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1. Introduction 
 

1.1 Background 
 

The soil pressure under a footing depends on the type of 

soil, the relative stiffness of the soil and the footing, and the 

depth of the foundation at the level of contact between the 

footing and the soil. 

Fig. 1 shows the distribution of soil pressure under a 

footing according to the type of soil and the stiffness of the 

footing. Fig. 1(a) presents a rigid footing on sandy soil. Fig. 

1(b) shows a rigid footing on clay soil. Fig. 1(c) presents a 

flexible footing on sandy soil. Fig. 1(d) shows a flexible 
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(a) (b) (c) (d) (e) 

Fig. 1 Distribution of the soil pressure under of the footing 

 

 

footing on clay soil. Fig. 1(e) presents the uniform 

distribution used in the current design (Bowles, 2001). 

The pressure distribution diagrams (Fig. 1) can be 

applied when the center of gravity of the footing coincides 

with the position of the resultant force.  

The current model considers the uniform pressure 

distribution because the position of the resultant force 

coincides with the center of gravity of the surface of the 

footing in contact with the soil in direction of the 

longitudinal axis where the columns are located. 

The new model considers the linear pressure distribution 

for design of T-shaped combined footings subject to an 

axial load and two orthogonal bending moments in each 

column.  

This work presents the equations of the bending 

moments, bending shear and punching shear for a linear 

pressure distribution (new model) and for a uniform 

pressure distribution (current model). 
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Abstract.  This paper presents a more general model for T-shaped combined footings that support two columns aligned on a 

longitudinal axis and each column provides an axial load and two orthogonal moments. This model can be applied to the 

following conditions: (1) without restrictions on its sides, (2) a restricted side and (3) two opposite sides restricted. This model 

considers the linear soil pressure. The recently published works have been developed for a restricted side and for two opposite 

sides restricted by Luévanos-Rojas et al. (2018a, b). The current model considers the uniform pressure distribution because the 

position of the resultant force coincides with the center of gravity of the surface of the footing in contact with the soil in direction 

of the longitudinal axis where the columns are located. This paper shows three numerical examples. Example 1 is for a T-shaped 

combined footing with a limited side (one column is located on the property boundary). Example 2 is for a T-shaped combined 

footing with two limited opposite sides (the two columns are located on the property boundary). Example 3 is for a T-shaped 

combined footing with two limited opposite sides, one column is located in the center of the width of the upper flange (b1/2=L1), 

and other column is located at a distance half the width of the strip from the free end of the footing (b2/2=b–L1–L). The main 

advantage of this work over other works is that this model can be applied to T-shaped combined footings without restrictions on 

its sides, a restricted side and two opposite sides restricted. It also shows the deficiencies of the current model over the new 

model. 
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1.2 Literature review 
 

The main studies of several researchers on foundation 

structures and mathematical models for footings have been 

investigated successfully in several geotechnical 

engineering problems in the last decade are: Chen et al. 

(2011) established the nonlinear partial differential 

equations of motion for hybrid composite plates under to 

initial stresses on elastic foundations to study the non-linear 

vibration behavior. Shahin and Cheung (2011) proposed 

stochastic design graphs for the load capacity of the strip 

footings. Zhang et al. (2011) presented a non-linear analysis 

of finite beams supported by winkler taking into account the 

resistance effect of the beam-soil interface. Agrawal and 

Hora (2012) presented a document as a single integral 

compatible structural (building frame, walls, columns, 

isolated footings, and soil mass) to predict the nonlinear 

interaction behaviour of the composite system under 

seismic loads. Rad (2012) used the state-space and 

differential quadrature methods to study the static behavior 

of a bi-directional circular plate of functionally graded non-

uniform thickness resting on quadratically gradient elastic 

foundations (Winkler-Pasternak type) subjected to 

transverse shear loads and in plane symmetrical. 
Maheshwari and Khatri (2012) investigated the influence of 

the inclusion of geosynthetic layer on the response of 

combined footings on reinforced ground beds with stone 

columns. Orbanich et al. (2012) realized a study on 

strenghtening and repair of concrete foundation beams with 

carbon fiber composite materials and the numerical model 

is performed by the Finite Elements Method with the 

Abaqus program. Mohamed et al. (2013) adjusted the 

Schmertmann's equation to estimate the settlement of the 

shallow footings supported on unsaturated and saturated 

sandy soils. Luévanos-Rojas et al. (2013) developed a 

mathematical model for the design of reinforced concrete 

rectangular isolated footings taking into account the linear 

pressure of the soil. Orbanich and Ortega (2013) developed 

a numeric procedure to analyse the elastic foundation plates 

with internal and perimetric stiffening beams on elastic 

foundations by means of the Finite Differences Method 

considering the stiffness of the plate, the perimetric and 

internal plate beams and the soil reaction module. Dixit and 

Patil (2013) experimentally evaluated the bearing capacity 

factor Nγ and corresponding settlements for square footings 

in a finite layer of sand, and it was compared with the Nγ 

values of Terzaghi, Meyerhof, Hansen and Vesic's. ErzÍn 

and Gul (2013) used the neural networks to predict the 

settlement of pad footings on non-cohesive soils based on a 

standard penetration test. Cure et al. (2014) carried out a 

series of load capacity tests with the eccentrically loaded 

model surface and shallow strip footings supported near to a 

slope to study the behaviour of these footings (ultimate 

loads, failure surfaces, load-displacement curves, rotation of 

footing, etc.). Luévanos-Rojas (2014a) designed a model for 

the reinforced concrete circular isolated footings taking into 

account the linear pressure of the soil. Luévanos-Rojas 

(2014b) developed a model for the design of reinforced 

concrete rectangular combined footings with a property line 

taking into account the linear pressure of the soil. Uncuoğlu 

(2015) investigated numerically by mean a series of three-

dimensional non-linear finite element analyses to determine 

the ultimate bearing capacity and failure mechanism of 

square footings resting on a sand layer over clay. Luévanos-

Rojas (2015) designed a model for the reinforced concrete 

trapezoidal combined footings with a property line taking 

into account the linear pressure of the soil. Luévanos-Rojas 

(2016a) realized a comparative study for the design of 

reinforced concrete rectangular and circular isolated 

footings. Luévanos-Rojas (2016b) developed a model for 

the design of reinforced concrete rectangular combined 

footings with two property lines restricted (opposite sides) 

taking into account the linear pressure of the soil. Anil et al. 

(2017) experimentally and analytically investigated the load 

capacities and settlement profiles of six irregularly shaped 

footings located on sand subjected to the effect of axial 

load. López-Chavarría et al. (2017) developed a general 

model for the design of reinforced concrete square isolated 

footings taking into account the linear pressure of the soil. 

Khatri et al. (2017) presented a laboratory experimental 

study of the pressure-settlement behavior of square and 

rectangular skirted footing supported on sand and subjected 

to a vertical load. Luévanos-Rojas et al. (2017) realized a 

comparative study for the design of reinforced concrete 

trapezoidal and rectangular isolated footings. Mohebkhah 

(2017) presented a two-dimensional numerical model by 

mean the discrete element method to obtain the ultimate 

load capacity of a strip footing on soft clay reinforced with 

a stone masonry trench. Luévanos-Rojas et al. (2018b) 

developed a mathematical model for design of reinforced 

concrete T-shaped combined footings. Alijani and Bidgoli 

(2018) analyzed the vibration of a reinforced concrete 

foundation by SiO2 nanoparticles supported on soil bed. 

Dezhkam and Yaghfoori (2018) studied the vibration of 

concrete foundations supported on soil medium, the soil 

medium is simulated by Winkler model, and the concrete 

foundation is modeled by thick plate elements based on 

classical plate theory. Bensaid and Kerboua (2019) 

investigated the thermal stability characteristics of carbon 

nanotube reinforced composite beams on elastic foundation 

and subjected to increasing loads and external uniform 

temperature. Yáñez-Palafox et al. (2019) presented a 

mathematical model for design of the strap combined 

footings. Turedi et al. (2019) numerically analyzed and 

laboratory tests the load settlement and vertical stress of the 

ring footings on the loose sand bed. 

The works related to this paper are: Luévanos-Rojas et 

al. (2018a) proposed a mathematical model to obtain the 

minimum surface in contact with the soil of the reinforced 

concrete T-shaped combined footings. Luévanos-Rojas et 

al. (2018b) developed a mathematical model to obtain the 

effective depth and reinforcing steel for design of reinforced 

concrete T-shaped combined footings. These two models 

consider a limited side on the property line and two limited 

opposite sides on the property line, but these do not take into 

account the case without restrictions on its opposite sides. 

These also do not show the comparison between the models 

proposed by Luévanos-Rojas et al. (2018a, b) and the 

current model for design. The current model considers the 

uniform pressure distribution on the longitudinal axis,  
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Fig. 2 T-shaped combined footing with unrestricted sides 

 

 

where the columns are located.   

Thus, the review of the previous studies shows that there 

is no relationship with the topic of the mathematical model 

for the design of T-shaped combined footings that is shown 

in this work. 

 

1.3 Research objective 
 

This work shows a more general model (without 

restrictions on its sides, a limited side (one column is 

located on the property boundary) and two limited opposite 

sides (the two columns are located on the property boundary) 

for the design of T-shaped combined footings that support 

two columns aligned on a longitudinal axis subjected to an 

axial load and two orthogonal moments in each column, and 

also the distribution of the soil pressure under of the footing 

is considered linear. The recently published works are 

restricted for a limited side and for two limited opposite 

sides. The current model considers the uniform pressure 

distribution because the position of the resultant force of the 

axial loads and moments is made to coincide with the center 

of gravity of the surface of the footing in contact with the 

soil in direction of the longitudinal axis where the columns 

are located. Also, three numerical examples are shown to 

obtain the design of T-shaped combined footings subjected 

to an axial load and two moments in orthogonal directions 

in each column by the proposed model and the current 

model. First example is for a limited side by a property line. 

Second example is for two limited opposite sides by two 

property lines. Third example is with two limited opposite 

sides, one column is located in the center of the width of the 

upper flange (b1/2=L1), and other column is located at a 

distance half the width of the strip from the free end of the 

footing (b2/2=b–L1–L).   

 

 

2. Methodology 
 

The considerations of this work are: the footing is rigid 

and the soil that supports to the footing is elastic and 

homogeneous, that comply with the biaxial bending, i.e., 

the variation of soil pressure is linear.  

Fig. 2 shows a T-shaped combined footing with 

unrestricted sides that supports two columns aligned on a 

longitudinal axis (Y axis), and each column provides an 

 

Fig. 3 Diagram of pressure on the T-shaped combined 

footing with unrestricted sides 

 

 

axial load and two orthogonal bending moments. 

