To obtain the plate response, differential Egs. (12(a))
and (14(a)) should be solved along with the corresponding
boundary conditions. Note that these two differential
equations are coupled because the unknown displacements
w and u are present in both the differential equations.
Further, it is customary in geotechnical engineering to
assume that plates resting on soil have free ends (i.e., the
edge of the plate is free to deflect and rotate) because of
which the displacements (w and u) are spread beyond the
plate edges into the continuum in the radial direction.
Therefore, the displacements in the plate and the surface
displacements of the soil should be considered together in
the solution as these are related. Therefore, Egs. (12(a)),
(12(b)), (14(a)), and (14(b)) should be solved
simultaneously to obtain the plate response.

2.7 Differential
functions

equations for soil-displacement

Considering the variation of the functions ¢ and v in Eq.
(11) over 0 <z < Hyoal, the differential equations of ¢(z) and
w(z) within the i layer can be obtained as

d2¢. _ _ _ v,
e N (16)
d?y. 0
é:e dzl/zll_(52"'661"'54)‘/4=(§3+§5_(§7)6_f (17)

The corresponding boundary conditions are 0) = 1,
HHeow) =0,and ¢ =4, atz=H_, and y(0) =1, y(Huwota) =
0, and y, = w,,, at z = Hj, and these boundary conditions

also satisfy Eq. (11). These conditions ensure perfect
contact between the plate and the underlying soil, zero
displacements at the interface between the soil and
underlying rigid layer, and continuity of displacements
across the different soil layers.

2.8 Solution of the differential equations

Solution of the plate differential Egs. (12(a)) and (14(a))
for transverse displacement w, rotation dw/dr, and radial u
displacements is obtained by using the displacement-based
finite element method. Considering the weak forms of the
differential Egs. (12(a)) and (14(a)) in which the highest
derivatives of w and u are d?w/dx? and du/dx, respectively, it
is apparent that cubic-Hermitian shape functions are
required to interpolate w and dw/dr, and linear-Lagrangian
shape functions are required to interpolate u. Thus, over the
plate domain — r, < r < rp , two-noded frame elements are
used as plate elements such that there are three degrees of
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Fig. 2 Finite element and finite difference discretization in r-direction and z-directions

freedom wy, dwi/dr and uk, and w;, w/dr and u, at the left
(k™ and right (I") nodes, respectively (Fig. 2). Cubic

Hermitian shape functions {NW}:1 are used to interpolate
W, dwi/dr, w; and dw/dr, and linear Lagrangian shape
functions {N“}Z1 are used to interpolate u, and u, (Fig. 2).

These shape functions are given by

N2
<] | A
W H N;iw/dr e
{N }4><1: NIW

= 2 . 3
N
i S(h'bj —{hej

(18a)

N L N:; 3 l—lc/he
{ }le_ NG | #/h (18b)

where he is the length of the element and f is the local
radial coordinate within any element with its origin at the
left (k™) node.

The use of {Nu}L and {NW}“ leads to the following

2x1 L5
elemental equilibrium equation [k]e{gp}e:{f}e for any

plate element ([k]e, {f}%, and {&}¢ are the elemental
stiffness matrix, elemental force vector, and elemental
degrees of freedom vector for the plate element,
respectively), given by

Wk

dw,

dr
{k%}md {krBZ}4x2 \NI — {?2}4xl (19)
CINRCNNEERAN

Uy
u

6x1

with

. t L dANT (AN Y
{ké}AXA_{-r!.|:D dr? [ dr? J

ANRY T
+(22_2thw d'N ]
r dr

_2DdNW[d2NW]T

r dr | dr?

w T
+(23—§ij[le +ka(NW)T}dr
r'or dr

o@D dNY
dr | dr? r dr?
r=0
w T
+[E+2t]NW[dLJ }
r dr

ek, - f ()
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(20a)

(20b)

(20c)

(20d)
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+QNILN| J‘(q( )Nsw/dr)dr_'_ M dw/dr r
" (20¢)
+MN | I(q(r)N,W)dr
1 ,
+QNIW|r J'(q(r)Nldw/dr)dr+ MNIdW/dr r }
{fﬁ}21:{NNEr NNﬁr}T 209)

in which a constant value of distributed load q is assumed
within any element (which is a reasonable assumption for
small elements), and the matrix indices x and y varies from
lto4.

