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Abstract.

Snap-buckling is one of the main failure modes of structures, because it will lead to the reduction of structural

bearing capacity, durability loss and even structural damage. Boundary condition plays an important role in the research of
engineering mechanics. Further discussion on the boundary conditions problems will help to analyze the dynamic and static
behavior of structures more accurately. Therefore, in order to understand the dynamic and static behavior of curved beams more
comprehensively, this paper mainly studies the nonlinear snap-through buckling and forced vibration characteristics of
functionally graded graphene reinforced composites (FG-GPLRCs) curved beams with two different boundary conditions
(including clamped-hinged and hinged-hinged) using Euler-Bernoulli beam theory (E-BBT). In addition, the effects of the
curved beam radius, the GLPs distributions, number of GLPs layers, the mass fraction of GLPs and elastic foundation
parameters on the nonlinear snap-through buckling and forced vibration behavior are discussed respectively.
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1. Introduction

Elastic foundation is relative to rigid foundation such as
rubble foundation. Elastic foundation can bear certain
bending moment and deformation. Because of its unique
engineering value and research significance, many
researchers have carried out research on it. For example:
Chen et al. (2022) employed the Newmark method to study
the steady response of an infinite beam resting on a
tensionless visco-elastic foundation under uniform motion.
Pham et al. (2022) used the finite element method (FEM) to
research the hygrothermal vibration characteristics of
biaxial functionally graded (FG) porous curved beams on a
two-layer elastic foundation. Pham et al. (2022) adopted the
high order shear deformation beam theory (HOSDBT) to
illustrate the dynamic instability of magnetic embedded FG
porous nano-beams. Xiong et al. (2022) discussed the
longitudinal displacement of simplified tunnel model based
on elastic foundation beam using the combination of
isogeometric analysis. Daikh et al. (2022) developed a
three-dimensional analytical plate theory based on
Winkler/Pasternak elastic foundation to investigate the
bending behavior of FG plate under different boundary
conditions. The tracking control and active vibration
suppression of a rigid elastic hybrid vibration mobile
system with nonlinear elastic foundation are considered by
Homaecinezhad and Gavari (2022). Abumandour et al
(2022) proposed the E-BBT to deliberate the bending
behavior of nano beams placed on two linear elastic bases
under different forces. Mohamed et al. (2022), Qiao ef al.
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(2022) discussed the nonlinear bending and penetration
instability of composite beams with helical orientation on
three parameter elastic foundation. Employing HOSDBT,
Chaabani et al. (2022) analyzed the buckling behavior of
FG porous sandwich plates on Winkler Pasternak elastic
foundation. Chinnapandi ef al. (2022) explored the
vibration acoustic behavior of FG beams on elastic
foundation under external loads by the FEM.

