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Thermal post-buckling analysis of porous functionally graded pipes
with initial geometric imperfection
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Abstract. In this paper, the thermal post-buckling characteristics of functionally graded (FG) pipes with initial geometric
imperfection are studied. Considering the influence of initial geometric defects, temperature and geometric nonlinearity, Euler-
Lagrange principle is used to derive the nonlinear governing equations of the FG pipes. Considering three different boundary
conditions, the two-step perturbation method is used to solve the nonlinear governing equations, and the expressions of thermal
post-buckling responses are also obtained. Finally, the correctness of this paper is verified by numerical analyses, and the effects
of initial geometric defects, functional graded index, elastic foundation, porosity, thickness of pipe and boundary conditions on
thermal post-buckling response are analyzed. It is found that, bifurcation buckling exists for the pipes without initial geometric
imperfection. In contrast, there is no bifurcation buckling phenomenon for the pipes with initial geometric imperfection.
Meanwhile, the elastic stiffness can significantly improve thermal post-buckling load and thermal post-buckling strength. The
larger the porosity, the greater the thermal buckling load and the thermal buckling strength.
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1. Introduction

Pipes are common structures in nature and engineering,
such as carbon nanotubes, liquid conveying pipes and steel
pipes, etc. It is of great significance to analyze their
mechanical behavior for engineering applications of circular
pipes. Functionally graded (FG) materials are a new type of
composite materials which are often used as thermal
insulation coatings or structural components for acrospace
vehicles (Golmakani et al. 2019). For example, Hadji et al.
(2018) applied a new quasi-3d higher shear deformation
theory for vibration of FG carbon nanotube-reinforced
composite beams resting on elastic foundations. Alnujaie et
al. (2021) discussed the forced vibration of an FG porous
beam resting on viscoelastic foundations. Asiri ef al. (2020)
discussed the damped dynamic responses of FG thick
beams subjected to pulse loadings. Amar et al. (2018)
utilized a new four-unknown refined theory to analyze the
bending and vibration analysis of FG micro-plate. Akba et
al. (2021) performed the vibration analysis of FG porous
beams with viscoelastic support. Ghandourah et al. (2021)
analyzed the free vibrations of porous FG nonlocal
modified couple nanobeams with the help of the modified
porosity model. When the structure is under the action of
thermal load, it will inevitably produce thermal stress,
which may cause the instability of the structure. Therefore,
it is necessary to study the stability of FG structures in
thermal environment (Ding and She 2021, Ebrahimi and
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Farazmandnia 2018, Hadji ef al. 2018, She 2021, She et al.
2021, Zhang et al. 2021, Zenkour and Radwan 2019, Akgoz
and Civalek 2017, Attia 2020a, 2020b, Hendi et al. 2022,
Zhao et al. 2022).

Many people have studied the mechanics of pipe
structures. For instance, Fu ef al. (2015) analyzed thermal
post-buckling of FG pipes with simply supported ends
using a new beam model. She et al. (2017a) performed the
thermal post-buckling of FG pipes with two clamped ends.
She et al. investigated the buckling and post-buckling (She
et al. 2017b) of FG nano pipes with porosities. This work
was then then extended to the buckling analysis of
microtubes with geometrical imperfection (Lu et al. 2021).
However, the paper (Lu ef al. 2021) does not consider the
effects of temperature loadings and elastic foundation.
Babaei et al. (2021) discussed the thermoelastic buckling
and post-buckling behavior of pipes reinforced with CNTs.
Due to the limitation of production technology, the initial
geometric imperfection will inevitably occur, which will
undoubtedly affect the mechanical properties of the
structure. Defects can affect the safety performance of
structures, and many people have studied the influence of
defects on the mechanical properties of structures. For
instance, Dehrouyeh-Semnani  (2016)  studied the
imperfection sensitivity of the free vibration of
geometrically FG microbeams. He indicated that the initial
geometric imperfection has great impact on the vibration
problems. Babaei analyzed thermal post-buckling (Babaei
2021a) and free vibration behaviors (Babaei 2021b) of
composite pipes reinforced with CNTs. This work was then
extended to the case of free vibrations of curved pipes based
on nonlocal strain gradient theory (Babaei 2021c). Babaei
and Eslami analyzed the nonlinear bending (Babaei and
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porosities

Fig. 1 Schematic diagram of an FG pipe

Eslami 2021a) and nonlinear stability (Babaei and Eslami
2021b) of clamped FG porous curved micro-tubes.

