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Effect of relaxation time on generalized double porosity
thermoelastic medium with diffusion
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Abstract. This paper studies the effect of the relaxation time on a two-dimensional thermoelastic medium which has a doubly
porous structure in the presence of diffusion and gravity. The normal mode analysis is used to obtain the analytic expressions of
the physical quantities, which we take the solution form in the exponential image. We have discussed a homogeneous
thermoelastic half-space with double porosity with the effect of diffusion and gravity. The equations of generalized thermoelastic
material with double porosity structure with one relaxation time have been developed. Moreover, the expressions of many
physical quantities are explained. The general solutions, under specific boundary conditions of the problem, were found in some

detail. In addition, numerical results are computed.
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1. Introduction

Lord-Shulman (1967) discussed a thermoelasticity
generalized theory, (L-S) theory, which includes unique
relaxation time for a thermoelastic process. The basis of the
model introduces a new physical concept, called relaxation
time, to modify Fourier’s law of the heat conduction
equation. In addition; the theory suggests a wave type for
the heat equations to ensure finite velocities of propagation
of the elastic and heat waves. In this head, the double
porosity functions are added to the heat equation to yield
Iesan and Quintanilla (2010). Most authors have studied the
behavior of the solution through two groups. The first is
concerned with studying the behavior of the solution using
a method called "normal mode". This method is based on
the general form that the authors propose to visualize the
solution. More, some users of this road assumed that time
was imaginary, which led to these problems giving me
precise physical meanings.

The second team linked the study of the behavior of the
solution using the "Laplace Integral Method". This method
is given a good solution to solve when it is easy to find the
inverse of Laplace transform. The solution is to be studied
in this way, if each the Laplace transform is difficult to
generate. Anya and Khan (2019), Lata and Kaur (2019,
2020) have applied different theories to study the plane
harmonic waves in the context of generalized thermo-
elasticity.

The study of the diffusion phenomenon is of major
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degree of interest due to its many applications in industrial
applications and geophysics. Diffusion can be defined as
the random walk, of an ensemble of particles, from the
regions of high concentration to regions of lower
concentration. Diffusion is used to introduce “dopants” in
controlled amounts into the semiconductor substrate in
integrated circuit fabrication. A study of the phenomenon of
diffusion is used to improve the conditions of oil
extractions. Oil companies these days, are interested in the
process of thermoelastic diffusion for more efficient
extraction of oil from oil deposits. In this theory, the
coupled thermoelastic model is used. A new theory of
thermo-diffusion in elastic solids using the methodology of
fractional calculus was derived Ezzat and Fayik (2011). The
effect of magnetic field and thermal relaxation on the 2-D
problem of generalized thermoelastic diffusion was
discussed by Othman et al. (2013).

In this paper, the work is focused on the linear theory of
elastic materials with double porosity as Barenblatt et al.
(1960), Barenblatt and Zheltov (1960), Khalili and
Valliappan (1996), Masters et al. (2000), Khalili and
Selvadurai (2003), Zhao and Chen Wang (2006), Mohamed,
et al. (2008), Othman et al. (2009).Svanadze (2010),
Ainouz (2011), Abo-Dahab and Abbas, (2011), Zenkour and
Abbas (2013), Kumar et al. (2013), Straughan (2013),
Abbas (2014a, b), Abbas et al. (2016), Marin, et al. (2021),
Fahmy (2022a, b), Fahmy and Alsulami (2022), Fahmy et
al. (2022), Fahmy and Almehmadi (2022). Here, the authors
devised analytical solutions for this type of problem by
looking for a time function that corresponds to all changes
in the presented problem. In addition, the authors discussed
the equations of generalized thermoelastic diffusion
material with double porosity structure with one relaxation
time using a separation of variable methods.
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2. Formulation of the problem and basic equations
We consider a homogenous isotropic elastic solid with
generalized thermoelastic diffusion with double porosity in

a half-space using the L-S theory. We have studied this
problem in a plane strain-xy with the displacement

components u, v such that U =u(x,y,t), v =v(x,y,t).

