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An assessment of non-linear elastic and elasto-plastic analyses with regards
to tubular steel piles embedded in sands
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Abstract. This study examines two traditional approaches (non-linear elastic and elasto-plastic) in association with 2D and 3D
FEM analyses of a box-section pile embedded in sand. A particular emphasis is placed on stress singularities concerning both re-
entrant corners of the pile section and the resulting tension zones. From the experience gained in this study, non-linear elastic soil
models are less restrictive when one considers stress singularities and their possible effects on convergence of the solution. At
least for monotonic loading, when compared with field tests, non-linear elastic models yield better results than the plasticity
ones. On the other hand, although elasto-plastic models are not limited to monotonic loading, they are much more sensitive to
stress singularities. For this reason, a spherical elastic region is necessary at the pile tip to ensure convergence. Without this
region, one must artificially impose an apparent cohesion to limit the tension stresses within a sand medium.
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1. Introduction

In a previous paper, the authors, Foriero and Bayati
(2018), considered the three-dimensional buckling behavior
of a steel box-section pile embedded in typical soils. That
study examined the suitability of the pile section with
regard to buckling, bearing in mind the influence of the
surrounding elastic soil-medium. It was demonstrated that
the critical buckling load increases as the lateral resistance
of the surrounding soil medium increases. This finding was
also reported by Shields (2007) and El Kamash and El
Naggar (2018). In general, increasing the relative density of
the surrounding soil increases the buckling resistance of pile
(Zhang et al. 2020).

The buckling axial load of slender piles is smaller than
that of short piles. However, for piles embedded in soft
soils, the difference becomes negligible (Ramirez-Henao
and Paul Smith-Pardo 2015). Long slender piles are
susceptible to buckling failure under large axial loads. The
lateral movement of soil, because of pile buckling,
implicates a soil reaction dependent on the pile
deformation. In addition, the pile movement is restrained by
the surrounding soil. As a result, the pile buckling is
fundamentally affected by the pile-soil interaction (Deng et
al. 2016).

The main causes of failure of long piles are: (1)
inadequate strength of pile section upon eccentric axial or
lateral loads and geometric imperfections, or (2) the loss of
soil bearing capacity, leading to pile buckling or material
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yielding (Tomlinson and Woodward 2014). The effect of
geometric imperfections (manifested in initially bent piles)
on the load-bearing capacity of axially loaded piles has
been widely studied (Glick 1948, Broms 1963, Rezaiee and
Mazindrani 1990, Dunlop ef al. 1993, Kumar Khan and Pise
1997, Paik et al. 2011, Nadeem et al. 2015). It was
observed that the axial load-carrying capacity decreases in
piles with initial curvature compared with straight piles.
The load-bearing capacity of piles embedded in both
granular and cohesive soils has been investigated in
numerous studies (Eslami and Fellenius 1997, Veiskarami et
al. 2011, Ren et al. 2014, Hataf and Shafaghat 2015, Jeong
et al. 2015, Alielahi and Adampira 2016). The surrounding
soil conditions play a significant role in the analysis and
design of piles due to the inherent uncertainties of soil
properties. Accordingly, Soil-Structure Interaction (SSI)
problems are complicated, particularly when designing
slender piles. Once design of the pile section satisfies
stability with respect to buckling, then the next step verifies
that the pile-soil system as a whole does not fail.
Consequently, one verifies against foundation failure using
either a non-linear elastic or a plasticity approach for the
surrounding soil medium. The pile section may change in
shape at some time during the life of the supported
structure, and because of the non-linear nature of the soil
medium, the pile-soil system may fail. However, in general,
the possibility of foundation failure is related to both the
changes in shape of the pile section and the non-linear
nature of the supporting soil. A recent example of this type
of significant foundation issue is the 197-meter-tall
Millennium Tower in San Francisco. Since completion of
construction in 2008, soil liquefaction produced piles
section changes resulting in the sinking (0.44 m) and tilting
(0.36 m northwest) of the high-rise 58-story building.
Moreover, the Millennium tower rests on a liquefiable soil

ISSN: 2005-307X (Print), 2092-6219 (Online)



398 Adolfo Foriero and Zeinab Bayati

deposit, and because the San Francisco region is at high risk
for earthquakes, the problem of the excessive deformation
of piles is serious. More common section changes are
related to the low cycle fatigue strength of steel piles
(Dusicka et al. 2007). Not to mention other construction
related imperfections that can result in the initial
deformations of the pile sections.

Thus, in this study, the authors examine the possibility
of foundation failure by considering large strains of the
surrounding soil. This means encapsulating the pile-soil
system behavior and verifying that the previously chosen
pile section (stable with respect to buckling) and
surrounding soil provide a united stable foundation.

In classical soil mechanics verification of the stability
and serviceability of the foundation involved two
independent steps (Wood 2007). Here, one achieves this
goal by considering 2D and 3D FEM analyses that
incorporate realistic soil properties and classical soil
models. This paper presents a critical view of these
approaches, delving on the possible problems one
encounters during the FEM analyses.

