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Abstract. This paper presents a more general model for T-shaped combined footings that support two columns aligned on a
longitudinal axis and each column provides an axial load and two orthogonal moments. This model can be applied to the
following conditions: (1) without restrictions on its sides, (2) a restricted side and (3) two opposite sides restricted. This model
considers the linear soil pressure. The recently published works have been developed for a restricted side and for two opposite
sides restricted by Luévanos-Rojas et al. (2018a, b). The current model considers the uniform pressure distribution because the
position of the resultant force coincides with the center of gravity of the surface of the footing in contact with the soil in direction
of the longitudinal axis where the columns are located. This paper shows three numerical examples. Example 1 is for a T-shaped
combined footing with a limited side (one column is located on the property boundary). Example 2 is for a T-shaped combined
footing with two limited opposite sides (the two columns are located on the property boundary). Example 3 is for a T-shaped
combined footing with two limited opposite sides, one column is located in the center of the width of the upper flange (b1/2=L»),
and other column is located at a distance half the width of the strip from the free end of the footing (b2/2=b—L1—L). The main
advantage of this work over other works is that this model can be applied to T-shaped combined footings without restrictions on
its sides, a restricted side and two opposite sides restricted. It also shows the deficiencies of the current model over the new
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model.
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1. Introduction
1.1 Background

The soil pressure under a footing depends on the type of
soil, the relative stiffness of the soil and the footing, and the
depth of the foundation at the level of contact between the
footing and the soil.

Fig. 1 shows the distribution of soil pressure under a
footing according to the type of soil and the stiffness of the
footing. Fig. 1(a) presents a rigid footing on sandy soil. Fig.
1(b) shows a rigid footing on clay soil. Fig. 1(c) presents a
flexible footing on sandy soil. Fig. 1(d) shows a flexible
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Fig. 1 Distribution of the soil pressure under of the footing

footing on clay soil. Fig. 1(e) presents the uniform
distribution used in the current design (Bowles, 2001).

The pressure distribution diagrams (Fig. 1) can be
applied when the center of gravity of the footing coincides
with the position of the resultant force.

The current model considers the uniform pressure
distribution because the position of the resultant force
coincides with the center of gravity of the surface of the
footing in contact with the soil in direction of the
longitudinal axis where the columns are located.

The new model considers the linear pressure distribution
for design of T-shaped combined footings subject to an
axial load and two orthogonal bending moments in each
column.

This work presents the equations of the bending
moments, bending shear and punching shear for a linear
pressure distribution (new model) and for a uniform
pressure distribution (current model).
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1.2 Literature review

The main studies of several researchers on foundation
structures and mathematical models for footings have been
investigated  successfully in several geotechnical
engineering problems in the last decade are: Chen et al.
(2011) established the nonlinear partial differential
equations of motion for hybrid composite plates under to
initial stresses on elastic foundations to study the non-linear
vibration behavior. Shahin and Cheung (2011) proposed
stochastic design graphs for the load capacity of the strip
footings. Zhang et al. (2011) presented a non-linear analysis
of finite beams supported by winkler taking into account the
resistance effect of the beam-soil interface. Agrawal and
Hora (2012) presented a document as a single integral
compatible structural (building frame, walls, columns,
isolated footings, and soil mass) to predict the nonlinear
interaction behaviour of the composite system under
seismic loads. Rad (2012) used the state-space and
differential quadrature methods to study the static behavior
of a bi-directional circular plate of functionally graded non-
uniform thickness resting on quadratically gradient elastic
foundations (Winkler-Pasternak type) subjected to
transverse shear loads and in plane symmetrical.
Maheshwari and Khatri (2012) investigated the influence of
the inclusion of geosynthetic layer on the response of
combined footings on reinforced ground beds with stone
columns. Orbanich et al. (2012) realized a study on
strenghtening and repair of concrete foundation beams with
carbon fiber composite materials and the numerical model
is performed by the Finite Elements Method with the
Abaqus program. Mohamed et al. (2013) adjusted the
Schmertmann's equation to estimate the settlement of the
shallow footings supported on unsaturated and saturated
sandy soils. Luévanos-Rojas et al. (2013) developed a
mathematical model for the design of reinforced concrete
rectangular isolated footings taking into account the linear
pressure of the soil. Orbanich and Ortega (2013) developed
a numeric procedure to analyse the elastic foundation plates
with internal and perimetric stiffening beams on elastic
foundations by means of the Finite Differences Method
considering the stiffness of the plate, the perimetric and
internal plate beams and the soil reaction module. Dixit and
Patil (2013) experimentally evaluated the bearing capacity
factor Ny and corresponding settlements for square footings
in a finite layer of sand, and it was compared with the Ny
values of Terzaghi, Meyerhof, Hansen and Vesic's. Erzin
and Gul (2013) used the neural networks to predict the
settlement of pad footings on non-cohesive soils based on a
standard penetration test. Cure et al. (2014) carried out a
series of load capacity tests with the eccentrically loaded
model surface and shallow strip footings supported near to a
slope to study the behaviour of these footings (ultimate
loads, failure surfaces, load-displacement curves, rotation of
footing, etc.). Luévanos-Rojas (2014a) designed a model for
the reinforced concrete circular isolated footings taking into
account the linear pressure of the soil. Luévanos-Rojas
(2014b) developed a model for the design of reinforced
concrete rectangular combined footings with a property line
taking into account the linear pressure of the soil. Uncuoglu

(2015) investigated numerically by mean a series of three-
dimensional non-linear finite element analyses to determine
the ultimate bearing capacity and failure mechanism of
square footings resting on a sand layer over clay. Luévanos-
Rojas (2015) designed a model for the reinforced concrete
trapezoidal combined footings with a property line taking
into account the linear pressure of the soil. Luévanos-Rojas
(2016a) realized a comparative study for the design of
reinforced concrete rectangular and circular isolated
footings. Luévanos-Rojas (2016b) developed a model for
the design of reinforced concrete rectangular combined
footings with two property lines restricted (opposite sides)
taking into account the linear pressure of the soil. Anil ef al.
(2017) experimentally and analytically investigated the load
capacities and settlement profiles of six irregularly shaped
footings located on sand subjected to the effect of axial
load. Lépez-Chavarria et al. (2017) developed a general
model for the design of reinforced concrete square isolated
footings taking into account the linear pressure of the soil.
Khatri et al. (2017) presented a laboratory experimental
study of the pressure-settlement behavior of square and
rectangular skirted footing supported on sand and subjected
to a vertical load. Luévanos-Rojas et al. (2017) realized a
comparative study for the design of reinforced concrete
trapezoidal and rectangular isolated footings. Mohebkhah
(2017) presented a two-dimensional numerical model by
mean the discrete element method to obtain the ultimate
load capacity of a strip footing on soft clay reinforced with
a stone masonry trench. Luévanos-Rojas et al. (2018b)
developed a mathematical model for design of reinforced
concrete T-shaped combined footings. Alijani and Bidgoli
(2018) analyzed the vibration of a reinforced concrete
foundation by SiO, nanoparticles supported on soil bed.
Dezhkam and Yaghfoori (2018) studied the vibration of
concrete foundations supported on soil medium, the soil
medium is simulated by Winkler model, and the concrete
foundation is modeled by thick plate elements based on
classical plate theory. Bensaid and Kerboua (2019)
investigated the thermal stability characteristics of carbon
nanotube reinforced composite beams on elastic foundation
and subjected to increasing loads and external uniform
temperature. Yanez-Palafox et al (2019) presented a
mathematical model for design of the strap combined
footings. Turedi et al. (2019) numerically analyzed and
laboratory tests the load settlement and vertical stress of the
ring footings on the loose sand bed.

The works related to this paper are: Luévanos-Rojas et
al. (2018a) proposed a mathematical model to obtain the
minimum surface in contact with the soil of the reinforced
concrete T-shaped combined footings. Luévanos-Rojas et
al. (2018b) developed a mathematical model to obtain the
effective depth and reinforcing steel for design of reinforced
concrete T-shaped combined footings. These two models
consider a limited side on the property line and two limited
opposite sides on the property line, but these do not take into
account the case without restrictions on its opposite sides.
These also do not show the comparison between the models
proposed by Luévanos-Rojas et al. (2018a, b) and the
current model for design. The current model considers the
uniform pressure distribution on the longitudinal axis,
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Fig. 2 T-shaped combined footing with unrestricted sides

where the columns are located.

Thus, the review of the previous studies shows that there
is no relationship with the topic of the mathematical model
for the design of T-shaped combined footings that is shown
in this work.

1.3 Research objective

This work shows a more general model (without
restrictions on its sides, a limited side (one column is
located on the property boundary) and two limited opposite
sides (the two columns are located on the property boundary)
for the design of T-shaped combined footings that support
two columns aligned on a longitudinal axis subjected to an
axial load and two orthogonal moments in each column, and
also the distribution of the soil pressure under of the footing
is considered linear. The recently published works are
restricted for a limited side and for two limited opposite
sides. The current model considers the uniform pressure
distribution because the position of the resultant force of the
axial loads and moments is made to coincide with the center
of gravity of the surface of the footing in contact with the
soil in direction of the longitudinal axis where the columns
are located. Also, three numerical examples are shown to
obtain the design of T-shaped combined footings subjected
to an axial load and two moments in orthogonal directions
in each column by the proposed model and the current
model. First example is for a limited side by a property line.
Second example is for two limited opposite sides by two
property lines. Third example is with two limited opposite
sides, one column is located in the center of the width of the
upper flange (b1/2=L,), and other column is located at a
distance half the width of the strip from the free end of the
footing (b,/2=b-L,-L).