With the development of engineering construction, it is
particularly important to study the dynamic and static
mechanics of curved structure. Curved structure is an
important structural form in engineering applications, which
is widely used in aerospace, materials science and
engineering and bridge construction fields, and has high
research value, there are a lot of literatures on curved
structure. Deng et al. (2023) used the Lagrangian-Euler
formula to study the geometrically nonlinear dynamic
analysis of a plane bending elastic beam under moving
loads. Zhai ef al. (2023) came up with a nonlinear dynamic
model to study the connection structure of two micro
curved beams. Wang ef al. (2023) employed the Halpin Tsai
method to analyze the energy absorption capacity of
sandwich curved beam structures. Chen et al (2023)
designed the compliant planar parallelogram mechanism
based on 8 flexible initial bending beams to realize the
high-precision translation of the mechanism. Melchiorre et
al. (2023) solved the static and kinematic equations of
curved beams by alternative analytical and numerical
methods. Kallannavar and Kattimani (2023) used the first
order shear deformation theory (FOSDT) to illustrate the
effects of temperature and porosity on the vibration
response of hyperbolic inclined sandwich composite shells.
Shahmohammadi et al. (2023) utilized the FOSDT to
discuss the geometric nonlinearity and size dependent
response of sandwich curved microplate. Tornabene et al.
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(2023) advanced the layered generalized model for the
linear static analysis of hyperbolic shells subjected to
general boundary conditions. Pham et al. (2022) researched
the hygrothermal vibration characteristics of a two-way FG
porous curved beam on a two-layer elastic foundation using
the FEM. Through modeling, Li and his partners (2022)
analyzed the nonlinear dynamic behavior of FG-GPLRCs
curved sandwich beams. Ermis et al. (2022) used the FEM
to explain the free vibration characteristics of FG curved
beam on Pasternak foundation. Pham et al. (2022) applied
the FOSDT to illustrate the free vibration of doubly curved
shells with FG material panels and honeycomb core layers.
Tornabene et al. (2022) utilized the HOSDBT to analyze the
free vibration characteristics of laminated hyperbolic shells
under common boundary condition. Al-Furjan et al. (2022)
exploited the differential cube method to discuss the energy
absorption and vibration behavior of FG perforated curved
conical plate. Amir et al. (2022) employed the FEM to
study the random vibration behavior of honeycomb curved
plates. Based on the FOSDT, Hu et al. (2022) analyzed the
free vibration of bending plates with variable thickness and
curvature. Van Long et al. (2022) applied the FOSDT to
analyze the nonlinear dynamic behavior of FGM doubly
curved shell under the action of underwater explosion. Jiang
et al. (2022) solved the problem of vibration response of FG
graphene nano sheet reinforced composite curved shells.
Esmaeili and Kiani (2022) used the FOSDT to analyze the
vibration behavior of graphene sheet reinforced composite
curved shell. Numerical analysis is carried out to discuss the
fracture phenomenon of the curved shell under vertex
loading by Huang ef al. (2022). Gao et al. (2020) applied
the strain gradient theory to investigate the snap-buckling
behavior of FG-GPLRCs curved nano-beams with
geometric defects. Tung (2018) employed the FOSDT to
study the nonlinear dynamic behavior of doubly curved FG
material sandwich plates. Babaei and his partners published
a lot of papers (Babaei 2021, Babaei 2022a, b, Babaei and
Eslami 2021a, 2022b, Babaei et al. 2019a, b, ¢, d, e, Babaei
et al. 2018a, b, ¢), in which they systematically studied the
static and dynamic behavior of curved beam and curved
tube structures. Eltaher and his co-workers (Alazwari et al.
2021, Assie et al. 2023, Basha ef al. 2022, Chinnapandi et
al. 2022, Daikh et al. 2022, Eltaher et al. 2019, Hendi et al.
2022, Mohamed et al. 2021, Mohamed et al. 2022) made
great efforts to illustrate the importance of the snap-through
and buckling of imperfect structures. Over the years, She
and his collaborators have published a series of works
(Zhao et al. 2022a, b, Zhang et al. 2021, Zhang et al. 2022,
Zhang et al. 2023a, b, Zhang and She 2022, Zhang and She
2023a, Zhang and She 2023b, Xu and She 2022, She 2020,
She 2021, She and Ding 2023, She et al. 2022, She and Li
2022, She et al. 2021, Lu et al. 2021, Chen et al. 2022a,
2022b, Ding and She 2021, Ding et al. 2022a, b), but none
of them examined snap-buckling and resonance of curved
beams with simply supported and one edge simply
supported and one edge clamped.

By consulting the literatures, we can find that the
literatures on nonlinear snap-through bucking and
resonance of curved beams is very limited. In the early
stage of the research work, the influence of C-C boundary

Fig. 1 A curved beam with two different boundary
conditions

conditlion on the dynamic behavior of curved beams is
considered. On the basis of this work (Zhang et al. 2022b),
we will carry out the current work, in which two kinds of
boundary conditions (include C-H and H-H) are considered.
This study provides a significant reference value for the
subsequent research on the dynamic behavior of curved
structures under different boundary conditions.

