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Abstract. In the present work, a simple and refined shear deformation theory is used to analyze the effect of visco-elastic
foundation on the buckling response of exponentially-gradient sandwich plates under various boundary conditions. The
proposed theory includes indeterminate integral variables kinematic with only four generalized parameters, in which no shear
correction factor is used. The visco-Pasternak’s foundation is taken into account by adding the influence of damping to the usual
foundation model which characterized by the linear Winkler’s modulus and Pasternak’s foundation modulus. The four
governing equations for FGM sandwich plates are derived by employing principle of virtual work. To solve the buckling
problem, Galerkin’s approach is utilized for FGM sandwich plates for various boundary conditions. The analytical solutions for
critical buckling loads of several types of powerly graded sandwich plates resting on visco-Pasternak foundations under various
boundary conditions are presented. Some numerical results are presented to indicate the effects of inhomogeneity parameter,
elastic foundation type, and damping coefficient of the foundation, on the critical buckling loads.

Keywords:  buckling; functionally graded materials; Galerkin’s approach; refined shear deformation theory; sandwich
plates; various boundary conditions; visco-Pasternak foundations

1. Introduction

Functionally graded materials (FGMs) have received
considerable attention in many engineering applications
such as automotive, aerospace, civil and mechanical
engineering structures (Karami and Janghorban 2020,
Shahmohammadi et al. 2020, Sadoughifar et al. 2020,
Abdelrahman 2020, Bouiadjra et al.2020, Arefi and Zur
2020, Dehsaraji et al. 2020, Feng et al. 2020) since they
were first reported in 1980s (Yamanoushi et al. 1990,
Koizumi 1993) FGMs are heterogeneous materials in which
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the material properties are varied continuously from point to
point and thus eliminate the stress concentration
encountered in laminated composites.

This is achieved by varying the volume fraction of the
constituents, for example, of ceramic and metal in a
predetermined manner. FGMs are now developed for
general use as structural elements in different applications
(Wang and Shen 2013, Akgdz and Civalek 2013, Shen and
Yang 2014, Akbas 2015, Daouadji et al. 2015, Li and Yang
2016, Attia 2017, Panjehpour et al. 2018, Ahmed et al.
2019, Avcar 2019, Ramteke et al. 2019, Madenci 2019,
2021, Asiri et al. 2020, Hadji 2020, Vinyas 2020, Trabelsi et
al. 2020, Naz et al. 2020, Selmi 2020, Eltaherand Akbas
2020, Li et al. 2021, Kertész et al. 2020, Alnujaie et al.
2021, Bashiri ef al. 2021, Vinh 2021, Li and Zhang 2021,
Tran and Cuong-Le 2022, Cuong-Le ef al. 2022a, b).

Several theories are available in the literature for
analyzing buckling response of functionally graded (FG)
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sandwich plates resting on visco-Pasternak foundations.
The simplest theory is called classical plate theory (CPT)
which is based on the Kirchhoff hypothesis. This theory
ignores the transverse shear strain and it is only acceptable
for thin plates (Zhang 2001, Ghannadpour et al. 2013,
Wang et al. 2016, Wang and Zu 2017).For surmounts this
problem, the first order shear deformation theory (FSDTs)
have been developed by assumption that the in-plane
displacements are linearly distributed across the plate
thickness. This leads to the transverse shear stresses being
constant across the plate thickness, so the zero shear stress
condition on the plate face is not satisfied (Reissner 1944,
Reissner 1945, Mindlin 1951). However, virtually an
appropriate shear correction factor is needed. In order to
include the curvature of the normal after deformation, a
number of theories known as higher—order shear
deformation theories (HSDT) have been devised in which
the displacements are assumed quadratic or cubic through
the thickness of the plate.The higher order shear
deformation plate theory (HSDT) satisfies zero shear stress
conditions at top and bottom surfaces of plates. A shear
correction factor is, therefore, not required (Ghasemabadian
and Kadkhodayan 2016, Sobhy and Zenkour 2018, Zenkour
2018, Navale and Pise 2021, Onyeka and Edozie 2021).
Sandwich plates have received considerable attention in
many engineering applications. Sandwich structures of
material with gradients of properties (FG) have been
proposed in which the core or two skins can be made from
materials with gradient properties (FGM) because of
remarkable advantages of the FGM. Many research papers
have been developed to analyses FGM and composite
sandwich structures (Anderson 2003, Bhangale and
Ganesan 2006, Shodja et al. 2007, Etemadi et al. 2009,
Zouatnia and Hadji 2019, Bharath et al. 2020, Rahmani et
al. 2020, Katariya and Panda 2020, Hadji and Avcar 2021).
Recently, a number of analytical and numerical analyzes
were performed to study the mechanical response of the FG
plate resting on foundations. To describe the interaction
between the plate and the medium elastic, different types of
elastic medium models have been proposed. The most
simple is the one-parameter Winkler model (Winkler 1867)
which models the midpoint elastic in the form of a series of
tightly vertical linear elastic springs spaced and mutually
independent. A  more realistic and generalized
representation of elastic medium can be achieved by means
of a two elastic medium model settings. One of these
physical models is the elastic model of the Pasternak type
(Pasternak 1954). The first parameter of the Pasternak
model represents the normal pressure then that the second
parameter takes into account the transverse shear stress due
to the interaction of the shear strain of the surrounding
elastic medium. The composite and FG plates resting on
foundations have wide applications in modern engineering
and are widely used to investigate the mechanical behaviors
of various structures (Tj et al. 2006, Huang et al. 2008,
Yaghoobi and Yaghoobi 2013, Tornabene et al. 2014, Kim
2015, Allahkarami et al. 2016, Nebab et al. 2019, 2020,
Rachedi et al. 2020, Merzoug et al. 2020, Kunbar et al.
2020, Boulal et al. 2020, Timesli 2020, Sobamowo 2020,
Chami et al. 2020, Balubaid ef al. 2021). Some research