Buckling is an important issue for engineering
structures, which is a structural instability failure mode of
structures. Thermal buckling is a common problem for
space structure design. Many scholars have extensively
studied the buckling and post-buckling problems. For
example, Emam (2016) analyzed the buckling and post-
buckling behaviors of composite beams in hygrothermal
environments. Mohamed et al. (2020) performed the
buckling and post-buckling analysis of carbon nanotubes
via the energy-equivalent model. Mohamed et al. (2022)
dealt with nonlinear buckling of imperfect composite
beams. Pinnola er al. (2022) conceived a consistent
formulation of nonlocal elastic foundation via the Winkler
and Wieghardt laws.

However, when studying the thermal post-buckling of
the pipe structures, the existing papers ignore the influence
of initial geometric imperfection, and in addition, there are
no papers reporting the thermal post-buckling of
geometrically imperfect pipe structures with one end
clamped and one end simply supported. Therefore, it is
necessary to study this problem. The purpose of this paper
is to solve this problem.

2. Derivation of governing equations

Consider an FG pipe, its length, inner and outer radius,
respectively by L, R, and R,, the coordinate system is
depicted in Fig. 1. The materials adopted in this paper are
also shown in Table 1, and here, the subscript "f" is used for
FG materials, the subscrlpt "¢" for ceramics, subscript "m
for metals, § for pore volume fraction, N for power law
exponent. P,, P, P, P>, and P3 are temperature-dependent
coefficients, and the valid material parameters for Young’s
modulus £ and thermal expansion coefficient & can be
described as (Fu et al. 2015, She et al. 2022)

E=[E,. - E]( ')+E —'B[E+E]

Ro- |
B (D

R') +a, - ~la.ta,]

R,—R 2

Euler-Bernoulli beam theory is adopted to describe the
pipe structure, and its displacement field can be expressed
as

a=[e, a](

uxzu—z@,uyzo,u2=w+w* )
OX

In Eq. (2), u represents the axial displacement, w stands
for the deflection, and w" refers to the deflection caused by
the initial geometric imperfections. We should note that
Euler-Bernoulli beam theory is only valid and acceptable
for the pipe structures with slenderness ratio greater than
five.

Considering  geometric  nonlinear  effect, the
corresponding non-zero strain ¢&,, can be deduced as
2
ou, 1(ou
Ey =—+—| = 3)
oX 2\ 0OX
The influence of uniform temperature field is taken into
account in this paper, so that, the axial stress o,, can be
calculated as follows (Fu et al. 2015)
O =E(&,—aAT) (4)

Herein, AT ( AT :T-300K) is the elevated temperature,

in which, T is the ambient temperature. It should be noted
that the analysis in this paper is carried out under the
special assumption of uniform temperature fields. It is
worth mentioning that there are various temperature fields
in engineering applications, but this paper only considers
the case of uniform temperature field for convenience.

Then, integration of stress gives the expressions of
stress resultant N, and thermal loads N, , which are as

follows (Fu et al. 2015)
N, =[o,dz, N, =[ aATdz (5)

T!

Therefore, the total energy of the system can be expressed
as
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Herein, K, and k, are the stiffness coefficients of Winkler

elastic foundation and the shear layer.
The corresponding Euler-Lagrange equation can be
written as

0% oL 0 oL oL
— = —=+t—=0 @)
Ox* oW, OXOwW,, Ow
O*w oW
in which, W W, =

L Er
Substituting Eq. (6) into Eq. (7), one has
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Herein

[A, A= [E(L2°)dA

)

Take the antiderivative of the second equation in Eq. (8)
with respect to x for one time and once more, and we can

get the following expressions, as

Nx’%{ii 2(@)2 e,
u(xt)=C,+=Lx+—L —I]: (asz Z\)’(Vag:}dx.

Due to u (0) =u(L)=0, so

: L owow*
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X° ax 6x x "
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Then, we can obtain

N, =C,=|; { ( J +A°8W‘3W}d ~N,,C, =0,
2L\ ox L ox o
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a(xt)= jLHaw] wﬂdx
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Substituting Eq. (13) into Eq. (7), one has
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Define the following dimensionless quantities
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Substituting Eq. (14) into Eq. (13), one has
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3. Solving the governing equation

(10)

(11)

(12)

(13)

(14)

(15)

In the following part, we consider three different
boundary conditions, including the clamped-clamped ends
(C-C), simply supported ends (S-S), and one end clamped
and one end simply supported (C-S). The two-step

perturbation method (Shen 2013, Shen 2014) is also used to
solve the whole problem. The solution satisfying the
boundary conditions can be set as

W = AU[1-cos(2X)],W*= A [1-cos(2X)], (C-C);

W =AYsin(X), W*=A;sin(X), (S-S);

W= A [cos[g)_cos(gxﬂ, (16)
=A, {cos(gj —cos(g X H (C-S).