2. Problem formulation

Because the only difference between this paper and our
previous papers is that we have considered the new
boundary conditions. In our previous research work, we
only studied the fixed boundary conditions, while in this
paper, we considered the other two boundary conditions.
Namely: simply supported boundary and one end simply
supported and one end clamped. Therefore, other factors are
the same. That is, the length, thickness and radius of
curvature of FG-GPLRCs curved beams are expressed by L,
h, and R respectively. Similarly, we use the
micromechanical model to express the elastic modulus,
density and Poisson's ratio of the beam. For specific
formulas, refer to the literature (Zhang et al. 2022, Malikan
et al. 2019, 2022). Similarly, we consider four different

GPLs distribution types, including the following
expressions (Zhang et al. 2022)
0, (UD)
49 (NH—‘k —NHJ/(2+ N), (FG-0)
() _ 2 2
Yo . N 11 (D
4g[z+ k—L*]/(2+N), (FG-X)
2kg/(2+N), (FG-A)

In which, g is the mass fraction of GPLs, N is the total
layer of GPLs, UD, FG-O, FG-X and FG-A are the types of
GLPs distribution. If the shell model is used, it will greatly
increase the difficulty of calculation. Therefore, for the sake
of convenience, the Euler beam theory is adopted in this
paper, because both theory and experiment show that the
Euler beam model is appropriate as long as the ratio of
length to thickness is greater than five. Similarly, we use the
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Euler beam model to express the displacement field and
neglect the thermal effect, the following dimensionless
vibration equation can be derived (Zhang et al. 2022)
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3. The solution of simply supported boundary and
one end simply supported and one end fixed

According to the two-step perturbation method (Babaei
2021, Babaei 2022a, b, Babaei and Eslami 2021a, 2022b,
Zhang et al. 2022), the first order to third order perturbation
equation without thermal effect has the following

expressions
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Case 1: For hinged-hinged (H-H) ends,
Assuming that Eq. (3) has a solution in the following
form (Ding et al. 2022a)

Wl(X,r):Al(é)(z')Sin(X)
W, (X,7) = AQ (z)sin(2X) 4)
W, (X,7) =AY (r)sin(3X)

in which, AP (7), AY(r),and AD () represent small

perturbation parameters. Substituting Eq. (4) into Eq. (3)
leads to
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Therefore, for simply supported boundary, the relationship
between load and amplitude is as follows
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Case 2: For clamped-hinged (C-H) ends,
At this time, we use the displacement shape function in
the following form (Ding et al. 2022a)
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Substituting Eq. (7) into Eq. (3) leads to
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For Eq. (9), the following Duffing equation can be
obtained by Galerkin method
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In this case, the Modified LP method (Ding et al. 2022a)
can be used to obtain the expression of the amplitude
frequency response relationship of the forced vibration. For
static problems, we ignore the inertia term. At this time, the
relationship between load and displacement can be
expressed as
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4. Numerical calculation and discussion

In Fig. 2, the influence of A = L2/(Rh) is examined. In
this figure and the subsequent forced vibration response
curves, the curve bent to the left represents the performance
of the soft-spring, while the curve bent to the right
represents the performance of the hard-spring. From the
figure, we can see that the A has an important influence on
the forced vibration behavior of curved beams, whether C-
H curved beams or H-H curved beams. And the resonance
frequency of C-H curved beam and H-H curved beam
decrease with the decrease of A, that is, when A is very small
(A= 5), the resonance phenomenon occurs first. In addition,
we can also observe that the maximum amplitude of H-H
curved beam is greater than that of C-H curved beam. What
is more, the forced vibration response curves of C-H and H-
H curved beams are characterized by soft-spring.

Fig. 3 studies the influence of GPLs distribution type,
and considers the influence of four distribution types on the
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Fig. 2 Q-A for radius of curved beam at Aq =0.04, N=9,
g=0.2, L=0.5, h=0.05, k1=0, k2=8e6, r=20*h

il
Q 045 0.6 0.75

resonant behavior of curved beams. It is obvious that GPLs
distribution type has a significant effect. In particular, under
the UD distribution type, C-H and H-H curved beams have
the largest vibration frequency, followed by FG-O, FG-X
and FG-A, this is because different materials distribution
will lead to different physical and mechanical properties of
the structure. Finally, we can see that under the four
different material distribution types, the forced vibration
curves of C-H and H-H curved beams all bend to the right,
showing the performance of hard-spring, and the more
backward the resonance position of the curve, the less
obvious the phenomenon of hard-spring.