2. Methodology

The considerations of this work are: the footing is rigid
and the soil that supports to the footing is elastic and
homogeneous, that comply with the biaxial bending, i.e.,
the variation of soil pressure is linear.

Fig. 2 shows a T-shaped combined footing with
unrestricted sides that supports two columns aligned on a
longitudinal axis (Y axis), and each column provides an

Fig. 3 Diagram of pressure on the T-shaped combined
footing with unrestricted sides

axial load and two orthogonal bending moments.

Fig. 3 presents the pressure diagram below of the T-
shaped combined footing, and the soil pressure in each
vertex on the footing “o1, 02, 03, 04, 05, 06, 07, 03"

2.1 Optimal surface

The optimal surface “Smin” of contact on the ground is
(objective function) (Luévanos-Rojas ef al. 2018a)
Smin = (@ — by)by + bb, @
Subject to
R=P +P, (2)

Myr = My + Myp + Py (ys — L)) + P,(vs — L — L) (3)

MyT = Myl + Myz (4)
R MyTy MyTa
o =-+ —XTs 4 YT (5)
s I 21,
R MyTY. MyTa
o, =—-+ xTrs _ yT™ (6)
s I 21
R | Myr(ys—by) | Myra
o3 = ~+ X s~ D1 + y (7)
s Iy 21y
R My (ys—b1) MyTby
O, ==
4 =5 Iy + 21, (8)
R My (ys—b1) MyTby
O = — j—
s=35t Iy 21y, (©)
R My (ys—b1) Myra
oy =—4F+ - —
67 s I 21 (10)
g, = B _ Mar¥i Mytb> (11)
77 s I 21
R Myryi _ Myrb2
Og = —— 2 X =2
87 s I 21 (12)

where R is the sum of all axial loads, M,y is the sum of all
the moments that result around the X axis and M,y the sum
of all the moments that result around the Y axis, S is area of
the footing, I, is moment of inertia around the X axis and /,,
is moment of inertia around the Y axis, ys is the distance
from the center of gravity to the top end fiber of the footing,
y; is the distance from the center of gravity to the bottom
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end fiber of the footing.
The geometric properties are obtained by the following

equations (Luévanos-Rojas et al. 2018a)

_ (a=bz)b1%+b%b,

T 2[(a—b3)by+bb,]

Vs (13)

(2b—b1)(a—b3)by+b%b
_ 1 2)01 2

t 2[(a—b3)b1+bb,] (14)

_a?by*+by%(b-by)*
X " 12[(a—by)by+bb,]

abyby(b—b;)(2b%—bby+b;?)
6[(a—b2)b1 +bb2]

(15)

bia3+(b—-by)by3
01
03
03
04
os| — P
43
a7
og/

(17

where: g, is the available permissible load capacity of the
soil.

The limitations of the footing can be the following:

1.- Unrestricted sides

Li+L+2<b (18)

where: Li>c)/2.
2.- A restricted side

2 Cq
3.- Two restricted sides

C2 Cq4 __
Z+L+>=b (20)

2.2 New model for design

2.2.1 Moments and bending shear

Fig. 4 shows the critical axes according to the code (ACI
318S-14 2014) for the bending moments, and these are: For
the axes parallel to the X axis are: ¢’, d’, e’, f, g, h’. For
the axes parallel to the Y axis are: a’, b’.

Fig. 5 presents the critical axes according to the code
(ACI 318S-14 2014) for the bending shear, and these are:
For the axes parallel to the X axis are: k', /", m’, n’, o’. For
the axes parallel to the Y axis are: i, j .

The general equations are presented below.

On the y\-y1 axis of 0<x;<a/2

_ _ (wi/2 a/2 _ Pi(2x1-a)
Ve, ==L 00 ke op (o y)dady = 2=+ -
3My1(4x1%-a?)
2a3
_ Pi(2x1-a)? | My (4x,3-3a%x;1+a3)
M}’l - 8a + 2a3 (22)

On the y; - y; axis of 0<x:<b,/2
wy/2 by/2 P,(2x2—b3)
Ve, ==L o2 op, (x,y)dxdy = 2222 4
3My,(4x22-b?%)
2b23

(23)

|
[ i
1 ! rrrjréé‘ 2
¢’ Li ‘E
2 Wi
“la a2
b -

¥2
Yi b’

i
nr=t-----1n’

T * - R W
g ——
"’___'j'"?__‘ o' JL:L /I\
|é b2

Fig. 5 Critical axes for bending shear according to the code
ACI 318

where: y,, is the position of the maximum moment M, .

M. = Py(2x,—by)? + My2(4x23—3b22x2+b23) (24)
Y2 8b, 2b,3

On the x-x axis of ys—L<y<ys

s (a/2 Ra(y—ys)
V==L [0, o y)dxdy = 2222 4

-a/2 S
MxTa(yz_YSz) (25)
21,
M, = Ra(y—ys)* n Myra(y3-3ys>y+2y,3) (26)
28 61,

On the x-x axis of y«—b<y<y~L,
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Ra(y—ys
W= P— [ [, o(x y)dxdy = P, + 72022 4

MxTa(y _J’sz)
21

(@7)

M. = Ra(y—ys)? n Myra(y3-3ys2y+2ys®)
x 28 61y
Ll) - Mxl

On the x-x axis of y—L—L;<y<y«b;

V, =P — f;;s fa/z o(x,y)dxdy —

a/2
fyS by sz/2 o(x,y)dxdy = P, — ab1+b2(ys y—b1)]

b, /2
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21y 21y

MxT(a_bz)(YS_bl)z(23’5_337_2171) +
61y

+P1(y_ys + (28)

~(29)

M, = —
MxT[aysz(2y5—3y)+bzy3]+Rab1(2ys—2y—b1)+ (30)
6y 25

Rba (ys—y—b1)?
%_Pl(%_y_lq)_lwxl

On the x-x axis of ys—bSy<yv—L—L1

V, =P +P,— ;;S_b f ay2 0 (%, y)dxdy —

[ o(x,y)dxdy = Py + Py - (31)

by/2
Mxrbz[(ys b1)?-y?] _ Rlaby+b;(¥s=y=b1)] _ Myraby(2ys—b1)

21, s 21,

M, = — MxT(a_bz)(J’s_:Iljz(2315—33/—2171) n

Mxr[aysz(2y5—3y)+bzy3]+Rab1(2ys—2y—b1)+ (32)
61y 25

+P2L_ R(ys_y_Ll)_Mxl_MxZ
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2.2.2 Punching shear

Fig. 6 shows the critical perimeters according to the
code (ACI 318S-14 2014) for the punching shear, and these
are: For the column 1 is: the perimeter formed by the points
9, 10, 11 and 12. For the column 2 is: the perimeter formed
by the points 13, 14, 15 and 16.

The general equations are presented below.

For column 1
The equation to obtain the punching shear that acts on
the footing is

Vp1 = Py — f;: LL11+CCZZ//22+;/12 f(zi:f%fz a(x,y)dxdy =
P, — R(cl+d)(c;+d/2+sl) _ MxT(51+d)(YS—IL1)(Cz+d/2+51) _ (33)
Mar(ey +d)lsy (cp+sy)=d/2(cy +d/2)]
21,
where: “s;” must meet the following relationships: if

d2<L\—s1=d/2, and if d/2>L,—s1=L,.

For column 2
The equation to obtain the punching shear that acts on
the footing is

sz =P, -
Ys—L—Li+C4/2+d/2 ((c3+d)/2 — _
fys iyl f(c3+d)/2 o(x,y)dxdy = P,
R(cz+d)(ca+d/2+s3)  Myr(ca+d)(ys—L—L1)(catd/2+s3)  (34)
s

1
Myr(cs+)[d/2(cs+d/2)=5,(ca +5,)]
21,

ok

7 3
o 1Y
b2 S
Fig. 6 Critical perimeters for punching shear according to
the code ACI 318

where: “s,”” must meet the following relationships: if d/2<b—
L— L1 C4/2—>S2 d/2, and if d/ZEb L—L1 C4/2—>S2 b— L—Ll—
C4/2.