This study considers classical soil models for sands. In
more general terms, these models are appropriate for
granular soils, when considering long-term analysis
(drained conditions). In the literature, use of hyperbolic soil
models (Kondner 1963, Duncan and Chang 1970, Hardin
and Drnevich 1972, Fahey and Carter 1993) prevail when
one wishes to describe the nonlinear stress-strain behavior
of such soils. For example, Desai (1974) used the Duncan-
Chang hyperbolic soil model for the finite element analysis
of piles in sands. Emphasis on the importance of
considering the soil nonlinearity via finite element analysis
was brought forth by Cheung ef al. (1991). In that study, the
Duncan-Chang constitutive model served as the basis of the
computed pile load-settlement curves. Results of the
simulations were compared with field measurements of a
static pile axial load test. The satisfactory agreement of the
simulation with the test results demonstrated that using a
soil nonlinear elastic model is a valid alternative to describe
a realistic stress-strain behavior of the soil medium.

The Drucker-Prager (Drucker and Prager 1952) and
Mohr-Coulomb (Heyman 1972) constitutive plasticity
models were utilized in numerous studies (Trochanis et al.
1991, Lee and Salgado 1999, Jesmani et al. 2014, Nadeem
et al. 2015, El Kamash and El Naggar 2018, Bakroon ef al.
2019) owing to their relative simplicity to model the soil
surrounding the pile. These two pressure dependent models
adjust to the particulate nature of a soil medium. These soil
behavior models were also chosen because of their
acceptance and widespread use in geotechnical engineering.
Such models are generally more appropriate when
considering cemented materials.

In this paper, two- and three-dimensional nonlinear
finite element analyses of a steel box-section pile partially
embedded in a sandy soil medium are considered. Steel
box-section piles have important applications. For example,
they can be conveniently introduced into a wall of standard
sheet piles at any point where heavy loads are applied. They
can be used to resist vertical and horizontal forces and can
generally be positioned in the wall such that its aesthetical

appearance is unaffected. Boxes may also be used as
individual bearing piles for foundations or in open jetty and
dolphin construction, and can be driven into natural soil
deposits such as clays, silts and sands, very compact
ground, and soft rocks.

The pile steel box section is considered to behave linear-
elastically, and the embedded end of pile is modeled as free.
The FEM analyses consider the stability of the pile-soil
system after the pile experiences some perturbation in shape
being an imposed fixed horizontal displacement of the pile
head. Details of the FEM modelling encompassing these
facts are given at a later section. Consideration of initial
stresses is essential for the nonlinear analysis of soil-
structure interaction problems. In the present study, the
initial soil stresses employed in the first step of analysis are
related to the state prior to the pile installation, e.g.,
calculated using the average soil density. However, some
previous studies performed with the finite element analysis
method used the horizontal stresses of the soil at failure as
the initial horizontal stresses. These horizontal stresses were
back calculated from the results of the field loading tests
(Desai and Holloway 1972, Desai 1974). The effects of soil
plasticity and slippage between pile and soil was
investigated in a parametric study of the response of single
piles subjected to axial loads by Trochanis et al. (1991).
Finite element analysis of the soil behavior was performed
using the Drucker-Prager plasticity criterion; while piles
were modeled as linearly elastic material. The study showed
that the pile-soil slippage is a significant source of nonlinear
behavior and energy dissipation under axial loading and
emphasized the necessity of accurately modeling the
interface elements between pile and soil.

Studies on axially loaded piles having a steel box cross-
section, embedded in non-linear or -elasto-plastic soil
mediums, are scarce. For this reason, it is important to
mention research studies that are somewhat associated
because of their field tests. These field tests are used to
verify the soil model investigated in the present study. One
of these is the study of Comodromos et al. (2003). In that
study, the researchers present the results of a reinforced
concrete pile embedded in a multi-layered soil medium
including clayey and sandy layers. The study also included
analyses of pile groups in order to investigate pile-group
effects. A typical pile group was constituted by one
compression pile surrounded by different numbers of
tension piles. A three-dimensional finite difference
nonlinear model was developed to simulate a static axial
load test. The results showed that the interaction between
the compression and reaction piles affect the overall load-
settlement curve of the compression pile. Finite difference
simulations of a single pile yielded a higher load-settlement
curve when compared to that of the pile within the pile-
group (demonstrating group efficiency). Another study is
that of Comodromos et al. (2009), where they investigated
the behavior of a pile raft foundation under vertical and
lateral static load tests and compared it with a three-
dimensional FEM nonlinear analysis. A pile foundation
design method was then proposed by considering the
contribution of the raft. It was also shown that the most
significant parameter affecting the load distribution is the
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Table 1 Elastic properties of pile material and soil medium

Es (MPa) v
Soil (Dense Sand) 60 0.3
Pile (ASTM-A36 Structural Steel) 200e3 0.33

pile-interaction with the group.