Fig. 4 shows the influence of GPLs mass fraction on the
forced vibration characteristics of curved beams. It is not
difficult to find that under the action of different GPLs mass
fraction, the change trend of forced vibration response
curves of C-H and H-H curved beams are highly consistent,
and the resonance position of C-H and H-H curved beams
will be delayed as GPLs mass fraction goes up, thus, when
g=0.2, C-H and H-H curved beams have the largest
vibration position. Furthermore, we can also notice that the
forced vibration response curves of C-H and H-H curved
beams bend towards the high frequency direction, and this
phenomenon is more obvious with the increase of the mass
fraction of GPLs.
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Fig. 4 Q-A for mass fraction of GLPs g at A, =0.6, N=9, L=0.5, h=0.05, k1=4¢10, k2=4¢9, r=20*h
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Fig. 5 Q-A for GLPs layers at A ;=0.5, N=9, L=0.5, h=0.05, k1=5€9, k2=0, r=20*h, genp=0.4
Fig. 5 analyzes the influence of the number of layers of beams. From the figure, we can see that when the number

GPLs on the amplitude frequency response curve of curved of GPLs is three, the C-H and H-H curved beams have the
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Fig. 7 A- A4 for the radius of curved beam (a) at L/h=10, N=9, k1=3e8, k2=1e5, g=0.01 and (b) at L/h=10, N=9, k1=1e8,

k2=5¢7, g=0.01

minimum resonance position. With the increase of the
number of layers, the resonance position will be delayed.
When the GPLs layers increase to a certain value (N=12),
C-H and H-H curved beams have the largest resonance
position. The main reason for this phenomenon is that the
number of layers of material will seriously affect the
stiffness characteristics of the structure, so as to affect the
resonance behavior of the structure. Exactly, the hard-spring
characteristics of C-H and H-H curved beams will not be
affected by the number of GPLs.

Fig. 6 depicts the effect of three different elastic
foundations. As shown, as K1 and K2 increase respectively,
the resonance frequency of C-H and H-H curved beams also
increase, that is, the resonance position is delayed. The
difference is that, compared with the forced vibration curve
of H-H curved beam, the forced vibration curve of C-H
curved beam bends to the right, showing the nature of hard-
spring. However, for H-H curved beams, when the values of
K1 and K2 are the smallest, the forced vibration curve of H-
H curved beams bends to the left. It can be clearly seen that
with the increase of K1 and K2, the H-H curved beam will

change from soft-spring property to hard-spring property.

Fig. 7 studies the influence of A=L*(Rh) on the
nonlinear buckling response of curved beams. From the
figure, we can see that the nonlinear buckling behavior of
C-H and H-H curved beams become less and less obvious
with the increase of A. This is because the larger the A is, the
smaller the radius of curvature of the curved beam is, the
better the stability of the structure is. On the contrary, the
smaller the A is, the larger the radius of curvature is, the
worse the stability of the structure is, and the more likely
the nonlinear buckling phenomenon occurs. This is because
the radius of curvature will seriously affect the stability of
the structure.

Fig. 8 studies the effect of GPLs distribution type on the
deflection-loading curve of curved beam. As shown in the
figure, with the increase of the deflection, the loading also
increases, at this time, the loading is proportional to the
deflection. But when exceeding a certain limit point (this
limit point is called the upper buckling loading), the loading
will decrease with the increase of the deflection until
reaching the second limit point (lower buckling loading),
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Fig. 8 A- A for GLPs distribution of the curved beams: (a) at r=10*h, L/h=10, N=9, k1=0, k2=2¢6, g=0.01 and (b) at
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Fig. 9 A- A4 for mass fraction of GLPs of the curved beam (a) at r=20*h, L/h=20, N=9, k1=0, k2=0 and (b) at r=20%*h,

L/h=20, N=9, k1=0, k2=2e7

the loading will increase again with the increase of the
deflection. This phenomenon is called "jump buckling"
which refers to that the structure has two or more
equilibrium positions under a certain loading. In addition,
we also call the D-value between the upper buckling
loading and the lower buckling loading "buckling strength".
It can be seen from the Fig. 8 that both C-H and H-H curved
beams have obvious jump buckling, especially under the
FG-A distribution, C-H and H-H curved beams have the
largest buckling strength, followed by FG-X, FG-O and
UD.

