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1. Introduction 
 

Subsoil is usually an inhomogeneous distribution, and 

the underlying stratum is generally inclined bedrock. Pile 

composite foundation (PCF) with dissimilar pile lengths has 

drawn great attention in engineering and has been widely 

applied in ground treatments to reduce differential 

foundation settlement (Qu and Ding 2021, Yu and Zhou 

2020, Abdrabbo and El-wakil 2015). For dissimilar PCFs 

resting on inclined and rough rigid bedrock, the analysis of 

critical parameters, such as the pile-soil load sharing ratio, 

total stiffness, and differential settlement, should be more 

realistic in practice but also more difficult to handle. The 

settlement control criterion has been extensively adopted 

for foundation designs in several design specifications and 

research to date (Zhang and Huang 2018, GB50007- 2011). 

Therefore, it is imperative to understand the effects of 

inclined bedrock on the critical parameters of dissimilar 

PCFs based on elasticity theory. 

The performance of PCFs or pile foundation has been 

achieved primarily from field load tests (Zhang and Gong 

2021, Bai and He 2006) and the finite element method (Ma  
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and Mou 2021, Hassona and Moussa 2022, Saeedi and 

Rasouli 2018) in many engineering cases. However, field 

data for large composite foundations cannot often be readily 

obtained. Considering the settlement-based control criterion 

for foundation designs, many analytical methods based on 

elasticity theory, such as the shear displacement method 

(Huang and Liang 2011), load transfer method (Kodikara 

and Johnston 1994), simplified method (Yang and Zhang 

2011, Kitiyodom and Matsumoto 2002), and variational 

approach (Shen and Chow 2000, 1999), have been used to 

analyze the behaviors of PCF and piled raft systems. Elastic 

theory has been gradually developed and summarized as a 

theoretical analysis system for pile foundation and included 

in national design codes (JGJ94- 2008). However, the shear 

displacement method is not directly suitable for composite 

foundation analyses as variations in the vertical stress to 

depth are ignored. The elasticity method given by Poulos 

and Davis (1980) tends to exaggerate interactions between 

piles. Then, integral equation methods based on the 

superposition principle (Banerjee and Davies 1978, Liang 

and Chen 2009, Chen and Song 2011, Liang and Song 2014) 

and rigorous boundary element method (BEM) (Kuwabara 

1989, Butterfield and Banerjee 1971a, b) have been adopted 

to reasonable account for the enforcement and shielding 

effects of neighboring piles. It is noted that these existing 

methods consider horizontal layered or semi-infinite soil 

stratum conditions (Randolph and Wroth 1979). For 

dissimilar pile lengths, Wong and Poulos (2005) presented a 
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simplified method to approximate settlement interaction 

factors between dissimilar piles. For inclined bedrock, Han 

and Jiang (2011) investigated the influence of the inclined 

angle and embedded depth of bedrock on the bearing 

capacity and settlement of shallow foundations. 

Fatolahzadeh and Mehdizadeh (2020) obtained a modified 

bearing capacity equation for shallow foundation on 

inclined bedrock. The effects of the inclined bedrock on 

dissimilar PCFs have not been widely considered. 

In this paper, the BEM based on elastic theory is 

established by extending the approach of Muki and 

Sternberg (1970). The response of vertically loaded PCFs 

with dissimilar lengths embedded over inclined bedrock is 

analyzed. First, the pile-soil system is decomposed into 

fictitious piles and extended soil and divided into m square 

elements based on the pile diameters. The second Fredholm 

integral equation about axial strain of the fictitious piles is 

then established considering the compatibility of the axial 

strain between the fictitious piles and extended soil, which 

is based on Mindlin’s solutions and the superposition 

principle. After that, the vertical stiffness of each element is 

obtained by considering the boundary condition of the 

bedrock position. Finally, an iterative procedure is induced 

to calculate the PCF characteristics with a rigid cap. Two 

field load tests of single pile and solutions from previous 

research are considered to verify the proposed method. 

Comprehensive parameter analyses considering the 

influence of the length-diameter ratios of the pile l/d, pile-

soil stiffness ratios k (k=Ep/Es), inclined angle α, and 

distance between the bedrock and pile bottom Δ are used to 

estimate the non-dimensional vertical stiffness N0/wdEs, 

differential settlement of pile-soil system, the load sharing 

ratios of each element. Compared with rigorous approaches, 

the proposed method is suitable to analyze large PCF 

embedded inclined bedrock due to its computational 

efficiency. 