papers have investigated the mechanical response of the FG
plate based on visco-elastic foundation (Fan et al. 2018,
Hosseini et al. 2016, Zamani et al. 2017, Ebrahimi and
Barati2016).Other works have been studied experimentally
and numerically taking into account the effects of the
interaction by considering other types of materials and other
models (Yaylaci et al. 2020a, b, Yaylaci 2016, Yaylaci and
Birinci 2013, Oner et al.2015, Adiyaman et al. 2015,
Yaylact et al. 2021a, b, ¢, d). Many researchers have been
interested in methods for optimizing composite structures,
which is generally more difficult, which aims to increase
the accuracy of the results and to shorten the optimization
time. Khatir et al. (2021) proposed the improved artificial
neural network using arithmetic optimization algorithm
(IANN-AOA) to address the damage quantification problem
in functional gradient material (FGM) plate structures.
Zenzen et al. (2020) used a two-step approach focusing on a
modified transmissibility damage indicator and ANN to
estimate the location and size of damage in composite
structures. Khatir et al. (2019) presented a structural
damage assessment technique using vibration data to
identify damage. Cuong-Le et al. (2020a) presented a three-
dimensional (3D) solution for free vibration and buckling
analysis of FGM porous annular plate, conical, cylindrical
and cylindrical shell using isogeometric analysis (IGA).
Saadatmorad et al. (2021) used a new method called
wavelet transform-based convolutional neural network
(WT-CNN) technique to detect the location of damage in
rectangular laminated composite plates. To obtain the
deflection of the plate, the Reddy higher-order plate theory
coupled with isogeometric analysis (IGA) is utilized by
Cuong-Le et al. (2020b). Shahmohammadi et al. (2020)
presented a Finite strip method for stability and free
vibration analysis of sandwich functionally graded and
laminated composite shells

In this article, visco-clastic foundation effect on
buckling response of exponentially graded sandwich plates
under various boundary conditions by using a simply
refined shear deformation theory is presented. The proposed
theories contain only four unknowns and satisfy the
equilibrium conditions at the upper and lower surfaces of
the plate without the use of shear correction factors. The
displacement field of the proposed theory is chosen as a
function of the nonlinear variation of displacements in the
plane through the thickness. There are two major
contributions: the use of an exponential plate theory with
only four generalized parameters, and the investigation on
the effect of boundary conditions on the buckling load of
FG sandwich plates resting on visco-elastic foundation.
Different types of FGM sandwich structures are taken. The
visco-Pasternak’s foundation is taken into account by
adding the impact of damping to the usual foundation
model which characterized by the linear Winkler’s modulus
and Pasternak’s foundation modulus. The analytical
equations of the plate are obtained using Galerkin’s method
for different boundary conditions. The accuracy of the
solutions obtained is verified by comparing the current
results with those predicted by the solutions available in the
literature.
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Fig. 1 Geometry of the EGM sandwich plate resting on
Visco-elastic foundations

2. Theoretical formulation
2.1 Modeling of functionally graded material

Consider a composite structure made of three isotropic
layers of arbitrary thickness 4, length a and width b. The
FGM sandwich plate is supported at four edges defined in
the (x,y,z) coordinate system with x- and y-axes located in
the middle plane (z = 0) and its origin placed at the corner
of the plate. The vertical positions of the two interfaces
between the core and faces layers are denoted, respectively,
by h,and h,. The sandwich core is a ceramic material and
skins are composed of a functionally graded material across
the thickness direction. The bottom skin varies from a
metal-rich surface (z=h, =—h/2) to a ceramic-rich

surface while the top skin face varies from a ceramic-rich
surface to a metal-rich surface (z = hy = h/2). It is assumed

to be rested on a visco-Pasternak foundation model with
k,, represents the Winkler stiffness, while c; and
ks viscosityparameter and the shear layer foundation
stiffness, respectivelyas illustrated in Fig. 1. The volume
fraction of the ceramic phase is obtained from a simple rule
of mixtures as

k
—h
vo |2 j zelh,,h
= In,.]
V=1 z:s[hl,hz] (1)
k
—h
vo | 270 | zelh,,h
(hz_h3J [2 3]

whereV (V| (n =1, 2, 3), denotes the volume fraction functi
on of layer n; K is the volume fraction index (0 <k
< 4), which dictates the material variation profile throug
h the thickness. Note that the core of the present sandwich a
nd any isotropic material can be obtained as a particular cas
e of the power-law function by setting p=0. The volume f
raction for the metal phase is given asV,, =1-V,.

The mechanical properties of functionally graded
materials are often being represented in the exponentially
graded form and power law variations one (Sobhy 2013).
Based on an exponential law distribution, the material
properties P (z) of the E-FGM, such as Young’s
modulus E, are determined as

P (@)= Pres(sv ™), p=h(E/Ey), (1=123) @
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Fig. 2 Rectangular plate subjected to in-plane forces
(Neves et al. 2012)

Poisson’s ratio v is assumed to be a constant value
through the sandwich plate thickness.

The sandwich plate is subjected to compressive in-plane
forces acting on the mid-plane of the plate. N, and N
denote the in-plane loads perpendicular to the edges x = 0
and y = 0 respectively, and N, denotes the distributed shear

force parallel to the edges x = 0 and y = 0 respectively (see
Fig. 2).
2.2 A new four-unknown shear deformation theory

2.2.1 Kinematics and constitutive equations

In this study, further simplifying supposition are made to
the conventional HSDT so that the number of unknowns is
reduced. The displacement field of the conventional HSDT
is given by

X Y. 20 = Uy (X 7.0 -2 00+ £ (D x..0)
v(X,Y,z,t) =v0(x,y,t)—z%+ f(2)d,(x,y,1) 3)

wW(X,Y,z,t) =W, (X, y,t)
Ug. Vg, Wo, &y, ¢, are the five unknown displacement of

the mid-plane of the plate. By considering that
¢, =k, JO(x,y,t)dx and g =k,[6O(x,y,t)dy ( Mantari and
Granados 2015a, b). In this article, the conventional HSDT
is modified by proposing some simplifying suppositions so
that the number of unknowns is reduced as

u(x,y,z,t)=u,(x,y,t)—z 8(;/;/(0 +k, f (z)j@(x, y,t) dx

V(X Y, Z,t) =V, (X, y,t) — 2 aav;" +k, f(2)[6(x, y,t) dy “

w(X, Y, z,t) = W, (X, y,t)

The constants k; and &, depends on the geometry. The
shape functions f{z) are chosen to satisfy the stress-free
boundary conditions on the top and bottom surfaces of the
plate, thus a shear correction factor is not required. In this
study, the shape function is considered.