Solution of the differential Egs. (12(b)) and (14(b)) for
soil surface displacements w and u are also obtained using
FE analysis. As the highest derivatives of w and u in the
weak forms of Egs. (12(b)) and (14(b)) are dw/dx and du/dx,
linear Lagrangian shape functions are required to
interpolate both w and u over the elements. Accordingly,
two-noded rod (bar) elements with linear Lagrangian
interpolation functions described in Eq. (18(b)) are used to
discretize the domains —fr, <r<0and 0 <r < ry (i.e., the
domains in radial direction with no plate). This leads to the
elemental equilibrium equation [k]e {55}6 :{f}e for the

elements over —frp <r<0and 0 <r </ ry, given by

W, 0
{ b/r’:‘lz}zxz {kfz}ZXZ Wp _
{klg} {k:‘z} uo - 0 (21)
2x2 2x2 ) 4x4
P asxa O 4x1

} (22a)
+ kN ( )T— rt Nw(dgl—rwj ]dr}
) - e
R (22b)
_(nl_ns)NW(d:r ] +[173NW(N“)Tler}
e, e (3
| (22¢)

Gupta and Dipanjan Basu

o 5 ()
+(:7—6+777)N ( U)T:|d|’
e[S By

={N*}" (Eq. (18D)).

The integrations associated with the elemental stiffness
matrix and force vectors described in Egs. (20) and (22) are
performed numerically using Gauss quadrature. The
elemental matrices are assembled, and the set of equations
are solved to obtain the nodal displacements and rotations.

Differential Eqgs. (16) and (17) of ¢ and w are
interdependent, and thus, must be solved simultaneously.
Solutions of the differential Eqgs. (16) and (17) of ¢ and
are obtained using the finite difference method. The domain
in the z direction is discretized, and the central difference
scheme is implemented at these points using which Egs.
(16) and (17) can be written as

(22d)

s

A=
VA
j+l j-1 (23)
Vi Vi
=—(& +§5_§7)(T)
J+1_21//| +!//| j
e el HERER A
¢j+1 _¢j—l (24)
:(§3+§5_§7)(T]

where j represents the j™ node, which is at a vertical
distance z; from the bottom surface of the beam, and Az is
the vertical distance between consecutive nodes. The total
number of discretized nodes m should be sufficiently large
such that the finite domain in the vertical direction can be
adequately modeled (Fig. 2).

Eq. (23) along with the boundary conditions ¢|“'=1 (atz=

0) and ¢™ =0 (at z = Huw), is applied to the discretized
nodes, yielding the following matrix equation (Eq. (25).
o
1 0 0 0] ¢I(2) 1]
0 K, K& 0 ol 4 £
0 kb, K k& O ol 4 i
0 0 ki ki ki 0 off 49 | | £
0 o e 0 KL KK 0 S P BRE (25)
0 - 0 kﬁ 2,m-3 kﬂ 2,m-2 k::—z‘m—l 0 ¢(”."2) fn;ﬂfz
0 - 0 krﬁmz klﬁl,ml 0 ¢l('“ 1) fr?l
0 .- 0 0 1" 0
L ,_ #m ] L E

The non-zero elements of the left-hand side matrix
[k‘f"] in the above equation are given by
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1 1 5
SIPEL PR _Azgz (26)
-2
==, @7)

in which the subscript j is valid for nodes 2 to m-1, with the
exception that ki, =0 and k?, =0 (as evident from Eq.
(25)

The elements of the right-hand side vector [f"j' }mxlin
Eq. (25) are given by

i+ -l

th=—(&+¢ —é)[%) (28)

where | represents nodes 3 through m-2. The elements
corresponding to node 2 and m-1 are respectively given by

31
f =—%—(§3+§5—§7)["'2'A2 J 29)

fh, =—(&+& —é)(;’A‘ZJ (30)

EQ. (24) along with the boundary conditions y/i(l) =1 (at

z=0) and ™ =0 (at z = Hw), is applied to the
discretized nodes, and a matrix equation (similar to Eqg.
(25)) for ; can be formed for the discretized nodes as