Fig. 3 presents the pressure diagram below of the T-

shaped combined footing, and the soil pressure in each 

vertex on the footing “σ1, σ2, σ3, σ4, σ5, σ6, σ7, σ8”. 

 

2.1 Optimal surface 
 

The optimal surface “Smin” of contact on the ground is 

(objective function) (Luévanos-Rojas et al. 2018a) 

𝑆min = (𝑎 − 𝑏2)𝑏1 + 𝑏𝑏2  (1) 

Subject to 

𝑅 = 𝑃1 + 𝑃2 (2) 

𝑀𝑥𝑇 = 𝑀𝑥1 +𝑀𝑥2 + 𝑃1(𝑦𝑠 − 𝐿1) + 𝑃2(𝑦𝑠 − 𝐿 − 𝐿1) (3) 

𝑀𝑦𝑇 = 𝑀𝑦1 +𝑀𝑦2  (4) 

𝜎1 =
𝑅

𝑆
+

𝑀𝑥𝑇𝑦𝑠

𝐼𝑥
+

𝑀𝑦𝑇𝑎

2𝐼𝑦
   (5) 

𝜎2 =
𝑅

𝑆
+

𝑀𝑥𝑇𝑦𝑠

𝐼𝑥
−

𝑀𝑦𝑇𝑎

2𝐼𝑦
  (6) 

𝜎3 =
𝑅

𝑆
+

𝑀𝑥𝑇(𝑦𝑠−𝑏1)

𝐼𝑥
+

𝑀𝑦𝑇𝑎

2𝐼𝑦
  (7) 

𝜎4 =
𝑅

𝑆
+

𝑀𝑥𝑇(𝑦𝑠−𝑏1)

𝐼𝑥
+

𝑀𝑦𝑇𝑏2

2𝐼𝑦
  (8) 

𝜎5 =
𝑅

𝑆
+

𝑀𝑥𝑇(𝑦𝑠−𝑏1)

𝐼𝑥
−

𝑀𝑦𝑇𝑏2

2𝐼𝑦
  (9) 

𝜎6 =
𝑅

𝑆
+

𝑀𝑥𝑇(𝑦𝑠−𝑏1)

𝐼𝑥
−

𝑀𝑦𝑇𝑎

2𝐼𝑦
  (10) 

𝜎7 =
𝑅

𝑆
−

𝑀𝑥𝑇𝑦𝑖

𝐼𝑥
+

𝑀𝑦𝑇𝑏2

2𝐼𝑦
  (11) 

𝜎8 =
𝑅

𝑆
−

𝑀𝑥𝑇𝑦𝑖

𝐼𝑥
−

𝑀𝑦𝑇𝑏2

2𝐼𝑦
  (12) 

where R is the sum of all axial loads, MxT is the sum of all 

the moments that result around the X axis and MyT the sum 

of all the moments that result around the Y axis, S is area of 

the footing, Ix is moment of inertia around the X axis and Iy 

is moment of inertia around the Y axis, ys is the distance 

from the center of gravity to the top end fiber of the footing, 

yi is the distance from the center of gravity to the bottom 
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end fiber of the footing. 

The geometric properties are obtained by the following 

equations (Luévanos-Rojas et al. 2018a) 

𝑦𝑠 =
(𝑎−𝑏2)𝑏1

2+𝑏2𝑏2

2[(𝑎−𝑏2)𝑏1+𝑏𝑏2]
  (13) 

𝑦𝑖 =
(2𝑏−𝑏1)(𝑎−𝑏2)𝑏1+𝑏

2𝑏2

2[(𝑎−𝑏2)𝑏1+𝑏𝑏2]
  (14) 

𝐼𝑥 =
𝑎2𝑏1

4+𝑏2
2(𝑏−𝑏1)

4

12[(𝑎−𝑏2)𝑏1+𝑏𝑏2]
+

𝑎𝑏1𝑏2(𝑏−𝑏1)(2𝑏
2−𝑏𝑏1+𝑏1

2)

6[(𝑎−𝑏2)𝑏1+𝑏𝑏2]
  (15) 

𝐼𝑦 =
𝑏1𝑎

3+(𝑏−𝑏1)𝑏2
3

12
  (16) 

0 ≤

{
 
 
 

 
 
 
𝜎1
𝜎2
𝜎3
𝜎4
𝜎5
𝜎6
𝜎7
𝜎8}
 
 
 

 
 
 

≤ 𝜎𝑝  (17) 

where: σp is the available permissible load capacity of the 

soil. 

The limitations of the footing can be the following: 

1.- Unrestricted sides 

𝐿1 + 𝐿 +
𝑐4

2
≤ 𝑏  (18) 

where: L1≥c2/2. 

2.- A restricted side 

𝑐2

2
+ 𝐿 +

𝑐4

2
≤ 𝑏  (19) 

3.- Two restricted sides 

𝑐2

2
+ 𝐿 +

𝑐4

2
= 𝑏  (20) 

 

2.2 New model for design 
 

2.2.1 Moments and bending shear 
Fig. 4 shows the critical axes according to the code (ACI 

318S-14 2014) for the bending moments, and these are: For 

the axes parallel to the X axis are: c’, d’, e’, f ’, g’, h’. For 

the axes parallel to the Y axis are: a’, b’. 

Fig. 5 presents the critical axes according to the code 

(ACI 318S-14 2014) for the bending shear, and these are: 

For the axes parallel to the X axis are: k’, l’, m’, n’, o’. For 

the axes parallel to the Y axis are: i’, j’. 

The general equations are presented below. 

On the y1-y1 axis of 0≤x1≤a/2 

𝑉𝑥1 = −∫ ∫ 𝜎𝑃1(𝑥, 𝑦)𝑑𝑥𝑑𝑦
𝑎 2⁄

𝑥1

𝑤1 2⁄

−𝑤1 2⁄
=

𝑃1(2𝑥1−𝑎)

2𝑎
+

3𝑀𝑦1(4𝑥1
2−𝑎2)

2𝑎3
  

(21) 

𝑀𝑦1 = 
𝑃1(2𝑥1−𝑎)

2

8𝑎
+

𝑀𝑦1(4𝑥1
3−3𝑎2𝑥1+𝑎

3)

2𝑎3
  (22) 

On the y2 - y2 axis of 0≤x2≤b2/2 

𝑉𝑥2 = −∫ ∫ 𝜎𝑃2(𝑥, 𝑦)𝑑𝑥𝑑𝑦
𝑏2/2

𝑥2

𝑤2/2

−𝑤2/2
= 

𝑃2(2𝑥2−𝑏2)

2𝑏2
+

3𝑀𝑦2(4𝑥2
2−𝑏2

2)

2𝑏2
3   

(23) 

 

 

Fig. 4 Critical axes for moments according to the code ACI 

318 

 

 

Fig. 5 Critical axes for bending shear according to the code 

ACI 318 

 

 

where: ym is the position of the maximum moment Me´. 

𝑀𝑦2 =
𝑃2(2𝑥2−𝑏2)

2

8𝑏2
+

𝑀𝑦2(4𝑥2
3−3𝑏2

2𝑥2+𝑏2
3)

2𝑏2
3   (24) 

On the x-x axis of ys–L1≤y≤ys 

𝑉𝑦 = −∫ ∫ 𝜎(𝑥, 𝑦)𝑑𝑥𝑑𝑦
𝑎 2⁄

−𝑎 2⁄

𝑦𝑠
𝑦

=
𝑅𝑎(𝑦−𝑦𝑠)

𝑆
+

𝑀𝑥𝑇𝑎(𝑦
2−𝑦𝑠

2)

2𝐼𝑥
  

(25) 

𝑀𝑥 =
𝑅𝑎(𝑦−𝑦𝑠)

2

2𝑆
+ 

𝑀𝑥𝑇𝑎(𝑦
3−3𝑦𝑠

2𝑦+2𝑦𝑠
3)

6𝐼𝑥
  (26) 

On the x-x axis of ys–b1≤y≤ys–L1 
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𝑉𝑦 = 𝑃1 − ∫ ∫ 𝜎(𝑥, 𝑦)𝑑𝑥𝑑𝑦
𝑎/2

−𝑎/2

𝑦𝑠
𝑦

= 𝑃1 +
𝑅𝑎(𝑦−𝑦𝑠)

𝑆
+

𝑀𝑥𝑇𝑎(𝑦
2−𝑦𝑠

2)

2𝐼𝑥
  

(27) 

𝑀𝑥 =
𝑅𝑎(𝑦−𝑦𝑠)

2

2𝑆
+ 

𝑀𝑥𝑇𝑎(𝑦
3−3𝑦𝑠

2𝑦+2𝑦𝑠
3)

6𝐼𝑥
+ 𝑃1(𝑦 − 𝑦𝑠 +

𝐿1) − 𝑀𝑥1  
(28) 

On the x-x axis of ys–L–L1≤y≤ys–b1 

𝑉𝑦 = 𝑃1 − ∫ ∫ 𝜎(𝑥, 𝑦)𝑑𝑥𝑑𝑦
𝑎/2

−𝑎/2

𝑦𝑠
𝑦𝑠−𝑏1

−

∫ ∫ 𝜎(𝑥, 𝑦)𝑑𝑥𝑑𝑦
𝑏2/2

−𝑏2/2

𝑦𝑠−𝑏1
𝑦

= 𝑃1 −
𝑅[𝑎𝑏1+𝑏2(𝑦𝑠−𝑦−𝑏1)]

𝑆
−

𝑀𝑥𝑇𝑎𝑏1(2𝑦𝑠−𝑏1)

2𝐼𝑥
−

𝑀𝑥𝑇𝑏2[(𝑦𝑠−𝑏1)
2−𝑦2]

2𝐼𝑥
  

(29) 

𝑀𝑥 = − 
𝑀𝑥𝑇(𝑎−𝑏2)(𝑦𝑠−𝑏1)

2(2𝑦𝑠−3𝑦−2𝑏1)

6𝐼𝑥
+

 
𝑀𝑥𝑇[𝑎𝑦𝑠

2(2𝑦𝑠−3𝑦)+𝑏2𝑦
3]

6𝐼𝑥
+

𝑅𝑎𝑏1(2𝑦𝑠−2𝑦−𝑏1)

2𝑆
+

𝑅𝑏2(𝑦𝑠−𝑦−𝑏1)
2

2𝑆
− 𝑃1(𝑦𝑠 − 𝑦 − 𝐿1) − 𝑀𝑥1  

(30) 