2. Considering the FEM Model

Two different classical point of views were followed in
the present study in order to model the soil medium. One is
the non-linear elastic approach characterized by the
Duncan-Chang and Hyperbolic models. The other is the
plasticity approach via the Drucker-Prager and Mohr-
Coulomb models. For the FEM analyses, the imposed
kinematic boundary condition consists of an initial
horizontal perturbation of 20 mm imposed on the pile head.
The pile head is then subject to step vertical incremental
loads. This type of analysis is suited for both non-linear
elastic and plasticity models. All of the plasticity
simulations in this study were carried out using an
associative flow rule. The elastic properties of pile material
and soil medium (Young Modulus (E;) and Poisson’s Ratio
(v)) used in the finite element analyses are shown in Table
1.

Thin layer elastic interface elements were selected in
order to model the interface condition between the pile
surface and the soil. These types of interface elements allow
for the possibility of an infinitely normal and imposed
tangential stiffness. Thus, simulations considered the
perfectly rough and intermediate cases of roughness via the
tangential stiffness of the interface elements.

The boundary conditions set for the FEM mesh
surrounding the soil are rollers. This type of boundary
condition is preferred over the fixed boundary condition
because the finite element domain should be given as much
as freedom as possible, just as in nature. However, this is
not critical because after several trial simulations the
boundary was placed far enough such that even a fixed
boundary will not affect the results. The bottom soil has
also been restrained using a fixed boundary condition with
the same reasoning implying a deep enough boundary. In all
the simulations, no assumptions of fixity of the pile tip were
imposed. In other words, the pile tip is modelled to be free
of movement or completely unrestrained.

A typical 3D finite element mesh is constituted with
tetrahedral elements, totaling 651219 degrees of freedom.
Simulations involving load control for non-linear elastic
analyses amounted to approximately 2 hours of C.P.U.,
whereas for the plasticity analyses this amounted to 5 hours
C.pU.

2.1 Singularities in FEM model
In all simulations of this study, the finite element model

experiences singularities — points where the stresses tend
toward an infinite value. These stress peaks are expected

because of the various effects of modeling. Such stresses
are less of a problem when one considers the soil as non-
linear elastic medium. However, a convergence issue arises
for plasticity models when those stress peaks exceed the
yield stress by a considerable amount (Sonnerlind 2015).
For a channel-sectioned pile, sharp re-entrant corners at the
pile surface and particularly at the tip, will cause a
singularity in the derivatives of the dependent or secondary
variables such as the stresses. Consequently, the strains can
become unbounded since the essential conditions or the
degrees of freedom are the displacements. The material
model must limit this effect in order to prevent the stresses
from becoming infinite.

An infinitely stiff sand medium supporting a pile does
not really exist. Elasticity models alone assume this. If now
one uses an elasto-plastic approach involving the Drucker-
Prager or Mohr-Coulomb plasticity models, then a
singularity caused by tension zones in the nearby boundary
condition arises, and is not acceptable. Remedies to this
condition are possible. An increase of finite elements in
these zones (sharp corners) might not be useful. In fact, the
smaller the elements that are used in these corners, the
higher the values of stress that will be found. The results
will not converge since the true solution tends toward an
infinite value. Since sharp corners are a reality in the
present context, one of the remedies used in this study is to
enclose the singularity in a small elastic domain. Ultimately,
one also needs to limit the tension produced by the elastic
portion of the model. These points will be addressed in the
next sections of the paper.

3. FEM results for non-linear elastic modelling of
pile-soil system

In this section of the study, two non-linear elastic
models are adopted for the FEM study of the pile-soil
system. These are respectively the hyperbolic and Duncan-
Chang nonlinear models. The hyperbolic model is
characterized by the following secant modulus expression

G - G

s 1+[7Jn @)
yref

Where the variables Gs, G, 7, Yr.r and n are respectively
the secant shear modulus, the initial or maximum shear
modulus (at zero shear strain), the shear strain, a reference
shear strain (a shape-control strain) and a strain exponent n.
The secant modulus is computed iteratively in the FEM
analyses for the rendering of:

=G,y (@)

Where, t and y are respectively the shear stress and
strain. A typical example of the above equations used in the
FEM analyses are given in Fig. 1.

As seen in the figure, the secant modulus drops off,
indicating that the stiffness of the sand decreases as the
shear stress increases. The utility of such a model is two-
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Fig. 1 Secant shear modulus and shear stress vs. shear
strain for Hyperbolic nonlinear elastic model

fold: (1) not only is the model necessary in the calculation
of the shear stress-strain response but (2) the model is
detrimental in detecting the plausible failure condition.
From here on, the failure condition is defined as a constant
shear stress at the start of an unlimited shear strain. This
complies with the critical state theory generally used in soil
mechanics.