{=ood 1) )

"=
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The nonzero linear strains are

& | |ex Ky ks
0 b 0
gy =180 b+2{ kb b+ F(2)] K ,{Vyz}:g(z){;éz}@
0 b
Vxy Vxy Kyy Ky i *
where
au 62W0
. _
80 a k)l() aazxz
X b W 9
€= % (=1 -5 (72)
TN T B L
oy ox oxoy
K ko o) [k, [od
X 1 7yz A y
ky (= ka0 el |kfodx (7b)

kS 9 9
% klayjedx+kzaxjedy

and g(z) is given as follows

9(2)=f'(z) (®)

The integrals defined in the above equations shall be
resolved by a type method and can be written as follows

oty dx= A 225D g0y, v, 1)y — g 20000
” Y
KA 00 (x, Y1) . (0 y): kZB,aé’(x, y,t) g, (0.0

ox

where the coefficients A’ and B' are expressed according
to the type of solution used, in this case for exact solutions
for sandwich plates for different boundary conditions.
Therefore, A", B', k; and k, are expressed as follows.

where A and p are defined in section 3.

For elastic and isotropic FGMs, the constitutive relation
s can be written as

) " )

Oy Q: Q, O Ex
oyr =|Qn Qp 0 &y and
Tyy 0 0 Qe |7y (10)

{Tyz}(n) ={Q44 0 }(n){yyz}(n)
Tzx 0 Q55 7 2x

Table 1 value of A’,B', k, and k, for different boundary
conditions

Boundary

conditions A ky B kz
SSSS ~1/ 22 22 1/ u? e
CsSss ~1/342 342 ~1/ 42 12
CscCs ~1/322 322 -1z 3P
CCsS -1/ 422 42 1/ 42 1?
ccee ~1/422 422 Alapt AP
FFCC ~1/842 82 142 AuP

where (o, Oy Oy Tyys Typs z'yx) and (&, Eys Vyyo

Yyeo 7yx) are the stress and strain components, respectively.

Using the material properties defined in Eq. (1),
stiffness coefficients, Q; , can be expressed as

™ _am_EV@
2 1

11 = <22 —? (11a)
(n)
m_vE”@) (11b)
12 1—V2 '
m_om _E"@) (11c)

M _ oM _ oM _ ’
44 55 66 2(1 " v)

The stress and moment resultants of the FGM sandwich
plate can be obtained by integrating Eq. (10)over the thickn
ess, and are written as

Ne Ny Nyl o5on 1
M., My, My =Z'|.(0'X,0'y,rxy)(") z dz,
Sy, Sy Sy | "y f(2) (122)
s M (12b)
(sz y Qyz ): Z I(sz y Tyz )(n) g(z)dZ
n:lhni1

where h,, and h,_; are the top and bottom z-coordinates of

the nth layer.

Using Eq. (10) in Egs. (12), the stress resultants of a san
dwich plate made up of three layers can be related to the tot
al strains by

N] |A B B°lfe

Mi=|B D D{k"}, Q=A% (13)
S| |BS D° HS|[k®
where
it b t
N:{NX’NV’NX)’}’ M :{MX'MV’MW}’
s t 14a
M® =1{5,.S,.S, | (142)
0o 0 ol b bbbt
e=e0,e0 00 K=k ke ke |
x1Ey1 7 xy x 1 Ry Byy (14b)
t
ke = fs kS kS, |
All A].Z 0 Bll BlZ 0
A=A, A, O |>B=|B, By 0 |5
0 0 A 0 0 B
° ® (14c)
Dll D12 0
D=|D, D, 0 |-
0 0 Dg
Bi B, O D) D, O
B°=|B, B3 0 |> D°=|D) D, O |
0 0 B 0 0 D
S (14d)
Hll H12 0
HS=|H H3 0 |5
0 0 H



Visco-elastic foundation effect on buckling response of exponentially graded sandwich plates ... 163

s
A44

01 (14
0 | (1

Sz{QyQOxz}ts 7/={7yz'7xz}t’ AS:|:

where A j» Bjj» etc., are the plate stiffness, defined by

ij
A, By Dy Blsl Dlsl H 151
A, By, Dy Blsz Dlsz H 152 =
Ass Bss Des Bess Dese H gs

(152)
3 hy 1
ZIQ (Lz,2%f @)z f@)f2@))] v dz
" 1-v™
2
and
(Azz, B2, Dz, B§2, Dgz: H§2)= (Au’ By, Dins Bfl: Dlslv Hlsl)’
m _ E@)
== (15b)
(15¢)
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2.3 Governing equations

The principle of virtual work is employed for buckling
problem of FG sandwich plate. The principle can be
expressed in analytical from as

oM+ +6V =0 (16)

Where SU is the virtual strain energy, JUg additional s

train energy induced by the elastic foundations and 6V is th
e virtual work done by applied forces.
The virtual strain energy is expressed by

dU = J‘ﬂ:fz (G(X”)Bax + G(y”)Say + r(x”y)Syxy +1y, + r(y"z)ﬁyyz )dAdZ
A
= [N, 2+ N, S, + N,BES + M, 3K? + M, 3K (17)
A
+ M, 3k;, +S,5K; +S,5kS +8,5k: +Q, 07, + QXZS«/SZ]dA

where A is the top surface.
The strain energy induced by elastic foundations can be
defined as

élJF :Ife§W0dA (18)
A

where A is the area of top surface and f, is the density of

reaction force of foundation. For the visco-Winkler-
Pasternak foundations model
*w . d*w ow
fo =kyW—Kgy ———Kkyy — +Ct — 19
e w sX BXZ sy ayz t ot (19)
where k, is the modulus of subgrade reaction (elastic
coefficient of the foundation) and &, and &, are= the shear
moduli of the subgrade (shear layer foundation stiffness)
and the damping coefficient c, of the viscoelastic medium.