2.1 Stress-strain equation
Follow Abdou et al. (2020a)
= A58, +248; +bo; @ +d 5 — po; (T —T)
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2.2 Equations of double porosity Abdou et al. (2018)
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2.3 Equations of motion
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2.4 Equation of heat Abdou et al. (2020b)
KV =+, E)(pC*T’t +aToC ¢ + fToe;
a (6)

+ 71T 0@, + 72T 0¥ ).
2.5 Double porosity equations
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2.6 Diffusion equation
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2.7 Potential equation for diffusion
p=—ye, +5C—-al -Ty)-9@-m¥.  (10)
Where oj; are the stress components; A, u are elastic

(31+2wa
coefficient, 5” is Kronecker delta. In addition, T is the

constants, y= o; is the thermal expansion

temperature above the reference temperature 7, K is the
thermal conductivity, U; the vector of displacement, p the
mass density, C, the specific heat at constant strain, Here,
Y. @ the volume fraction fields. Here, k; and k£, the

coefficients of equilibrated inertia , T q the relaxation time,

b,d,by, 7,7 7,,m,§ the constitutive coefficients of double
porosity, p the chemical potential, C concentration

distribution, a coefficient describing the measure of thermo-
elastic diffusion effect, 7* coefficient of diffusion thermal

expansion, f; thermoelastic diffusion constant, S

coefficient describing the measure of diffusive effect, 7°
diffusion relaxation time, o; , 7; the stresses of equilibrium

and S is the coefficient of linear thermal expansion
1
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For the aim of numerical evaluation, we illustrate
dimensionless variables
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Using the above dimensionless quantities then, Eqgs. (4)
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aygV2eyy +aggV?T +8gCy +ag,C g —ag3VC +u V20 +v V2 =0(16)
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The dimensionless variables of the stress components
take the form

oV au
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Define displacement potentials q and Py which relate
to displacement components u and V as,
u :q,x - p]_,y s v :CI,y + pl,x . (21)
Using Eq. (21) in Egs. (11)-(16), we obtain
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3. Normal mode analysis

The solution of the considered physical variable can be
decomposed in terms of normal mode as the following form
Abdou et al. (2020a)
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where, o is the complex time constant (frequency), i is the
imaginary unit, and a is the wave number in x-direction.
Using (29) in Egs. (22)-(28), we obtain
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Put the above Egs. (30), (32), (33), (34), (35) in the
matrix, we find that the differential equation takes the form
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(37)
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where, A,B,E,F,G and I constant of matrix.
The solution of Eq. (36) has the form
6 .
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To get the displacements, substituting Egs. (37), (38) in
(21) we get
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To get the stresses displacement, substituting from Egs.
(39)- (44) in (18)-(20) we get
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Dimensionless variables for the components of o; , 7;

o3 =@y +1m, ¥y, 49)
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To get the solution of o5 and 75, substituting from Egs.
(39), (40) in (46) and (47)
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4. Boundary conditions

We apply six boundary conditions for present problem
at the plane surface y =0.

i oo
00 (6,00) =0, (x,0,1)=0, T = Pel@’®@) ZZ -
¥ (53)
aj: 0, szzei(wtmx)_
oy
Applying Egs. (52) in (39)-(42) and (45), (47) we get
6
z_anZnMnZO’ (54)
n=1
6
Z_an3nMn:Ol (55)
n=
6
ZH4nMn:pl' (56)
6
Z:l_anSnMn:pZ’ (57)
n=
6
ZHsnanol (58)
n=1
6
ZlHlonMn =0. (59

To get M,M,,.....,M4, we can put Egs. (53)-(58) in
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5. Numerical results

We now present some numerical results. For this purpose,
copper is taken as a material of thermoelastic for which we
take the following values of temperature (Abdou et al. 2020)