The Duncan-Chang model uses a similar expression.
This model is given as

S

ult

G

Where again the variables Gs, G, and y are respectively
the secant shear modulus, the initial or maximum shear
modulus (at zero shear strain) and the shear strain. As for
the variable q,;;, in the above equation, it is generally
calculated with the expression involving the principal
stresses via q,;; = (07 — 03)y:- The principal stresses for a
sand deposit are generally calculated using the unit weight
and the friction angle (o = y'z, 03 = KJ°ay), depending if
it is in a loose (K¢ = 1 — sin(¢/,)); (Jaky 1944) or dense
state (K2¢ = KJ*(OCR)P); (Meyerhof 1976). This in turn
requires the calculation of the over-consolidation ratio
(OCR) and an empirical parameter p usually taken as 0.5.
For the purposes of obtaining the same secant modulus
expression as the hyperbolic model (with n = 1), one can
calculate an equivalent Duncan-Chang secant modulus by
letting q,;¢ = G\/§yref. A confirmation of this is shown in
Fig. 2.

Such models are used quite extensively in geotechnical
engineering (Kondner 1963, Duncan and Chang 1970) to
model sand deposits. The first advantage these models have
over plasticity models (covered in the next section) is the
fact that convergence issues are independent of the level of
tension produced by the elastic components. This is a
significant advantage because the effect of singularities,
such as those mentioned in the last section, become less
critical.

In the present study, these models are used in 2D, then
3D FEM analyses to study the stability of a soil-pile system
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strain for Duncan-Chang nonlinear elastic model

when the pile shape is initially perturbed. As previously
mentioned, the driving boundary condition covered is the
case of an initial horizontal displacement and incremental
vertical pile head loading. At this stage, an explanation of
the FEM simulations is warranted. This type of FEM
analyses considers the stability of the pile-soil system after
the pile experiences some perturbation in shape. In the
subsequent FEM simulations, this perturbation is an
imposed fixed horizontal displacement of the pile head. In a
previous paper, the authors (Foriero and Bayati 2018)
established the critical buckling loads for the pile section
while considering the surrounding sand medium as elastic.
In the present scenario, the problem takes place before the
pile section buckles. Specifically, the pile section changes in
shape at some time during the life of the supporting
structure, and because of the non-linear nature of the sand
medium, the soil-pile system may fail (instability in the
present context).

A non-linear elastic FEM analysis in COMSOL software
requires the input of the elastic parameters of both the soil
medium and pile, as well as the parameters corresponding
to the models alluded to in Egs. (1) and (3). These
parameters are given in Tables 2 and 3. The geometrical
dimensions of the pile section were selected to comply with
the standard Canadian Steel Section Properties derived from

Table 2 Duncan-Chang Model parameters

Bulk modulus K G
(MPa) (MPa)

50 23

Ultimate deviatoric stress
Guir (MPa)

0.08946

Table 3 Hyperbolic Model parameters
K (MPa) G (MPa) n Yrer
50 23 1.0 0.002246

Table 4 Geometric properties of pile section

Diameter Thickness Unsupported Total length L Slenderness
D (mm) (mm) length (m) (m) (L/D)
305 16 2.0 8.0 26.23
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Fig. 3 2D finite element meshed model of the pile-soil
system used in simulations
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Fig. 4 3D finite element meshed model of the pile-soil
system used in simulations
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Fig. 5 The elastic modulus input function used in the
geostatic analyses

CISC SST9.2 from the ninth edition of the Canadian Steel
Handbook (CISC 2007). These geometric values are given
in Table 4, while the extent of the finite element models is
shown by the FEM meshes of Figs. 3 and 4.

The first step of finite element simulations begins with a
geostatic analysis, in order to establish the initial stress field
of the pile-soil system. Furthermore, to reduce the effect of
tension (because of elasticity theory) a pressure dependant
elastic modulus is convenient. In COMSOL, this is
achieved by defining an elastic modulus as a step function
having a positive low value at negative pressures. Fig. 5
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Fig. 6 The von Mises stress contours resulting from the
FEM 2D geostatic analysis using the pressure dependent
elastic modulus
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Fig. 8 Comparison of pile axial load-axial displacement
graphs for 3D FEM analysis using Duncan-Chang and
Hyperbolic models

illustrates the input function used in the geostatic analyses.
One cannot overemphasize that a pressure dependant elastic
modulus is used only in the geostatic analyses. Fig. 6
depicts the FEM results of the von Mises stress contours
resulting from the geostatic analysis using the pressure
dependant modulus of Fig. 5.