If foundation is homogeneous and isotropic, we will
get kvv sy ks-
The external virtual work due to in-plane forces and
shear forces applied to the plate is given as

— w, - 8W0 — d*w,
éV:—‘[[NXX S 2Ny e Ny 2 A (20)

being N, and N, the in-plane loads perpendicular to the

edges x=0and y=0, respectively, and N xy and N ¥ the

distributed shear forces parallel to the edges x =0 and
y =0, respectively.

Substituting Eqgs. (18), (19) and (20) into Eq. (16) and
integrating by parts, and collecting the coefficients of
(8ug, 8V, 0W,86) , the following equations of motion are

obtained
& :aN—H—aNXy =
o oy
oN, oN
Sy —L+—2 =0
oy X
oM, M, a M, @
dy: = 42 ~1f,=0
X 6x2?y ay
% Qy o0y

& kS, -k, ~(k,A'+k,B )@WA' +kyB' 5 =0

2.4 Equations of motion in terms of displacements

Substituting Egs. (7), (13) into Eq. (20), the equations of
motion can be expressed in terms of generalized
displacements (éUO , Vg, Wy, &9) as

AT AT oW
g Ay — +A127 Ags 20 - 11730
ox? ox oy y? ey 0x
" 2
—Eslz—aawoz-ze66 ALl 0 +BikiA' M+Bf2k25 MZ
ox oy axoy? o3 oy
i)
+B66(k1A’+k B) 2=0
oX oy
o o oy N ot
Mo AL+ Ap—D 4+ Agg| ——C+— |-Bj,—0
ox oy oy oxoy  ox ax “oy
3 2
*Bzz(ﬁNis()*ZBeﬁ 62\’0 +Bls2k1A 0 +stzszle
oy ox “oy oy
%0
+Bgg (kA" +koB')——=0
OX
3, oy aY, oV, (22)
dWg:By—5+Bp Tt — 23
o axoy? oxly By
+2Bg 3“02 + 3%2’0 —DMaAWAO—ZDH 6§N°2
oX0oy“  Ox“oy OX OX “oy
otw ot oo
-Dy —40—4D65 27°2+ DikiA'—;
oy OX “0y X
4 4
06 S 00
+D12 (klA +k B )7)( Zé\yz JrDzszB 7
1 n ~
+2Dgg (k;A"+k,B") 626 >+ N 82W2° +2N, (ZZWO +Ny 02W20
0X “0 X ox oy oy
+kyWo kg L?WZO +ﬂ 1%=0
x? oyl at
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o o ok o
060:-Bik,A' =2 —BS, | kiA'— 0 +k,B'—O |-B3,k,B'—2
1171 a)(3 12[ 1 axzay 2 axéyz 222 3

g N oV,

oxoy’ ox %oy

ow aw
+(kyA +koB")(D5) + 2D |——% + D3,k B =2 —H 3 (kA"
(ky 2 )( 12 66)8x20y2 22K2 L 1(kAY)
a0 2 0% i L 0%
~H3 (kB y*”ga(kl‘\ +k,B )ax26y2

+ DflklA'MN—f— Des (KiA"+k;B')
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)
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—2H5k,A k,B
1271 (3X2(7y2
A2
9 2 0%
+AS (kAP Z2 a8, (kB 22 0
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3. Exact solutions for FGMs sandwich plates

In this section, exact solutions of the governing
equations for buckling analysis of a EGMs sandwich plate
with simply supported (S), clamped (C) or free (F) edges
are presented. These boundary conditions are defined as
follow:

Simply supported (S)
vo=wo =22 -N, =M, =5S,-0 at x=0a
oy
00 (23)
uo=w0=6—X=NW:MW:SW:O at  y=0,b
Clamped (C)
06 00
Ug=V,=W,=—=—=0a x=04a; =0,b. 24
0 0 0 8X ay y ( )
Free (F)
My =M, =Q,=0 at x=0a,
(25)
My =M,=Q,=0 at y=0b

The following representation for the displacement quant
ities, that satisfy the above boundary conditions, is appropri
ate in the case of our problem

U, e 5xg)1((x)yn(y)
:g s anei(utxm(x)ang(y)
Wo _mZ::1nZ::1 W' X 1 (X)Yn (y) o
2 Zmneiwt 52;(72(’(\(“(3,)
X

Where Un, Vin, Winn and Z,,,, are arbitrary coefficients
to be determined. The functions X,.(x) and Y, (y) are

suggested here to satisfy at least the geometric boundary
conditions given in Egs.(23)-(25) and represent
approximate shapes of the deflected surface of the plate.
These functions, for the different cases of boundary
conditions, are listed in Table 2 noting that 1=mz/a,
p=nzx/b. The plate is subjected to an in-plane forces sin
two directions N, =N, , N, =xN, ie, y=N,/N, and
N, =0.

Substituting expressions (26) into the governing Egs.
(22) and multiplying each equation by the corresponding
eigenfunction then integrating over the domain of solution,

we can obtain, after some mathematical manipulations, the
following equations

Sll 512 813 Sl4 U mn
S S S S V
2 S22 S Sa |V | _g a7
Sa1 Sz S3z Sag |[Win
Sar Saz Saz Saa||Zm

in which
S11=Au1€1p + Aggeg
S1o = (Ao + Ags )8
S13=—(Bua+2Bgg )eg — Byeey,
Siy = [klA' Bgs +kyB (Bf’z + Bgﬁ)} eg + ki A'Bfern
So1=(Au + Ass ) €10
Spp = Agoy + Agglig
Sp3 =(Bi2 +2Bgg ) €10 — Byoey
Sas = klA'(sz + Bge) + sz’B§6i|e10 +k2B'B3ey

S31=(B1p +2Bgg )11 — By

S32 =(Biz +2Bgs ) €11~ Boses B

Sa3 =(—2Dyp +4Dgg )er; — Dyger3—Dyges +(Nyx kg )Jeg (28)
+(Nyy —kgy )e3+(kw +crm)ey + 2N, ey