A=77x10°N M 2, 1 =386x10"N.m?, T,=293K,
K =3.86x10°N s "K™, ¢, =1.78x10°K ", 7,=1.2,

p=8954Kg.m™3 C"=383.1J.Kg'K ™, x =0.5,a=01
@y =11 E=—-06, w=aw,+i&

The double porous parameters are taken as Khalili
(2003)

@ =13x10°N, b, =0.12x10°N, y=11x10°N.m>2,
7 =0.16x10°N.m™?, y, =0.219x10°N.m~2,

o =2.3x10°N.m?, @, =24x10"N.m™>2,

0, =25x10°N.m~?, d =0.1x10°°N .m?,

b =0.9x10°N.m 2,

K, =0.1546x10"*N.m?, K, =0.1456x10"*N.m™,

distribution of the real part of the temperature T the
displacement components U, V and the stress components

Oyys Oyy-

Figs. 1 and 2 show the comparison of the displacement
u,v in the presence of double porosity at g=9.8 and ¢ =0.5,
t = 1.5. We find that in Fig. 1 describes the variation of the
horizontal displacement U against y in the frames of the
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L-S theory. It is clear that the component U decreases
when the time increases through negative values until
attaining a certain value and then vanishing. However, in
Fig. 2 the displacement V decreases at £ =0.5, f = 1.5 to the
minimum value at ¥ =5 and10 then takes, the form of the
wave until it decays to zero. Fig. 3 illustrate the comparison
of the displacement T in the presence of double porosity at
t =0.5, t = 1.5. We find in Fig. 3 that the values of T

increase gradually through positive values until vanishing at
¢t = 1.5. Here also, at # = 0.5 the temperature decreases until
it decay to zero. In Fig. 4 the displacement o, increases on

the same path at 7 =0.5, # = 1.5 until it decays to zero. Figs.
5 explains the comparison of o, in the presence of double

porosity at ¢ =0.5, t = 1.5 We find in Fig. 5 that o, at¢=

xy
1.5 decreases to a minimum value at y =7 and decay

gradually until it decays to zero. Here also, at # = 1.5 we
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Fig. 8 Distribution of the temperature T

find that o,, decreasesat y =2 and take the form of wave

until it decay to zero. Figs. 6 and 7 show the comparison of
the displacement u,v in the presence of double porosity at

g=9.8and (7, =10",10"?,10,). We find that in Fig. 6
describes the variation of the horizontal displacement U
against Y in the frames of the L—S theory. It is clear that the

component U increases when the relaxation time decreases
through negative values then vanishing. However, in Fig. 7

the displacement V decreases at z, =101 1072, 10810
the minimum value at 7, =10""and begin to increase in the

curves at z, =10’12,z'q =10 then decays to zero. Fig. 8
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illustrates the comparison of the displacement T in the
presence of double porosity at (r, =107, 107%). 107,

We find in Fig. 8 that the values of T increase gradually
through positive values until it reach to maximum value in
three curves then slowly begin to decrease until it vanishing
to zero. In Fig. 9 the displacement o, increases on the

10—12

same path at y =2 in three curves at (7, =107,
10*%) then decreases through negative values then

vanishing. Fig. 10 explains the comparison of o, in the

Xy

presence of double porosity and gravity at (7, =107,

1072, 10™*). We find in Fig. 10 that oy, at 7, =10 take

a minimum value around zero. Here also, at 7y =102 we

find that o,, decreases at y =1 to minimum value until it

decay to zero. However, at 7, =10 we find that Oyy

decreases at y =7 to minimum value until it reach to zero.

6. Conclusions

In the figures obtained by comparing the functions at
two different values of the time and three different values of
the relaxation times, important phenomena are observed:

Analytic solutions based upon normal mode analysis of
the thermoelastic problem in solids have been developed,
which used in the present article is applicable to a wide
range of problems in hydrodynamics and thermoelasticity.