The second step of the analyses involves the pile head
loading of the perturbed pile section. As previously
mentioned, the perturbed pile is modeled by imposing a
finite horizontal translation of the pile head. The imposed
loading of the pile head is achieved with a series of static
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Fig. 9 2D FEM analysis results of horizontal
displacements for a maximum vertical pile head load of
20.9 kN (equivalent to 2200 kPa of axial pressure) using
Duncan-Chang model
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Fig. 11 3D FEM analysis results of lateral soil
displacements for the failure vertical pile head load of
294.6 kN (equivalent to 15000 kPa of axial pressure)
using Duncan-Chang model

o

para(16)=15 Surface: Displacement fleld, Y companent (m) Contour: Displacement field, Y component (m)
A521x107  A536x107
5 X107
- 52138

49224
- 4631

- 433,96
= 404.82
= 375.68
4 346.53
b4317.39
{4 288.25

2r 7Aooz Ao0o02
%107 x107?
of - 4 1904.93
17148
-2f :I 1 1524.67 15
| 1334.54
-4t | + 1144 41
!J 954.28 10
6 b 764.15
‘ ’ 574.02 s
B q 383.88
193.75
o b 3.62 0
-186.51
A2 b -376.64
-566.77 B
e 7 -756.9
-947.03 -10
165 7 -1137.16
-1327.3
18 1 -1517.43 15
-1707.56
20 L L L L 7 w-0.02 ¥ -0.02

5 10

Fig. 10 2D FEM analysis results of horizontal
displacements for a maximum vertical pile head load of
20.9 kN (equivalent to 2200 kPa of axial pressure) using
Hyperbolic model

monotonic vertical load increments. For comparison with
FEM simulations, that consider plasticity models (covered
in the next section of this paper), a uniform vertical pressure
of 90 (kPa) is applied at the level of the ground surface.

This uniform pressure was necessary in order to remove
the tensile stresses produced by elasticity which otherwise
would be unrealistic. In fact, sand is unable to resist tension
unless it is cemented and consequently this measure limits
the high tensile stresses particularly at the ground surface.
Typical 2-D and 3-D FEM results, using the above
constitutive models with the initial stress field of Fig. 6, are
discussed next. Fig. 7 depicts the results of typical 2D FEM
simulations of pile axial load versus axial displacement
using the Duncan-Chang and Hyperbolic models. One
observes the difference is imperceptible between the results
of simulations using these two models. Both the behaviors
prior to failure and at failure are similar. However, for the 3-
D FEM simulations, as shown in Fig. 8, the behavior prior
to failure is slightly different.

As mentioned previously, the driving mechanism for

)S-Y -32:::01‘ ¥ 4.69x10"

Fig. 12 3D FEM analysis results of lateral soil
displacements for the failure vertical pile head load of
294.6 kN (equivalent to 15000 kPa of axial pressure)

using Hyperbolic model

these results is a monotonically increasing vertical load and
a horizontal displacement of 20 mm applied at the pile
head. Figs. 9 and 10 depict the horizontal displacements at
the maximum load attained by the non-linear analyses with
the respective Duncan-Chang and Hyperbolic models.

It is clear from the figures that a tension zone develops
at the pile tip in the lower surrounding sand. This is
evidently caused by elasticity theory. One deduces from the
previous figures, that a non-linear elastic analysis brings
forth certain limitations. The first and most obvious one is
related to the tension zones produced as a result of
elasticity. This requires a certain degree of judgement on the
part of the engineer. It must be said that non-linear elasticity
and in particular the Duncan-Chang and Hyperbolic models,
have been used for decades in geotechnical engineering.
These non-linear models when used in a 3D FEM analysis
yield a clearer picture of the surrounding soil
displacements. This is shown in Figs. 11 and 12 pertaining
again respectively to the Duncan-Chang and Hyperbolic
models. In these figures, only the horizontal soil
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analysis using the Duncan-Chang model

displacements are shown. One observes that the horizontal
soil displacements are located primarily in the upper region
of the pile-soil system. Moreover, for both models, the FEM
simulations yield a soil pile-up at the ground surface.

4. Validation of nonlinear elastic analyses using field
tests

It is always desirable to confirm the applicability of an
FEM model to a completely independent study. A field
study on reinforced concrete piles by Comodromos et al.
(2003) is considered in this section of the present study. Fig.
13 gives a description of the test pile as well as the soil
conditions covered in that study. Since the present study
deals with a tubular cross section, a modular transformation
was required for the FEM simulations. This is shown in
Table 5 along with the properties of the test and model pile.

The non-linear FEM simulations, in these particular
analyses follow the load-control procedure of the field test.
Tables 6 and 7 show the soil non-linear elastic parameters
used in the simulations. Figs. 14 and 15 demonstrate that
the Duncan-Chang and Hyperbolic models are quite
effective in yielding the axial load versus displacement
curve of the field test. This is even more so when one
considers the approximate nature of the field soil properties.