834 = klA '(Dfl +2Dg6)+ sz '(Dlsz +2Dgﬁ)}ell
+klA‘Dflel3+sz ID;zes

S41=—| kiA'Bgs +k,B '(Blsz - Bgsﬂen —kiA'Blies3

Sap =~ kA '(5152 + 2556)911 +k2B '(Bgeell + 55295)}

S43 =[k;A'(Df} +2Dgs) + kB (D5, +2Dgs)leq; + kA 'Dijegs
+sz IDzszes

Sy = (Hlsl(klA P+ 2H5kiA KoB + H (KB ')2)515

) 2 N2 "2

+Hegs (kiA'+kzB") els—Ags((klA )"e1g +(k2B') 916)

With

ba
(820.€5.€12) = [ [ (XPYe, XYt X )Xy Ydxdy
00

ba
(€21,4,€10) = [ [ (XY, XYyt XY )X Y dlxy
00
ba
(e1.€3.85,814) = ”(Xman XYty XYt X Yo ) X Yy dxy
00

ba (29)
(e7.€9,€11,13) = [ [ (XinYis, XY, X 1Yt X )Xy Yylxdy
00

ba
(e15.€16.€17) = [ [ (X Yo, X7y Y, XYyt )X 1 Yaclxdy
00
ba

(e18.€1) = [ [ (XF¥, X ¥q )Xy Yodxdy
00

As can be clearly seen from Eq. (29), the coefficient S35
is a function of the normal loads applied to the edges of the
plate, i.e., Ny, and Ny, . The matrix system (28) has a non-
trivial solution if, and only if; its determinant|Si]-| is equal to
zero. The critical buckling load is thus obtained.

4. Numerical results and discussions

In this section, the accuracy of the presented plate
theory for the buckling analysis of symmetric rectangular
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Boundary conditions

The functions X, (X) and Y, (y)
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Fig. 3 Variation of the Young’s modulus through plate thickness of symmetric sandwich plates for various values of the po
wer-law index p: (a) The (1-0-1) EGM sandwich plate, (b) The (1-1-1) EGM sandwich plate, (¢) The (1-2-1) EGM sandwic

h plate and (d) The (1-3-1) EGM sandwich plate

EGM sandwich plates resting on two-parameter elastic
foundations with various cases of the boundary conditions
is demonstrated by comparing the analytical solution with
those of other available results in the literature.

The combination of materials consists of aluminum and
alumina with the following material properties:

Ceramic (alumina, Al,O3): E, =380 GPa,v, =0.3
Metal (aluminum, Al): E,, =70 GPa, v, =0.3

In the following, we note that several kinds of sandwich
plates are used:

The (1-0-1) FG sandwich plate: The plate is symmetric

and made of only two equal-thickness FG layers, i.e.,
there is no core layer. Thus, we have, h, =h, =0
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Table 3 Comparison of critical buckling load N of simply supported EGM sandwich square plates (k=1.5) resting on

Visco-Pasternak’s elastic foundations

_ K, =K =0 K, =100, K. =0 K, =K, = 100
Scheme Theoy & a/h=5 10 20 a/h=5 10 20 a/h =5 10 20
FPT® =0 25154 27987 28797 42783 45616 46427  39.0768 393601 39.4412
TPT® c =0 25592 28119 28832 43220 45748 46461 39.1206 393734 39.4447
SPT® & =0 25618 28127 28834 43247 45756 46463 39232 39.3741 39.4449
EPT® & =0 2.5652 28137 28837 43281 45766 46466  39.1266 393752 39.4451
_ HPT® ¢, =0 25834 2.8193 28852 43463 45822 46481  39.1448  39.3808 39.4466
n Model 1® & =0 2.5618 28127 28834 43247 45756 46463 39232 39.3741 39.4449
- Model 28 ¢ =0 2.5592 2.8120 28833 43221 45749 46462 39.1206 393734 39.4447
% =0 2.5647 28136 28837 43276 45765 46466  39.1262 393750 39.4452
presen | &= 005 3.0054 32543 33244 47683 50172 50873 395669  39.8158 39.8859
resen T =01 3.4462 3.6950 37652 5.2091 54580  5.5281  40.0076  40.2565 403266
T =1 11.3793 11.6282 116083 13.1422 133911 134612 479407  48.1896 482597
FPT® % =0 3.0560 34014 35003 48189 5.1643 52632 396175  39.9628 40.0617
TPT® c =0 3.1014 34151 35039 48643 50781 52668  39.6629  39.9766 40.0653
SPT® & =0 3.1030 34156 35040 4.8659  5.0785 52669  39.6644  39.9770 40.0655
EPT® & =0 3.1054 3.4163 35042 48683 5.0792 52671 39.6668  39.9777 40.0656
- HPT® & =0 3.1399 3.4269 35070 49029  5.1898 52699 397014  39.9883 40.0684
-+ Model] & =0 3.1030 3.4156 35040 48659  5.0785 52669  39.6644  39.9770 40.0655
- Model2 & =0 3.1015 34152 35039 4.8644 50781 52668 39.6629  39.9766 40.0654
T = 3.1051 3.4162 35042 48680 5.0791 52671 39.6665 399777 40.0657
present G =005 35458 3.8570 39449 53087 56199 57078 40.1072 404184 40.5064
‘ g =01 3.9865 42977 43857 57494 60606  6.1486  40.5480  40.8591 40.9471
=1 11.9196 12.2308 123188 13.6826 139937  14.0817 484811 487922 48.8802
FPT® % =0 34772 3.8906 40097 52401 56535  5.7726  40.0386  40.4520 40,5712
TPT® T =0 3.5165 3.9026 40120 52795 56655 57758 400780 404641 40.5744
SPT® & =0 35165 3.9026 40129 52795 56655 57758  40.0780  40.4640 40.5744
EPT® T =0 35176 3.9028 40130 52805  5.6657 57759 400790  40.4643 40.5744
- HPT® ¢ =0 3.5799 3.9220 40180 53429 56850 57810  40.1414 404835 40.5795
& Model 1® & =0 35165 3.9026 40129 52795 56655 57758  40.0780  40.4640 40.5744
- Model 28 & =0 3.5166 3.9027 40130 52795 56656 57759 400780 404641 40.5744
% =0 35174 3.9028 40130 52804 5.6658  5.7759  40.0789 404643 40.5745
present G =005 3.9582 43436 44537 57211 61065 62167 405196  40.9050 41,0152
‘ g =01 43989 47843 48945 61618 6.5472  6.6574 409604 413457 41.4559
T =1 12.3320 12.7174 12,8276 14.0949 144803 14.5905  48.8935  49.2789 49.3890
FPT® % =0 37922 42636 44004 55551 6.0265  6.1633 403537  40.8251 40,9618
TPT® T =0 3.8253 42738 44031 55882 6.0367 61660 403867  40.8353 40.9645
SPT® % =0 3.8243 42734 44030 55872 6.0364 61659 403857  40.8349 40.9644
EPT® & =0 3.8245 42734 44030 55875 60364 61659 403860  40.8349 40.9644
~ HPT®  © =0 39114 43004 44101 56743 60364 61730 404728  40.8619 40.9716
& Model 1® =0 3.8243 42734 44030 55872 6.0364 61659 403857  40.8349 40.9644
- Model 20 & =0 3.8253 42738 44031 55882 6.0368 61660 403868  40.8353 40.9646
% =0 3.8245 42735 44030 55874 6.0364 61659 403860  40.8349 40.9645
present G =005 42652 47142 48437 60282 64771 6.6067  40.8267 412757 41.4052
g =01 47060 5.1550 52845 64689 69179  7.0474 412674 417164 41.8459
t=1 12.6391 13.0881 132176 144020 14.8510  14.9805 49005 49.6495 49.7790