 

 
2. Analysis method 

 

The proposed method extends the BEM to dissimilar 

PCFs with a rigid cap embedded over an inclined bedrock. 

The settlement-based control criterion for foundation design 

often places the piles and soil in an elastic state under 

working conditions. Therefore, the following assumptions 

are made: (1) There is no slippage at the pile-soil interface; 

(2) only linear elastic properties of the soil are considered; 

and (3) there are only vertical forces transmitted between 

the composite foundation and cap under vertical loads. 

 

2.1 Analytical model 
 

The typical PCF composed of n (n=n1×n2) dissimilar 

circular piles with diameter d embedded over inclined 

bedrock is shown in Fig. 1. The n1 and n2 are the numbers 

of rows and columns for the pile layout, respectively, s is 

the center-to-center distance of neighboring piles, B 

indicates the clear overhang width of the cap as extended 

from the outer piles, and Es and Ep are the Young’s moduli 

of the soil and piles. respectively. Poisson’s ratio for the soil  

 

Fig. 1 System of dissimilar PCFs 

 

 

Fig. 2 Decomposition system for the analytical model 

 

 

and piles are assumed to be the same and equal to ν to 

simplify the analysis. The total vertical load is set to N0. 

The composite foundation system is partitioned into m 

square units based on the pile diameter. It is noted that n 

square units are occupied by the pile elements, and the 

remaining m-n square units are the soil elements. The li and 

Δi denote the length of pile i and the distance between the 

bedrock and the bottom of pile i, and hr= li+Δi. 
For square units, the vertical loading acting at the i-th 

pile head and k-th soil unit head are expressed as Pi(0) and 

Qk(0) (i=1,2,…,n, k=n+1,n+2,…,m), respectively. 

Following the method proposed by Muki and Sternberg 

(1970), the pile-soil system is decomposed into extended 

soil and fictitious piles (Fig. 2). The  *

iP z  and qi(z) are the 

axial force and shaft resistance of the i-th fictitious pile at a 

depth z. Then, the load acting at the extended soil is 

obtained by considering the interaction force between two 

decomposed systems. For instance, the  * 0iP  and  *

i

jP l  

are the axial force of the i-th fictitious pile head and bottom, 

and    *0 0i iP P  and Qk(0) are the axial forces of the i-th 

and k-th extended soil unit head. 

 
2.2 Fictitious piles 

 

For fictitious piles, the stress-strain equation, 

equilibrium equation, and strain-displacement relationship 

of the i-th fictitious pile unit are determined based on 

elasticity theory as follows 
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 
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i

i
dw z

z
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  ( 0 iz l  , 1,2, ,i n ) 

(3) 

where  *

i z ,  *

iw z , and A denote the axial strain and 

settlement at a depth z and cross-sectional area for the i-th 

fictitious pile unit, respectively; and 
*E  is the Young’s 

modulus of the fictitious pile unit and can be expressed as 

= p sE E E  . 

 
2.3 Extended soil 

 

For the extended soil,  r

z z ,  r

z z  and  r

zw z  

represent the vertical stress, vertical strain, and settlement in 

region Π(z) at the position of the r-th (r=1,2,…,m) extended 

soil unit, which can expressed by the superposition 

principle as follows. 
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(6) 

where  ,rj

z z  ,  ,rj

z z  , and  ,rj

zw z   are the influence 

coefficient of the average vertical stress, vertical strain, and 

settlement of the extended soil in region Π(z) at the r-th unit 

due to the uniform distribution and unit load in region Π(ξ) 

at the j-th fictitious pile unit, respectively. 

Calculations of the stresses and displacements in layered 

elastic systems are important in engineering analyses and 

designs. Solutions to the stresses and settlements in two 

horizontal layered systems were derived by Burmister 

(1945). The pile-soil-raft interactions were determined 

through the modified Mindlin solutions (Mindlin 1936) 

based on the Steinbrenner approximation by Kitiyodom and 

Matsumoto (2003). The stresses and displacements within 

an elastic layer as underlain by a rough rigid base were also 

evaluated numerically by Poulos (1967), which showed that 

the discrepancy is not significant except for shallow layers 

with μ=0.5 compared with a semi-infinite mass. Butterfield 

and Banerjee (1971a, b) found negligible effects on the load 

sharing and load displacement behavior of pile groups 

without considering the radial displacement compatibility at 

the pile-soil interface for compressible piles. More 

importantly, the integral of Bessel functions should be 

considered for all analytic solutions of stresses and 

displacements in horizontal layered elastic systems, which 

is not easy for practical engineering designs. For inclined 

bedrock, there is no existing analytic solution for stresses 

and settlement. Therefore, the vertical stress and settlement 

influence coefficients are derived by integrating Mindlin’s 

solutions directly for simplification. Then, the vertical strain 

can be attained from the differential settlement influence 

solution. 