Table 5 Properties of the test pile used in Comodromos et
al. (2003) study and the model pile used in FEM analyses

Section

. Test Pile Model Pile
properties
Reinforced Concrete (C30/35), 45
) steel bars (25 mm of diameter):
Material Steel

(Asteel = 0.0318 m” = = Agecrion)

E (GPa) 42 210
External: 800

Diameter (mm) 1500 Internal: 440
Cross-sectlzonal 177 035
area (m°)
. _ EReinforced concrete _ 42 Gpa _
(Modular ratio = - = Jt0Gpa = 2)

Table 6 Duncan-Chang model parameters used in the FEM
analyses using the model pile

K (MPa) G (MPa) Guir (MPa)
Layer A 6.7 4.0 0.018
Layer B 8.3 2.8 0.05
Layer C 16.7 7.7 0.1
Layer D 433 26.0 0.71

Table 7 Hyperbolic model parameters used in the FEM
analyses using the model pile

K (MPa) G (MPa) n Vref
Layer A 6.7 4.0 1.0 0.025
Layer B 8.3 2.8 1.0 0.011
Layer C 16.7 7.7 1.0 0.007
Layer D 43.3 26.0 1.0 0.016
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Fig. 15 Comparison of the results of the test pile
(Comodromos et al. 2003) and the results of the FEM
analysis using the Hyperbolic model

Consequently, both the non-linear Duncan-Chang and
Hyperbolic models are quite effective in modelling piles in
sand under monotonic loading.

5. Elasto-plastic analyses
This section of the paper considers the elasto-plastic

stress analyses of the problem in 2D and 3D. The analyses
consider two different plasticity behaviors via the Mohr-
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Coulomb and Drucker-Prager criteria. Generally, plasticity
theory is formulated by considering three requirements:
First, a relationship between stress and strain must be
formulated to describe material behavior under elastic
conditions. Second, one must specify a yield criterion
indicating the stress level at which plastic flow initiates.
Finally, a relationship between stress and strain must be
developed for post-yield behavior.

In FEM programs, the stress level is monitored and
compared to the level of the yield stress. For the Mohr-
Coulomb yield criterion, the stress level measurement is
generally taken as (Owen and Hinton 1986, Foriero 2004,
Foriero and Ladanyi 1995, Foriero and Ladanyi 1991,
Foriero and Ladanyi 1990).

o =%Jlsin(¢’) +(J;)§[cos(e)—%sin(e)sin(ﬁ)j (4)

where J;, J;, 0 and ¢’ are respectively the first stress
invariant J; = 0;;(1 < i < 3), the second deviatoric stress
invariant Uz = g{jaij, 0ij = 0y — §ijok, (1 < i, ), k <
3)), the angle of internal friction of the soil medium and the
Lode angle obtained with
sin(30) = _ﬁ (JJ3)3 I :%O-ijo'jko'ki (1<i jk=<3) Q)
; 2

Whether or not plastic deformation takes place at any
point is governed by the previous stress level (4). For
plastic flow to occur, this stress level must achieve the
equivalent yield stress

oy =c cos(¢') (6)

where ¢ represents an apparent cohesion. There are
objections to this yield stress (5). First, full mobilisation of
the cohesion ¢ and friction angle ¢’ does not occur at the
same time and consequently for design purposes, to be on
the safe side, one neglects the ¢ component (Budhu 2010).
Second, for granular sand material ¢ = 0 and thus oy, = 0.

This leads to numerical instabilities, which will be
discussed shortly. For the Drucker-Prager yield criterion,
which is a modification of the previous Mohr-Coulomb
criterion, the stress level is

1

o™ =ad +(3})? (7
where a is given as

2sin(¢")
a:—
F(a-sin(#) ®
The equivalent yield stress in this case is
6-c-cos(¢')
o = TP\ )
" B(3sin(¢) ®
The same objectionable remarks as for the Mohr-
Coulomb criterion apply here. Commercially available

FEM programs such as COMSOL protect their code and
consequently it is difficult to interpret explicitly the

Hydrostatic axis

b

» Drucker-Prager model

Fig. 16 Incremental stress change at a Gauss point that
has previously yielded

algorithm used. Moreover, commercial programs upgrade
their codes frequently. However, based on intuition and
experience, the residual forces during any particular
iteration are expressed as

v(#)=-3(¢")As" (10)
Where
0 ] ]
W= (55 D@}~ 5 — (D0}, 5 - (Do} (87}
- [H}{a¢™}

(11)

In other words
A =-[H(g)+H (#)] v (o) (12)

Generally, the applied loads for the r'" iteration are the
residual forces "1 calculated at the end of the (r-1)®
iteration. These applied loads give rise to the displacements
increments A" and consequently the strain increments, Ae.
FEM algorithms consider whether or not yielding took
place at the Gauss point during the (r-1)* iteration.
Therefore, they verify if 6" > oy = oy + H'&, ", where
771 is the g'®¥®! given in Egs. (4) and (7), and oy is the
yield stress of Egs. (6) and (9). Here H' is a strain hardening
parameter and 8‘5_1 is the effective plastic strain at the ™
iteration. If this condition is true, then the algorithm must
consider whether or not the Gauss point has previously
yielded. If the Gauss point was not previously yielded then
that means the Gauss point is unloading elastically. If on the
other hand, the Gauss point was previously yielded and the
stress is still increasing, then the excess stress must be
reduced to the yield surface as shown in Fig. 16. On the
other hand, if the condition is false, which implies that the
Gauss point had not previously yielded, then the Gauss
point is still elastic. If the Gauss point has yielded during
the application of the load, then again the portion of the
stress greater, then the yield value must be reduced to the
yield surface Fig. 17.
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Fig. 17 Incremental stress change at a point in an elasto-
plastic continuum at initial yield
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Fig. 18 Pile head axial load vs. axial displacement from
the 2D load-control FEM plasticity analysis