() Taken from Sobhy (2013)
(b) Taken from Ait Amar Meziane et al. (2014)

(c) EPT: exponential shear deformation plate theory; FPT: first-order shear deformation plate theory; HPT: hyperbolic shear deformation plate theory; SPT: sinusoidal shear

deformation plate theory; TPT: third order shear deformation plate theory

e The (1-1-1) FG sandwich plate: Here, the plate is
symmetric and made of three equal-thickness layers. In
this case, we have, h, =—h/6,h, =h/6

e The (1-2-1) FG sandwich plate: The plate is symmetric
and we have: h, =—h/4,h, =h/4

e The (1-3-1) FG sandwich plate: The plate is symmetric
and we have: h; =-3h/10,h, =3h/10
Fig. 3 shows the through-the-thickness variation of the

of Young’s modulus for p=0.01, 0.2, 0.5, 2, 5 and 10.

For convenience, the following non-dimensional forms
are used

N, = N..a? K, = kWa4,KS _ kg,.a? _ ksybz’
100h3 D D D
E h®
D=—"—xn
12(1 —v?)

Table 3 gives the nondimensionalized values of the
buckling load N of various types of simply supported
sandwich square plates resting on Visco-Pasternak’s elastic
foundations. The results are compared with those obtained
by Sobhy (2013) using various shear deformation plate
theories where a well agreement is achieved between the
present solutions using a new theory of refined
trigonometric shear deformation and the published ones. It
can be observed from Table 3 that the increase of the core
thickness of the EGM sandwich plates lead to the increase
of buckling load, except for the case of the plates resting on
Pasternak’s foundations where the variation of them is
reversed. In addition, the buckling load is increasing with
the existence of the elastic foundations. The inclusion of the
Pasternak’s foundation parameters gives results more than
those with the inclusion of Winkler’s foundation parameter.

To demonstrate the effect of damping coefficients and to
validate the present formulation for plates resting on an
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Table 4 Comparison of critical buckling load N of (1-1-1) EGM sandwich plates with various boundary conditions

(b/a= 2K, = K, = 10)