A finite jump exists at z=ξ for  ,ii

z z   and  ,ii

z z  . 

The  ,rj

z z  ,  ,rj

z z  , and  ,rj

zw z   can be derived by 

combining Eqs. (2) and (4)-(6) as follows. 
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z zz z z z A     are obtained from the 

generalized Hook’s law and equilibrium equation, 

respectively. 

 

2.4 Governing integral equations 
 

The governing equation is established by imposing the 

strain average compatibility at corresponding depths 

between the fictitious piles and extended soil. 
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(10) 

This is known as the Fredholm integral equation of the 

second kind, where the axial forces of the fictitious pile are 

the unknown parameters. Once the vertical load of all unit 

tops is known, a definite solution can be obtained and the 

load transfer mechanism and settlement characteristics for 
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the pile group without a raft or pile group with an absolute 

flexibility cap can be analyzed directly. 

 

2.5 Analytical solution 
 

Once the axial forces of all fictitious piles  *

iP z  

(i=1,2,…,n) have been calculated, the real axial force of all 

units Pr(z) (r=1,2,…,m) can be expressed as the difference 

between  *

iP z  and  r

z z A  
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(11) 

The loading of each unit top Pr(0) can be obtained by 

supposing z=0 in Eq. (11). The settlement of pile units 

 i

pw z  are coincident with the extended soil in the 

corresponding position  r

sw z , which means that when r=i, 

we have 

   =i r

p sw z w z    (r=i) (12) 

Thus, the effect of the underlying inclined bedrock on 

settlement is now considered. It is reasonable to assume 

there is no settlement at the bedrock position for each unit, 

so the real settlement at a finite soil of depth hr for the r-th 

unit can be written as 

      =r r r

s s rW z w z w h    (r=1,2,…,m) (13) 

The surface settlement of each unit Wr(0) can be written 

by supposing the z=0 in Eq. (13). 

 

2.6 Numerical solution 
 

For the pile group or PCF with a rigid cap, the vertical 

load of each unit top is unknown. Thus, the governing Eq. 

(10) cannot be solved directly, and supplementary equations 

are needed. For the rigid cap, the average settlement wave 

and inclination slope θ of the cap should be compatible with 

the surface settlement of each unit W r(0). Then, we have 

 0r

aveW w   Ω    (r=1,2,…,m) (14) 

where Ω is the location matrix of each element and can be 

readily obtained from the coordinate system. 

Enforcing static equilibrium conditions between the 

pile-soil-cap system indicates that the total load of all unit 

tops should be equal to the vertical load N0 as 
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(15) 

The axial forces of the fictitious pile  *

iP z  can be 

solved by combining Eqs. (10), (14), and (15). Then, the 

axial forces and settlement of each unit along the depth can 

be obtained. 

Solving the governing integral in Eq. (10) is the key step 

toward a reasonable solution. The methods to solve the 

Fredholm integral equation of the second kind can be 

classified into five categories: analytical and semi-analytical 

methods, kernel approximation methods, projection 

methods, quadrature algorithms, and Volterra and initial 

value methods (Golberg 1979). The numerical integration 

to transform the integration into algebraic equations is a 

common and relatively simple approach. The main 

processes are given as follows. Suppose all units are divided 

into small segments where sr is the total node number of the 

r-th unit. Then, the total node number for n pile units is 
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and for all units is N=N1+N2. 

Obviously, the small segment length is a vital parameter 

for the finally analysis results. It is well known that the 

numerical solution for Fredholm integral equation of the 

second kind is relative stable (Golberg 1979). Liang (2009, 

2014) has proposed that computational efficiency and 

accuracy can meet requirements when the ratio of small 

segment length to pile diameter less than 0.5. Therefore, the 

small segment length is chosen 0.2 times pile diameter in 

this paper. 