The discussion mentioned above is standard practice.
There are, however, some variations in FEM commercial
codes in order to speed up the calculations and
convergence. Convergence is monitored locally at each
node according to displacement changes that occur during
any particular iteration r by way of

|Adr
o

where d! is the elastic displacement occurring upon
application of the load increment and Ad" is the change in
nodal displacement during the r iteration. Convergence
considering displacements is severe and consequently very
sensitive to the singularities previously mentioned.

x100<TOLER (13)

6. Discussion of FEM plasticity analyses

This section presents a critical discussion of the Mohr-
Coulomb and Drucker-Prager models in the context of
plasticity analysis. A consideration of both 2D and 3D FEM
results permits a better understanding of the implicit
numerical difficulties encountered. Again, as per the non-
linear elastic analyses, the problem of singularities remains.
Numerous attempts at obtaining a converged solution lead
to a new modelling strategy in order to eliminate these
singularities. The solution is the introduction of a spherical
elastic zone in the immediate vicinity of the pile tip. This
elastic zone is necessary because of the extremely high
stresses induced by the corners of the pile tip, these stresses

becoming intangible, as the mesh is refined. Remarkably,
this rigid zone at the pile tip is justifiable. In fact,
geotechnical engineers, in a plethora of articles (Budhu
2007), assume such rigid wedges at the bottom of footings
as well as pile tips. Laboratory tests do confirm the
existence of such rigid wedges (Al-Soudani and Albusoda
2021). The compaction of the soil at the pile tip, where
stresses are extremely high, produces a very stiff zone.
Practically this zone is elastic and surrounded by an elastic-
plastic domain. This implies imposition of a radius equal to
the pile diameter in the ensuing elastic-plastic analyses of
the Mohr-Coulomb and Drucker-Prager models. This
approach reduces the convergence issues and mesh
refinement was possible.

Numerous FEM simulations in both 2D and 3D enabled
the study of the influence of this spherical elastic zone. One
cannot overemphasize that failure loads were obtained with
different values of cohesion and friction angle for the
elastic-plastic analyses using both the Drucker-Prager and
Mohr-Coulomb failure criteria. The cohesion is necessary in
the COMSOL in order to limit tension stresses. In fact,
granular soils in general do not possess cohesion except for
what in the field is called “apparent cohesion”. Apparent
cohesion is made up of three components: electro-chemical
surface forces, unsaturated suction and cementation.
Although in this study, no apparent cohesion is assumed and
an artificial cohesion is imposed to limit tension. This is a
method used in many of COMSOL modelling examples.
Figs. 18 and 19 (a and b) compare the axial pile load versus
pile head displacements for both Mohr-Coulomb and
Drucker-Prager criteria in both 2D and 3D for the elastic
ball radius of 230 mm. The Drucker-Prager model yielded
higher loads at convergence than the Mohr-Coulomb model.
However, both models gave similar results at the early
stages of the simulations. It is important to mention here
that for the 3D analyses cohesion was necessary in order to
limit the tension zones.

A research studied by Wojciechowski (2018)
demonstrated that the Drucker-Prager model generates a
shear strength anywhere between 0.6 and 3 times that of the
Mohr-Coulomb model. This is due to the Lode angle, which
is a function of the intermediate stress. This means that in
the present 3D simulations one of the following two
conditions hold

6>6, — sin(#)<~3tan [—%j

(14)
<6, — sin(#)<Btan (—%)

Where 6, and 0 are respectively the Lode angle at
failure and at the current state of stress. In the case of plain
strain conditions, the Mohr-Coulomb and Drucker-Prager
criterion are equivalent if the Poisson’s ratio in the plastic
zones is taken as v =0.5 and the Drucker-Prager
parameters are established with 8, = 0. This was not the
case for the previously discussed 2D simulations. An
example of the horizontal displacement field produced with
the Drucker-Prager model is shown in Fig. 20. Also shown
in Fig. 20 is the geostatic analysis that leads to these
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Fig. 19 Pile head axial load versus axial displacement
resulting from the 3D FEM plasticity analyses
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Fig. 20 FEM results of load control analysis in 2D using
the Drucker-Prager criterion

horizontal displacements. These results were obtained by
incrementing the axial load (load-control analysis) while
applying a constant horizontal displacement of 20 mm
(horizontal pile perturbation).

As depicted, for different intermediate and failure loads,
the magnitudes of the horizontal displacements are the
greatest in the soil region close to the surface in the
direction of the applied perturbation. However, one can also
observe that a tension zone is produced in the soil along the
pile length opposite to this direction. For the Mohr-
Coulomb model (Fig. 21), a similar behavior is observed for
both intermediate and failure axial loads. All of these
simulations were possible by elimination of the singularities
via the introduction of an elastic or rigid ball at the pile tip.
Without this modelling solution, one would have to assume
a fictitious value of cohesion, which for a sand medium is
unrealistic.

