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1. Introduction 
 

When the ambient temperature changes, the whole 

structure or each part will shrink and expand with the 

increase or decrease of temperature. This kind of external 

factors that cause the change of structure temperature field 

is temperature load. As a kind of basic structure, the circular 

plate structure is widely used in engineering practice. Under 

the action of various loads, different geometric parameters 

and boundary conditions will produce different dynamic 

responses to the plate structure. If the change of ambient 

temperature is further considered, its response will become 

more complex. The temperature field will cause the circular 

plate structure to produce temperature stress, which will 

affect the vibration characteristics of the plate structure. For 

the circular plate, the change of its surrounding temperature 

will cause obvious temperature stress in the circular plate, 

which will cause the beam to produce temperature stress 

and strain. In structural design, temperature effect is 

inevitable. Therefore, it is very meaningful to study the 

wave propagation of circular plate structures in thermal 

environment. 

The main physical parameters of functionally graded 

(FG) materials often change uniformly along the thickness 

direction (Zenkour and Radwan 2019, Dehrouyeh-Semnani 

et al. 2019, Ahmadi 2019, Akgoz and Civalek 2017, Zhang 

et al. 2021, She et al. 2021, Lu et al. 2021, Amar et al. 

2018, Anirudh et al. 2020, Eltaher et al. 2018, Malikan et 

al. 2020, Faghidian 2016, 2017, Zenkour 2018, Heydari et 

al. 2018, Barretta et al. 2020, Jalaei and Civalek 2019, 

Zhang and She 2022, Zhang et al. 2022, Zhao et al. 2022, 

Ding and She 2021, Xu and She 2022). Due to the 

asymmetry of FG materials, the physical neutral surface 

concept is proposed as a new concept (Van-Loi et al. 2021,  
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Babaei and Eslami 2020, Faleh et al. 2018, Attia and 

Mohamed 2020a, b, Zouatnia et al. 2017). For 

homogeneous materials, the physical neutral surface is at 

the same position as the geometric midplane of the 

structure. However, for FG materials, when the physical 

neutral surface concept is introduced, compared with the 

vibration equation based on the geometric midplane, the 

vibration equation based on the physical neutral surface 

concept does not have tension bending coupling effect, and 

the expression form of control equation and boundary 

condition is simpler, and the solution process is simpler. For 

example, with the help of the physical neutral surface 

concept, Babaei and Eslami (2021) used the nonlocal strain 

gradient theory to analyze the nonlinear bending behavior 

of FG shells. Considering the effect of hardening elastic 

foundations, Van-Loi et al. (2021) studied the bending 

behaviors of FG plates. Taking the consideration of 

pre/post-buckled state and modified couple stress models, 

Attia and Mohamed (2020a) discussed the vibrations of the 

bi-directional tapered beams consist of FG materials. Attia 

and Mohamed (2020b) also investigated thermal 

postbucking of a bi-directional tapered FG beam. Babaei et 

al. (2019) used non-classical theory to analyze the nonlinear 

vibration behavior of FG shells. Radic (2018) discussed FG 

plate with porosities using various theories. Arefi et al. 

(2018) analyzed the static bending of the FG plates using a 

new model. Kumar et al. (2018) studied the free vibration 

analysis of FG plates via dynamic stiffness technique. She 

et al. (2022) discussed the guided wave propagation of 

porous FG square plates incorporating thermal effects. She 

et al. (2022) discussed the wave propagation in an FG 

circular plate, however, they do not consider the thermal 

effects. Sun and Luo (2012) discussed the wave propagation 

and transient response of FG plates subjected to a point 

impact loads. Zhang and Zhou (2015) discussed the 

nonlinear bending of FG circular plates based on physical 

neutral surface concept. Based on a quasi-3D refined theory, 

Zenkour (2018) studied the vibration of FG sandwich plates 

with porosities resting on elastic foundation subjected to  
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thermal environment. Zouatnia et al. (2017) applied a 

refined hyperbolic shear deformation theory to analyze the 

bending of FG beams via the neutral surface concept. 

Ahmadi et al. (2019) presented the nonlinear resonance of 

spiral stiffened FG cylindrical shells resting on damping 

and nonlinear elastic foundations. Akgöz and Civalek 

(2017) investigated the effects of thermal and shear 

deformation on free vibration of FG thick microbeams 

using various beam theories. Amar et al. (2018) used a new 

four-unknown refined theory to study the size-dependent 

bending and vibration analysis behaviors of FG micro-plate. 

Anirudh et al. (2020) presented the nonlinear bending of 

porous curved beams reinforced using the finite element 

approach. Arefi et al. (2018) used physical neutral surface 

concept to analyze FG piezoelectric plates. Ghayesh 

(Ghayesh 2018a, b, 2019) published some papers which 

discussed the nonlinear vibrations of axially FG beams 

using Euler, Timoshenko and higher-order shear 

deformation beam theories. 