There are significant differences in the physical component
under two different times.

All the physical quantities satisfy the boundary
conditions.

The relaxation time 7 q in the presence of gravity plays a

significant role in all physical quantities.

The value of all the physical quantities converges to
zero, and all the functions are continuous. The problem
though theoretical can provide useful information for
experimental researchers working in the field of geophysics,
and earthquake engineering, along with seismologists
working in the field of mining tremors and drilling into the
crust of the earth. The numerical treatment of the general
system of equations and conditions governing the
phenomenon may be useful in getting rid of the limitations
of the method of normal modes’ technique and this task is
in progress.

Declaration of conflicting interests

The authors have declared no potential conflicts of
interest with respect to the research, authorship, and/or
publication of this article.

Author contributions

The authors contributed equally to this work and
approved it for publication.

References

Abbas, [.A. (2014a), “A GN model based upon two-temperature
generalized thermoelastic theory in an unbounded medium with
a spherical cavity”, Appl. Math. Comput., 245, 108-115.
https://doi.org/10.1016/j.amc.2014.07.059.

Abbas, [.A. (2014b), “Fractional order GN model on thermoelastic
interaction in an infinite fibrereinforced anisotropic plate
containing a circular hole”, J. Comput. Theor. Nanosci., 11(2),
380-384. https://doi.org/10.1166/jctn.2014.3363.

Abbas, L.A., Abdalla, A.N., Alzahrani, F.S. and Spagnuolo, M.
(2016), “Wave propagation in a generalized thermoelastic plate
using eigenvalue approach”, J. Therm. Stress., 39(11), 1367-
1377. https://doi.org/10.1080/01495739.2016.1218229.

Abdou, M.A.A., Othman, M.I.A., Tantawi, R.S. and Mansour,
N.T. (2018), “Effect of rotation and gravity on generalized
thermo- elastic medium with double porosity under L-S theory”,
J. Mater. Sci. and Nanotech., 6(3), 204-218.

Abdou, M.A.A., Othman, M.I.A., Tantawi, R.S. and Mansour,
N.T. (2020a), “Exact solutions of generalized thermoelastic
medium with double porosity under L-S theory”, Ind. J. Phys.,
94(5), 725-736. https://doi.org/10.1007/s12648-019-01505-8.

Abdou, M.A.A., Othman, M.I.A., Tantawi, R.S. and Mansour,
N.T. (2020b), “Effect of magnetic field on generalized thermos
elastic medium with double porosity structure under L-S
theory”, Ind. J. Phys., 94(12), 1993-2004.
https://doi.org/10.1007/s12648-019-01648-8.

Ainouz, A. (2011), “Homogenized double porosity models for
poro-elastic media with interfacial flow barrier”, Math. Bohem.,
136(4), 357-365.

Anya, AL and Khan, A. (2019), “Reflection and propagation of


https://doi.org/10.1016/j.amc.2014.07.059
https://doi.org/10.1166/jctn.2014.3363
https://doi.org/10.1080/01495739.2016.1218229

Centrifuge modeling of dynamically penetrating anchors in sand and clay 481

plane waves at free surfaces of a rotating micropolar fiber-
reinforced medium with voids”, Geomech. Eng., 18(6), 605-
614. https://doi.org/10.12989/gae.2019.18.6.605.

Abo-Dahab, S.M. and Abbas, [.A. (2011), “LS model on thermal
shock problem of generalized magneto-thermoelasticity for an
infinitely long annular cylinder with wvariable thermal
conductivity”, Appl. Math. Model., 35(8), 3759-3768.
https://doi.org/10.1016/j.apm.2011.02.028.

Barrenblatt, G.I., Zheltov, I.P. and Kockina, [.LN. (1960), “Basic
concepts in the theory of seepage of homogeneous liquids in
fissured rocks (strata)”, (English translation), Priki Mat Mekh,
24, 1286-1303.