On the x-x axis of ys–b≤y≤ys–L–L1 

𝑉𝑦 = 𝑃1 + 𝑃2 − ∫ ∫ 𝜎(𝑥, 𝑦)𝑑𝑥𝑑𝑦
𝑎/2

−𝑎/2

𝑦𝑠
𝑦𝑠−𝑏1

−

∫ ∫ 𝜎(𝑥, 𝑦)𝑑𝑥𝑑𝑦
𝑏2/2

−𝑏2/2

𝑦𝑠−𝑏1
𝑦

= 𝑃1 + 𝑃2 −

𝑀𝑥𝑇𝑏2[(𝑦𝑠−𝑏1)
2−𝑦2]

2𝐼𝑥
−

𝑅[𝑎𝑏1+𝑏2(𝑦𝑠−𝑦−𝑏1)]

𝑆
−

𝑀𝑥𝑇𝑎𝑏1(2𝑦𝑠−𝑏1)

2𝐼𝑥
  

(31) 

𝑀𝑥 = − 
𝑀𝑥𝑇(𝑎−𝑏2)(𝑦𝑠−𝑏1)

2(2𝑦𝑠−3𝑦−2𝑏1)

6𝐼𝑥
+

 
𝑀𝑥𝑇[𝑎𝑦𝑠

2(2𝑦𝑠−3𝑦)+𝑏2𝑦
3]

6𝐼𝑥
+

𝑅𝑎𝑏1(2𝑦𝑠−2𝑦−𝑏1)

2𝑆
+

𝑅𝑏2(𝑦𝑠−𝑦−𝑏1)
2

2𝑆
+ 𝑃2𝐿 −  𝑅(𝑦𝑠 − 𝑦 − 𝐿1) − 𝑀𝑥1 −𝑀𝑥2    

(32) 

 

2.2.2 Punching shear 
Fig. 6 shows the critical perimeters according to the 

code (ACI 318S-14 2014) for the punching shear, and these 

are: For the column 1 is: the perimeter formed by the points 

9, 10, 11 and 12. For the column 2 is: the perimeter formed 

by the points 13, 14, 15 and 16. 

The general equations are presented below. 

 

For column 1 
The equation to obtain the punching shear that acts on 

the footing is 

𝑉𝑝1 = 𝑃1 − ∫ ∫ 𝜎(𝑥, 𝑦)𝑑𝑥𝑑𝑦
(𝑐1+𝑑)/2

−(𝑐1+𝑑)/2

𝑦𝑠−𝐿1+𝑐2/2+𝑠1
𝑦𝑠−𝐿1−𝑐2/2−𝑑/2

=

𝑃1 −
𝑅(𝑐1+𝑑)(𝑐2+𝑑/2+𝑠1)

𝑆
−

𝑀𝑥𝑇(𝑐1+𝑑)(𝑦𝑠−𝐿1)(𝑐2+𝑑/2+𝑠1)

𝐼𝑥
−

𝑀𝑥𝑇(𝑐1+𝑑)[𝑠1(𝑐2+𝑠1)−𝑑/2(𝑐2+𝑑/2)]

2𝐼𝑥
  

(33) 

where: “s1” must meet the following relationships: if 

d/2≤L1→s1=d/2, and if d/2≥L1→s1=L1. 

 

For column 2 
The equation to obtain the punching shear that acts on 

the footing is 

𝑉𝑝2 = 𝑃2 −

∫ ∫ 𝜎(𝑥, 𝑦)𝑑𝑥𝑑𝑦
(𝑐3+𝑑)/2

−(𝑐3+𝑑)/2

𝑦𝑠−𝐿−𝐿1+𝑐4/2+𝑑/2

𝑦𝑠−𝐿−𝐿1−𝑐4/2−𝑠2
= 𝑃2 −

𝑅(𝑐3+𝑑)(𝑐4+𝑑/2+𝑠2)

𝑆
−

𝑀𝑥𝑇(𝑐3+𝑑)(𝑦𝑠−𝐿−𝐿1)(𝑐4+𝑑/2+𝑠2)

𝐼𝑥
−

𝑀𝑥𝑇(𝑐3+𝑑)[𝑑/2(𝑐4+𝑑/2)−𝑠2(𝑐4+𝑠2)]

2𝐼𝑥
  

(34) 

 

 

Fig. 6 Critical perimeters for punching shear according to 

the code ACI 318 

 

 

where: “s2” must meet the following relationships: if d/2≤b  ̶

L ̶ L1 ̶ c4/2→s2=d/2, and if d/2≥b  ̶L  ̶L1  ̶ c4/2→s2=b ̶ L ̶ L1  ̶ 

c4/2. 

 
2.3 Current model for design 
 

The current model assumes that the position of the 

resultant force coincides with the center of gravity of the 

surface of the footing in contact with the soil in direction of 

the longitudinal axis. Therefore, the position of the resultant 

force from column 1 “yR” is obtained 

𝑦𝑅 =
𝑃2𝐿−(𝑀𝑥1+𝑀𝑥2)

𝑃1+𝑃2
  (35) 

Therefore, the value “ys” is 

𝑦𝑠 = 𝑦𝑅 + 𝐿1 (36) 

Now, substituting “σp, ys, b, b2, R, MyT” into the Eqs. (5) 

and (13) to obtain a and b1. 

Subsequently the stresses due to the factored loads are 

obtained as follows: 

The uniform stress on the “X” and “Y” axes is obtained  

𝜎𝑅 =
𝑅

𝑆
  (37) 

The uniform stress on the “X1” and “Y1” axes is 

𝜎𝑃1 =
𝑃1

𝑤1𝑎
  (38) 

The uniform stress on the “X2” and “Y2” axes is  

𝜎𝑃2 =
𝑃2

𝑤2𝑏2
  (39) 

 

2.3.1 Moments  
Fig. 3 shows the critical axes according to the code (ACI 

318S-14 2014) for the bending moments, and these are: For 
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the axes parallel to the X axis are: c’, d’, e’, f ’, g’, h’. For 

the axes parallel to the Y axis are: a’, b’. 

The equations for the moments that act on each of the 

axes are presented below 

𝑀𝑎´ =
𝜎𝑃1𝑤1(𝑎−𝑐1)

2

8
  (40) 

𝑀𝑏´ =
𝜎𝑃2𝑤2(𝑏2−𝑐3)

2

8
  (41) 

𝑀𝑐´ =
𝜎𝑅𝑎(2𝐿1−𝑐2)

2

8
  (42) 

𝑀𝑑´ =
𝜎𝑅𝑎(2𝐿1+𝑐2)

2

8
−

𝑃1𝑐2

2
−𝑀𝑥1  (43) 

𝑀𝑓´ =
𝜎𝑅𝑎𝑏1

2

2
− 𝑃1(𝑏1 − 𝐿1) − 𝑀𝑥1  (44) 

If “ys–b1≤ym≤ys–L1” 

𝑦𝑚 = 𝑦𝑠 −
𝑃1

𝜎𝑅𝑎
  (45) 

𝑀𝑒´ =
𝜎𝑅𝑎(𝑦𝑠−𝑦𝑚)

2

2
− 𝑃1(𝑦𝑠 − 𝑦𝑚 − 𝐿1) − 𝑀𝑥1  (46) 

If “ys–(L+L1)≤ym≤ys–b1” 

𝑦𝑚 = 𝑦𝑠 +
(𝑎−𝑏2)𝑏1

𝑏2
−

𝑃1

𝜎𝑝𝑏2
  (47) 

𝑀𝑒´ = 𝜎𝑅 [𝑎𝑏1 (𝑦𝑠 −
𝑏1

2
− 𝑦𝑚) +

𝑏2(𝑦𝑠−𝑏1−𝑦𝑚)
2

2
] −

𝑃1(𝑦𝑠 − 𝑦𝑚 − 𝐿1) − 𝑀𝑥1  
(48) 

𝑀𝑔´ = 𝜎𝑅 [𝑎𝑏1 (𝐿 + 𝐿1 −
𝑏1+𝑐4

2
) +

𝑏2

2
(𝐿 + 𝐿1 − 𝑏1 −

𝑐4

2
)
2

] − 𝑃1 (𝐿 −
𝑐4

2
) −𝑀𝑥1  

(49) 

𝑀ℎ´ = 𝜎𝑅 [𝑎𝑏1 (𝐿 + 𝐿1 −
𝑏1−𝑐4

2
) +

𝑏2

2
(𝐿 + 𝐿1 − 𝑏1 +

𝑐4

2
)
2

] − 𝑃1 (𝐿 +
𝑐4

2
) −

𝑃2𝑐4

2
−𝑀𝑥1 −𝑀𝑥2  

(50) 

 

2.3.2 Bending shear  
Fig. 4 presents the critical axes according to the code 

(ACI 318S-14 2014) for the bending shear, and these are: 

For the axes parallel to the X axis are: k’, l’, m’, n’, o’. For 

the axes parallel to the Y axis are: i’, j’. 

The equations for the bending shear that act on each of 

the axes are presented below 

𝑉𝑖 = −
𝜎𝑃1𝑤1(𝑎−𝑐1−2𝑑)

2
  (51) 

𝑉𝑗 = −
𝜎𝑃2𝑤2(𝑏2−𝑐3−2𝑑)

2
  (52) 

𝑉𝑘 = −𝜎𝑅𝑎 (𝐿1 −
𝑐2

2
− 𝑑)  (53) 

If “ys–b1≤ys–L1–c2/2−d” 

𝑉𝑙 = 𝑃1 − 𝜎𝑅𝑎 (𝐿1 +
𝑐2

2
+ 𝑑)  (54) 

If “ys–L–L1≤ys–L1–c2/2−d≤ys–b1” 

𝑉𝑙 = 𝑃1 − 𝜎𝑅 [𝑎𝑏1 + 𝑏2 (𝐿1 − 𝑏1 +
𝑐2

2
+ 𝑑)]  (55) 

𝑉𝑚 = 𝑃1 − 𝜎𝑅𝑎𝑏1 (56) 

𝑉𝑛 = 𝑃1 − 𝜎𝑅 [𝑎𝑏1 + 𝑏2 (𝐿1 + 𝐿 − 𝑏1 −
𝑐4

2
− 𝑑)]  (57) 

𝑉𝑜 = 𝑃1 + 𝑃2 − 𝜎𝑅 [𝑎𝑏1 + 𝑏2 (𝐿1 + 𝐿 − 𝑏1 +
𝑐4

2
+ 𝑑)]  (58) 

 

2.3.3 Punching shear  
Fig. 5 shows the critical perimeters according to the 

code (ACI 318S-14 2014) for the punching shear, and these 

are: For the column 1 is: the perimeter formed by the points 

9, 10, 11 and 12. For the column 2 is: the perimeter formed 

by the points 13, 14, 15 and 16. 