The zα (α=1,2,...,sr) denotes the depth of the selected 

nodes in the r-th unit. Thus, Eq. (10) can be rewritten as 
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(16) 

The meaning of index χ is the same as index α. Eq. (16) 

shows algebraic equations and should be transformed into 

an expanded algebraic equation for programming 

requirements. 

The scalar 
1

m

r

r

L h


   is defined to represent the sum of 

all element depths, and the range of the parameters zα and zχ 

are expanded to [0,L]. The z and ξ denote the serial number 

in the corresponding matrix. The vector 
1 1N 

 
 V
P  is formed 

from the axial force of all fictitious pile units. When 
1

1 1

i i

j j

j j

h z h



 

   , we have 

 
1

*

1

,1
i

i

j

j

z P z h





 
  

 
V

P

   (i=1,2,…,n) 
(17) 

The axial force of the fictitious pile units between the 

pile bottom and bedrock should be set to 0 as no fictitious 

pile exists. The vector 
1N

 
 
ARN  represents the real axial 

force of all the units. When 
1

1 1

r r

j j

j j

h z h



 

   , we have 

 
1

1

,1
r

r

p j

j

z P z h





 
  

 
ARN

   (r=1,2,…,m) 
(18) 
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The real axial force atop each unit, 1m

 
 
ARN0

, can be 

obtained from the transformation matrix Τ1  and vector 

1N

 
 
ARN

 as 

= ARN0 Τ1 ARN  (19) 

The transformation matrix Τ1  can be achieved in 

matlab program as follows. As mentioned above, the total 

node number for m units are N, and the node number of the 

r-th unit is sr, and 
1

=
m

r

r

N s


 . Therefore, the vector 

1N

 
 
ARN  can be rearranged into cell array with m×1 

dimension. Then the r-th content of cell array is about the r-

th unit axial force, and the axial force of each unit head can 

be obtained by extracting the first value. 

The vector 
1N

 
 
ARW  denotes the settlement of all 

units. When 
1

1 1

r r

j j

j j

h z h



 

   , we have 

 
1

1

,1
r

r

s j

j

z w z h





 
  

 
ARW

   (r=1,2,…,m) 
(20) 

The settlement atop each unit considering the influence 

of the inclined bedrock 1m

 
 
ARW0

 can be obtained using 

the transformation matrix  and vector  

 (21) 

The formulation of transformation matrix Τ2  is the 

same with Τ1 . 

For a given unit load atop each unit, the response of the 

vertical strain for n units as occupied by piles can be 

expressed as the matrix  
1N m

EZ0A2P  and is calculated as 

follows. When 
1

1 1

r r

j j

j j

h z h



 

   , we have 

 
1

1

, ,0
i

ir

z j

j

z r z h




 
  

 
EZ0A2P  

 (i=1,2,…,n, r= 1, 2,…,m) 

(22) 

The unit load atop each unit leads to vertical stresses for 

all units, which is expressed as the vertical stress matrix 

 
N m

SZ0A2A
. When 

1

1 1

r r

j j

j j

h z h



 

  
, we have 

 
1

1

, ,0
r

tr

z j

j

z r z h




 
  

 
SZ0A2A  

              (r= 1, 2,…,m, t= 1, 2,…,m) 

(23) 

The unit load atop each unit will lead to settlement for 

all units, which is expressed as the settlement matrix 

 
N m

WZ0A2A . When 
1

1 1

r r

j j

j j

h z h



 

   , we have 

 
1

1

, ,0
r

tr

z j

j

z r w z h





 
  

 
WZ0A2A  

      (r= 1, 2,…,m, t= 1, 2,…,m) 

(24) 

The matrix  
1 1N N

KEP2P  denotes the vertical strain 

influence matrix between n pile units. When 
1

1 1

r r

j j

j j

h z h



 

    and 
1

1 1

j j

j j

h z h
 





 

   , we have 

 
11

1 1

, ,
i

i

j j

j j

z K z h z h




  


 

 
   

 
 KEP2P  

           (i=1,2,…,n, ψ=1,2,…,n) 

(25) 

The unit load of n pile units leads to vertical stresses for 

all units, which is expressed as the vertical stress matrix 

 
1N N

KSP2A . When 
1

1 1

i i

j j

j j

h z h



 

    and 

1

1 1

r r

j j

j j

h z h



 