Barenblatt, G.I. and Zheltov, I.P. (1960), “On the basic equations
of seepage of homogeneous liquids in fissured rock”, (English
translation), Akad Nauk SSSR, 132, 545-548.

Ezzat, M.A. and Fayik, M.A. (2011), “Fractional order theory of
thermoelastic diffusion”, J. Therm. Stress., 34(8), 851-872.
https://doi.org/10.1080/01495739.2011.586274.

Fahmy, M.A. (2022a), “3D boundary element model for ultrasonic
wave propagation fractional order boundary value problems of
functionally graded anisotropic fiber-reinforced plates”, Fractal
Fract, 6(5), Atrt. No. 247.
https://doi.org/10.3390/fractalfract6050247.

Fahmy, M.A. (2022b), “Boundary element modeling of fractional
nonlinear generalized photo-thermal stress wave propagation
problems in FG anisotropic smart semiconductors”, Eng. Anal.
Bound. Elem., 134, 665-379.
https://doi.org/10.1016/j.enganabound.2021.11.009.

Fahmy, M.A. and Alsulami, M.O. (2022), “Boundary element and
sensitivity analysis of anisotropic thermoelastic metal and alloy
discs with holes”, Materials, 15(5), 1828.
https://doi.org/10.3390/mal15051828.

Fahmy, M.A. and Almehmadi, M.M. (2022), “Boundary element
analysis of rotating functionally graded anisotropic fiber-
reinforced magneto-thermoelastic composites”, Open Eng., 12,
313-322. https://doi.org/10.1515/eng-2022-0036.

Fahmy, M.A., Almehmadi, M.M., Al Subhi, F.M. and Sohail, A.
(2022), “Fractional boundary element solution of three-
temperature thermoelectric problems”, Scientific Reports 12,
Art. No.m 6760. https://doi.org/10.1038/s41598-022-10639-5.

Iesan, D. and Quintanilla, R. (2014), “On a theory of thermoelastic
materials with a double porosity structure on a theory of
thermoelastic materials with a double porosity structure”, J.
Therm. Stress., 37(9), 1017-1036.
https://doi.org/10.1080/01495739.2014.914776.

Khalili, N. and Valliappan, S. (1996), “Unified theory of flow and
deformation in double porous media”, Eur. J. Mech., 15(2), 321-
336.

Khalili, N. (2003), “Coupling effects in double porosity media
with deformable matrix”, Geophys. Res. Lett., 30(22), 2153-
2155. https://doi.org/10.1029/2003GL018544

Khalili, N. and Selvadurai, A.P.S. (2003), “A fully coupled
constitutive model for thermo-hydro-mechanical analysis in
elastic media with double porosity”, Geophys. Res. Lett.,
30(24), 2268-2272. https://doi.org/10.1029/2003GL018838.

Kumar, R., Gupta, V. and Abbas, [.A. (2013), “Plane deformation
due to thermal source in fractional order thermoelastic media”,
J. Comput. Theor.  Nanosci.,  10(10),  2520-2525.
https://doi.org/10.1166/jctn.2013.3241.

Lata, P. and Kaur, H. (2019), “Deformation in transversely
isotropic thermoelastic medium using new couple stress theory
in frequency domain”, Geomech. Eng., 19(5), 369-381.
https://doi.org/10.12989/gae.2019.19.5.369.

Lata, P. and Kaur, H. (2020), “Effect of two temperature on
isotropic modified couple stress thermoelastic medium with and
without energy dissipation”, Geomech. Eng., 21(5), 461-4609.
https://doi.org/10.12989/gae.2020.21.5.461.

Lord, H-W. and Shulman, Y. (1967), “A generalized dynamical
theory of thermoelasticity”, J. Mech. Phys. Sol., 15, 299-309.
https://doi.org/10.1016/0022-5096(67)90024-5.

Marin, M., Hobiny, A. and Abbas, L.A. (2021), “The effects of
fractional time derivatives in poro-thermoelastic materials using
finite element method”, Mathematics, 9(14) Art. No. 1606.
https://doi.org/10.3390/math9141606.