The equations for the punching shear that act on the 

footing are presented below 

𝑉𝑝1 = 𝑃1 − 𝜎𝑅(𝑐1 + 𝑑)(𝑐2 + 𝑑/2 + 𝑠1) (59) 

𝑉𝑝2 = 𝑃2 − 𝜎𝑅(𝑐3 + 𝑑)(𝑐4 + 𝑑/2 + 𝑠2) (60) 

 

 

3. Verification  
 

The equations by equilibrium in the limits of the footing 

can be verified for the new model as follows: 

For moments around the “Y” axis: Substituting x1=a/2 into 

the Eq. (22) is obtained My1=0. Now, substituting x2=b2/2 into 

the Eq. (24) is obtained: My2=0. 

For moments around the “X” axis: Substituting y=ys into 

the Eq. (26) is obtained: Mx=0. Now, substituting y=ys−b into 

the Eq. (32) is obtained: Mx=0. 

For bending shear on the “Y” axis: Substituting x1=a/2 into 

the Eq. (21) is obtained: Vx1=0. Now, substituting x2=b2/2 into 

the Eq. (23) is obtained: Vx2=0. 

For bending shear on the “X” axis: Substituting y=ys into 

the Eq. (25) is obtained: Vy=0. Now, substituting y=ys−b into 

the Eq. (31) is obtained: Vy=0. 

The equations by continuity in the discontinuous sections 

of the footing can be verified for the new model as follows: 

For moments around the “X” axis: Substituting y=ys–b1 

into the Eqs. (28) and (30) is obtained the same value of Mx.  

For bending shear on the “X” axis: Substituting y=ys–b1 

into the Eqs. (27) and (29) is obtained the same value of Vy. 

Differences of the equations in the two models: 

For moments:  

1.- Substituting x1=c1/2→c1=2x1 and σP1=P1/w1a into Eq. 

(40) is obtained the Eq. (22) of the new model, but without the 

moment “My1”. 

2.- Now, substituting x2=c3/2→c3=2x2 and σP2=P2/w2b2 into 

Eq. (41) is obtained the Eq. (24) of the new model, but the 

moment “My2” does not appear. 

3.- Substituting y=ys–L1+c2/2→c2=2(y–ys+L1) and σR=R/S 

into Eq. (42) is obtained the Eq. (26) of the new model, but 

without the moment “MxT”. 

4.- Now, substituting y=ys–L1–c2/2→c2=2(ys–y+L1) and 

σR=R/S into Eq. (43) is obtained the Eq. (28) of the new model, 

but the moment “MxT” does not appear. 

5.- Substituting y=ys–b1→b1=ys–y and σR=R/S into Eq. (44) 

is obtained the Eq. (28) of the new model, but without the 

moment “MxT”. 
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6.- Now, Substituting y=ys–L1–L+c4/2→c4=2(y–ys+L1+L) 

and σR=R/S into Eq. (49) is obtained the Eq. (30) of the new 

model, but the moment “MxT” does not appear. 

7.- Substituting y=ys–L1–L–c4/2→c4=2(ys–y–L1–L) and 

σR=R/S into Eq. (50) is obtained the Eq. (32) of the new model, 

but without the moment “MxT”. 

For bending shear: 

1.- Substituting x1=c1/2+d→c1=2(x1–d) and σP1=P1/w1a into 

Eq. (51) is obtained the Eq. (21) of the new model, but without 

the moment “My1”. 

2.- Now, substituting x2=c3/2+d→c3=2(x2–d) and 

σP2=P2/w2b2 into Eq. (52) is obtained the Eq. (23) of the new 

model, but the moment “My2” does not appear. 

3.- Substituting y=ys–L1+c2/2+d→c2=2(y–ys+L1–d) and 

σR=R/S into Eq. (53) is obtained the Eq. (25) of the new model, 

but without the moment “MxT”. 

4.- Now, substituting y=ys–L1–c2/2–d→c2=2(ys–y–L1–d) 

and σR=R/S into Eq. (54) is obtained the Eq. (27) of the new 

model, but the moment “MxT” does not appear. 

5.- Now, substituting y=ys–L1–c2/2–d→c2=2(ys–y–L1–d) 

and σR=R/S into Eq. (55) is obtained the Eq. (29) of the new 

model, but the moment “MxT” does not appear. 

6.- Substituting y=ys–b1→b1=ys–y and σR=R/S into Eq. (56) 

is obtained the Eq. (27) of the new model, but without the 

moment “MxT”. 

7.- Now, Substituting y=ys–L1–L+c4/2+d→c4=2(y–

ys+L1+L–d) and σR=R/S into Eq. (57) is obtained the Eq. (29) 

of the new model, but the moment “MxT” does not appear. 

8.- Substituting y=ys–L1–L–c4/2–d→c4=2(ys–y–L1–L–d) 

and σR=R/S into Eq. (58) is obtained the Eq. (31) of the new 

model, but without the moment “MxT”. 

For punching shear: 

1.- Substituting σR=R/S into Eq. (59) is obtained the Eq. 

(33) of the new model, but without the moment “MxT”. 

2.- Now, substituting σR=R/S into Eq. (60) is obtained the 

Eq. (34) of the new model, but the moment “MxT” does not 

appear. 

Therefore, the equations by equilibrium in the limits and 

the equations by continuity in the discontinuous sections of the 

footing for the new model are verified for the moments, the 

bending shear and the punching shear that act on the footing, 

and also the advantages of the new model over the current 

model are shown.  

The comparison of the equations for the new model and the 

current model are shown in the Appendix (Table 1 for 

moments, Table 2 for bending shear and Table 3 for punching 

shear). 

 

 

4. Numerical examples 
 
Three numerical examples are presented below: Example 1 

is for a T-shaped combined footing that supports two columns 

with a side restrained by a property line (Column 1 is located 

on the property boundary). Example 2 is for a T-shaped 

combined footing that supports two columns with two sides 

restrained (opposite sides) by two property limits (Columns 1 

and 2 are located on the property boundaries). Example 3 is for 

a T-shaped combined footing that supports two columns with 

two opposite sides restrained, the column 1 is located in the 

center of the width of the upper flange (b1/2=L1), and column 2 

is located at a distance half the width of the strip to the free end 

(b2/2=b–L1–L). 

The thickness of the footing is obtained by means of an 

iterative procedure until the following three conditions are met: 

bending moments, bending shear, and punching shear. 

The data for the three examples are: The sides of the two 

columns are of 40×40 cm, L=5.00 m, H (Depth of the 

footing)=2.0 m, PD1=600 kN, PL1=300 kN, MDx1=120 kN-m, 

MLx1=100 kN-m, MDy1=100 kN-m, MLy1=60 kN-m, PD2=400 

kN, PL2=200 kN; MDx2=80 kN-m, MLx2=60 kN-m, MDy2=60 

kN-m, MLy2=40 kN-m, f’c (Specified compressive strength of 

concrete at 28 days)=28 MPa, fy (Specified yield strength of 

reinforcement of steel)=420 MPa, σa (Permissible load 

capacity of the soil)=250 kN/m2, γppz (Density of the concrete 

footing)=24 kN/m3, γpps (Density of the fill soil)=15 kN/m3. 

The loads and moments that act on soil are: P1=900 kN, 

Mx1=220 kN-m; My1=160 kN-m, P2=600 kN; Mx2=140 kN-m, 

My2=100 kN-m. 

 

4.1 Example 1  
 

Design of a T-shaped combined footing for the two models 

that supports two columns with a side restrained by a property 

line is shown below. 

 

4.1.1 New model  
The thickness that meets the bending moments, bending 

shear, and punching shear is of 85 cm. 

Substituting the values of “σp=212.35 kN/m2, P1=900 kN, 

Mx1=220 kN-m, My1=160 kN-m, P2=600 kN; Mx2=140 kN-m, 

My2=100 kN-m into Eqs. (1) to (17) and (19), and using the 

MAPLE-15 software are obtained: Smin=9.39 m2, L1=0.20 m, 

MxT=− 273.80 kN-m, MyT=260.00 kN-m, R=1500 kN, a=4.96 

m, b=5.42 m, b1=1.00 m, b2=1.00 m, σ1=201.32 kN/m2, 

σ2=79.09 kN/m2, σ3=212.35 kN/m2, σ4=163.55 kN/m2, 

σ5=138.92 kN/m2, σ6=90.12 kN/m2, σ7=212.35 kN/m2, 

σ8=187.72 kN/m2. 

Now, the practical dimensions of the T-shaped combined 

footing that supports two square columns are: a=5.00 m, 

b=5.45 m, b1=1.00 m, b2=1.00 m.  

Substituting the values of “a=5.00 m, b=5.45 m, b1=1.00 

m and b2=1.00 m” into the same MAPLE-15 software are 

obtained: Smin=9.45 m2, L1=0.20 m, MxT=−265.20 kN-m, 

MyT=260.00 kN-m, R=1500 kN, a=5.00 m, b=5.45 m, 

b1=1.00 m, b2=1.00 m, σ1=200.25 kN/m2, σ2=79.74 kN/m2, 

σ3=210.76 kN/m2, σ4=162.55 kN/m2, σ5=138.45 kN/m2, 

σ6=90.25 kN/m2, σ7=209.30 kN/m2, σ8=185.20 kN/m2. 

Now, substituting the values of a=5.00 m, b=5.45 m, 

b1=1.00 m and b2=1.00 m into Eqs. (13) to (16) to find the 

geometric properties and by the Derive 6 software are 

obtained: ys=1.78 m, yi=3.67 m, Ix=25.24 m4, Iy=10.79 m4. 

The factored loads and moments according to the code are 

(ACI 318S-14 2014): Pu1=1.2PD1+1.6PL1=1200 kN, 

Mux1=1.2MDx1+1.6MLx1=304 kN-m; 

Muy1=1.2MDy1+1.6MLy1=216 kN-m, Pu2=1.2PD2+1.6PL2=800 

kN, Mux2=1.2MDx2+1.6MLx2=192 kN-m, 

Muy2=1.2MDy2+1.6MLy2=136 kN-m, Ru=2000 kN, MuxT=– 

337.60 kN-m, MuyT=352 kN-m.  
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4.1.2 Current model  
The thickness that meets the bending moments, bending 

shear, and punching shear is of 85 cm. 

By the Eq. (35) is found: yR=1.76 m, and subsequently by 

the Eq. (36) is obtained: ys=1.96 m.  

Substituting “σp, ys, b, b2, R, MyT” into the Eqs. (5) and 

(13) is obtained: a=3.20 m and b1=2.19 m. Now, 

substituting a=3.20 m, b=5.45 m, b1=2.19 m and b2=1.00 m 

into Eqs. (1), (13) to (17) are found: S=10.28 m2, ys=1.96 

m, yi=3.49 m, Ix=22.21 m4 and Iy=6.27 m4. 