2.3 Current model for design

The current model assumes that the position of the
resultant force coincides with the center of gravity of the
surface of the footing in contact with the soil in direction of
the longitudinal axis. Therefore, the position of the resultant
force from column 1 “yz” is obtained
PaL—(Myx1+Myx2)

Py +P;

VR = (35)

[T3E1)

Therefore, the value “y,” is

Ys =Yrt L1 (36)
Now, substituting “oy, ys, b, b2, R, M,r” into the Egs. (5)
and (13) to obtain a and b;.
Subsequently the stresses due to the factored loads are
obtained as follows:

The uniform stress on the “X” and “Y” axes is obtained

R
The uniform stress on the “X;” and “Y;” axes is
_ B
Op =G (38)

The uniform stress on the “X,” and “Y»,” axes is
Py
wzb,

(39)

O-PZ =

2.3.1 Moments
Fig. 3 shows the critical axes according to the code (ACI
318S-14 2014) for the bending moments, and these are: For
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the axes parallel to the X axis are: ¢’, d’, e’, f, g’, h’. For
the axes parallel to the Y axis are: a’, b’

The equations for the moments that act on each of the
axes are presented below

M, = %—V (40)
M, = %W (41)
M, = w@;—rcﬂz (42)
My = URa(2L81+cz)2 Py M, (43)
My = B p (b, — L))~ My, (44)
£ “Y—b1Ymys—L1”
Ym = Vs = o (45)

_ 2
Me' = M - Pl(Ys —Ym — Ll) - Mxl (46)

If “p—(L+L ) <ym<yb”

(a—by)by Py

Ym =Ys + by opb2 (47)
b by (Ys—b1—Ym)?
M, = opaby (ys = 5 =y ) + 2232000 - (48)
Pi(Ys —ym — L1) — My,
Mg' = O-R [abl (L + L1 - b1+C4) + bZ_Z(L + Ll - bl -
N | (49)
2 ]-p(-%) - ma
My = og [ab1 (L +L, - ”1‘“‘) + b—Z(L + L, —b +
2 2 (50)

2

2.3.2 Bending shear

Fig. 4 presents the critical axes according to the code
(ACI 318S-14 2014) for the bending shear, and these are:
For the axes parallel to the X axis are: k’, [, m’, n’, o’. For
the axes parallel to the Y axis are: i’ j .

The equations for the bending shear that act on each of
the axes are presented below

op,wi(a—c1-2d)

v, = - (51)
R B 2)
Vi = —oga (L1 - %2 - d) (53)
If “yy—b1<y—Li—co/2—d”
m:Pl—aRa(L1+%+d) (54)

If “y—L-L<y—Li—c2/2—d<ysb,”
V, =P, —og [ab1+b2(L1—b1+%2+d)] (55)

Vm = Pl - O'Rab1 (56)

Vn=P1—0R[ab1+b2(L1+L—b1—C——d)] (57)

\
2
Vo= Py + Py —og|aby + by (L +L—by + 2 +d)| (58)

2.3.3 Punching shear

Fig. 5 shows the critical perimeters according to the
code (ACI 318S-14 2014) for the punching shear, and these
are: For the column 1 is: the perimeter formed by the points
9, 10, 11 and 12. For the column 2 is: the perimeter formed
by the points 13, 14, 15 and 16.

The equations for the punching shear that act on the
footing are presented below

V1 = Py — ag(cy + d)(c, +d/2 + 51) (59)

Vpy = P, — og(cs + d)(cy +d/2 +s,) (60)

3. Verification

The equations by equilibrium in the limits of the footing
can be verified for the new model as follows:

For moments around the “Y” axis: Substituting x;=a/2 into
the Eq. (22) is obtained M,1=0. Now, substituting x,=b»/2 into
the Eq. (24) is obtained: M,,=0.

For moments around the “X” axis: Substituting y=y, into
the Eq. (26) is obtained: M,=0. Now, substituting y=y,—b into
the Eq. (32) is obtained: M,=0.

For bending shear on the “Y” axis: Substituting x;=a/2 into
the Eq. (21) is obtained: Vy=0. Now, substituting x,=b»/2 into
the Eq. (23) is obtained: Vx=0.

For bending shear on the “X” axis: Substituting y=y, into
the Eq. (25) is obtained: ¥,=0. Now, substituting y=y,—b into
the Eq. (31) is obtained: V,=0.

The equations by continuity in the discontinuous sections
of the footing can be verified for the new model as follows:

For moments around the “X” axis: Substituting y=y—b;
into the Egs. (28) and (30) is obtained the same value of M,.

For bending shear on the “X” axis: Substituting y=y—b;
into the Egs. (27) and (29) is obtained the same value of V.

Differences of the equations in the two models:

For moments:

1.- Substituting xi1=ci1/2—c1=2x; and op=Pi/wia into Eq
(40) is obtained the Eq. (22) of the new model, but without the
moment “M,;”.

2.- Now, substituting x,=c3/2—c3=2x; and gp,=P>/w»b; into
Eq. (41) is obtained the Eq. (24) of the new model, but the
moment “M,,” does not appear.

3.- Substituting y=y—Litc)/2—c=2(—ystL;) and og=R/S
into Eq. (42) is obtained the Eq. (26) of the new model, but
without the moment “M,7”.

4.- Now, substituting y=y—Li—c»/2—c;=2(ys—y+L;) and
or=R/S into Eq. (43) is obtained the Eq. (28) of the new model,
but the moment “M.7” does not appear.

5.- Substituting y=y—bi—b1=y—y and oz=R/S into Eq. (44)
is obtained the Eq. (28) of the new model, but without the
moment “M.7”.
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6.- Now, Substituting y=y—Li—L+ca/2—cs=2(y—ys+Li+L)
and oz=R/S into Eq. (49) is obtained the Eq. (30) of the new
model, but the moment “M.7” does not appear.

7.- Substituting y=yLi—L—cs2—cs=2(y—y—L1—L) and
or=R/S into Eq. (50) is obtained the Eq. (32) of the new model,
but without the moment “M.7”.

For bending shear:

1.- Substituting x;=c1/2+d—c1=2(x;—d) and op1=P1/w\a into
Eq. (51) is obtained the Eq. (21) of the new model, but without
the moment “M,;”.

2.- Now, substituting xy=c3/2+d—c3=2(x>—d) and
op=P»/w:b; into Eq. (52) is obtained the Eq. (23) of the new
model, but the moment “M,,” does not appear.

3.- Substituting y=y—Li+cy/2+d—cr=2(y—y+L—d) and
or=R/S into Eq. (53) is obtained the Eq. (25) of the new model,
but without the moment “M.7”.

4.- Now, substituting y=y—Li—c2/2-d—c:=2(ys——Li—d)
and oz=R/S into Eq. (54) is obtained the Eq. (27) of the new
model, but the moment “M.7”” does not appear.

5.- Now, substituting y=y—Li—c2/2—d—cr=2(ys—y—L1—d)
and oz=R/S into Eq. (55) is obtained the Eq. (29) of the new
model, but the moment “M.7” does not appear.

6.- Substituting y=y,—b;—b=y,—y and oz=R/S into Eq. (56)
is obtained the Eq. (27) of the new model, but without the
moment “M.7”.

7.- Now, Substituting y=y—Li—L+cs2+d—cs=2(y—
ys+Li+tL—d) and oz=R/S into Eq. (57) is obtained the Eq. (29)
of the new model, but the moment “M,7” does not appear.

8.- Substituting y=y—Li—L—cs2—d—cs=2(y—y—-Li—L—d)
and ox=R/S into Eq. (58) is obtained the Eq. (31) of the new
model, but without the moment “M,7”.

For punching shear:

1.- Substituting oz=R/S into Eq. (59) is obtained the Eq.
(33) of the new model, but without the moment “M,7”.

2.- Now, substituting gz=R/S into Eq. (60) is obtained the
Eq. (34) of the new model, but the moment “M,7” does not
appear.

Therefore, the equations by equilibrium in the limits and
the equations by continuity in the discontinuous sections of the
footing for the new model are verified for the moments, the
bending shear and the punching shear that act on the footing,
and also the advantages of the new model over the current
model are shown.

The comparison of the equations for the new model and the
current model are shown in the Appendix (Table 1 for
moments, Table 2 for bending shear and Table 3 for punching
shear).

4. Numerical examples

Three numerical examples are presented below: Example 1
is for a T-shaped combined footing that supports two columns
with a side restrained by a property line (Column 1 is located
on the property boundary). Example 2 is for a T-shaped
combined footing that supports two columns with two sides
restrained (opposite sides) by two property limits (Columns 1
and 2 are located on the property boundaries). Example 3 is for
a T-shaped combined footing that supports two columns with
two opposite sides restrained, the column 1 is located in the

center of the width of the upper flange (b1/2=L,), and column 2
is located at a distance half the width of the strip to the free end
(b2/2=b-L\-L).

The thickness of the footing is obtained by means of an
iterative procedure until the following three conditions are met:
bending moments, bending shear, and punching shear.

The data for the three examples are: The sides of the two
columns are of 40x40 cm, L=5.00 m, H (Depth of the
footing)=2.0 m, Pp;=600 kN, P.;=300 kN, Mp,;=120 kN-m,
M1=100 kN-m, MD},1:100 kN-m, MLy|:60 kN-m, Prr=400
kN, PL2:200 kN,’ MDx2:80 kN-m, MLx2:60 kN-m, MD_V2:60
kN-m, M;,»=40 kN-m, 1", (Specified compressive strength of
concrete at 28 days)=28 MPa, f; (Specified yield strength of
reinforcement of steel)=420 MPa, o, (Permissible load
capacity of the soil)=250 kN/m?, y,,- (Density of the concrete
footing)=24 kN/m?, 7, (Density of the fill soil)=15 kN/m’.

The loads and moments that act on soil are: P1=900 kN,
M1=220 kN-m; M,1=160 kN-m, P,=600 kN; M,x=140 kN-m,
M,»=100 KN-m.