Masters, 1., Pao, W.K.S. and Lewis, R.W. (2000), “Coupling
temperature to a double porosity model of deformable porous
media”, Int. J. Numer. Method. Eng., 49, 421-438.
https://doi.org/10.1002/1097-0207(20000930)49:3<421::AID-
NME48>3.0.CO;2-6.

Mohamed, R.A., Abbas, I.A. and Abo-Dahab, S.M. (2008), “Finite
element analysis of hydro-magnetic flow and heat transfer of a
heat generation fluid over a surface embedded in a non-Darcian
porous medium in the presence of chemical reaction”, Commun.
Nonlinear  Sci.  Numer.  Simul., 14(4), 1385-1395.
https://doi.org/10.1016/j.cnsns.2008.04.006.

Othman, M.LLA., Atwa, S.Y. and Farouk, R.M. (2009), “The effect
of diffusion on two-dimensional problem of generalized
thermoelasticity with Green-Naghdi theory”, Int. Commun.
Heat Mass., 36(8), 857-864.
https://doi.org/10.1016/j.icheatmasstranster.2009.04.014.

Othman, M.I.A., Sarkar, N. and Atwa, S.Y. (2013), “Effect of
fractional parameter on plane waves of generalized magneto-
thermoelastic diffusion with reference temperature dependent
elastic medium”, Comput. Math. Appl., 65(7), 1103-1118.
https://doi.org/10.1016/j.camwa.2013.01.047.

Othman, M.I.A., Fekry, M. and Marin, M. (2020), “Plane waves in
generalized magneto-thermo-viscoelastic medium with voids
under the effect of initial stress and laser pulse heating”, Struct.
Eng. Mech., 73(6), 621-629.
https://doi.org/10.12989/sem.2020.73.6.621.

Straughan, B. (2013), “Stability and uniqueness in double porosity
elasticity”, Int. J. Eng. Sci., 65, 1-8.
https://doi.org/10.1016/j.ijengsci.2013.01.001.

Svanadze, M. (2010), “Dynamical problems of the theory of
elasticity for solids with double porosity”, Proc. Appl. Math.
Mech., 10(1), 309-310.
https://doi.org/10.1002/pamm.201010147.

Zenkour, A.M. and Abbas, .A. (2013), “Magneto-thermoelastic
response of an infinite functionally graded cylinder using the
finite element method”, JVC/J Vib Control., 20(12), 1907-1919.
https://doi.org/10.1177/1077546313480541.

JS



482 Mohamed I.A. Othman and Nehal T. Mansour

Appendix
Iy (u+A) _ boy de,
a4 =—7,8= I ) PRI i s
P PC PCIKwW; eI W]
a _ﬁTO aGZL a7=g,a8:—,ag—ﬂ,
5 = 2 2° c pC
PC 1 e e
a. = N% o a a b
N pCKW? ™ po,Kw i N 'K, ciK,’
b 9 T
a, 1 P _ o &)
ay = 127 alg_ ZK > al7__sal6__s &5 = 5
Kw 1R\ o o Kiw;
a, a dK, v
8y == > H1 o 8y = ) 8y = )
1K, K, %K, /K,
a, = 99 al, a, 7 _mpK, g 7ToK,
22 8y > s = , B3 = >
p@KIWI Bp Bp 24 1Ky oK,
2
c * my
a31=p71, ay = al, =47, g = 7
W, PAKW,

0 2
ay =B Bp, Ay =17 pC;,

_ i _ _ 2
a, =a+a,, ay=iaa, A=70, a,=a,+’,
2 2 A 2u+A
Qs =8, tw, &y =8,,0+38,07, 3, =——, 8, = “ ,
AT, BT,
be, do !
_ _ YP s —(ad
ap = 2 A= 21 . ay=L, 8 =(@a +a)
Kwi AT, Kw AT, BTy
2 2 2 b ,
s, =@ +a’), Sy =ayaa’, S;=@+a’), Ss :;a >
1