Substituting the values of “σp=212.35 kN/m2, R=1500 kN, 

MxT=0 kN-m (Because the resultant force coincides with the 

center of gravity of the surface of the footing), MyT=260 kN-m, 

a=3.20 m, b2=1.00 m, S=10.28 m2, Iy=6.27 m4 into Eqs. (5) 

to (12) to verify the stresses in each vertex and these are found: 

σ1=212.35 kN/m2, σ2=79.55 kN/m2, σ3=212.35 kN/m2, 

σ4=166.69 kN/m2, σ5=125.29 kN/m2, σ6=79.55 kN/m2, 

σ7=166.69 kN/m2, σ8=125.21 kN/m2. 

Now, the practical dimensions of the T-shaped 

combined footing that supports two square columns are: 

a=3.20 m, b=5.45 m, b1=2.20 m, b2=1.00 m.  

Substituting the values of “a=3.20 m, b=5.45 m, b1=2.20 

m and b2=1.00 m” into Eqs. (1), (13) to (17) are found: 

S=10.29 m2, ys=1.96 m, yi=3.49 m, Ix=22.21 m4 and Iy=6.28 

m4. 

Now, substituting the values of “σp=212.35 kN/m2, 

R=1500 kN, MxT=0 kN-m, MyT=260 kN-m, a=3.20 m, 

b2=1.00 m, S=10.29 m2, Iy=6.28 m4 into Eqs. (5) to (12) to 

verify the stresses in each vertex and these are found: 

σ1=212.01 kN/m2, σ2=79.53 kN/m2, σ3=212.01 kN/m2, 

σ4=166.47 kN/m2, σ5=125.07 kN/m2, σ6=79.53 kN/m2, 

σ7=166.47 kN/m2, σ8=125.07 kN/m2.  

The factored loads according to the code are (ACI 318S-14 

2014): Pu1=1.2PD1+1.6PL1=1200 kN, Pu2=1.2PD2+1.6PL2=800 

kN, Ru=2000 kN.  

 

4.2 Example 2  
 

Design of a T-shaped combined footing that supports two 

columns with two sides restrained (opposite sides) by two 

property limits is shown below. 

 

4.2.1 New model  
The thickness that meets the bending moments, bending 

shear, and punching shear is of 85 cm. 

Substituting the values of “σp=212.35 kN/m2, P1=900 kN, 

Mx1=220 kN-m, My1=160 kN-m, P2=600 kN; Mx2=140 kN-m, 

My2=100 kN-m into Eqs. (1) to (17) and (19), and using the 

MAPLE-15 software are obtained: Smin=9.40 m2, L1=0.20 m, 

MxT=−273.70 kN-m, MyT=260.00 kN-m, R=1500 kN, a=4.95 

m, b=5.40 m, b1=1.00 m, b2=1.01 m, σ1=201.25 kN/m2, 

σ2=78.55 kN/m2, σ3=212.35 kN/m2, σ4=163.52 kN/m2, 

σ5=138.47 kN/m2, σ6=89.64 kN/m2, σ7=212.35 kN/m2, 

σ8=187.30 kN/m2. 

Now, the practical dimensions of the T-shaped combined 

footing that supports two square columns are: a=5.00 m, 

b=5.40 m, b1=1.00 m, b2=1.05 m.  

Substituting the values of “a=5.00 m, b=5.40 m, b1=1.00 

m and b2=1.05 m” into the same MAPLE-15 software are 

obtained: Smin=9.62 m2, L1=0.20 m, MxT=−244.99 kN-m, 

MyT=260.00 kN-m, R=1500 kN, a=5.00 m, b=5.40 m, 

b1=1.00 m, b2=1.05 m, σ1=198.54 kN/m2, σ2=78.62 kN/m2, 

σ3=208.19 kN/m2, σ4=160.82 kN/m2, σ5=135.64 kN/m2, 

σ6=88.28 kN/m2, σ7=203.30 kN/m2, σ8=178.12 kN/m2. 

Now, substituting the values of a=5.00 m, b=5.40 m, 

b1=1.00 m and b2=1.05 m into Eqs. (13) to (16) to find the 

geometric properties and by the Derive 6 software are 

obtained: ys=1.80 m, yi=3.60 m, Ix=25.38 m4, Iy=10.84 m4. 

The factored loads and the moments according to the code 

are (ACI 318S-14 2014): Pu1=1.2PD1+1.6PL1=1200 kN, 

Mux1=1.2MDx1+1.6MLx1=304 kN-m; 

Muy1=1.2MDy1+1.6MLy1=216 kN-m, Pu2=1.2PD2+1.6PL2=800 

kN, Mux2=1.2MDx2+1.6MLx2=192 kN-m, 

Muy2=1.2MDy2+1.6MLy2=136 kN-m, Ru=2000 kN, MuxT=– 

310.65 kN-m, MuyT=352 kN-m.  

 

4.2.2 Current model  
The thickness that meets the bending moments, bending 

shear, and punching shear is of 80 cm. 

By the Eq. (35) is found: yR=1.76 m, and subsequently by 

the Eq. (36) is obtained: ys=1.96 m.  

Substituting “σp, ys, b, b2, R, MyT” into the Eqs. (5) and 

(13) is obtained: a=3.25 m and b1=2.10 m. Now, 

substituting a=3.25 m, b=5.40 m, b1=2.10 m and b2=1.05 m 

into Eqs. (1), (13) to (17) are found: S=10.28 m2, ys=1.96 

m, yi=3.44 m, Ix=22.40 m4 and Iy=6.30 m4. 

Substituting the values of “σp=212.80 kN/m2, R=1500 kN, 

MxT=0 kN-m (Because the resultant force coincides with the 

center of gravity of the surface of the footing), MyT=260 kN-m, 

a=3.25 m, b2=1.05 m, S=10.28 m2, Iy=6.30 m4 into Eqs. (5) 

to (12) to verify the stresses in each vertex and these are found: 

σ1=212.80 kN/m2, σ2=78.95 kN/m2, σ3=212.80 kN/m2, 

σ4=167.52 kN/m2, σ5=124.22 kN/m2, σ6=78.95 kN/m2, 

σ7=167.52 kN/m2, σ8=124.22 kN/m2. 

Now, the practical dimensions of the T-shaped 

combined footing that supports two square columns are: 

a=3.25 m, b=5.40 m, b1=2.15 m, b2=1.05 m.  

Substituting the values of “a=3.25 m, b=5.40 m, b1=2.15 

m and b2=1.05 m” into Eqs. (1), (13) to (17) are found: 

S=10.40 m2, ys=1.96 m, yi=3.44 m, Ix=22.41 m4 and Iy=6.46 

m4. 

Now, substituting the values of “σp=212.80 kN/m2, 

R=1500 kN, MxT=0 kN-m, MyT=260 kN-m, a=3.20 m, 

b2=1.00 m, S=10.29 m2, Iy=6.28 m4 into Eqs. (5) to (12) to 

verify the stresses in each vertex and these are found: 

σ1=209.63 kN/m2, σ2=78.83 kN/m2, σ3=209.63 kN/m2, 

σ4=165.36 kN/m2, σ5=123.10 kN/m2, σ6=78.83 kN/m2, 

σ7=165.36 kN/m2, σ8=123.10 kN/m2.  

The factored loads according to the code are (ACI 318S-14 

2014): Pu1=1.2PD1+1.6PL1=1200 kN, Pu2=1.2PD2+1.6PL2=800 

kN, Ru=2000 kN.  

 

4.3 Example 3  
 

Design of a T-shaped combined footing that supports two 

columns with two opposite sides restrained (b1/2=a/2=L1 and 

b2/2=b–L1–L is shown below. 

 

4.3.1 New model  
The thickness that meets the bending moments, bending 
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shear, and punching shear is of 60 cm. 

Substituting the values of “σp=214.60 kN/m2, P1=900 kN, 

Mx1=220 kN-m, My1=160 kN-m, P2=600 kN; Mx2=140 kN-m, 

My2=100 kN-m into Eqs. (1) to (17) and (19), and using the 

MAPLE-15 software are obtained: Smin=11.24 m2, L1=1.27 m, 

MxT=−466.50 kN-m, MyT=260.00 kN-m, R=1500 kN, a=2.54 

m, b=6.83 m, b1=2.54 m, b2=1.11 m, σ1=186.87 kN/m2, 

σ2=20.73 kN/m2, σ3=214.60 kN/m2, σ4=167.89 kN/m2, 

σ5=95.17 kN/m2, σ6=48.45 kN/m2, σ7=214.60 kN/m2, 

σ8=141.88 kN/m2. 

Now, the practical dimensions of the T-shaped combined 

footing that supports two square columns are: a=2.60 m, 

b=6.90 m, b1=2.60 m, b2=1.20 m.  

Substituting the values of “a=2.60 m, b=6.90 m, b1=2.60 

m and b2=1.20 m” into the same MAPLE-15 software are 

obtained: Smin=11.92 m2, L1=1.30 m, MxT=−399.82 kN-m, 

MyT=260.00 kN-m, R=1500 kN, a=2.60 m, b=6.90 m, 

b1=2.60 m, b2=1.20 m, σ1=178.21 kN/m2, σ2=25.52 kN/m2, 

σ3=200.52 kN/m2, σ4=159.41 kN/m2, σ5=88.94 kN/m2, 

σ6=47.83 kN/m2, σ7=196.32 kN/m2, σ8=125.84 kN/m2. 

Now, substituting the values of a=2.60 m, b=6.90 m, 

b1=2.60 m and b2=1.20 m into Eqs. (13) to (16) to find the 

geometric properties and by the Derive 6 software are 

obtained: ys=2.79 m, yi=4.11 m, Ix=46.59 m4, Iy=4.43 m4. 

The factored loads and the moments according to the code 

are (ACI 318S-14 2014): Pu1=1.2PD1+1.6PL1=1200 kN, 

Mux1=1.2MDx1+1.6MLx1=304 kN-m; 

Muy1=1.2MDy1+1.6MLy1=216 kN-m, Pu2=1.2PD2+1.6PL2=800 

kN, Mux2=1.2MDx2+1.6MLx2=192 kN-m, 

Muy2=1.2MDy2+1.6MLy2=136 kN-m, Ru=2000 kN, MuxT=– 

517.09 kN-m, MuyT=352 kN-m.  

 

4.3.2 Current model  
The thickness that meets the bending moments, bending 

shear, and punching shear is of 55 cm. 

By the Eq. (35) is found: yR=1.76 m, and subsequently by 

the Eq. (36) is obtained: ys=1.76+b1/2.  