4.1 Example 1

Design of a T-shaped combined footing for the two models
that supports two columns with a side restrained by a property
line is shown below.

4.1.1 New model

The thickness that meets the bending moments, bending
shear, and punching shear is of 85 cm.

Substituting the values of “6,=212.35 kN/m?, P1=900 kN,
M,1=220 kKN-m, M,;=160 kN-m, P,=600 kN; M,,=140 kN-m,
M,5=100 kN-m into Egs. (1) to (17) and (19), and using the
MAPLE-15 software are obtained: Spin=9.39 m?, L;=0.20 m,
M= 273.80 kN-m, M,7=260.00 kN-m, R=1500 kN, a=4.96
m, b=5.42 m, b=1.00 m, »=1.00 m, 5=201.32 kN/m?,
0=79.09 kN/m? 05=212.35 kN/m? 04=163.55 kN/m?
05=138.92 kN/m?, 0¢=90.12 kN/m? 0:=212.35 kN/m?
05=187.72 kKN/m>.

Now, the practical dimensions of the T-shaped combined
footing that supports two square columns are: a=5.00 m,
b=5.45 m, b;=1.00 m, b>=1.00 m.

Substituting the values of “a=5.00 m, b=5.45 m, b;=1.00
m and 5,=1.00 m” into the same MAPLE-15 software are
obtained: Spin=9.45 m?, L;=020 m, M,=—265.20 kN-m,
M,7=260.00 kN-m, R=1500 kN, @=5.00 m, »=5.45 m,
b1=1.00 m, b,=1.00 m, 6:=200.25 kNAY’, 6,=79.74 kN/m’,
03=210.76 kN/m% 04=162.55 kN/m’, 05=138.45 kN/m’,
06=90.25 kN/m?, 6;=209.30 kN/n’, 65=185.20 kN/m’.

Now, substituting the values of a=5.00 m, »#=5.45 m,
b1=1.00 m and 5,=1.00 m into Egs. (13) to (16) to find the
geometric properties and by the Derive 6 software are
obtained: y,=1.78 m, y=3.67 m, [=25.24 m?, [,=10.79 m*.

The factored loads and moments according to the code are
(ACI  318S-14 2014): Pu=1.2Ppi+1.6P,1=1200 kN,
M, =12Mpa+1.6M;1=304 kN-m;
Muy1=1.2M0y1+1.6MLy1:216 kKN-m, P,,=12Pp;+1.6P;,=800
kN, Mo=12Mpx+1.6M;,,=192 kN-m,
Muy2=1.2M0y2+1.6MLy2=136 kN-m, R,=2000 kN, M=
337.60 kN-m, M,,7=352 kN-m.
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4.1.2 Current model

The thickness that meets the bending moments, bending
shear, and punching shear is of 85 cm.

By the Eq. (35) is found: yz=1.76 m, and subsequently by
the Eq. (36) is obtained: ys~1.96 m.

Substituting “o,, ys, b, ba, R, M,r” into the Egs. (5) and
(13) is obtained: ¢=3.20 m and 51=2.19 m. Now,
substituting ¢=3.20 m, 5#=5.45 m, ,=2.19 m and b»=1.00 m
into Egs. (1), (13) to (17) are found: $=10.28 m?, y,=1.96
m, =3.49 m, [,=22.21 m* and [,=6.27 m’.

Substituting the values of “5,=212.35 kN/m?, R=1500 kN,
M,7=0 kN-m (Because the resultant force coincides with the
center of gravity of the surface of the footing), M,7=260 kN-m,
a=3.20 m, b,=1.00 m, $=10.28 m?, [,=6.27 m* into Egs. (5)
to (12) to verify the stresses in each vertex and these are found:
n=212.35 kN/m?%, 6,=79.55 kN/m?% 0:=212.35 KkN/m?
05~166.69 kN/m? 05=125.29 kN/m?, 066=79.55 KkN/m?
07=166.69 kKN/m?, 55=125.21 kN/m?>.

Now, the practical dimensions of the T-shaped
combined footing that supports two square columns are:
a=3.20 m, b=5.45 m, b;=2.20 m, bh»=1.00 m.

Substituting the values of “a=3.20 m, »=5.45 m, b;=2.20
m and 5,=1.00 m” into Egs. (1), (13) to (17) are found:
$=10.29 m?, y,=1.96 m, y=3.49 m, ,=22.21 m* and ~=6.28
m*,

Now, substituting the values of “g,=212.35 kN/m?
R=1500 kN, M,/=0 kN-m, M,7=260 kN-m, a=3.20 m,
b>=1.00 m, $=10.29 m?, ,=6.28 m* into Egs. (5) to (12) to
verify the stresses in each vertex and these are found:
01=212.01 kN/m?, 0,=79.53 kN/m% 03=212.01 kN/m?
0~16647 kN/m?, 05=125.07 kN/m? 06=79.53 kN/m?
07=166.47 kKN/m?, 05=125.07 kN/m?.

The factored loads according to the code are (ACI 318S-14
2014): P,=1.2Ppi+1.6P;1=1200 kN, P,,=1.2Pp,+1.6P1,=800
kN, R,=2000 kN.

4.2 Example 2

Design of a T-shaped combined footing that supports two
columns with two sides restrained (opposite sides) by two
property limits is shown below.

4.2.1 New model

The thickness that meets the bending moments, bending
shear, and punching shear is of 85 cm.

Substituting the values of “5,=212.35 kN/m?, P1=900 kN,
M,1=220 kN-m, M,;=160 kN-m, P,=600 kN; Mx=140 kN-m,
M,»=100 kN-m into Egs. (1) to (17) and (19), and using the
MAPLE-15 software are obtained: Syin=9.40 m?, L;=0.20 m,
M,7==273.70 kKN-m, M,7=260.00 kN-m, R=1500 kN, a=4.95
m, b=540 m, b=1.00 m, b=1.01 m, 51=201.25 kN/m?,
0=78.55 kN/m? 05=212.35 kN/m% 04=163.52 kN/m?
05=13847 kN/m?, 06=89.64 kN/m% 0,=212.35 kN/m?
05=187.30 kN/m?

Now, the practical dimensions of the T-shaped combined
footing that supports two square columns are: ¢=5.00 m,
b=5.40 m, bi=1.00 m, b,=1.05 m.

Substituting the values of “a=5.00 m, 5=5.40 m, b;=1.00
m and 5,=1.05 m” into the same MAPLE-15 software are
obtained: Spin=9.62 m?, L;=0.20 m, M,/=—244.99 kN-m,

M,7=260.00 kN-m, R=1500 kN, a=5.00 m, 5=5.40 m,
b1=1.00 m, b,=1.05 m, 6:=198.54 kN/m?, 5,=78.62 kN/m?,
03=208.19 kN/m’ 04=160.82 kN/m? 05=135.64 kN/m?
06=88.28 kKN/m?, 67=203.30 kN/m?, 55=178.12 kKN/m?,

Now, substituting the values of a=5.00 m, 5#=5.40 m,
b1=1.00 m and h,=1.05 m into Egs. (13) to (16) to find the
geometric properties and by the Derive 6 software are
obtained: y,=1.80 m, »=3.60 m, ,=25.38 m*, ,=10.84 m*,

The factored loads and the moments according to the code
are (ACI 318S-14 2014): P,=1.2Ppt1.6P;;=1200 kN,
M, 1=12Mpa+1.6M;,1=304 kN-m;
MW|:1.2MD}71+1.6ML},1:216 kN-m, Pu2:1.2PD2+1.6PL2:800
kN, M, o=12Mpo+1.6M,0=192 kN-m,
Mopo=12Mp,»+t1.6Mpp=136 kN-m, R,=2000 kN, M7=
310.65 kKN-m, M,,;7=352 kKN-m.

4.2.2 Current model

The thickness that meets the bending moments, bending
shear, and punching shear is of 80 cm.

By the Eq. (35) is found: yz=1.76 m, and subsequently by
the Eq. (36) is obtained: y=1.96 m.

Substituting “o,,, ys, b, b2, R, M,7” into the Egs. (5) and
(13) is obtained: a=3.25 m and 5=2.10 m. Now,
substituting a=3.25 m, 5=5.40 m, ,=2.10 m and b,=1.05 m
into Egs. (1), (13) to (17) are found: $=10.28 m?, y,=1.96
m, y=3.44 m, [,=22.40 m* and 1,=6.30 m”.

Substituting the values of “6,=212.80 kN/m?, R=1500 kN,
M,r=0 kN-m (Because the resultant force coincides with the
center of gravity of the surface of the footing), M,7=260 kN-m,
a=3.25 m, b,=1.05 m, $§=10.28 m?, 1,=6.30 m? into Egs. (5)
to (12) to verify the stresses in each vertex and these are found:
01=212.80 kN/m?, 0,=78.95 kN/m% 03=212.80 kN/m?
0/~=167.52 kN/m?% 05=12422 kN/m?, 06=78.95 kN/m?
07=167.52 KN/, 65=124.22 KN/,

Now, the practical dimensions of the T-shaped
combined footing that supports two square columns are:
a=3.25m, b=5.40 m, h)=2.15 m, bh,=1.05 m.