[ Sty ={17) G

The non-zero elements of the left-hand side matrix
[k% ] in the above equation are given by

K1 =K = % (32)
¢
k?/,Ij = AZZB _(52 + 51 + 54) (33)

in which the subscript j is valid for nodes 2 to m—1, with the
exception that k3, =0 and k', =0.
The elements of the right-hand side vector [f%} in

mx1

Eqg. (31) are given by

j+l _ _j—l
fjwi = (53 + 55 - 57 )(%J (34)

where | represents nodes 3 through m-2. The elements
corresponding to node 2 and m-1 are respectively given by

¢i(3) _1}

(35)

AZ?

h__ %6 -
(=66 57)[ e

fh,=(&+& —é)(;‘mj (36)

As the right-hand side vectors [fﬂ and [f%]

contain the unknowns ¢, and v/ , iterations are necessary to

mx1 mx1

obtain their values. An initial estimate of (/ﬁlj is made and

given as input to [f‘/’l] , and 1//ij is determined by solving
Eq. (31). The 1//ij values are then given as input to [fﬂm N

to obtain ¢|j by solving Eqg. (25). The newly obtained

values of ¢’ are again used to obtain new values of /', and
the iterations are continued until convergence is reached.

2.9 Iterative solution algorithm

The soil parameters 7, (o« = 1-8) must be known in order
to solve the system of equations for w and u, and these
coefficients depend upon ¢ and y. At the same time, the
parameters &, (¢ = 1-9) must be known in order to obtain ¢
and w, and these parameters depend upon w and u.
Therefore, equations of w, u, w and ¢ are coupled and are
solved simultaneously following an iterative scheme.

Initial guesses for the parameters &, are made and the
equations of ¢ and y are solved. The obtained values of ¢
and yw are used to calculate the parameters 7, The
calculated 7, values are then used to solve for the
displacements w and u, which are then used to calculate a
new set of values of the parameters &,. These newly
calculated set of &,s are compared with the corresponding
assumed ¢&, values and if the difference is greater than a
tolerable limit, then the calculations described above are
repeated with the calculated &, as the new guess. The
iterative calculations are continued until the assumed and
calculated &, values fall within a tolerable limit. The
prescribed tolerance limit set for the iterations is 1075, A
detailed solution algorithm is given in Fig. 3.

3. Results

The accuracy of the analysis is verified with the help of
five example problems. The plate-soil responses obtained
for the example problems using the present analysis are
compared with those obtained from equivalent
axisymmetric FE analysis performed using Plaxis 2D and
with those obtained by other researchers as reported in the
literature. In Plaxis, the plate is modeled using one
dimensional (1D) plate elements, and the foundation is
modeled using axisymmetric 6-noded triangular elements.
Plaxis automatically generates an interface between the
plate and foundation to ensure that full contact is maintained
during loading. Appropriate boundary conditions are
prescribed at the continuum boundaries of the axisymmetric
FE model — all components of displacement are assumed
to be zero along the bottom (horizontal) boundary and the
horizontal component of displacement is assumed to be zero
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of &, &,...&,

Set the initial values
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| Solve for decay functions, ¢ and y |
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| Solve for the parameters;n,, 1, ....,7; |
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Solve for the displacement S
functions; u, and w - S i1
Sk = &
A

Y

Solve for the new values of; &, &,.....&, |

Check if

k=129

(215613 D= 107

Store
¢, w,&u

Fig. 3 Solution algorithm
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----- FEM (Plaxis 2D) -
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Vallabhan and Das (1991)

0 05 1 15

2 25 3 35 4

Radial distance from plate center, » (m)

Fig. 4 Verification example 1: transverse displacement of a circular plate on a single-layer soil deposit

along the outer vertical boundary of the domain. Boundary
conditions are prescribed at the edge of the plate to ensure
that the edge is free to deflect and rotate (for plates with
free ends, which is what is assumed in this study).