   , we have 

 

1 1

1 1

,

,

i r
ri

z j j

j j

z h z h

z r
z

 




 

 

 
   

 




 
KSP2A

 

               (i=1,2,…,n; r= 1, 2,…,m) 

(26) 

The unit load of n units occupied by piles leads to 

settlement for all units, which is expressed as the settlement 

matrix  
1N N

KWP2A . When 
1

1 1

i i

j j

j j

h z h



 

    and 

1

1 1

r r

j j

j j

h z h



 

   , we have 

 

1 1

1 1

,

,

i r
ri

z j j

j j

w z h z h

z r
z

 



 

 

 
   

 




 
KWP2A

 

                         (i=1,2,…,n; r= 1, 2,…,m) 

(27) 

Then, the matrix notation for the algebraic equations can 

be expressed as 

0N

                   
      
     
     
     



  





 





V
PI λ KEP2P EZ0A2P

ARN0KSP2A SZ0A2A Ι

KWP2A WZ0A2A Ι ARN

Ι

0

ARW

Ι

00 0

0 0 0

0 0 0

0 0 0

C

0

W
0 δ 0 T 0  

(28) 

Eq. (28) is a definite solution equation, as mentioned 

earlier; however, the dimensions of the equation to be 

solved may be unacceptable for large PCFs or too many 

divided segments. This is a sparse matrix based on its 

coefficients, which leads to a large condition number 

through program checking. 

Therefore, An iterative procedure is proposed to solve 

this definite problem as the initial values of Pi(0) and Qk(0) 

(i=1,2,…,n, k=n+1,n+2,…,m) cannot be known, the basic 

processes is given in Fig. 3 and briefly introduced as  

T2 1N

 
 
ARW

 ARW0 T2 ARW
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Fig. 3 Solving algorithm based on an iterative process 

 

 

follows. The first step is to assume the initial load values of 

each element Pi(0)=Qk(0)=N0/m at z=0, the assumption can 

satisfy the vertical load equilibrium condition. Then, the 

axial forces of each fictitious pile )('* zP  can be determined 

by Eq. (10). The real axial force and settlement of each 

element Pr(z) and Pr(z) can be obtained from Eq. (11) and 

(13). Therefore, the vertical stiffness of atop each element 

Kr(0)=Pr(0)/Wr(0) can be achieved easily. The average 

settlement and inclination slope of raft Wave and θ can be 

calculated by establishing the vertical equilibrium equation 

of raft by the given load condition N0. Furthermore, the 

settlement of each element can be obtained again from Eq. 

(14), and denoted by Wr(0)_new, If the cumulative 

difference between Wr(0)_new and Wr(0) cannot be ignored, 

for instance, 
3101(0)(0) 



 2

m

1r

rr W_newW , the real 

axial force of each element Pr(0) can be recalculated by 

Pr(0)=Kr(0)Wr(0) and back to the first step by renewing the 

initial load values of each element Pr(0), until the 

3101(0)(0) 



 2

m

1r

rr W_newW . Finally, we can obtain 

the axial forces and settlement along depth of each element 

Pr(z) and Wr(z). 

3. Verification of proposed method 
 

To the author’s knowledge, there is no theoretical 

research considering the settlement of dissimilar pile groups 

located over inclined bedrock. To validate the accuracy of 

the proposed method, two field load tests of a single pile are 

performed by considering the enforcement and shielding 

effect of neighboring piles. A numerical simulation case is 

also considered. 

 

3.1 Single pile load test 
 
A shallow buried anchorage foundation was proposed 

for Honghe bridge in Yunnan province. The bottom of the 

foundation is 48 × 62 m and the average embedded depth is 

approximately 15 m. The back-toe area of the foundation is 

located on the moderately weathered slate, and the front toe 

area is on the strongly weathered slate, as shown in Fig. 4.  

The rigid PCF is set at the strongly weathered slate area 

to reduce the differential settlement and increase the anti-

overturning stability of the anchorage foundation. The rigid 

piles are arranged in a rectangular layout with a diameter of 

1.2 m, pile spacing of 4.5 m, and pile length that varies with 

the embedded depth of the inclined strongly weathered slate. 