Substituting the values of “a=3.25 m, =540 m, b;=2.15
m and b,=1.05 m” into Egs. (1), (13) to (17) are found:
S$=10.40 m?, 3,=1.96 m, y=3.44 m, [,=22.41 m* and [=6.46
m?,

Now, substituting the values of “0,=212.80 kN/m’,
R=1500 kN, M,7=0 kN-m, M,7=260 kN-m, a=3.20 m,
b>=1.00 m, $=10.29 m?, [,=6.28 m* into Egs. (5) to (12) to
verify the stresses in each vertex and these are found:
01=209.63 kN/m%, 0,=78.83 kN/m?, 05=209.63 kN/m?
0:=165.36 kN/m% 05=123.10 kN/m?, 06=78.83 kN/m?,
07=165.36 kN/m?, 65=123.10 kN/m?,

The factored loads according to the code are (ACI 318S-14
2014) P.1=1.2Pp1+1.6P;=1200 kN, P.,=1.2Ppy+1.6P,=800
kN, R,=2000 kN.

4.3 Example 3
Design of a T-shaped combined footing that supports two
columns with two opposite sides restrained (b1/2=a/2=L; and

bo/2=b-L,—L is shown below.

4.3.1 New model
The thickness that meets the bending moments, bending
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shear, and punching shear is of 60 cm.

Substituting the values of “5,=214.60 kN/m?, P1=900 kN,
Mv1:220 kN-m, %1:160 kN-l’l’l, P2:600 kN; Mx2:140 kN-l’l’l,
M,»=100 kN-m into Egs. (1) to (17) and (19), and using the
MAPLE-15 software are obtained: Spin=11.24 m?, L=1.27 m,
M,7=—466.50 kKN-m, M,7=260.00 kN-m, R=1500 kN, a=2.54
m, b=6.83 m, b=2.54 m, b=1.11 m, 0:=186.87 kN/m?,
0:=20.73 kN/m?%, 03=214.60 kN/m% 04=167.89 kN/m?
05=95.17 kN/m?, 04845 kN/m% 0:=214.60 kN/m?
05=141.88 kN/m>.

Now, the practical dimensions of the T-shaped combined
footing that supports two square columns are: a=2.60 m,
b=6.90 m, bh;=2.60 m, b,=1.20 m.

Substituting the values of “a=2.60 m, »=6.90 m, b;=2.60
m and 5,=1.20 m” into the same MAPLE-15 software are
obtained: Smin=11.92 m?, L;=1.30 m, M,;=—399.82 kN-m,
M,7=260.00 kN-m, R=1500 kN, a=2.60 m, 5=6.90 m,
b1=2.60 m, b,=120 m, 6:=178.21 kN/m?, ,=25.52 kN/m?,
03=200.52 kN/m% 04=159.41 kN/m% 05=88.94 kN/m?
06=47.83 KN/m?, 67=196.32 kKN/m?, 55=125.84 kKN/m?,

Now, substituting the values of ¢=2.60 m, 5#=6.90 m,
b1=2.60 m and 5,=1.20 m into Egs. (13) to (16) to find the
geometric properties and by the Derive 6 software are
obtained: y=2.79 m, y=4.11 m, 1,=46.59 m*, [,=4.43 m*.

The factored loads and the moments according to the code
are (ACI 318S-14 2014): P,=1.2Pp+1.6P;;=1200 kN,
M, i=12Mpy+1.6M1,1=304 kN-m;
M¢y1:1.2MDy1+1.6MLy1:216 kKN-m, P.,=1.2Pp,+1.6P,=800
kN, M,;o=12Mpo+1.6M;,0=192 kN-m,
Mp>=1.2Mpy>+1.6M;,=136 kN-m, R,=2000 kN, M7=
517.09 kN-m, M,,,7=352 kKN-m.

4.3.2 Current model

The thickness that meets the bending moments, bending
shear, and punching shear is of 55 cm.

By the Eq. (35) is found: yz=1.76 m, and subsequently by
the Eq. (36) is obtained: y,=1.76+b/2.

Substituting “o),, ys, b, b2, R, M,7” into the Egs. (5) and
(13) is obtained: =238 m and 5>=1.34 m. Now,
substituting ¢=2.38 m, b=6.86 m, h1=2.38 m and »>=1.34 m
into Egs. (1), (13) to (17) are found: S=11.67 m?, y,=2.95
m, »=3.91 m, ,=46.99 m* and ,=3.58 m*,

Substituting the values of “5,=215.05 kN/m?, R=1500 kN,
M.7=0 kN-m (Because the resultant force coincides with the
center of gravity of the surface of the footing), M,7=260 kN-m,
a=2.38 m, b,=1.34 m, S=11.67 m?%, [,=3.58 m* into Egs. (5)
to (12) to verify the stresses in each vertex and these are found:
01=215.05 kN/?, 0,=42.07 kN/m% 03=215.05 kN/m?
04~177.08 kN/m?, 05=80.02 kN/m? 0¢=42.05 kN/m?
07=177.08 kN/m?, 05=80.02 kN/m”.

Now, the practical dimensions of the T-shaped
combined footing that supports two square columns are:
a=2.40 m, 5=6.90 m, »;=2.40 m, b,=1.40 m.

Substituting the values of “a=2.40 m, »=6.90 m, b;=2.40
m and 5,=140 m” into Egs. (1), (13) to (17) are found:
S§=12.06 m?, ,=3.00 m, y=3.90 m, /,=49.21 m* and =3.79
m?,

Now, substituting the values of “g,=215.05 kN/m?
R=1500 kN, M,=0 kN-m, M,7=260 kN-m, a=2.40 m,
b,=1.40 m, S=12.06 m?, ,=3.79 m* into Egs. (5) to (12) to
verify the stresses in each vertex and these are found:

Table 4 Contact surface for the three examples

Example 1 Example 2 Example 3
NM CM NM CM NM CM
a (m) 5.00 3.20 5.00 3.25 2.60 2.40
b (m) 545 5.45 5.40 540 6.90 6.90
b1 (m) 1.00 2.20 1.00 215 2.60 2.40
b2 (m) 1.00 1.00 1.05 1.05 1.20 1.40
Smn(m?) 945 1029 9.62 1040 11.92  12.06

Concept

01=206.62 kN/m?, 0,=42.14 kN/m?, 03;=206.62 kN/m?
0,~17235 kN/m?, o05=7641 kN/m? o042.14 kN/m?
07=172.35 kKN/m?, 05=76.41 kKN/m’.

The factored loads according to the code are (ACI 318S-14
2014): P, =12Pp+1.6P;,=1200 kN, P,,=1.2Pp,+1.6P;,=800
kN, R,=2000 kN.

5. Results

Table 4 shows the contact surface for the new model
“NM” and the current model “CM” of the three examples.

The results of the table 4 show the following:

1.- The value of “a” is smaller for the current model
compared to the new model for the three examples.

2.- The value of “b” is same for the two models in the three
examples.

3.- The value of “b,” is smaller for the new model
compared to the current model in the examples 1 and 2, and
the example 3 is smaller for the current model.

4.- The value of “b,” is same for the two models in the
examples 1 and 2, and the example 3 is smaller for the new
model.

5.- The value of “Smin” is smaller for the new model
compared to the current model for the three examples.

Table 5 shows the bending moments for the two models
of the three examples.

The results of the table 5 show the following:

1.- The moment greatest around the a” axis is presented in
the new model for the three examples.

2.- The moment greatest around the 5" axis is presented in
the new model for the three examples.

3.- The moment greatest around the ¢ axis is presented in
the new model for the example 3, and in examples 1 and 2
there is no moments because the columns are located in the
property boundary.

4.- The moment greatest around the d” axis (absolute value)
is presented in the current model for the three examples.

5.- The moment greatest around the e¢” axis (Maximum
moment in absolute value) is presented in the current model for
the three examples.

6.- The moment greatest around the f” axis (absolute value)
is presented in the current model for the three examples.

7.- The moment greatest around the g” axis is presented in
the new model for the three examples.

8.- The moment greatest around the /" axis (absolute value)
is presented in the current model for the three examples.

Table 6 presents the effective depths that result from the
moments for the two models of the three examples.

The results of the table 6 show the following:
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Table 5 Bending moments for the three examples

Example 1 Example 2 Example 3
g Bending moments Analysis width Bending moments Analysis width Bending moments Analysis width
< kN-m cm kN-m cm kN-m cm
NM CM NM CM NM CM NM CM NM CM NM CM
a’ 729.87 367.50 78.5 785 729.87 374.88 78.5 76 362.50 250.00 92 87
b’ 65.38 36.00 835 835 71.26 40.24 78.5 76 88.59 71.43 92 87
¢’ 0 0 500 320 0 0 500 325 221.56 199.00 260 240
d —468.17 —49424 500 320 —468.96  —494.00 500 325 —127.68 —153.95 260 240
. =909.07 —1221.65 —924.19  -1215.99 —655.46 —726.76
€ =031 yw=0.63 100 100 yn=0.32  yw=0.04 105 105 ym=—0.68  ymw=—0.45 120 140
S —78337 —1198.88 100 100 —789.04 —1199.45 105 105 57744 —597.95 120 140
g’ 58.19 34.24 100 100 53.03 30.35 105 105 112.79 25.55 120 140
h’ 0.33 -17.21 100 100 0 —-17.79 105 105 20.34 -71.46 120 140
where: yn is the location of the maximum moment in absolute value
Table 6 Effective depths for the three examples
Example 1 Example 2 Example 3
Direction Effective depths ~ Analysis width ~ Effective depths ~ Analysis width ~ Effective depths ~ Analysis width
cm cm cm cm cm cm
NM CM NM CM NM CM NM CM NM CM NM CM
X 37.76 26.79 78.5 78.5 37.76 27.50 78.5 76 24.58 20.99 92 87
Y 37.33 43.28 100 100 36.74 42.14 105 105 28.94 28.21 120 140

The proposed dimensions after several iterations are: d=77 cm, =8 cm, =85 cm (for the two models of the example 1); @=77 cm, =8
cm, =85 cm (for the new model of the example 2) and d=72 cm, =8 cm, =80 cm (for the current model of the example 2); d=52 cm,
=8 c¢m, =60 cm (for the new model of the example 3) and d=47 cm, =8 cm, =55 cm (for the current model of the example 3).