Substituting “σp, ys, b, b2, R, MyT” into the Eqs. (5) and 

(13) is obtained: a=2.38 m and b2=1.34 m. Now, 

substituting a=2.38 m, b=6.86 m, b1=2.38 m and b2=1.34 m 

into Eqs. (1), (13) to (17) are found: S=11.67 m2, ys=2.95 

m, yi=3.91 m, Ix=46.99 m4 and Iy=3.58 m4. 
Substituting the values of “σp=215.05 kN/m2, R=1500 kN, 

MxT=0 kN-m (Because the resultant force coincides with the 
center of gravity of the surface of the footing), MyT=260 kN-m, 
a=2.38 m, b2=1.34 m, S=11.67 m2, Iy=3.58 m4 into Eqs. (5) 
to (12) to verify the stresses in each vertex and these are found: 
σ1=215.05 kN/m2, σ2=42.07 kN/m2, σ3=215.05 kN/m2, 
σ4=177.08 kN/m2, σ5=80.02 kN/m2, σ6=42.05 kN/m2, 
σ7=177.08 kN/m2, σ8=80.02 kN/m2. 

Now, the practical dimensions of the T-shaped 

combined footing that supports two square columns are: 

a=2.40 m, b=6.90 m, b1=2.40 m, b2=1.40 m.  

Substituting the values of “a=2.40 m, b=6.90 m, b1=2.40 

m and b2=1.40 m” into Eqs. (1), (13) to (17) are found: 

S=12.06 m2, ys=3.00 m, yi=3.90 m, Ix=49.21 m4 and Iy=3.79 

m4. 

Now, substituting the values of “σp=215.05 kN/m2, 

R=1500 kN, MxT=0 kN-m, MyT=260 kN-m, a=2.40 m, 

b2=1.40 m, S=12.06 m2, Iy=3.79 m4 into Eqs. (5) to (12) to 

verify the stresses in each vertex and these are found: 

Table 4 Contact surface for the three examples 

Concept 
Example 1 Example 2 Example 3 

NM CM NM CM NM CM 

a (m) 5.00 3.20 5.00 3.25 2.60 2.40 

b (m) 5.45 5.45 5.40 5.40 6.90 6.90 

b1 (m) 1.00 2.20 1.00 2.15 2.60 2.40 

b2 (m) 1.00 1.00 1.05 1.05 1.20 1.40 

Smin (m2) 9.45 10.29 9.62 10.40 11.92 12.06 

 

 

σ1=206.62 kN/m2, σ2=42.14 kN/m2, σ3=206.62 kN/m2, 

σ4=172.35 kN/m2, σ5=76.41 kN/m2, σ6=42.14 kN/m2, 

σ7=172.35 kN/m2, σ8=76.41 kN/m2. 

The factored loads according to the code are (ACI 318S-14 

2014): Pu1=1.2PD1+1.6PL1=1200 kN, Pu2=1.2PD2+1.6PL2=800 

kN, Ru=2000 kN.  

  

 

5. Results 
 

Table 4 shows the contact surface for the new model 

“NM” and the current model “CM” of the three examples. 

The results of the table 4 show the following: 

1.- The value of “a” is smaller for the current model 

compared to the new model for the three examples. 

2.- The value of “b” is same for the two models in the three 

examples. 

3.- The value of “b1” is smaller for the new model 

compared to the current model in the examples 1 and 2, and 

the example 3 is smaller for the current model. 

4.- The value of “b2” is same for the two models in the 

examples 1 and 2, and the example 3 is smaller for the new  

model. 

5.- The value of “Smin” is smaller for the new model 

compared to the current model for the three examples. 

Table 5 shows the bending moments for the two models 

of the three examples. 

The results of the table 5 show the following: 

1.- The moment greatest around the a´ axis is presented in 

the new model for the three examples. 

2.- The moment greatest around the b´ axis is presented in 

the new model for the three examples. 

3.- The moment greatest around the c´ axis is presented in 

the new model for the example 3, and in examples 1 and 2 

there is no moments because the columns are located in the 

property boundary. 

4.- The moment greatest around the d´ axis (absolute value) 

is presented in the current model for the three examples. 

5.- The moment greatest around the e´ axis (Maximum 

moment in absolute value) is presented in the current model for 

the three examples. 

6.- The moment greatest around the f´ axis (absolute value) 

is presented in the current model for the three examples. 

7.- The moment greatest around the g´ axis is presented in 

the new model for the three examples. 

8.- The moment greatest around the h´ axis (absolute value) 

is presented in the current model for the three examples. 

Table 6 presents the effective depths that result from the 

moments for the two models of the three examples. 

The results of the table 6 show the following: 
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1.- The effective depth greatest in direction X is presented 

in the new model for the three examples. 

2.- The effective depth greatest in direction Y is presented 

in the current model for the three examples. 

Table 7 shows the bending shear that acts “Vf” and the 

concrete resistance “ØvVf” according to the code (ACI 

318S-14 2014) for the two models of the three examples. 

The results of the Table 7 show the following: 

1.- The bending shear greatest that acts on i´ axis (absolute 

value) is presented in the new model for the three examples. 

2.- The bending shear greatest that acts on j´ axis (absolute 

value) is presented in the current model for the example 3, and 

in examples 1 and 2 there is no bending shear because the axes 

are located outside of the footing. 

3.- The bending shear that acts on k´ axis is same for the 

two models in the example 3, and in examples 1 and 2 there is 

 

 

 

 

no bending shear because the axes are located outside of the 

footing. 

4.- The bending shear greatest that acts on l´ axis is 

presented in the current model for the three examples. 

5.- The bending shear greatest that acts on m´ axis is 

presented in the new model for the examples 1 and 2, and in 

example 3 is presented in the current model. 

6.- The bending shear greatest that acts on n´ axis (absolute 

value) is presented in the current model for the three examples. 

7.- The bending shear that acts on o´ axis there is no 

bending shear because the axes are located outside of the 

footing. 

Table 8 presents the punching shear that acts “Vp” and 

the shear that concrete resists “ØvVp” according to the code 

(ACI 318S-14 2014) “ØvVf” for both models of the three 

examples. 

Table 5 Bending moments for the three examples 

A
x
is

 

Example 1 Example 2 Example 3 

Bending moments 

kN-m 

Analysis width 

cm 

Bending moments 

kN-m 

Analysis width 

cm 

Bending moments 

kN-m 

Analysis width 

cm 

NM CM NM CM NM CM NM CM NM CM NM CM 

a´ 729.87 367.50 78.5 78.5 729.87 374.88 78.5 76 362.50 250.00 92 87 

b´ 65.38 36.00 83.5 83.5 71.26 40.24 78.5 76 88.59 71.43 92 87 

c´ 0 0 500 320 0 0 500 325 221.56 199.00 260 240 

d´ −468.17 −494.24 500 320 −468.96 −494.00 500 325 −127.68 −153.95 260 240 

e´ 
−909.07 

ym=−0.31 

−1221.65 

ym=0.63 
100 100 

−924.19 

ym=−0.32 

−1215.99 

ym=0.04 
105 105 

−655.46 

ym=−0.68 

−726.76 

ym=−0.45 
120 140 

f´ −783.37 −1198.88 100 100 −789.04 −1199.45 105 105 −577.44 −597.95 120 140 

g´ 58.19 34.24 100 100 53.03 30.35 105 105 112.79 25.55 120 140 

h´ 0.33 −17.21 100 100 0 −17.79 105 105 20.34 -71.46 120 140 

where: ym is the location of the maximum moment in absolute value 

Table 6 Effective depths for the three examples 

Direction 

Example 1 Example 2 Example 3 

Effective depths 

cm 

Analysis width 

cm 

Effective depths 

cm 

Analysis width 

cm 

Effective depths 

cm 

Analysis width 

cm 

NM CM NM CM NM CM NM CM NM CM NM CM 

X 37.76 26.79 78.5 78.5 37.76 27.50 78.5 76 24.58 20.99 92 87 

Y 37.33 43.28 100 100 36.74 42.14 105 105 28.94 28.21 120 140 

The proposed dimensions after several iterations are: d=77 cm, r=8 cm, t=85 cm (for the two models of the example 1); d=77 cm, r=8 

cm, t=85 cm (for the new model of the example 2) and d=72 cm, r=8 cm, t=80 cm (for the current model of the example 2); d=52 cm, 

r=8 cm, t=60 cm (for the new model of the example 3) and d=47 cm, r=8 cm, t=55 cm (for the current model of the example 3). 

Table 7 Bending shear for the three examples 

A
x
is

 

Example 1 Example 2 Example 3 

Bending shear 

kN 

Analysis 

width cm 

Bending shear 

kN 

Analysis 

width cm 

Bending shear 

kN 

Analysis 

width cm 

NM CM 
NM CM 

NM CM 
NM CM 

NM CM 
NM CM 

Vf ØvVf Vf ØvVf Vf ØvVf Vf ØvVf Vf ØvVf Vf ØvVf 

i´ −422 462 −236 463 78.5 78.5 −422 462 −260 418 78.5 76 −354 366 −265 313 92 87 

j´ 0* 492 0* 492 83.5 83.5 0* 462 0* 418 78.5 76 0* 366 −17 313 92 87 

k´ 0* 589 0* 1884 500 320 0* 618 0* 1789 500 325 −211 1034 −211 862 260 240 

l´ 193 589 472 1884 100 320 204 618 500 1789 105 325 423 1034 456 862 260 240 

m´ 228 589 −168 589 100 100 240 618 −144 578 105 105 178 1034 245 862 120 140 

n´ −492 589 −563 589 100 100 −499 618 −574 578 105 105 −474 477 −482 503 120 140 

o´ 0* 588 0* 589 100 100 0* 618 0* 578 105 105 0* 477 0* 503 120 140 

* The axis is located outside of the footing 
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The results of the Table 8 show the following: 

1.- The punching shear greatest that acts on the column 1 

is presented in the current model for the examples 2 and 3,  and 

in example 1 is presented in the new model. 

2.- The punching shear greatest that acts on the column 2 

is presented in the current model for the three examples. 

Table 9 shows the reinforcement steel for the two 

models of the three examples. 

The results of the Table 9 show the following: 

1.- The steel at the top with a width “b2” in direction Y 

greatest is presented in the current model for the three 

examples. 

2.- The steel at the top additional to “b2”, width “a−b2” in 

direction Y greatest is presented in the new model for the three 

examples. 

3.- The steel at the bottom with a width “b2” in direction Y 

greatest is presented in the new model in the example 2, and 

for the examples 1 and 3 is same in the two models. 