Substituting Eq. (16) into Eq. (15), one can obtain

N(X) =-167,A7) cos(2X) + (7 AT — 7%, (AD))?
27 7OA11A10 )+ KlA10 (L—cos(2X))
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N(X) = (7TAT_770(A10) _%70'0‘11'0‘1%))
(A sin(@X) + A,sin(2X)) + K,AL sin(2X)
+K,AY sin(2X) + 7, A sin(2X) =0, (S-S);
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Applying Galerkin principle to Eq. (17), one can get

.[;N(X)-[l—cos(ZX)]dX, (c-C)

L”N(X).sin(X)dx, (S-5) (18)
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Finally, the thermal-buckling path of the porous FG
pipes with initial geometric imperfection, as

For A, #0
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Table 1 Temperature-dependent coefficients, from Reddy (2000), Zhang and She (2022)

Materials Proprieties Po P Py P Ps P(TID)
SisN4 E(Pa) 348.43e+9 0.0 -3.070¢-4 2.160e-7 -8.964e-11  322.27e+9
a (1/K) 5.8723¢-6 0.0 9.095¢-4 0.0 0.0 7.4746¢-6
SUS304 E(Pa) 201.04¢+9 0.0 3.079¢-4 -6.543¢-7 0.0 207.79¢+9
a (1/K) 12.33e-6 0.0 8.086e-4 0.0 0.0 15.32¢-6
Table 2 Comparisons of AT, (in K) for FG pipes with two
For A;=0 clamped ends
AT, + 770 7 }/0 (W_j N Present She et al. (2017a)
R 0 844.294 816.356
1 692.516 675.204
AT =1 AT, +7:—y° (\g—j (20) 2 643212 626.906
3 613.823 598.374
AT, + 577, (5(’} ( j [ j (C-s). 4 593.328 579.154
8y 5 579.021 565.298
in which 6 568.773 554.832
3K, +4K, +167, (c-C); 7 559.106 546.645
4rr 8 553.015 540.069
at, = 5Kt n g ), 21 9 549.535 534.669
4 10 544.121 530.155
16K, + 20K, +41;/1’ (C—S).
20y Table 3 Comparisons of AT, (in K) for FG pipes with
and simply supported ends
ZIi[VFZ';‘], (C-C); L/Ro Present Fu et al. (2015)
15 888.216 853.293
AY = T(ij (s-9); (22) 20 555325 542,027
0 25 380.745 377.243
50Ro[""m], (C-s) 30 272.452 277.344
7T LRy 35 208352 212.049
40 160.274 167.077
4. Numerical analyses 45 130.166 134.842
50 102.001 110.989

The materials used in the following numerical analysis
are shown in Table 1. To ensure the correctness of this
paper, we conducted comparative analysis with the existing
results. In Tables 2 and 3, we considered the FG pipes with
simply supports and clamped supports at both ends. During
calculation, K;=K,=0, A4;;=0, f=0. Through comparison,
we can see that the results of this paper are basically
consistent with existing literature based on higher order
shear deformation theory (Fu et al. 2015, She ef al. 2017a),
thus verifying the correctness of this study.

In Fig. 2, we study the influence of initial geometric
imperfection on the post-thermal-buckling response of pipe
structures. As seen, the abscissa represents deflection and
the ordinate represents temperature load. It can be seen that
the pipe structures with and without initial geometric
imperfection show significantly different deflection-load
response relationships. That is, the initial geometric
imperfection has a significant impact on the thermal post-

buckling problem. Bifurcation buckling exists for pipes
with the initial geometric imperfection. On the contrary,
there is no bifurcation buckling for pipes without initial
geometric imperfection, especially when the deflection is
relatively small. However, with the increase of deflection,
the thermal post-buckling response with initial geometric
imperfection and the thermal post-buckling response
without defects tend to be the same.