She et al. (2022) discussed the wave propagation in FG 

circular plates, however, they do not consider the thermal 

effects. This work is extended to the case of the wave 

propagation of FG circular plates in thermal environment. 

However, when the temperature rises, the whole structure or 

each part will expand with the increase of temperature. 

Therefore, it is necessary to consider the temperature effect. 

In this paper, we have simplified the temperature field, 

considered the uniform temperature field, studied the 

propagation characteristics of bending waves in the circular 

plate, we assumed that the elastic modulus and thermal 

expansion coefficient of FG materials are functions of 

temperature, and finally analyzed different factors on the 

propagation characteristics of bending waves in the circular 

plate, We find that the temperature field has a very 

significant effect on the bending wave of in FG circular 

plates. 

 

 

2. Mathematical model 
 

In order to facilitate the establishment of the 

mechanical model, we establish the coordinate system as 

shown in Fig. 1. In the following analysis, we assume that 

the elastic modulus E(Z,T), density ρ (Z) and thermal 

expansion coefficient α (Z,T) of the FG circular plate only 

change continuously along the thickness direction of the 

plate, and Poisson's ratio μ=0.3. According to the relevant 

knowledge of material mechanics and elasticity, when we 

study the pure bending problem of FG structure, we will 

find that, the normal strain and normal stress of FG 

structure are equal to 0, and this plane is the so-called 

physical neutral surface, and the distance between the 

physical neutral surface and the geometric mid-plane is 

expressed by z0, and (Zhang and Zhou 2015, She et al. 

2022) 
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From Eq. (1), we can see that for the structure 

symmetrical along the thickness direction, z0= 0. 

 

 

Fig. 1 An FG circular plate (Zhang and Zhou 2015) 

 

 

In addition, we should note that z0 is only related to the 

elastic modulus of FG material, and the elastic modulus is a 

function of temperature and thickness Z. In this paper, the 

FG material used is made of Si3N4 and SUS304, as shown 

in Table 1. From Table 1, we can see that the elastic 

modulus and thermal expansion coefficient of Si3N4 and 

SUS304 are closely related to temperature T, and have the 

following relationship expression (Reddy and Chin 1998, 

Ding et al. 2022) 

 1 2 3

0 1 1 2 31mP P P T PT PT PT

      (2) 

In this paper, the classical power function is used to 

represent the elastic modulus E(Z,T) and thermal expansion 

coefficient α (Z,T), and (She et al. 2017, 2022) 
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(3) 

The effect of temperature on density ρ(Z) can be 

ignored, and (She et al. 2017, 2022, Chen et al. 2022) 
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 (4) 

in which, N is the functionally graded index, β is the 

porosity volume fraction. In addition, in this paper, for the 

convenience of calculation, Poisson's ratio μ=0.3. 

At present, there are many literatures neglected the 

influence of porosity volume fraction on material 

properties. In that case, Eqs. (3) and (4) become 
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In the previous article of the authors, we studied the 

influence of temperature change ΔT and functionally graded 

index N on z0, as shown in Fig. 2. From the figure, we can 

see that with the increase of the functionally graded index 

N, z0 is an increasing function of N within a certain interval, 

followed by a decreasing function of N. In addition, the 

greater the temperature T, the greater the z0 is, which shows 

that the position of the neutral axis z0 is significantly 

affected by the functionally graded index N and temperature 

change ΔT, which cannot be ignored in the process of 

analysis and modeling. 

Based on the physical neutral surface concept and first-

order shear deformation plate theory, the displacement field 

has the following forms (Zhang and Zhou 2015, She et al. 

2022) 
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Where, '( , , )RU R Z t  and '( , , )zU R Z t  are the radial 

displacement and transverse displacement of the circular 

plate, '( , )W R t is the deflection of the plate,  stands for the 

rotation along the R direction.  

According to the linear geometric relationship, the 

expression of strain can be obtained (She et al. 2022) 

 

 

 

0
0

/2

0 /2

/2

/2

,
=

,

R
R

h

h

h

f
h

UU
Z z

R R R

ZE Z T dZU
Z

R RE Z T dZ








 
   

  

 
   

   
 





 
(8) 

 

 

 

0
0

/2

0 /2

/2

/2

,

,

R

h

h

h

h

UU
Z z

R R R

ZE Z T dZU
Z

R RE Z T dZ










   

 
   
  
 





 

.R Z
RZ

U U W

Z R R
 

  
   

  
 

Considering thermal effect, the relationship between 

stresses and strains are 
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Herein, 5/62  is the shear correction factor. 