Table 7 Bending shear for the three examples

Example 1 Example 2 Example 3
- Bending shear Analysis Bending shear Analysis Bending shear Analysis
'<'C>'<' kN width cm kN width cm kN width cm
NM CM NM CM NM CM
NM CM NM CM NM CM
Vi oy ¥y 9 Vi oy ¥y 9 Vi @y Vy 9
i" —422 462 236 463 785 785 —422 462 260 418 785 76 354 366 265 313 92 87
jo 0% 492  0* 492 835 835 0% 462 0* 418 785 76 0* 366 —-17 313 92 &7
k" 0* 589 0¥ 1884 500 320 O0* 618 O* 1789 500 325 211 1034 -211 862 260 240
I” 193 589 472 1884 100 320 204 618 500 1789 105 325 423 1034 456 862 260 240
m’ 228 589 —168 589 100 100 240 618 —144 578 105 105 178 1034 245 862 120 140
n” —492 589 563 589 100 100 —-499 618 574 578 105 105 —-474 477 —482 503 120 140
o° 0% 588 0% 589 100 100 O0* 618 0* 578 105 105 O0* 477 0* 503 120 140
* The axis is located outside of the footing

1.- The effective depth greatest in direction X is presented
in the new model for the three examples.

2.- The effective depth greatest in direction Y is presented
in the current model for the three examples.

Table 7 shows the bending shear that acts “V7” and the
concrete resistance “@,V/’ according to the code (ACI
318S-14 2014) for the two models of the three examples.

The results of the Table 7 show the following:

1.- The bending shear greatest that acts on i " axis (absolute
value) is presented in the new model for the three examples.

2.- The bending shear greatest that acts on j " axis (absolute
value) is presented in the current model for the example 3, and
in examples 1 and 2 there is no bending shear because the axes
are located outside of the footing.

3.- The bending shear that acts on k" axis is same for the
two models in the example 3, and in examples 1 and 2 there is

no bending shear because the axes are located outside of the
footing.

4.- The bending shear greatest that acts on /” axis is
presented in the current model for the three examples.

5.- The bending shear greatest that acts on m” axis is
presented in the new model for the examples 1 and 2, and in
example 3 is presented in the current model.

6.- The bending shear greatest that acts on n " axis (absolute
value) is presented in the current model for the three examples.

7.- The bending shear that acts on o axis there is no
bending shear because the axes are located outside of the
footing.

Table 8 presents the punching shear that acts “V},” and
the shear that concrete resists “@,V},” according to the code
(ACI 318S-14 2014) “@,Vy for both models of the three
examples.
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Table 8 Punching moments for the three examples

E Example 1 Example 2 Example 3
2 NM cM NM CM NM CM
o v, oV, v, av, v, 9V v, a.v, Vy Yy v, oV,
4839.60 4839.60 4839.60 4360.18 4389.54 3751.85
1 1022.70 8215.41 1021.49 8215.41 1024.84 821541 103631 7225.00 1027.02 5466.53 1074.48 4519.81
3131.51 3131.51 3131.51 2821.29 2840.29 2427.67
4539.33 4539.33 4627.65 4244.57 4389.54 3751.85
2 55079 8117.67 637.71 8117.67 572.95 814642 64574 718737 625.05 5466.53 674.48 4519.81
2937.21 2937.21 2994.36 2746.49 2840.29 2427.67
Table 9 Reinforcement steel for the three examples
Type Example 1 Example 2 Example 3
Location of the steel of Steel area cm?
steel NM CM NM CM NM CM
Direction “Y”
MaS 32.44 4421 32.94 47.28 35.09 43.44
Steel at the top MiS  25.67 25.67 26.95 25.20 20.80 21.93
with a width b2
PS  3542(7017) 45.54(99Q17) 35.42(7917) 50.60(10017) 35.42(7917)  45.54(901)
Steel at the top additional TS 61.20 33.66 60.44 31.68 15.12 9.90
to b, width (a—b2) PS  65.78(1301”) 35.42(7017) 60.72(12017) 35.42(7917) 17.10(6@3/4”) 11.40(401”)
, MaS 2.00 1.18 1.83 1.12 11.46 11.37
Steel at th‘?(i;’ltzom witha  \hs 2567 25.67 26.95 25.20 20.80 21.93
Wi o2 PS  30.36(6017) 30.36(6017) 30.36(6017) 2530(501”) 25.30(5017) 25.30(501”)
Steel at the bottom additional TS 61.20 33.66 60.44 31.68 15.12 9.90
to bz, width (a—b2) PS  65.78(13017) 35.42(7017) 60.72(12017) 35.42(701”) 17.10(6@3/4”) 11.40(4017)
Direction “X”
Steel at the top with @ width 5 TS 83.38 83.38 82.62 77.76 74.52 68.31
PS  86.02(1701”) 86.02(17@17) 86.02(17@17) 80.96(16@17) 75.90(15017) 70.84(1401”)
. MaS 26.07 12.87 26.07 14.09 19.12 14.52
iﬁiln‘;‘l tf;?&?”&g?ﬁi}ﬁf MiS  20.15 20.15 20.15 18.24 15.95 13.63
PS  30.36(6017) 20.24(4017) 30.36(6@17) 20.24(4017) 20.24(401”) 15.18(301”)
, MaS 2.25 1.24 2.46 1.48 4.55 4.06
igﬁilr:; g‘ifi’t‘;“;“;ligg?zﬁf MiS 2143 21.43 20.15 18.24 15.95 13.63
PS  2530(5017) 25.30(5017) 20.24(4017) 20.24(4017) 20.24(401”) 15.18(3017)
Steel at the bottom additional TS 58.60 58.60 58.60 55.87 54.65 51.08

to the columns (b—w1—w2)

PS  60.72(12017) 60.72(12017) 60.72(1201”)

60.72(12017)  55.66(11017) 55.66(1101”)

where: MaS=Main steel, MiS=Minimum steel, PS=Proposed steel, TS=Temperature steel

The results of the Table 8 show the following:

1.- The punching shear greatest that acts on the column 1
is presented in the current model for the examples 2 and 3, and
in example 1 is presented in the new model.

2.- The punching shear greatest that acts on the column 2
is presented in the current model for the three examples.

Table 9 shows the reinforcement steel for the two
models of the three examples.

The results of the Table 9 show the following:

1.- The steel at the top with a width “b,” in direction Y
greatest is presented in the current model for the three
examples.

2.- The steel at the top additional to “b,”, width “a—b,” in
direction Y greatest is presented in the new model for the three
examples.

3.- The steel at the bottom with a width “b,” in direction Y
greatest is presented in the new model in the example 2, and
for the examples 1 and 3 is same in the two models.

4.- The steel at the bottom additional to “b,”, width “a —
b,” in direction Y greatest is presented in the new model for the
three examples.

5.- The steel at the top with a width “b” in direction X
greatest is presented in the new model in the examples 2 and 3,
and for the example 1 is same in the two models.

6.- The steel in the bottom under the column 1 with a width
of “w;” in direction X greatest is presented in the new model
for the three examples.

7.- The steel in the bottom under the column 2 with a width
of “w,” in direction X greatest is presented in the new model in
the example 3, and for the examples 1 and 2 is same in the two
models.

8.- The steel at the bottom additional to the columns “H>—
wi—w,” in direction X is same in the two models for the three
examples.

The volume of steel by the following equation is obtained
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Table 10 Volumes of steel and concrete for the three examples

Example 1 Example 2 Example 3
Concept
NM CM M CM NM CM
Volumes of steel and concrete
Vs(cm®) 869.12 899.89 857.72 88532 791.84 802.84

Ve (m?) 8.03 8.75 8.18 8.32 7.15 7.03

Vs = (AsyTbZ + Asbez)b + (AsyT(a—bz) +
AsyB(a—bz))bl + [Asbebl/b + Astw1 +
Ast(b—wl—wz)(bl - Wl)/b]a + (Asbe(b - bl)/b +
Astwz + Ast(b—wl—wz) (b - bl - WZ)/b)bZ

where: Aqm>=Steel at the top with a width b, in direction “Y”,
Aspmy=Steel at the bottom with a width b, in direction “Y”,
Agma-p2=Steel at the top additional to b, (a—b,) in direction
“Y”, Ayn - po=Steel at the bottom additional to b, (a—b,) in
direction “Y”, Ann=Steel at the top with a width b in direction
“X”, Agme=Steel in the bottom under the column 1 with a
width of wy in direction “X”, Awpw2=Steel in the bottom under
the column 2 with a width of w; in direction “X”, Agap-wi -
w2y=Steel at the bottom additional to the columns (b—wi—w») in
direction “X”".