In Fig. 3, we study the influence of functional graded
index N on the thermal post-buckling response of the pipe
structures. Similarly, it can be seen that, first, the pipe
structures with and without initial geometric imperfection
show different deflection-load response relations, that is to
say, the initial geometric imperfection has significant
impacts on the thermal post-buckling problems. Bifurcation
buckling exists for pipes with initial geometric defects. On
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Fig. 2 Effect of initial geometric imperfection on the
thermal post-buckling response for the SizN4/SUS304 pipes
at L/Ry=40, Ry=2R;, K;=2,K,=0, N=1, =0.1; (a) C-C,
(b) S-S and (c)C-S

the contrary, there is no bifurcation buckling for pipes
without initial geometric imperfection, especially when the
initial geometric imperfection is relatively small. Secondly,
with the increase of functional graded index N, the critical
buckling load decreases and the response curves of thermal
post-buckling is at a lower position. This is because with
the increase of N, the content of ceramics decreases and the
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Fig. 3 Effect of functionally graded index on the thermal
post-buckling response for the SizN4/SUS304 pipes at
L/Ry=40,Ry=2R;, K;=2,K,=0,N=1, =0.1; (a) C-C;
(b) S-S and (c) C-S

corresponding content of metal increases, so the stiffness of
the whole pipe structure also decreases (She et al. 2017a,
2017b). Thirdly, the boundary conditions have particularly
significant effects on the thermal post-buckling responses.
The pipe with clamped-clamped has higher thermal-
buckling load and thermal post-buckling response, while the
simply supported pipe has the smallest thermal-buckling
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Fig. 4 Effect of the elastic foundation stiffness on the
thermal post-buckling response for the SizN4/SUS304 pipes
at L/Ry = 40, Ry = 2R;, N=1,  =0.1; (a) C-C, (b) S-S and
(c)C-S

load and thermal post-buckling response. The C-S pipe is in
between the two cases.

In Fig. 4, the influence of elastic foundation on thermal
post-buckling response of pipe structures is studied. It can
be seen that the elastic stiffness can significantly improve
the thermal post-buckling load and thermal post-buckling
strength. This is because the elastic foundation increases the
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(©
Fig. 5 Effect of the thickness of pipe on the thermal post-
buckling load—deflection curves of Si3N4/SUS303 pipes for
L/Ry=40, N=1, K= 2, K;=0,  =0.1; (a) C-C, (b) S-S and
(c)C-S

stiffness of the system. Therefore, the spring coefficient
plays an important role in predicting the buckling response
of FG pipes under thermal environment.

In Fig. 5, the influence of thickness on the thermal post-
buckling response of pipe structures is studied. As seen, the
thickness of pipe can significantly change the buckling load
and the thermal post-buckling strength. The thinner the
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Fig. 6 Effect of the porosity on the thermal post-buckling
load—deflection curves of Si3N4/SUS303 pipes for L/Ry =
40, Ry=2R;, K;=2, K;=0, N=1, (a) C-C, (b) S-S and (c)S-C
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thickness of the pipe is, the greater the critical thermal-
buckling loads and the thermal-buckling strength, which is
due to the excellent mechanical properties of thin-walled
structures.

In Fig. 6, the effect of porosity coefficient on the
thermal post-buckling response of FG pipe is illustrated. As
seen, the porosity coefficient can significantly change the
critical buckling load and the thermal post-buckling

strength. As seen, the larger the porosity coefficient is, the
greater the thermal buckling load and the thermal buckling
strength, which indicates that the strength and stiffness of
the FG pipes are further decreased owing to the increasing
porosity coefficient.

5. Conclusions

In this paper, the thermal post-buckling of functionally
gradient pipes is investigated. Considering the initial
geometric imperfection and geometric nonlinearity, the
Euler-Lagrange equation is used to derive the nonlinear
governing equation of the pipe. Considering three different
boundary conditions, the thermal post-buckling response is
solved by the two-step perturbation method. Through
numerical analyses, we found that:

Firstly, the pipes with and without initial geometric
imperfection show significantly different deflection-load
response relationships. For the pipes without initial
geometric imperfection, bifurcation buckling exists. On the
contrary, there is no bifurcation buckling for pipes with
initial geometric imperfection.

Second, with the increase of functionally graded index
N, the critical buckling load decreases, and so does the
thermal post-buckling strength.

Thirdly, the boundary conditions have a particularly
significant effect on the thermal post-buckling response.
The clamped pipe has higher critical thermal buckling load
and thermal post-buckling response, while the simply
supported pipe has the smallest thermal buckling load and
thermal post-buckling response.

Fourth, the elastic stiffness can significantly improve
thermal post-buckling load and thermal post-buckling
strength. This is because the elastic stiffness can increase
the stiffness of the system.

Fifth, the thinner the thickness of the pipe, the greater
the load and strength of thermal post-buckling, because
thin-walled structures have excellent mechanical properties.

Sixth, Porosity can significantly change the load and
strength of thermal post-buckling. The larger the porosity,
the greater the thermal buckling load and the thermal
buckling strength.
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