_ k =0 k = 05 k = 3.5
B.C.. Theory Gt a/h = 5 10 20 a/h = 5 10 20 ah=5 10 20
FPT® ¢, =0 152693 204469 225889 105119 12.7398 13.5537  7.5375  8.4498  8.7524
TPT® ¢ = 153100 204524  22.5893 107685 12.8483 13.5856  7.5375 85326  8.7755
SPT® g =0 153262 204573 22.5906 107791 12.8519 13.5866  7.7767  8.5375  8.7769
EPT® g =0 153581 204701 22.5943 10.7947 12.8576 13.5882  7.7922  8.5427  8.7783
HPT® ¢ =0 164396 21.0333 227718 10.9820 12.9404 13.6126  7.7130 85156  8.7709
FFCC Model I® ¢ =0 157316 20.6940 22.6679 10.9709 12.9380 13.6121  7.8557  8.5665  8.7850
Model 20 &, = 0 157165  20.6896  22.6667 109609 12.9346 13.6112  7.8423  8.5621  8.7838
T = 157574 20.7039 22.6707 109835 12.9424 13.6133  7.8682  8.5707  8.7861
presey =005 163345 212810 232478 115606 135195 14.1905 84453 9.1478  9.3632
c. =01 169116 21.8581 23.8249 12.1377 14.0966 14.7676  9.0224  9.7249  9.9403
T = 272996 322461 342129 22.5257 244846 251556 194104 20.1129  20.3283
FPT® ¢, =0 129480 158035 168213 89602 10.1273 10.5061  6.5737  7.0322 _ 7.1710
TPT®  © =0 129640 14.8053 16.8214 9.1032  10.1789 10.5205  6.6922  7.0708  7.1813
SPT® g =0 129719 158075 16.8220 9.1086  10.1806 10.5209  6.6994  7.0730  7.1819
EPT® ¢ =0 129802 158136 16.8237 9.1167 10.1833 10.5216  6.7073  7.0754  7.1826
HPT® ¢ =0  13.6482 16.0906 16.9044 92238 102228 10.5326  6.6669  7.0629  7.1792
CCCC Model I® & =0  13.0716 158553 16.8365  9.1520  10.1974 10.5257  6.7161  7.0785  7.1835
Model 20 ¢, = 13.0640 15.8532 168360  9.1467  10.1958 105252  6.7091  7.0764  7.1829
T =0 13.0857 15.8602 168379 9.1587 10.1996 10.5263  6.7227 _ 7.0805  7.1840
proen | Ct=005 136146 163891 173668 9.6876  10.7285 11055l 72515 7.6094 77129
T, =01 141435 169180 17.8956 102165 112573 11.5840  7.7804  8.1383  8.2417
co=1 236632 264377 274154 197362 20.7771 21.1038  17.3001  17.6580 17.7615
FPT® ¢, =0  10.8802 124597 129692 7.6668 82896 84768 58071  6.0450  6.1130
TPT® ¢ =0  10.8866 124603 12.9692  7.7464 83154 84837 58704  6.0641  6.1180
SPT® 5 =0  10.8906 12.4613 12.9695 7.7493 83163 84840 58742  6.0652  6.1183
EPT® g =0 109001 124644 129703 77536 83176 84843 58783  6.0663  6.1186
HPT® ¢ =0 112895 12.6060 13.0096  7.8139 83374 84896 58572  6.0602  6.1170
CSCS  Model 1® ¢, = 109052 124673 129712 77552 83183 84846 58764  6.0659  6.1185
Model 20 & =0 109012 124662 129709 77523 83175 84843 58726  6.0648  6.1182
& =0 109131 124698 129719 7.7588  8.3194 84848 58799  6.0669  6.1188
proey | C=005 113538 129105 134126 81996 87601 89256 63206 65076 65595
T, =01 117945 133512 13.8533  8.6403 92009 93663 67613  6.9483  7.0002
T =1 19.7276  21.2843 217865 165734 17.1340 17.2994 14.6944 14.8814 14.9333
FPT® ¢, =0  12.7243 154988 164857 88365 9.9698 103370  6.5105 69555  7.0900
TPT®  § =0 127398 155004 164858 89755  10.0199 103509  6.6256  6.9929  7.1000
SPT® 5 =0 127474 155026 164864 89808  10.0215 103514  6.6326  6.9950  7.1006
EPT®  § =0 127642 155085 164880 8.9886  10.0241 103521  6.6402  6.9974  7.1012
HPT® ¢ = 134052 157773 16.5662  9.0927  10.0624 103627  6.6010  6.9853  7.0980
CCSS Model I® & =0 129080 155750 16.5080  9.0485  10.0467 10.3584  6.6581  7.0033  7.1028
Model 20 & =0 129010 155729 165074 9.0435  10.0451 10.3580  6.6514  7.0013  7.1023
T =0 129215 155796 165092 9.0550  10.0487 103590  6.6644  7.0052  7.1033
proen | Ct=005 134782 161363 170659  9.6117  10.6054 109157 72211 7.5619  7.6601
T, =01 140350 16.6930 17.6227 10.1684 11.1621 114724  7.7778  8.1186  8.2168
To=1 240557 267138 27.6434 20.1892 21.1829 214932 17.7986  18.1394  18.2375
FPT® ¢, =0 106131 12.0668 125311 75143  8.0853 82557 57275 59451  6.0069
TPT®  © =0 106189 120673 125311 7.5876  8.1089 82620 57856  5.9624  6.0114
SPT® g =0 106225 12.0683 12.5314  7.5902  8.1096 82622 57891 59634  6.0117
EPT® g =0 106312 120711 125321 75942  8.1108 82625 57928 59645  6.0120
HPT® g =0 109920 122004 125678  7.6497  8.1280 82674 57735 59589  6.0105
CSSS Model I® & =0  10.6425 12.0761 12.5336  7.5981  8.1123 82630 57919 59643  6.0120
Model 20 & =0  10.6389 120752 125334 75955  8.1116 82628 57885 59633  6.0117
T.=0  10.6497 120784 125342 7.6015  8.1133 82632 57951 59652  6.0122
proent G =005 111262 125549 130107 80779 85898 87397 62716 64417  6.4887
T, =01 11.6026 13.0313 134871 8.5544  9.0662 92162 67480 69182  6.9651
To=1 201790 21.6077 22.0635 17.1307 17.6426 17.7925 15.3244 15.4945  15.5415
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k=0 k = 05 k = 3.5

B.C. Theory C a/h =5 10 20 i/hs 10 20 i/}; 10 20
FPT® T =0 75245 79088 80175 57741 590182 59575 48112 48643 4.8784
TPT® & =0 75252 79089  8.0175 57935 59237 59590  4.8259 4.8683 4.8795
SPT® & =0 75261 79091  8.0175 57942 59239 59590  4.8267 4.8685 4.8795
EPT® & =0 75284 79097  8.0177 57952 59242 59591  4.8277 4.8688  4.8796
HPT® & = 76317 7.9407  8.0258 58101 59284 59602  4.8229 48675 4.8792
SSSS  Model I® ¢, = 75261 7.9091 80175 57942 59239 59590  4.8267 4.8685 4.8795
Model 20 &, =0 75253 7.9089  8.0175 57936 59238 59590  4.8259 4.8684  4.8795
5. =0 75281 7.9097 80177 57951 50242 50591  4.8276 4.8688 4.8796
Present G.=005 82332 86148 87229 65003  6.6294  6.6643 55327 55740 5.5848
T, =01 8938 93200  9.4280 7.2054  7.3345 73695 62379 62791  6.2899
&= 216314 220130 221210  19.8984  20.0275  20.0624  18.9309 189721 18.9829

ah

ah

Fig. 4 The variation of non-dimensional Critical buckling N versus the gradient index k for different values of damping
coefficient of the (1-1-1) FGM sandwich square plates with various boundary conditions
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Fig. 5 Critical buckling Nversus the ratio a/h of the (1-1-1) FGM sandwich square plates resting on Visco-Pasternak’s
elastic foundation with various boundary conditions for different values of damping coefficient.

elastic foundation, the results for dimensionless critical
buckling load N are presented for square plate simply
supported on a visco-Pasternak foundation. The results are
compared with those of Sobhy (2013) and of Ait Amar
Meziane et al. (2014) in the case where the viscosity effect
is neglected (C; = 0). It is observed that the results agree
closely.