These internal forces have the following definitions 
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With the help of Eqs. (6)-(9), Eq. (10) becomes 
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Table 1 Material properties of Si3N4 and SUS304, from Reddy and Chin (1998) 

Materials Proprieties P0 P-1 P1 P2 P3 

Si3N4 𝐸𝑐(Pa) 348.43e+9 0.0 -3.070e-4 2.160e-7 -8.964e-11 

 α𝑐 (1/K) 5.8723e-6 0.0 9.095e-4 0.0 0.0 

 ρ𝑐(Kg/m
3) 2370 0.0 0.0 0.0 0.0 

SUS304 𝐸𝑚(Pa) 201.04e+9 0.0 3.079e-4 -6.543e-7 0.0 

 α𝑚 (1/K) 12.33e-6 0.0 8.086e-4 0.0 0.0 

 ρ𝑚(Kg/m
3) 8166 0.0 0.0 0.0 0.0 
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After arrangement, one has 
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Using Hamilton variational principle, we can derive the 

motion equation of FG circular plate as follows 
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Using Eq. (16), Eq. (24) becomes 
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After arrangement, we can obtain 
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Considering the following initial conditions (Sun and 

Luo 2012, She et al. 2022) 

0 0
0, 0

t t 
 U U  (30) 

Herein， T[ , , ]u wU , Using the Laplace integral 

transformation, the first order Hankel integral 

transformation and the zero order Hankel integral 

transformation, the expression of phase velocity, group 

velocity for the bending wave can be found. 

 

 

3. Numerical analysis 
 

Fig. 3 shows the influence of the functionally graded 

index N on the propagation characteristics of bending 

waves in an FG circular plate. During calculation, 

=0, 0.T   Through comparison, the results of this study 

are completely consistent with She et al. (2022), which 

verifies the correctness of this study. 

In the following analysis, the adopted materials are 

Si3N4 and SUS304, as shown in Table 1. 

Because the difference between the present paper and the 

previous work is that the effect of temperature changes T  

is taken into account. So, it is important to study the effect 

of temperature changes T in the following analysis. In 

Fig. 4, we studied the effect of temperature changes 

=(0,400K,600K,800K)T on the phase- and group- 

velocity of bending waves. It can be seen that the phase 

velocity is a monotone increasing function of wave number, 

 

 

 
Fig. 2 Effect of temperature and functionally graded index 

N on the value z0 (She et al. 2017) 

 
Fig. 3 Comparison of wave propagation of FG circular pl

ate ( =0, 0T   ) with She et al. (2022) 

 

 
(a) Phase velocity 

 

(b) Group velocity 

Fig. 4 Effect of temperature changes ( )T K  on wave 

propagation of FG circular plates (N=3, β=0.1) 

 

 

whiles the group velocity is not a monotone increasing 

function of wave number. In addition, we can also see that 

the phase and group velocity decrease correspondingly as 

the temperature rises. This is because the increase of 

temperature will reduce the elastic modulus and density of 

FG circular plate, thus reducing the bending stiffness of the 

circular plate, thus reducing the wave propagation velocity. 

Therefore, when FG material is at high temperature, the 

effect of temperature on wave propagation cannot be 

ignored. If the effect of temperature is ignored, it will 

inevitably lead to wrong results. 
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(a) Phase velocity 

 

(b) Group velocity 

Fig. 5 Effect of functionally graded index N on wave 

propagation of FG circular plates ( =300KT , β=0.1) 

 

 

(a) Phase velocity 

 
(b) Group velocity 

Fig. 6 Effect of porosity volume fraction β on wave 

propagation of FG circular plates ( =300KT , N=3) 

In Fig. 5, we studied the influence of the functionally 

graded index N on the phase velocity and group velocity of 

wave propagation. From the figure, we can see that the 

functionally graded index N has a very significant impact 

on velocities. With the continuous increase of N, the 

propagation velocity of the phase velocity and group 

velocity decreases significantly. This is because, with the 

increasing of N, the volume fraction of SUS304 contained 

in FG material is increasing, and the volume fraction of 

Si3N4 is decreasing, while the elastic modulus and Poisson's 

ratio of SUS304 are smaller than those of Si3N4. Therefore, 

with the increasing of N, the stiffness of the circular plate 

will decrease. So, like the effect of temperature rise, in the 

process of wave propagation, both phase- and group- 

velocity decrease. 

In Fig. 6, we studied the effect of porosity volume 

fraction β on bending wave, it can be seen that β has a 

significant impact on the wave propagation, with the 

increasing of porosity volume fraction β, the propagation 

velocity of phase velocity and group velocity decreases 

significantly. This is because, with the constant increase of 

porosity volume fraction β, the more pores in FG material, 

the stiffness of the circular plate will decrease. Therefore, 

like the effect of temperature rise, the velocity will decrease 

in the process of wave propagation. 

 

 

4. Conclusions 
 

Considering temperature changes and porosity, based on 

the physical neutral surface concept, we studied the 

propagation characteristics of bending waves in FG circular 

plates. The following conclusions can be drawn for this 

paper: 

(1) The phase velocity is a monotone increasing function 

of wave number, whiles the group velocity is not a 

monotone increasing function of wave number.  

(2) The phase- and group- velocity decrease as the 

temperature rises. This is because the increase of 

temperature will reduce the bending stiffness of the 

circular plate. 

(3) With the continuous increase of N, the wave velocity 

decreases significantly. 

(4) With the increase of porosity volume fraction β, the 

propagation velocity decreases significantly. 
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