The elastic parameters of the strongly weathered slate and 

rigid piles are given with Ep and Es as 30 GPa and 300 MPa 

and μ being equal to 0.25. The load tests for a single pile 

were performed at two locations on the project site, as  

 

 

 

Fig. 4 Schematic diagram of the PCF 

 

 

Fig. 5 Field load test of a single pile 
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Fig. 6 Load settlement curves of the field tests and 

theoretical method 

 

 

Fig. 7 PCF configuration and parameters 

 

 

indicated by the 7-th row in Fig. 4. The pile length and 

embedded depth of the moderately weathered slate for the 

7-th row are located at approximately 9.4 and 15 m, 

respectively. 

The neighboring piles exist when loading a single pile; 

therefore, it is necessary to consider the enforcement and 

shielding effect of neighboring piles. The pile was loaded 

using a hydraulic jack attached to the pile and a reaction 

frame, as shown in Fig. 5. 

The Q-s curves of the load test are presented as 

comparisons with the proposed method in Fig. 6. The 

curves from the field load tests are similar to the theoretical 

solutions at the initial stage. As the loading increases, the 

curvature of the Q-s curves increases gradually as the 

plastic settlement emerges. Therefore, a significant 

difference may exist between the proposed method and field 

load tests as the proposed method cannot consider plastic 

deformation. Comparing the theoretical solutions indicates 

the enforcement and shielding effect of neighborhood piles 

can have limited improvements in the pile stiffness due to 

the large pile spacing. 

 

3.2 Vertical loaded dissimilar PCF 
 

A comparison of the 3×1 PCF calculated using the 

proposed method and FEM is performed to further verify 

the feasibility of the proposed method. The 3×1 PCF having  

 
(a) Axial force distribution curve 

 
(b) settlement distribution curve 

Fig. 8 Comparison of calculated solutions for PCF 

 

 

dissimilar pile length and rigid cap over inclined bedrock is 

modeled, and the input parameters are illustrated in Fig. 7. 

The calculated results of the proposed method and the 

simplified analytical method are compared based on the 

axial force and settlement distribution along pile shaft for 

pile 2 and pile 3, as shown in Fig. 8. Fig. 8 shows that the 

results obtained from the proposed method reasonably 

match FEM solutions. Therefore, the proposed method is 

considered reliable. 

 

 

4. Result and discussion 
 

4.1 Solutions for 3-PCF 
 

A 3-pile PCF with a rigid cap over inclined bedrock is 

examined, as shown in Fig. 9. The settlement characteristics, 

load transfer behavior, and load sharing ratio of the PCF are 

evaluated with the given parameters. The soil and pile 

parameters are shown in Fig. 9. To cover the range of pile 

properties for major practical interests, Ep=30 GPa is 

considered for rigidly reinforced concrete piles, and Ep=200 

MPa is considered for flexible piles with s=3d and B/d=1. 

The inclined angle of the bedrock α is set to 30°, the length 

(l) of pile 2 is 5.8 m, and the distance Δ between each pile 

bottom and the inclined bedrock is set to be equal at Δ=1 m. 

Then, the length of piles 1 and 3 can be determined. 
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Fig. 9 3-PCF embedded over inclined bedrock 

 

 

Fig. 10 Settlement distribution curves 

 

 

Fig. 11 Axial force distribution curves 

 

 

The settlement and axial force distributions along the 

pile length are shown in Figs. 10 and 11, respectively. 

There is a strong effect from the pile-soil stiffness ratio k 

(k=Ep/Es) on the PCF behavior. For the rigid PCF, pile 

compression is negligible and the settlement is an 

approximately 35% reduction. The axial force for individual 

piles increases markedly compared with the flexible pile. 

 

4.2 Influence of distance between pile bottom 
and inclined bedrock 

 
A 3-pile PCF with a rigid cap over inclined bedrock is 

taken as the first parameter analysis example. The model  

 

Fig. 12 Load sharing ratios of soil for flexible piles (k=30) 

 

 

Fig. 13 Load sharing ratios of soil for rigid piles (k=3000) 

 

 

and basic parameters (except Δ and l) are consistent with 

Fig. 9. Figs. 12 and 13 depict the effects of Δ on the load 

sharing ratios of the soil considering different l/d and k. The 

range of l/d is from 5-20, and k values of 30 and 3000 are 

selected as the comparison cases. The k values are chosen to 

cover flexible and rigid piles in practice. The vertical 

stiffness of piles increases due to the greater l/d; therefore, 

the load sharing ratio of the soil decreases with l/d for both 

flexible and rigid piles. The values of the load sharing ratio 

of the soil for flexible piles are significantly larger than for 

rigid piles, as shown in Figs. 12 and 13. The load sharing 

ratio of soil with a semi-infinite medium is always greater 

than the finite depth conditions as the existence of bedrock 

can contribute to strengthened pile-soil load sharing ratios. 