2 2 2 2
Se =(@ @ +ay), S;=(a;a" +35), Sy =@, Sy=(aza +a,),

2 2 2 2
510 =(a19a +a38), Sy =pas, S, =va-, 513 =a30a ,
2
Sy =8y ta3,8°, By =a3d, B,=ayd, B;=a&a
-b 2 4
B4:a36a8’ 85:7’ B6=2329a, B7=a29a .
1
_ b V_,b’lalm = o 7, = b __r4
Kw Kw; '’ Cokw} ’ akwi’ akwyi
Hy, = %s
2 9
(a'lkn_sz)
_ 2
H,n = —{[Bsa;; —B4(@;3k, —s7)1[a68)6 —a53y5]

+[a,ay; +a5 (@K, —s,)][(K, +5,)a; B3]}
{[a23(—a33kn2 +514)—5124(&130kn2 —513)][B4(a34kn2
=5 +335H1n)+as(81k3 —S3)]+[a584+66(kf +8,)]

[(— assk ) +51,)(= a0k ) + sg)

- 324(az9k: - Bﬁknz + B7)]}

T {[a7(Biky —55) = By Bk, +55)]

[a581s —as8y; (8, (K s +54) = B,ag 1}

{[a,B4 + Byaglla, (- ask, + s,

—a,,(a5k,; — s3]+ [asB, +ag(k,y +5,)]
[(—assky +51)(@ek, = 510) =8 (A35k ) = 51)]}/

{[B,a; +B,B, ][ay (— a3k, +5,,) —ay, @k, —53)]

+lasB, + a6(k1$ + 54)][(algk§ —So)(— a33k1% +814)
—ay,(ayk,; = 5,1} {[B3a; — B,(ajsk, —5,)]
(853, — 52,1+ [a,8,; + 84 (25K s = ;)]
[a,;(k; +5s,) = B,a]}— {[B,a;
- B,(a,k; —s¢)][aga, -asa,;]
+[ay3; + g @,k —so)la, (K +5,) - Ba,l}
{[a,B, + B33y ][an; (— a3k, +5,, —an, (50K, —5,,))]
+[asB, +ag(ky +5,)1[(~ a5k, +515)@ok,; —Sy0)
—a,, (a5 —5,,)]}
—{[8,B,+B;Bgl[an(-agkn +5,,) A @k, —5,,)]
+[B3B, +ay(ky +5)I[(-aky +5,,)@ok; ~Sio)
H,, = —82;(335k§ =S)l} . .
{[ars(_a33kn +514)—az4(a30kn _513)][84(as4kn =5 +a35H]n)
+85(Biky ;)] + (8B, +3,(Ky +5)HI(aky +51,)X—akn +55)
~ (ks ~Bgka +B)1}+{[B.a +B,B, l[an (~ask; +5,,)
—y(@ykn —S)] a8, +ag(Ky +5,)l[agky —SoH-agky +5,,)
~ay(@uky =)}
3B, +a5(ky +5,)]

Hu = 2 2 ’
{By(as,ky —s; +a55H )] +a,(Bky —s3)}
+{[B,a; +B,B,]H,, +[a,B, +B;a;]H;,}

H. = (a34kr? =8, +aysHy, +aH,, +a,Hy —asHy,)

5n s

2
Hg, =ia+k,Hy,, H, =—k, +iaH,,,
Hygy =ags(—a’ +iak ) +ay, (K, —k, Hy)+agH,,
+ayHy, —Hyp —aHs,,
Ho, =—a3k,H, +iayaH g, +a55H,, +asHs, +Hy, —agHs,,
Hyon = pfiaH,, =k H¢, 1, Hy ==k Hyp +1K Hy ),
Hion == (ko Hoy 1,k Hyp).