As the first verification problem, a circular plate with
free edges and with r, = 3.05 m, t, = 0.24 m, E, = 22.7 GPa,
and v, = 0.2 is considered. The plate rests on a single layer,

homogeneous soil deposit of thickness Hio = 3.05 m with
Es = 22.7 MPa and us = 0.2. The plate is subjected to a
uniformly distributed load of 26.3 kN/m? acting over the
entire area of the plate. This problem was analyzed by
Vallabhan and Das (1991) considering only non-zero
vertical displacements in the soil. The details of the
properties of the plate-foundation system are given in Fig. 4.
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Table 1 Computational efficiency of the present analysis

CPU time (sec) Computational

Figure Present 2-DFE efficiency (%)
solution (PS)  analysis (FE) (FE-PS)/PS

4 4 7 75

5 3.8 6.2 63

6 5.8 111 91

7 7.4 13.2 78

8 8.5 15.7 84
0 T I T | T L' b =
5k

._.
S
|

q(r) = 60 kKN/m?

g

[u—
W

[\®]
[e)

£,=0.0l m

250 m

E,=200 GPa
v,=03
E,=20MPa vy~ 02

N
(1

.
A\ ]
T]

Transverse displacement, w (mm)

30 -
= = ™ Gunerathne at el. (2018) -
35 = ™ Proposed model ol
I BEEEEE FEM (Plaxis 2D) i
40 1 | 1 | 1 | 1 ] 1
0 5 10 15 20 25

Radial distance from plate center, r (m)
Fig. 5 Verification example 2: transverse displacement of
a circular plate on a single-layer soil deposit

Fig. 4 also shows the deflected shape (settlement) w(r) of
the plate obtained from the present analysis, from the FE
analysis using Plaxis 2D, and by Vallabhan and Das (1991).
The present analysis matches the FE results quite well and
the match between the results of the present analysis and FE
analysis is better than that between the results of Vallabhan
and Das (1991) and the FE analysis.

For the second example, a 10 m diameter circular steel
tank-foundation with free edges and with t, = 0.01 m, E, =
200 GPa, and v, = 0.3, and resting on a single-layer soil
deposit of thickness Hiw = 250 m, Es = 20 MPa and vs =
0.2 is considered. The plate is subjected to a uniformly
distributed load of 60 kN/m? acting over the entire area of
the plate. This problem was analyzed by Gunerathne et al.
(2018) considering only non-zero vertical displacements in
the soil. The details of the properties of the plate-foundation
system are given in Fig. 5. Fig. 5 also shows the deflected
shape (settlement) w(r) of the plate obtained from the
present analysis, from the FE analysis using Plaxis 2D, and
from Gunerathne et al. (2018). The present analysis
matches the FE results quite well and the match between the
results of the present analysis and FE analysis is better than
that between the results of Gunerathne et al. (2018) and FE
analysis.

0 L] ' L] l L] l L] l L] l L] l ‘I‘ -L aY%

~
1
1

L, ececee- FEM (Plaxis 2D) ’

L

Proposed model

o0
1
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§ 12 LS N(r) =30 kN/m
s I B L g
216 L : e -
Q.
R 9
3 20 E=35GPa v,= 0.1 —
g ,=0.15m .
’;5)_ 24 E,=10MPa v =025 -
s
= -
28 =
o
32 l Il

0 1 2 3 4 5 6 7 8
Radial distance from plate center, » (m)
Fig. 6 Verification example 3: transverse displacement of
a circular plate on a two-layer soil deposit
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200 — N
............ FEM (Plaxis 2D)
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po[(] M N I ST N -
0 5 100 15 20 25 30

Radial distance from plate center, » (m)
Fig. 7 Verification example 4: transverse displacement of
a circular plate on a three-layer soil deposit

For the third, fourth, and fifth verification examples,
three circular tank-foundations with free edges are assumed
to rest on two, three, and four-layered soil deposits,
respectively. The plates are subjected to a combination of
uniformly distributed loads acting over the areas of the
plates and radial compressive loads acting along the
perimeter of the plates. The details of the properties of the
plate-foundation systems are given in Figs. 6-8, respectively.
Comparisons of the transverse displacements (settlement)
w(r) obtained from the present analysis and the
axisymmetric FE analysis are also shown in Figs. 6-8,
respectively. It is evident from the figures that the responses
obtained from the present analysis and axisymmetric FE
analysis are in good agreement, with the maximum
difference being 7.5%.