However, it is seen that the critical buckling load N of
the plate is very sensitive to the inclusion of the viscosity
effect. The critical buckling load N are increasing with the
increase of the parameters K, , K¢ and Ty.

Table 4 contain dimensionless critical buckling load of
the (1-1-1) EGM sandwich plate resting on two-parameter
elastic foundations under various boundary conditions. The
obtained results are compared with those reported by Sobhy

(2013) and Ait Amar Meziane et al. (2014) using both
model 1 and model 2 for different values of the side-to-
thickness ratio a/h and inhomogeneity parameter k. It can be
seen that the results obtained in this study using an efficient
and simple theory of refined shear deformation are in good
agreement. A decrement for the critical buckling load can be
clearly observed with the increase of the parameter k. The
results are maximum for the free-clamped plates and
minimum for the simply supported plates.

In addition to that the critical buckling load of a (1-1-1)
EGM sandwich plates with various boundary conditions
resting on a visco-Winkler foundation is presented in Table
4. The results obtained in the case where the damping
coefficient T, is zero, are compared with those given by
Sobhy (2013) and Ait Amar Meziane et al. (2014). It is
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Fig. 6 Effect of damping coefficient for various values of the inhomogeneity parameter £ on the non-dimensional critical
buckling N of the (1-1-1) FGM sandwich square plates with various boundary conditions.

observed that when the viscosity term is omitted, a good
agreement between the results is remarked. However, the
introduction of the viscosity term increases the critical
buckling load because of the damping effect.

Fig. 4 present the variation of the non-dimensional
critical bucklingNversus the gradient index k for different
values of damping coefficient of the (1-1-1) FGM sandwich
square plates with various boundary conditions. The
thickness ratio of the plate is considered equal to 10.

It can be observed that increasing the inhomogeneity
parameter k leads to a reduction of critical buckling load.
This behavior can be attributed to the fact that higher
inhomogeneity parameter k corresponds to lower volume
fraction of the ceramic phase. However, the increases of

the damping coefficient decrease critical buckling loads N.
The buckling loads Nof the (1-1-1) FGM sandwich
square plate resting on Visco-Pasternak’s elastic foundation
with various boundary conditions for different values of
damping coefficient are illustrated in Fig. 5 it is noted that
N increase gradually as the side-to-thickness ratio a/h
increases. The results of the simply-supported sandwich
plate are less than that of the clamped—clamped and free—
clamped sandwich plate. For the EGM sandwich plate with
intermediate boundary conditions, the results take the
corresponding intermediate values. Again, the increases of
the damping coefficient increase critical buckling loads N.
Fig. 6 shows the critical buckling loads N of the (1-1-1)
FGM sandwich square plates under various boundary
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Fig. 7 Critical buckling load N versus the side-to-thickness ratio a/hand various types of FGM sandwich square plates
resting on Visco-Pasternak’s elastic foundation with various boundary conditions

Fig. 8 Critical buckling N versus the gradient index k and various types of FGM sandwich square plates resting on Visco-
Pasternak’s elastic foundation with various boundary conditions
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Fig. 9 Critical buckling N versus the damping coefficient and various types of FGM sandwich square plates resting on
Visco-Pasternak’s elastic foundation with various boundary conditions

Fig. 10 Critical buckling N versus the different values of & and various types of FGM sandwich square plates resting on
Visco-Pasternak’s elastic foundation with various boundary conditions
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conditions versus the damping coefficient ¢, for different
values of the inhomogeneity parameter 4. It is observed that
the increase of damping coefficient ¢, leads to an increase
of the critical buckling loads N of the FG sandwich plate.

Fig. 7 displays the critical buckling load N versus the
side-to-thickness ratio a/h for different boundary conditions
resting on visco-Pasternak foundation is presented.
Different layer configurations are employed for multi-
layered FGM plates. It can be seen that the critical buckling
load N increases monotonically as a/h increases.

Fig. 8 presents the variation of the non-dimensional
critical buckling loads N versus the gradient index k for diff
erent values of damping coefficient. Different layer
configurations are employed for multi-layered FGM plates
with various boundary conditions. The thickness ratio of the
plate is considered equal to 10. It can be observed that incre
asing the inhomogeneity parameter k leads to a reduction of
critical buckling load. This behavior can be attributed to the
fact that higher inhomogeneity parameter k corresponds to |
ower volume fraction of the ceramic phase.

Fig. 9 presents the variation of the non-dimensional
critical buckling loads N versus the damping coefficient c,
of the various layer configurations for multi-layered FGM
sandwich plates with various boundary conditions. The
thickness ratio of the plate is considered equal to 10. It is
observed that the increase of damping coefficient ¢, leads to
an increase of the critical buckling loads N of the FG
sandwich plate.

Fig. 10 presents the variation of the non-dimensional
critical buckling loads N for different values of & for
various layer configurations for multi-layered FGM
sandwich plates with various boundary conditions. The
thickness ratio of the plate is considered equal to 10. It is
observed that the increase of ¢ leads to decrease the critical
buckling loads N of the FG sandwich plate.

5. Conclusions

A simple trigonometric shear deformation model for
buckling response of FG sandwich plates resting on visco-
Pasternak foundations with different cases of boundary
conditions is presented. The model contains only four
unknown variables, satisfies the zero traction boundary
conditions at the plate’s surfaces without requiring a shear
correction factor. The accuracy of the proposed formulation
is proved by comparing it with existing solutions. The
following conclusions may be drawn from the present
analysis:

1. Excellent agreement was observed in all cases where
the viscosity effect is omitted.

2. The inclusion of the viscosity effect makes a plate
stiffer, and hence an increase of critical buckling
loads N.

3. The critical buckling load N are increasing with the
increase of the parameters K, , K and T;.

4. A decrement for the critical buckling load can be
clearly observed with the increase of the parameter .
The results of the simply-supported sandwich plate are

less than that of the clamped-clamped and free-
clamped sandwich plate.
5. The critical buckling load N increases monotonically
as a’/h increases.
6. The increase of &= Ny/Ny leads to decrease the

critical buckling loads N.
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