The volume of concrete by the following equation is
obtained

(61)

V. = [(@a = by)by + bb,]t — Vg (62)

Table 10 shows the volume of steel “Vy”, the volume of
concrete “V.” for the two models of the three examples.

The results of the Table 10 show the following:

1.- The volume of steel greatest is presented in the current
model for the three examples.

2.- The volume of concrete greatest is presented in the new
model for the example 3, and for the examples 1 and 2 is
presented in the current model.

The parts that the current model does not consider are:

1.- The moments around of the X axis:

Substituting the loads and factored moments into Eq. (3)
for the example 1 is obtained: M,,7=16 kN-m.

Substituting the loads and factored moments into Eq. (3)
for the example 2 is obtained: M,,7=16 kN-m.

Substituting the loads and factored moments into Eq. (3)
for the example 3 is obtained: M,,r=96 kN-m.

2.- The moments around of the Y axis:

For the three examples are not considered: M,,1=216
kN-m and M,,,=136 kN-m.

6. Conclusions

The model presented in this work applies only for
design of a T-shaped combined footing that supports two
columns aligned on a longitudinal axis without restrictions
on their sides. The considerations of this work are: the
footing is rigid and the soil that supports to the footing is
elastic and homogeneous, that comply with the biaxial
bending, i.e., the variation of soil pressure is linear.

This paper concludes the following:

1.- The thickness for the T-shaped combined footing is

governed by the bending shear on the a” axis for the new
model, and for the current model on the n” axis.
2.- This model is more general and does not restrict any
of its sides, because the model presented by Luévanos-
Rojas et al. (2018) considers a side restricted or two
opposite sides restricted.
3.- The new model is more suited to the real conditions
with respect to the current model, because the new
model considers an axial load and two moments in
orthogonal directions in each column (soil pressure is
linear), and the current model taking into account that
the center of gravity of the footing coincides with the
position of the resultant force of the loads and moments
(soil pressure is uniform).
4.- The new model for design of T-shaped combined
footing subjected to an axial load and two moments in
orthogonal directions in each column can be used for the
following considerations:
a) Without restrictions on their sides
b) One side restricted
¢) Two restricted opposite sides
The next investigations can be: 1) A comparative study
between the T-shaped combined footings and the
trapezoidal combined footings to observe the differences. 2)
Design for T-shaped combined footings supported on clay
or sandy soils.

References

ACI 318S-14 (American Concrete Institute) (2014), Building
Code Requirements for Structural Concrete and Commentary,
Committee 318.

Agrawal, R. and Hora, M.S. (2012), “Nonlinear interaction
behaviour of infilled frame-isolated footings-soil system
subjected to seismic loading”, Struct. Eng. Mech., 44(1), 85-
107. https://doi.org/10.12989/sem.2012.44.1.085.

Alijani, M. and Bidgoli, M.R. (2018), “Agglomerated SiO2
nanoparticles reinforced-concrete foundations based on higher
order shear deformation theory: Vibration analysis”, Adv.
Concrete Constr., 6(6), 585-610.
https://doi.org/10.12989/acc.2018.6.6.585.

Anil, O, Akbas, S.0., Babaglray, S., Gel, A.C. and Durucan, C.
(2017), “Experimental and finite element analyses of footings of
varying shapes on sand”, Geomech. Eng., 12(2), 223-238.
https://doi.org/10.12989/gae.2017.12.2.223.

Bensaid, 1. and Kerboua, B. (2019), “Improvement of thermal
buckling response of FG-CNT reinforced composite beams with
temperature-dependent material properties resting on elastic
foundations”, Adv. Aircraft Spacecraft Sci., 6(3), 207-223.
https://doi.org/10.12989/aas.2019.6.3.207.

Bowles, J.E. (2001), Foundation Analysis and Design, McGraw-
Hill, New York, U.S.A.

Chen, W.R., Chen, C.S and Yu, S.Y. (2011), “Nonlinear vibration
of hybrid composite plates on elastic foundations”, Struct. Eng.
Mech., 37(4), 367-383. https://doi.org/10.12989/sem.2011.37.4.367.

Cure, E., Sadoglu, E., Turker, E. and Uzuner, B.A. (2014),
“Decrease trends of ultimate loads of eccentrically loaded
model strip footings close to a slope”, Geomech. Eng., 6(5),
469-485. https://doi.org/10.12989/gae.2014.6.5.469.

Dezhkam, B. and Yaghfoori, A. (2018), “Soil foundation effect on
the vibration response of concrete foundations using
mathematical model”, Comput. Concrete, 22(2), 221-225.
https://doi.org/10.12989/cac.2018.22.2.221.


https://doi.org/10.12989/sem.2012.44.1.085
https://doi.org/10.12989/acc.2018.6.6.585
https://doi.org/10.12989/gae.2017.12.2.223
https://doi.org/10.12989/aas.2019.6.3.207
https://doi.org/10.12989/sem.2011.37.4.367
https://doi.org/10.12989/gae.2014.6.5.469
https://doi.org/10.12989/cac.2018.22.2.221

A comparative study between the new model and the current model for T-shaped combined footings 537

Dixit, M.S. and Patil K.A. (2013), “Experimental estimate of Ny
values and corresponding settlements for square footings on
finite layer of sand”, Geomech. Eng., 5(4), 363-377.
https://doi.org/10.12989/gae.2013.5.4.363.

Erzin, Y. and Gul, T. O. (2013), “The use of neural networks for
the prediction of the settlement of pad footings on cohesionless
soils based on standard penetration test”, Geomech. Eng., 5(6),
541-564. https://doi.org/10.12989/gae.2013.5.6.541.

Khatri, V.N., Debbarma, S.P., Dutta, R.K. and Mohanty, B. (2017),
“Pressure-settlement behavior of square and rectangular skirted
footings resting on sand”, Geomech. Eng., 12(4), 689-705.
https://doi.org/10.12989/gae.2017.12.4.689.

Lopez-Chavarria, S., Luévanos-Rojas, A. and Medina-Elizondo,
M. (2017), “A new mathematical model for design of square
isolated footings for general case”, Int. J. Innov. Comput. I,
13(4), 1149-1168.

Luévanos-Rojas, A. (2014a), “Design of isolated footings of
circular form using a new model”, Struct. Eng. Mech., 52(4),
767-786. http://doi.org/10.12989/sem.2014.52.4.767.

Luévanos-Rojas, A. (2014b), “Design of boundary combined
footings of rectangular shape using a new model”, Dyna,
81(188), 199-208. http://doi.org/10.15446/dyna.v81n188.41800.

Luévanos-Rojas, A. (2015), “Design of boundary combined
footings of trapezoidal form using a new model”, Struct. Eng.
Mech., 56(5), 745-765. https://doi.org/10.12989/sem.2015.56.5.745.

Luévanos-Rojas, A. (2016a), “A comparative study for the design
of rectangular and circular isolated footings using new models”,
Dyna, 83(196), 149-158.

Luévanos-Rojas, A. (2016b), “Un nuevo modelo para disefio de
zapatas combinadas rectangulares de lindero con dos lados
opuestos restringidos”, Revista Alconpat, 6(2), 172-187.
http://doi.org/10.21041/ra.v6i2.137.

Luévanos-Rojas, A., Barquero-Cabrero, J.D., Lopez-Chavarria, S.
and Medina-Elizondo, M. (2017), “A comparative study for
design of boundary combined footings of trapezoidal and
rectangular forms using new models”, Couple. Syst. Mech.,
6(4), 417-437. https://doi.org/10.12989/csm.2017.6.4.417.

Luévanos-Rojas, A., Faudoa-Herrera, J.G., Andrade-Vallejo, R.A.
and Cano-Alvarez M.A. (2013), “Design of Isolated Footings of
Rectangular Form Using a New Model”, Int. J. Innov. Comput.
1.,9(10), 4001-4022.

Luévanos-Rojas, A., Lopez-Chavarria, S. and Medina-Elizondo,
M. (2018a), “A new model for T-shaped combined footings Part
I: Optimal dimensioning”, Geomech. Eng., 14(1), 51-60.
https://doi.org/10.12989/gae.2018.14.1.051.

Luévanos-Rojas, A., Lopez-Chavarria, S. and Medina-Elizondo,
M. (2018b), “A new model for T-shaped combined footings Part
II: Mathematical model for design”, Geomech. Eng., 14(1), 61-
69. https://doi.org/10.12989/gae.2018.14.1.061.

Maheshwari, P. and Khatri, S. (2012), “Influence of inclusion of
geosynthetic layer on response of combined footings on stone
column reinforced earth beds”, Geomech. Eng., 4(4), 263-279.
https://doi.org/10.12989/gae.2012.4.4.263.