Fig. 9 researches the impact of GPLs mass fraction on
the snap-buckling behavior of curved beam. By comparing
Figs. 10(a) and 10(b), we can see that the mass fraction of
GPLs has the same effect on the snap-buckling behavior of
C-H and H-H curved beams. That is, when g=0, both have
the minimum buckling strength, and with the increase of
GPLs mass fraction, the buckling strength of C-H and H-H
curved beams also increase. The reason for this
phenomenon is that the increase of GPLs mass fraction will

enhance the structural stiffness.

Fig. 10 discusses the influence of different layers of
GPLs on the deflection-loading curve of curved beam. We
can see that the buckling strength of curved beam changes
significantly with the number of GPLs changes. In other
words, the buckling strength of C-H and H-H curved beams
will increase as the number of GPLs increase, and when
N=12, there is the maximum buckling strength, followed by
N=9, N=6 and N=3. Therefore, we can know that the
number of GPLs has a significant impact.

Fig. 11 illustrates the effect of elastic foundation. Three
kinds of elastic foundations are considered. It is not difficult
to see that the deflection-loading response curves of C-H
and H-H curved beams have the same change trend under
three different elastic foundations. As we have seen, when
there is no elastic foundation (K1=K2=0), the deflection-
loading curves of C-H and H-H curved beams are located at
the bottom of the whole. With the addition of elastic
foundation, the C-H and H-H deflection load curves will
gradually move upward. When the elastic foundation
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Fig. 10 A- A for GLPs layers of the curved beam at r=20*h, L/h=20, N=9, k1=0, k2=2¢6, g=0.01
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Fig. 11 A- Aq for elastic foundations of the curved beam at r=15*h, g = 0.01, L/h=20, N=9

increases to a certain value (K1=9¢5, K2=3e5 for C-H
curved beam; K1=5e8, K2=1e6 for H-H curved beam),
there is a maximum limit position. This is because the
elastic foundation has a very important influence on the
static performance of the structure.

5. Conclusions

Through numerical analysis and theoretical research, the
main conclusions can be summarized as follows:

(1) The radius has the same effect on the forced vibration
and snap-bucking behavior of C-H and H-H curved
beams. That is, when the radius decreases, the
resonance position of C-H and H-H curved beams is
delayed, and the snap-buckling phenomenon is more
difficult to occur.

(2) Under certain external factors, the dynamic and static
behaviors of curved beams can be effectively affected
by changing the physical parameters (including the
distribution type and the mass fraction of GPLs). UD
and FG-A have the maximum and minimum resonance
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(b) FG-A H-H

frequencies respectively, and under the FG-A
distribution type, the snap-bucking phenomenon of
curved beam is the most obvious. With the increase of
GPLs mass fraction, the dynamic and static behaviors
of curved beams become more and more obvious.
When g=0, the curved beams resonate first and the
buckling strength is the minimum. With the increase of
the mass fraction of GPLs, the resonance position is
delayed and the buckling strength is increasing.

(3) As the number of GPLs layers increase, resonant

frequency and buckling strength of C-H and H-H
curved beams increase. When N=12, there is the
maximum resonance position and the most obvious
snap-buckling phenomenon.

(4) When there is no elastic foundation, C-H and H-H

curved beams have the maximum buckling strength
and the minimum resonance position. And with the
increase of elastic foundation, the buckling strength
slowly decreases and the resonance position becomes
larger. In addition, C-H curved beam behaves as hard-
springs with or without elastic foundations. However,
for H-H curved beam, with the increases of elastic
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foundation, H-H curved beam will change from soft-
springs to hard-springs
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