There is no obvious impact when Δ is larger than 3 m due to 

the limited influence depth of the pile bottom stress. 

Figs. 14 and 15 show the effects of Δ on the non-

dimensional vertical stiffness N0/wdEs with different l/d and 

k, where w is the average settlement of the composite 

foundation. For a semi-infinite medium, the vertical 

stiffness increases with l/d for both flexible and rigid piles. 

Meanwhile, comparing the finite depth and semi-infinite 

medium conditions shows there is a noticeable increase in 

the vertical stiffness due to the bedrock, which is consistent 

with Poulos (1967). Fig. 14 shows that the vertical stiffness  
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Fig. 14 Total stiffness of flexible PCFs (k=30) 

 

 

Fig. 15 Total stiffness of rigid PCFs (k=3000) 

 

 

Fig. 16 Differential settlement of flexible PCF (k=30) 

 

 

of the system decreases with l/d and is less affected when 

l/d >15 for all finite depth conditions. This is because the 

settlement and load transfer tend to be negligible beyond 

the effective pile length for flexible piles. Fig. 15 shows that 

the vertical stiffness increases linearly with l/d and changes 

significantly for different Δ.  

The differential settlement of the foundations can be 

observed to describe the impact of the inclined bedrock, as  

 

Fig. 17 Differential settlement of rigid PCF (k=3000) 

 

 

Fig. 18 Load sharing ratios of each element for l/d=5 

 

 

shown in Figs. 16 and 17. For a semi-infinite medium, the 

negative sign of the differential foundation settlements is 

specified as counterclockwise, which means the settlement 

of pile 1 is larger than pile 3 as it is shorter. For the flexible 

PCF, Fig. 16 presents the positive differential settlement for 

the foundation, which decrease with l/d for different Δ. 

Thus, the vertical stiffness of pile 3 is smaller than pile 1 

even though it is longer due to the existence of the inclined 

bedrock. For the rigid PCF, the trends of differential 

settlements over Δ are consistent with the semi-infinite 

medium, as illustrated in Fig. 17. The differential settlement 

is much smaller, which demonstrates that the vertical 

stiffness of each element tends to be uniform due to the 

effect of the inclined bedrock. 

The PCF element number is indicated in Fig. 9. To 

further investigate the pile-soil load sharing ratio for each 

element, two conditions of l/d=5 and 20 are calculated, as 

shown in Figs. 18 and 19. It is noted that the load sharing 

ratio of corner elements is greater than side elements and 

that the side elements are larger than center elements due to 

the pile-soil-cap interactions under all conditions, which 

agrees well with the available solutions from Randolph and 

Wroth (1979). In particular, the increased pile-soil load 

sharing ratio is observed for Δ=1 m compared with the 

semi-infinite medium. Fig. 18 illustrates the load sharing  
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Fig. 19 Load sharing ratios of each element for l/d=20 

 

 

ratio for each element with l/d=5. The average pile-soil load 

sharing ratio for rigid piles is approximately 5.69 and 7.25 

considering Δ=∞ and Δ=1 m, respectively, and is about 

3.48 and 4.14 for flexible piles. The vertical stiffness of the 

pile elements increases with l/d; therefore, the average pile-

soil load sharing ratio for rigid piles is about 9.73 and 10.67 

considering Δ=∞ and Δ=1 m, respectively, and is about 

4.12 and 4.23 for flexible piles, as shown in Fig. 19. 