 

 

 

4.- The steel at the bottom additional to “b2”, width “a − 

b2” in direction Y greatest is presented in the new model for the 

three examples. 

5.- The steel at the top with a width “b” in direction X 

greatest is presented in the new model in the examples 2 and 3, 

and for the example 1 is same in the two models. 

6.- The steel in the bottom under the column 1 with a width 

of “w1” in direction X greatest is presented in the new model 

for the three examples. 

7.- The steel in the bottom under the column 2 with a width 

of “w2” in direction X greatest is presented in the new model in 

the example 3, and for the examples 1 and 2 is same in the two 

models. 

8.- The steel at the bottom additional to the columns “b–

w1–w2” in direction X is same in the two models for the three 

examples. 

The volume of steel by the following equation is obtained 

 

Table 8 Punching moments for the three examples 

C
o
lu

m
n
 

Example 1 Example 2 Example 3 

NM CM NM CM NM CM 

Vp ØvVp Vp ØvVp Vp ØvVp Vp ØvVp Vp ØvVp Vp ØvVp 

1 1022.70 

4839.60 

1021.49 

4839.60 

1024.84 

4839.60 

1036.31 

4360.18 

1027.02 

4389.54 

1074.48 

3751.85 

8215.41 8215.41 8215.41 7225.00 5466.53 4519.81 

3131.51 3131.51 3131.51 2821.29 2840.29 2427.67 

2 550.79 

4539.33 

637.71 

4539.33 

572.95 

4627.65 

645.74 

4244.57 

625.05 

4389.54 

674.48 

3751.85 

8117.67 8117.67 8146.42 7187.37 5466.53 4519.81 

2937.21 2937.21 2994.36 2746.49 2840.29 2427.67 

Table 9 Reinforcement steel for the three examples 

Location of the steel 

Type 

of 

steel 

Example 1 Example 2 Example 3 

Steel area cm2 

NM CM NM CM NM CM 

Direction “Y” 

Steel at the top 

with a width b2 

MaS 32.44 44.21 32.94 47.28 35.09 43.44 

MiS 25.67 25.67 26.95 25.20 20.80 21.93 

PS 35.42(7Ø1”) 45.54(9Ø1”) 35.42(7Ø1”) 50.60(10Ø1”) 35.42(7Ø1”) 45.54(9Ø1”) 

Steel at the top additional 

to b2, width (a−b2) 

TS 61.20 33.66 60.44 31.68 15.12 9.90 

PS 65.78(13Ø1”) 35.42(7Ø1”) 60.72(12Ø1”) 35.42(7Ø1”) 17.10(6Ø3/4”) 11.40(4Ø1”) 

Steel at the bottom with a 

width b2 

MaS 2.00 1.18 1.83 1.12 11.46 11.37 

MiS 25.67 25.67 26.95 25.20 20.80 21.93 

PS 30.36(6Ø1”) 30.36(6Ø1”) 30.36(6Ø1”) 25.30(5Ø1”) 25.30(5Ø1”) 25.30(5Ø1”) 

Steel at the bottom additional 

to b2, width (a−b2) 

TS 61.20 33.66 60.44 31.68 15.12 9.90 

PS 65.78(13Ø1”) 35.42(7Ø1”) 60.72(12Ø1”) 35.42(7Ø1”) 17.10(6Ø3/4”) 11.40(4Ø1”) 

Direction “X” 

Steel at the top with a width b 
TS 83.38 83.38 82.62 77.76 74.52 68.31 

PS 86.02(17Ø1”) 86.02(17Ø1”) 86.02(17Ø1”) 80.96(16Ø1”) 75.90(15Ø1”) 70.84(14Ø1”) 

Steel in the bottom under the 

column 1 with a width of w1 

MaS 26.07 12.87 26.07 14.09 19.12 14.52 

MiS 20.15 20.15 20.15 18.24 15.95 13.63 

PS 30.36(6Ø1”) 20.24(4Ø1”) 30.36(6Ø1”) 20.24(4Ø1”) 20.24(4Ø1”) 15.18(3Ø1”) 

Steel in the bottom under the 

column 2 with a width of w2 

MaS 2.25 1.24 2.46 1.48 4.55 4.06 

MiS 21.43 21.43 20.15 18.24 15.95 13.63 

PS 25.30(5Ø1”) 25.30(5Ø1”) 20.24(4Ø1”) 20.24(4Ø1”) 20.24(4Ø1”) 15.18(3Ø1”) 

Steel at the bottom additional 

to the columns (b–w1–w2) 

TS 58.60 58.60 58.60 55.87 54.65 51.08 

PS 60.72(12Ø1”) 60.72(12Ø1”) 60.72(12Ø1”) 60.72(12Ø1”) 55.66(11Ø1”) 55.66(11Ø1”) 

where: MaS=Main steel, MiS=Minimum steel, PS=Proposed steel, TS=Temperature steel 
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Table 10 Volumes of steel and concrete for the three examples 

Concept 
Example 1 Example 2 Example 3 

NM CM NM CM NM CM 

Volumes of steel and concrete 

Vs (cm3) 869.12 899.89 857.72 885.32 791.84 802.84 

Vc (m3) 8.03 8.75 8.18 8.32 7.15 7.03 

 

 

𝑉𝑠 = (𝐴𝑠𝑦𝑇𝑏2 + 𝐴𝑠𝑦𝐵𝑏2)𝑏 + (𝐴𝑠𝑦𝑇(𝑎−𝑏2) +

𝐴𝑠𝑦𝐵(𝑎−𝑏2))𝑏1 + [𝐴𝑠𝑥𝑇𝑏𝑏1/𝑏 + 𝐴𝑠𝑥𝐵𝑤1 +

𝐴𝑠𝑥𝐵(𝑏−𝑤1−𝑤2)(𝑏1 −𝑤1)/𝑏]𝑎 + (𝐴𝑠𝑥𝑇𝑏(𝑏 − 𝑏1)/𝑏 +

𝐴𝑠𝑥𝐵𝑤2 + 𝐴𝑠𝑥𝐵(𝑏−𝑤1−𝑤2)(𝑏 − 𝑏1 −𝑤2)/𝑏)𝑏2  

(61) 

where: AsyTb2=Steel at the top with a width b2 in direction “Y”, 

AsBTb2=Steel at the bottom with a width b2 in direction “Y”, 

AsyT(a−b2)=Steel at the top additional to b2 (a−b2) in direction 

“Y”, AsyB(a − b2)=Steel at the bottom additional to b2 (a−b2) in 

direction “Y”, AsxTb=Steel at the top with a width b in direction 

“X”, AsxBw1=Steel in the bottom under the column 1 with a 

width of w1 in direction “X”, AsxBw2=Steel in the bottom under 

the column 2 with a width of w2 in direction “X”, AsxB(b–w1 − 

w2)=Steel at the bottom additional to the columns (b–w1–w2) in 

direction “X”. 

The volume of concrete by the following equation is 

obtained 

𝑉𝑐 = [(𝑎 − 𝑏2)𝑏1 + 𝑏𝑏2]𝑡 − 𝑉𝑠 (62) 

Table 10 shows the volume of steel “Vs”, the volume of 

concrete “Vc” for the two models of the three examples. 

The results of the Table 10 show the following: 

1.- The volume of steel greatest is presented in the current 

model for the three examples. 

2.- The volume of concrete greatest is presented in the new 

model for the example 3, and for the examples 1 and 2 is 

presented in the current model. 

The parts that the current model does not consider are: 

1.- The moments around of the X axis: 

Substituting the loads and factored moments into Eq. (3) 

for the example 1 is obtained: MuxT=16 kN-m. 
Substituting the loads and factored moments into Eq. (3) 

for the example 2 is obtained: MuxT=16 kN-m. 

Substituting the loads and factored moments into Eq. (3) 

for the example 3 is obtained: MuxT=96 kN-m. 
2.- The moments around of the Y axis: 

For the three examples are not considered: Muy1=216 

kN-m and Muy2=136 kN-m. 

 

 

6. Conclusions 
 

The model presented in this work applies only for 

design of a T-shaped combined footing that supports two 

columns aligned on a longitudinal axis without restrictions 

on their sides. The considerations of this work are: the 

footing is rigid and the soil that supports to the footing is 

elastic and homogeneous, that comply with the biaxial 

bending, i.e., the variation of soil pressure is linear.  

This paper concludes the following: 

1.- The thickness for the T-shaped combined footing is 

governed by the bending shear on the a´ axis for the new 

model, and for the current model on the n´ axis. 

2.- This model is more general and does not restrict any 

of its sides, because the model presented by Luévanos-

Rojas et al. (2018) considers a side restricted or two 

opposite sides restricted.  

3.- The new model is more suited to the real conditions 

with respect to the current model, because the new 

model considers an axial load and two moments in 

orthogonal directions in each column (soil pressure is 

linear), and the current model taking into account that 

the center of gravity of the footing coincides with the 

position of the resultant force of the loads and moments 

(soil pressure is uniform).  

4.- The new model for design of T-shaped combined 

footing subjected to an axial load and two moments in 

orthogonal directions in each column can be used for the 

following considerations: 

a) Without restrictions on their sides 

b) One side restricted 

c) Two restricted opposite sides 

The next investigations can be: 1) A comparative study 

between the T-shaped combined footings and the 

trapezoidal combined footings to observe the differences. 2) 

Design for T-shaped combined footings supported on clay 

or sandy soils. 
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Table 1 Differences of the equations for the moments in the two models 

Concept New model Current model 

𝑀𝑎´ 
𝑃1(𝑎−𝑐1)

2

8𝑎
+
𝑀𝑦1(2𝑎+𝑐1)(𝑎−𝑐1)

2

4𝑎3
  

𝑃1(𝑎−𝑐1)
2

8𝑎
  

𝑀𝑏´ 
𝑃2(𝑏2−𝑐3)

2

8𝑏2
+
𝑀𝑦2(2𝑏2+𝑐3)(𝑏2−𝑐3)

2

4𝑏2
3   

𝑃2(𝑏2−𝑐3)
2

8𝑏2
  

𝑀𝑐´ 
𝑅𝑎(2𝐿1−𝑐2)

2

8𝑆
+ 

𝑀𝑥𝑇𝑎(3𝑦𝑠−𝐿1+
𝑐2
2
)(𝐿1−

𝑐2
2
)
2
)

6𝐼𝑥
  

𝑅𝑎(2𝐿1−𝑐2)
2

8𝑆
  

𝑀𝑑´ 
𝑅𝑎(2𝐿1+𝑐2)