The analyses were performed in a computer with Intel
core i7-3.6 GHZ processor and 16 GB DDR3 RAM. The
computational times required for the problems described in
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Fig. 8 Verification example 5: transverse displacement of
a circular plate on a four-layer soil deposit

Figs. 4-8 are given in Table 1. The table shows that the
present method takes approximately half the time taken by
equivalent 2D FE analysis to solve a problem. Because the
developed analysis framework involves the solution of four
one-dimensional differential equations (as opposed to two-
dimensional equations), solution using the present method
is obtained faster than equivalent 2D FE analysis.

4. Conclusions

A framework for analysis of thin circular plates resting
on multi-layered elastic soil deposits and subjected to
axisymmetric vertical and horizontal loads, and moments is
developed. The Kirchhoff plate theory is used to model the
plate and the small strain hyper-elastic theory is used to
model the soil. The displacements in the soil are assumed to
be products of separable variables. The potential energies of
the plate, multi-layered soil, and the externally applied
loads are summed to obtain the total potential energy of the
plate-soil system, which is then minimized to obtain the
differential equations governing the displacements of the
plate and soil. The differential equations are solved using
finite element and finite difference methods following an
iterative algorithm.

The accuracy of the analysis is verified by comparisons
with equivalent two-dimensional finite element analysis
performed using Plaxis. The verification study also includes
comparisons of results obtained by other researchers. The
analysis can produce accurate predictions of maximum and
differential settlements, and angular distortions of plates
resting on multi-layered soil. The analysis produces results
faster than those from equivalent 2D FE analysis. The
newly developed analysis can be used in design if the
elastic properties of the plate and soil are accurately
estimated.

5. Data availability statement

Some or all data, models, or code generated or used
during the study are available from the corresponding
author by request as detailed below:

e A version of the code used to generate some of the

results in this paper.
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Nomenclature

Description

Up-soil

Gsi
E.

SI

[

Si

soil

Qsoil

nplate

) D-plate

Qplate

Hsyste m

Diameter of circular plate
Radius of circular plate
Plate depth (thickness)
Young’s modulus of plate
Poisson’s ratio of plate
Extensional rigidity of plate

Flexural rigidity of plate

Number of layers of the multi-layered
continuum (soil)

Thickness of the soil layer i" within the
continuum

The total thickness of the n layers

Vertical elevation within the soil
continuum measured form the top

A right-handed cylindrical coordinate
system (r-6-z)

Transverse (vertical) line load

Distributed transverse (vertical) load

Line moment load

Radial (horizontal) load

Dimensionless factor

The radial (horizontal) soil displacement

The vertical soil displacement u;

The vertical displacement at the top surface
of the continuum

The radial (horizontal) displacement at the
top surface of the continuum
Dimensionless  displacement  function
varying with depth

Dimensionless  displacement  function
varying with depth

The strain tensor at any point in the
continuum (soil)

The stress tensor at any point in the
continuum (soil)

The constrained modulus of the i soil
layer

The strain energy density over the entire
soil  volume participating in  the
deformation

The shear modulus of the it soil layer
The elastic modulus of the it soil layer

The Poisson’s ratio of the it soil layer

The total potential energy of the soil
continuum

The entire soil volume participating in the
deformation

The potential energy of a circular plate in
polar  coordinates, including  both
extensional and transverse displacements
The strain energy density of the plate
considering both extensional and transverse
displacements

The plate volume participating in the
deformation

The total potential energies of the plate-soil
system

d/dz
d?/dz?
he

[k]°
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The variational operator

The external work done by the non-
conservative forces acting on the system

The Laplacian differential operator
Integral parameters

Integral parameters

Cubic Hermitian shape functions

Linear Lagrangian shape functions

First spatial derivative in the radial
direction
Second spatial derivative in the radial
direction
First spatial derivative in the vertical
direction
Second spatial derivative in the vertical
direction

The length of the finite element

The local radial coordinate of the finite
element

The elemental stiffness matrix of the soil-
plate system

The elemental force vector of the soil-plate
system

The elemental degrees of freedom for the
soil-plate system

The vertical distance between two
consecutive nodes

The total number of discretized nodes in z-
direction