 

4.3 Influence of bedrock inclined angle 
 
The 3-pile PCF model proposed in Fig. 9 is considered 

to further investigate the effects of the bedrock inclined 

angle on the PCF. The total length of 3 piles is set as a 

constant parameter and Δ=1 m is maintained as the inclined 

angle changes from 0° to 40°. Fig. 20 illustrates the effect 

of the inclined bedrock on the non-dimensional vertical 

stiffness N0/wdEs of the foundation. The vertical stiffness of 

the foundation is influenced slightly by the inclined angle as 

the total length of the 3 piles is unchanged for each 

condition, while the length and vertical stiffness of the piles 

have a significant impact. Considering the rigid pile, the 

vertical stiffness N0/wdEs for l/d=10 and 20 is 

approximately 42% and 114% higher than that for l/d=5, 

respectively. It is concluded that Δ strengthens the vertical 

stiffness for each condition of l/d due to the strong load 

transfer capacity. In contrast, the flexible pile reduces the 

vertical stiffness N0/wdEs for l/d=10 and 20 by 

approximately 66% and 81% compared with l/d=5, 

respectively. This indicates that Δ plays an important role in 

strengthening the vertical stiffness for smaller l/d conditions 

due to the weaker load transfer capacity. 

Fig. 21 shows that the differential settlement in the 

foundation increases linearly with the inclined angle for all 

conditions. The opposite rotation direction for the 

foundation is observed for different stiffness ratios. When 

there is less (more) settlement for the shorter pile, pile 1 

than the longer pile, pile 3, the sign of the differential 

settlement is positive (negative). The positive sign in the 

differential settlement for all flexible pile conditions is 

observed with a larger absolute value compared to rigid 

piles in the corresponding case. This means that Δ plays a  

 

Fig. 20 Total stiffness of PCF 

 

 

Fig. 21 Differential settlement of PCF 

 

 

key role in improving the vertical stiffness of pile 1, even 

though it is shorter than pile 3. The influence of the inclined 

angle on the differential settlement decreases gradually as 

the difference in the head stiffness for each pile tends to be 

identical with an increased l/d. 

Figs. 22-25 show the load sharing ratio of typical 

elements, such as corner elements (element 1, element 9), 

side element (element 5), and pile elements (element 11, 14, 

and 17) under different l/d and pile-soil stiffness ratios. The 

results indicate that the varied bedrock inclined angle has a 

minor influence on the middle pile (element 14) and side 

(element 5), while the load sharing ratios of the piles are 

much larger than the soil. The load sharing ratios of the 

middle pile (element 14) are lower than the side pile 

(elements 11 and 19) for l/d=20 and 5 when α is less than 

15 due to the enforcement and shielding effect of 

neighboring elements. The same trend for soil elements is 

also observed. 

For l/d=5, the load sharing ratios of pile element 11 and 

soil element 1 increase with the inclined angle, while pile 

element 17 and soil element 9 vary with an opposite pattern. 

These results were also obtained by Roh and Kim (2019). It 

is noted that the effect of the inclined angle on the load 

sharing ratio gradually decreases with l/d, which is 

consistent with the results from Fig. 21. 
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Fig. 22 Load sharing ratios of typical elements for l/d=5 and 

rigid piles 

 

 
Fig. 23 Load sharing ratios of typical elements for l/d=5 and 

flexible piles 

 

 
Fig. 24 Load sharing ratios of typical elements for l/d=20 

and rigid piles 

 

 

5. Conclusions 
 

This paper developed a simplified analytical method and 

investigated the effects of embedded inclined bedrock on 

PCFs having dissimilar pile lengths. The analytical model, 

governing equations, and iterative algorithm for an n-pile  

 
Fig. 25 Load sharing ratios of typical elements for l/d=20 

and flexible piles 

 

 

PCF are presented. Two field load tests for a single pile and 

FEM analysis of 3-pile dissimilar PCF are induced and 

validated with the theoretical results. Then, a typical 3-pile 

PCF having dissimilar pile lengths located above inclined 

bedrock is taken as an example. The settlement 

characteristics and load transfer behaviors are obtained, and 

the effects of the embedded depth and incline angle of the 

bedrock are also determined. The principal findings are 

summarized as follows: 

(1) The developed theoretical model efficiently predicts the 

single pile and 3-pile PCF located over bedrock. A 

significant difference is observed in the settlement and load 

transfer behaviors for the 3-pile PCF under different pile-

soil stiffness ratios. 

(2) The embedded depth of the inclined bedrock 

significantly impacts the pile-soil load sharing ratios and 

non-dimensional vertical stiffness N0/wdEs for different l/d. 

These both increase for smaller Δ. More significant effects 

are found for the rigid PCF. 

(3) The differential settlement and pile-soil load sharing 

ratios are influenced by the inclined angle of bedrock for 

both rigid and flexible piles, while only slight effects are 

shown for l/d=20. 
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