2

8𝑆
−
𝑃1𝑐2

2
+ 

𝑀𝑥𝑇𝑎(3𝑦𝑠−𝐿1−
𝑐2
2
)(𝐿1+

𝑐2
2
)
2

6𝐼𝑥
−𝑀𝑥1  

𝑅𝑎(2𝐿1+𝑐2)
2

8𝑆
−
𝑃1𝑐2

2
−𝑀𝑥1  

𝑀𝑒´ 

If “ys–b1≤ym≤ys–L1” 

𝑅𝑎(𝑦𝑠−𝑦𝑚)
2

2𝑆
+ 

𝑀𝑥𝑇𝑎(𝑦𝑚
3−3𝑦𝑠

2𝑦𝑚+2𝑦𝑠
3)

6𝐼𝑥
− 𝑃1(𝑦𝑠 − 𝑦𝑚 − 𝐿1) − 𝑀𝑥1  

𝑅𝑎(𝑦𝑠−𝑦𝑚)
2

2𝑆
− 𝑃1(𝑦𝑠 − 𝑦𝑚 − 𝐿1) −

𝑀𝑥1  
If “ys–L–L1≤ym≤ys–b1” 

𝑅[𝑎𝑏1(2𝑦𝑠−𝑏1−2𝑦𝑚)+𝑏2(𝑦𝑠−𝑏1−𝑦𝑚)
2]

2𝑆
− 𝑃1(𝑦𝑠 − 𝑦𝑚 − 𝐿1) −

 
𝑀𝑥𝑇(𝑎−𝑏2)(𝑦𝑠−𝑏1)

2(2𝑦𝑠−3𝑦𝑚−2𝑏1)

6𝐼𝑥
+ 

𝑀𝑥𝑇[𝑎𝑦𝑠
2(2𝑦𝑠−3𝑦𝑚)+𝑏2𝑦𝑚

3]

6𝐼𝑥
−𝑀𝑥1  

𝑅𝑎𝑏1(2𝑦𝑠−𝑏1−2𝑦𝑚)

2𝑆
+
𝑅𝑏2(𝑦𝑠−𝑏1−𝑦𝑚)

2

2𝑆
−

𝑃1(𝑦𝑠 − 𝑦𝑚 − 𝐿1) − 𝑀𝑥1  

𝑀𝑓´ 
𝑅𝑎𝑏1

2

2𝑆
− 𝑃1(𝑏1 − 𝐿1) − 

𝑀𝑥𝑇[𝑎𝑦𝑠
2(𝑦𝑠−3𝑏1)+𝑏2(𝑦𝑠−𝑏1)

3]

6𝐼𝑥
+ 

𝑀𝑥𝑇(𝑎−𝑏2)(𝑦𝑠−𝑏1)
3

6𝐼𝑥
−𝑀𝑥1  

𝑅𝑎𝑏1
2

2𝑆
− 𝑃1(𝑏1 − 𝐿1) − 𝑀𝑥1  

𝑀𝑔´ 

𝑅𝑎𝑏1(2𝐿+2𝐿1−𝑏1−𝑐4)

2𝑆
+
𝑅𝑏2(2𝐿+2𝐿1−2𝑏1−𝑐4)

2

8𝑆
−
𝑃1(2𝐿−𝑐4)

2
+

 
𝑀𝑥𝑇[4𝑎𝑦𝑠

2(6𝐿1+6𝐿−2𝑦𝑠−3𝑐4)+𝑏2(2𝑦𝑠−2𝐿1−2𝐿+𝑐4)
3]

48𝐼𝑥
−

 
𝑀𝑥𝑇(𝑎−𝑏2)(𝑦𝑠−𝑏1)

2(6𝐿1+6𝐿−2𝑦𝑠−3𝑐4−4𝑏1)

12𝐼𝑥
−𝑀𝑥1  

𝑅𝑎𝑏1(2𝐿+2𝐿1−𝑏1−𝑐4)

2𝑆
+

𝑅𝑏2(2𝐿+2𝐿1−2𝑏1−𝑐4)
2

8𝑆
−
𝑃1(2𝐿−𝑐4)

2
−𝑀𝑥1  

𝑀ℎ´ 

𝑅𝑎𝑏1(2𝐿1+2𝐿−𝑏1+𝑐4)

2𝑆
+
𝑅𝑏2(2𝐿1+2𝐿−2𝑏1+𝑐4)

2

8𝑆
− 

𝑃1(2𝐿+𝑐4)

2
− 

𝑃2𝑐4

2
−

 
𝑀𝑥𝑇(𝑎−𝑏2)(𝑦𝑠−𝑏1)

2(6𝐿1+6𝐿−2𝑦𝑠+3𝑐4−4𝑏1)

12𝐼𝑥
+

 
𝑀𝑥𝑇[4𝑎𝑦𝑠

2(6𝐿1+6𝐿−2𝑦𝑠+3𝑐4)+𝑏2(2𝑦𝑠−2𝐿1−2𝐿−𝑐4)
3]

48𝐼𝑥
−𝑀𝑥1 −𝑀𝑥2  

𝑅𝑎𝑏1(2𝐿1+2𝐿−𝑏1+𝑐4)

2𝑆
+

𝑅𝑏2(2𝐿1+2𝐿−2𝑏1+𝑐4)
2

8𝑆
− 

𝑃1(2𝐿+𝑐4)

2
−

 
𝑃2𝑐4

2
−𝑀𝑥1 −𝑀𝑥2  

Table 2 Differences of the equations for the bending shear in the two models 

Concept New model Current model 

𝑉𝑖 −
𝑃1(𝑎−𝑐1−2𝑑)

2𝑎
−
3𝑀𝑦1[𝑎

2−(𝑐1+2𝑑)
2]

2𝑎3
  −

𝑃1(𝑎−𝑐1−2𝑑)

2𝑎
  

𝑉𝑗 −
𝑃2(𝑏2−𝑐3−2𝑑)

2𝑏2
−
3𝑀𝑦2[𝑏2

2−(𝑐3+2𝑑)
2]

2𝑏2
3   −

𝑃2(𝑏2−𝑐3−2𝑑)

2𝑏2
  

𝑉𝑘 −
𝑅𝑎(2𝐿1−𝑐2−2𝑑)

2𝑆
−
𝑀𝑥𝑇𝑎(4𝑦𝑠−2𝐿1+𝑐2+2𝑑)(2𝐿1−𝑐2−2𝑑)

8𝐼𝑥
  −

𝑅𝑎(2𝐿1−𝑐2−2𝑑)

2𝑆
  

𝑉𝑙 

If “ys–b1≤ys–L1–c2/2 − d” 

𝑃1 −
𝑅𝑎(2𝐿1+𝑐2+2𝑑)

2𝑆
−
𝑀𝑥𝑇𝑎[4𝑦𝑠

2−(2𝑦𝑠−2𝐿1−𝑐2−2𝑑)
2]

8𝐼𝑥
  𝑃1 −

𝑅𝑎(2𝐿1+𝑐2+2𝑑)

2𝑆
  

If “ys–L–L1≤ys–L1–c2/2 − d≤ys–b1” 

𝑃1 −
𝑅[2𝑎𝑏1+𝑏2(2𝐿1−2𝑏1+𝑐2+2𝑑)]

2𝑆
−
𝑀𝑥𝑇𝑎𝑏1(2𝑦𝑠−𝑏1)

2𝐼𝑥
−
𝑀𝑥𝑇𝑏2[4(𝑦𝑠−𝑏1)

2−(2𝑦𝑠−2𝐿1−𝑐2−2𝑑)
2]

8𝐼𝑥
  𝑃1 −

𝑅[2𝑎𝑏1+𝑏2(2𝐿1−2𝑏1+𝑐2+2𝑑)]

2𝑆
  

𝑉𝑚 𝑃1 −
𝑅𝑎𝑏1

𝑆
−
𝑀𝑥𝑇𝑎𝑏1(2𝑦𝑠−𝑏1)

2𝐼𝑥
  𝑃1 −

𝑅𝑎𝑏1

𝑆
  

𝑉𝑛 
𝑃1 −

𝑅[2𝑎𝑏1+𝑏2(2𝐿1+2𝐿−2𝑏1−𝑐4−2𝑑)]

2𝑆
−
𝑀𝑥𝑇𝑎𝑏1(2𝑦𝑠−𝑏1)

2𝐼𝑥
−

𝑀𝑥𝑇𝑏2[4(𝑦𝑠−𝑏1)
2−(2𝑦𝑠−2𝐿1−2𝐿+𝑐4+2𝑑)

2]

8𝐼𝑥
  

𝑃1 −
𝑅[2𝑎𝑏1+𝑏2(2𝐿1+2𝐿−2𝑏1−𝑐4−2𝑑)]

2𝑆
  

𝑉𝑜 
𝑅 −

𝑅[2𝑎𝑏1+𝑏2(2𝐿1+2𝐿−2𝑏1+𝑐4+2𝑑)]

2𝑆
−
𝑀𝑥𝑇𝑎𝑏1(2𝑦𝑠−𝑏1)

2𝐼𝑥
−

𝑀𝑥𝑇𝑏2[4(𝑦𝑠−𝑏1)
2−(2𝑦𝑠−2𝐿1−2𝐿−𝑐4−2𝑑)

2]

8𝐼𝑥
  

𝑅 −
𝑅[2𝑎𝑏1+𝑏2(2𝐿1+2𝐿−2𝑏1+𝑐4+2𝑑)]

2𝑆
  

Table 3 Differences of the equations for the punching shear in the two models 

Concept New model Current model 

𝑉𝑝1 𝑃1 −
𝑅(𝑐1+𝑑)(2𝑐2+𝑑+2𝑠1)

2𝑆
−
𝑀𝑥𝑇(𝑐1+𝑑)(𝑦𝑠−𝐿1)(2𝑐2+𝑑+2𝑠1)

2𝐼𝑥
−
𝑀𝑥𝑇(𝑐1+𝑑)[4𝑠1(𝑐2+𝑠1)−𝑑(2𝑐2+𝑑)]

8𝐼𝑥
  𝑃1 −

𝑅(𝑐1+𝑑)(2𝑐2+𝑑+2𝑠1)

2𝑆
  

𝑉𝑝2 𝑃2 −
𝑅(𝑐3+𝑑)(2𝑐4+𝑑+2𝑠2)

2𝑆
−
𝑀𝑥𝑇(𝑐3+𝑑)(𝑦𝑠−𝐿−𝐿1)(2𝑐4+𝑑+2𝑠2)

2𝐼𝑥
−
𝑀𝑥𝑇(𝑐3+𝑑)[𝑑(2𝑐4+𝑑)−4𝑠2(𝑐4+𝑠2)]

8𝐼𝑥
  𝑃2 −

𝑅(𝑐3+𝑑)(2𝑐4+𝑑+2𝑠2)

2𝑆
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