A 3D FEM simulation is necessary to model a pile
having a channel cross section. This was not possible in the
previous 2D simulations. These simulations were carried
out using a ball of radius 230 mm from the center of the
Table 8 Pile axial load at failure from 3D FEM elasto-

plastic analyses using the Drucker-Prager/Mohr-Coulomb
criteria

Failure criterion
Maximum Axial Load (kN)
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tface: Displaceme mponeat (m)
o
- 4006
aom /
0
15 0.04
(ST
Hie
{002
B
001
i . 0.01
v sarean’ i
von

P=475kN Prax=137.8 kKN
Fig. 21 FEM results of load control analysis in 2D using
the Mohr-Coulomb criterion

Drucker-Prager Mohr-Coulomb
2838.4 125.5

channel section with cohesion values of 2 kPa and 40 kPa
applied for Drucker-Prager and Mohr-Coulomb criteria,
respectively. An internal friction angle (¢') of 25 degrees
was considered for numerical simulations using both
criteria (Table 8). Fig. 22 shows the geostatic analysis as
well the horizontal displacements of the soil-pile system at
failure using the Drucker-Prager model. Moreover, in order
to better assess the soil behavior, an image pertaining solely
to soil displacements is also shown. Again, compression and
tension zones are clearly discernible. Fig. 23 shows the
results obtained with the Mohr-Coulomb once again
indicating a similar behavior.

7. Validation of elasto-plastic analyses using field
tests

The plasticity analyses were also carried out in the
context of the field tests conducted by Comodromos et al.
(2003). One must consider however that the plasticity
parameters (Table 9) varied approximately with depth
(layered soil). It is very difficult to obtain these parameters
with certitude. Moreover, as expected, because of the
tension stresses developed in the soil medium a ball was
absolutely essential in order to obtain a converged solution.
In this case, when comparing the axial load versus
settlement curves (Fig. 24), the results are less satisfactory
than for the previous non-linear elastic analyses. From the
experience acquired in this study, the elasto-plastic analysis
is more sensitive than the non-linear elastic one. For the
clasto-plastic analyses the effect of both types of
singularities, one linked to the high-tension zones and the
other to the shape of the pile cross-section (re-entrant
corners), play a greater role.

8. Conclusions

The present study examined the difficulties of modelling
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Fig. 23 FEM results of load control analysis in 3D using the Mohr-Coulomb criterion

a continuum that possesses inherent singularities. This
problem, exemplified by the FEM calculations, also
exposes the limitations of linear elastic theory when used to
represent a granular soil medium. Generally, non-cemented
granular materials do not resist tension. This fact renders
the FEM analyses complicated from both the modellers’ and
numerical analysts’ point of views. The study brought forth
the suitability, notwithstanding the limitations previously
discussed, of non-linear elastic soil models concerning a
sand medium. This is justified if one considers that non-
cemented sand is non-plastic. The two classic non-linear
elastic soil models (Duncan-Chang and Hyperbolic) used in
FEM model yielded, in general, similar results in both 2D
and 3D. Some slight difference was observed in 3D but
inconclusive from the practical engineering end. The
Duncan-Chang and Hyperbolic soil models performed quite
well when modelling a field test (Comodromos et al. 2003).
The plasticity analyses induced a new modelling strategy in
order to eliminate tension singularities. This was the
introduction of a spherical elastic zone in the immediate

vicinity of the pile tip. The Drucker-Prager model in
general, yielded higher loads at convergence than the Mohr-
Coulomb model in both 2D and 3D FEM analyses. In
particular, both models gave similar results in the early
stages of the simulations. It was also shown that for
different intermediate and failure loads, the magnitudes of
the horizontal displacements are the greatest in the soil
region close to the surface in the direction of the applied
perturbation. Simulations also yielded a tension zone in the
soil along the pile length opposite to this direction. For the
Mohr-Coulomb model, a similar behavior is observed for
both intermediate and failure axial loads. All of these
simulations were possible by elimination of the singularities
via the introduction of an elastic or rigid ball at the pile tip.
Without this modelling solution, one would have to assume
a fictitious value of cohesion, which for a sand medium is
unrealistic. A 3D FEM simulation is necessary to model a
pile having a channel cross-section. This was not possible in
the previous 2D simulations. Again, compression and
tension zones are clearly discernible. These simulations
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were carried out using a ball of radius 230 mm from the
center of the channel section. Field tests confirm
(Comodromos et al. 2003), at least in the context of this
study, that non-linear elastic models are less sensitive to
singularities.

Finally, based on the results of this study, non-linear
elastic models are numerically less susceptible to
convergence issues than plasticity models. More studies of
this genre are required in order to better understand the
intricacies related to numerical modelling of a pile-soil
interaction.
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