Mohamed, F.M.O., Vanapalli, S.K. and Saatcioglu, M. (2013),
“Generalized Schmertmann Equation for settlement estimation
of shallow footings in saturated and unsaturated sands”,
Geomech. Eng., 5(4), 363-377.
https://doi.org/10.12989/gae.2013.5.4.343.

Mohebkhah, A. (2017), “Bearing capacity of strip footings on a
stone masonry trench in clay”, Geomech. Eng., 13(2), 255-267.
https://doi.org/10.12989/gae.2017.13.2.255.

Orbanich, C.J. and Ortega, N.F. (2013), “Analysis of elastic
foundation plates with internal and perimetric stiffening beams
on elastic foundations by using Finite Differences Method”,
Struct. Eng. Mech., 45(2), 169-182.
https://doi.org/10.12989/sem.2013.45.2.169.

Orbanich, C.J., Dominguez, PN. and Ortega, N.F. (2012),

“Strenghtening and repair of concrete foundation beams whit
fiber composite materials”, Mater. Struct., 45(11), 1693-1704.
https://doi.org/10.1617/s11527-012-9866-6.

Rad, A.B. (2012), “Static response of 2-D functionally graded
circular plate with gradient thickness and elastic foundations to
compound loads”, Struct. Eng. Mech., 44(2), 139-161.
https://doi.org/10.12989/sem.2012.44.2.139.

Shahin M.A. and Cheung E.M. (2011), “Stochastic design charts
for bearing capacity of strip footings”, Geomech. Eng., 3(2),
153-167. https://doi.org/10.12989/gae.2011.3.2.153.

Turedi, Y., Emirler, B., Ormek, M. and Yildiz, A. (2019),
“Determination of the bearing capacity of model ring footings:
Experimental and numerical investigations”, Geomech. Eng.,
18(1), 29-39. https://doi.org/10.12989/gae.2019.18.1.029.

Uncuoglu, E. (2015), “The bearing capacity of square footings on
a sand layer overlying clay”, Geomech. Eng., 9(3), 287-311.
https://doi.org/10.12989/gae.2015.9.3.287.

Yafiez-Palafox, J.A., Luévanos-Rojas, A., Lopez-Chavarria, S. and
Medina-Elizondo, M. (2019), “Modeling for the strap combined
footings Part II: Mathematical model for design”, Stee/ Compos.
Struct., 30(2), 109-121. https://doi.org/10.12989/s¢s.2019.30.2.109.

Zhang, L., Zhao, M.H., Xiao, Y. and Ma, B.H. (2011), “Nonlinear
analysis of finite beam resting on Winkler with consideration of
beam-soil interface resistance effect”, Struct. Eng. Mech., 38(5),
573-592. https://doi.org/10.12989/sem.2011.38.5.573.

cC


https://doi.org/10.12989/gae.2013.5.4.363
https://doi.org/10.12989/gae.2013.5.6.541
https://doi.org/10.12989/gae.2017.12.4.689
https://doi.org/10.12989/sem.2015.56.5.745
https://doi.org/10.12989/csm.2017.6.4.417
https://doi.org/10.12989/gae.2018.14.1.051
https://doi.org/10.12989/gae.2018.14.1.061
https://doi.org/10.12989/gae.2012.4.4.263
https://doi.org/10.12989/gae.2013.5.4.343
https://doi.org/10.12989/gae.2017.13.2.255
https://doi.org/10.12989/sem.2013.45.2.169
https://doi.org/10.1617/s11527-012-9866-6
https://doi.org/10.12989/sem.2012.44.2.139
https://doi.org/10.12989/gae.2011.3.2.153
https://doi.org/10.12989/gae.2019.18.1.029
https://doi.org/10.12989/gae.2015.9.3.287
https://doi.org/10.12989/scs.2019.30.2.109
https://doi.org/10.12989/sem.2011.38.5.573

538 Jesiis Rafael Garay-Gallegos et al.
1y g
Appendix
Table 1 Differences of the equations for the moments in the two models
Concept New model Current model
M. Pi(a—cy)? " My, (2a+c,)(a—cy)? Pi(a-cy)?
a 8a 4a3 8a
M. Py(by—c3)? + My, (2b,+¢3) (b —c3)? P, (by—c3)?
b 8b, 4b,° 8b,
2
M, Ra(2L,~c,)? + M"T“(3VS_L1+C7Z)(L1_C7Z) ) Ra(2Ly—c;)?
8s 61, 8s
2
My Ra(2Li+c)?  Picy + Mx-ra(Sys—Ll—%z)(L1+%2) . Ra(2Li+c)®  Picy L
8s 2 61, x1 8s 2 x
If “yx—bl SymSy.v—LI”
Ra(ys—ym)?
Ra(Ys=ym)® | Mxra(Vm®-3ys°ym+2ys%) — R _ P — Y —L)—
;Sm + =" 615 = = Py (Vs = Y — L) — My 28 105 = Im v
* Mxl
M e’ If“ysﬁLfLI SymSy;*bI”
Rlab,(2ys—by—2ym)+by(Ys—b1—Ym)?
laby (2ys=by Y;ns) 2(s=by=ym)’] - Pl(ys —Ym — Ll) - Raby(2ys=b1—2ym) + Rby (Ys—b1=ym)* _
28 28
MxT(a_bZ)(ys_bi)z(Zys_33/m_2b1) MxT[aYSZ(ZYS_gym)+b2ym3]
61, + 61, - Mxl Pl(.Vs —Ym — Ll) - Mxl
Rab,? Myrlays®(¥s=3b1)+ba(ys=b1)®] | Myr(a=by)(ys—b1)? Rab,?
My s~ Pilby —Ly) — Y + ol — My s~ Pi(b1 — L) — My
X X
Raby(2L+2L;—b;—c,) + Rby(2L+2L1—2by—c,)? _ Pi(2L—cy) +
28 8s 2 Raby(2L+2L,—by—c,)
M Myr[4ays? (611 +6L—2ys=3c,) +by (2ys=2Ly ~2L+c,)%] — s T
g 481, Rby(2L+2Ly=2by—c,)® _ Pi(2L—c)
Myr(a—b,)(Ys—b1)? (6L, +6L—2ys—3c,—4b;) M 8s 2 x1
121, T Mt
Rab; (2L, +2L—by+c,) n Rby(2Ly+2L—2bs+c)?  Pi(2L+cy)  Pycy Rab, (2L, +2L—by+¢,) 4
28 2 2 25
My, Myr(a—by)(¥s—b1)*(6Ly +6L—2ys+3C4—4by) + Rby(2L1+2L—2b1+¢,)?  Pi(2L+cy)
121, 8s 2
Myr[4ay? (6L, +6L—2Ys+3C,)+by (2y5—2L1—2L—c4)3] Pycy M
481, = My — My x1 x2
Table 2 Differences of the equations for the bending shear in the two models
Concept New model Current model
P
v _ Pi(a—c;—2d)  3Mys[a’—(ci+2d)%] __Pi(a—c,—-2d)
L 2a 2a3 2a
v _ Py(by—c3=2d) _ 3My,[by*~(cs+2d)?] _ Pay(by—cz—2d)
J 2b, 2b,° 2b,
v _ Ra(2Ly—c;—2d) _ Myra(4ys—2Li+c,+2d)(2L; —c,—2d) _ Ra(2L;—c;—2d)
k 25 8L, 28§
I “ybr<ysLi—22 —d’
p. _ Ra(2Lit+cp+2d) Myral4ys?—(2ys—2L,—c,—2d)?] p. — Ra(2Ly+c,+2d)
v 1 25 8l 1 28
t If “YeL-Li<ysLi—cy2 — d<ys-b1”
p. _ R[2aby+by(2Ly~2b1+ca+2d)]  Myraby(2Ys—b1)  Marbp[4(ys—b1)?—(2ys—2L,—c,—2d)?] P — R[2ab;+b,(2L1—2b;+cy+2d)]
1 28 21, 81, 1 28
Rab, Myrab,(2ys—b,) Rab,
Vin Py s 21, A S
P — R[2ab;+b,(2L,+2L—2b;—c,—2d)] _ Myrab,(2ys—bq) _
v 1 28 21, P _ R[2aby+by (2L, +2L—2by—c4—2d)]
n Myrb,[4(ys—b1)*—(2ys—2L, —2L+cy+2d)?] 1 28
81,
R— R[2ab,+b,(2L1+2L—2b;+c,+2d)] _ Myrab,(2ys—by) _
v 28 21, R— R[2ab;+b, (2L +2L—2b1+c4+2d)]
0 Mbez[4(3’5‘171)2—(ZYs‘2L1—2L—C4—2d)Z] 28
81,
Table 3 Differences of the equations for the punching shear in the two models
Concept New model Current model
Y
v P _ R(c1+d)(2c,+d+25;) _ Myr(c1+ad)(ys—Ly)(2c,+d+2s4) _ Myr(ci+d)[4s1(cp+s1)—d(2¢c,+d)] P _ R(ci+d)(2c,+d+2s;)
pl 1 28 21, 81, 1 258
v P — R(c3+d)(2c4+d+2sy)  Myr(c3+d)(Ys—L—L1)(2c4+d+25;)  Myr(c3+d)[d(2¢4+d)—4s5(cats,)] P _ R(c3+d)(2c4+d+2s3)
p2 2 25 21, 8, 2 25






