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1. Introduction 
 

Probabilistic methods have received considerable 

attention to deal with uncertainties in geotechnical stability 

analysis (e.g., slope stability analysis) in recent years 

(Phoon 2017, Liu et al. 2020, Bai et al. 2020, Qi and Liu 

2019a, Li et al. 2014). For example, Monte Carlo 

Simulation (MCS) is one of the most popular probabilistic 

methods for estimating slope reliability because of its 

robustness and conceptual simplicity (Au et al. 2010, Wang 

et al. 2010). However, an obvious deficiency of direct MCS 

is that it generally suffers from a lack of efficiency, 

especially when the deterministic numerical model is 

computationally demanding. To alleviate the computational 

burden, several methods have been proposed to boost the 

efficiency of the reliability analysis (Jiang et al. 2015, Wang 

et al. 2010, Liu et al. 2020). Among the optimization  
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methods, metamodels, which often approximate the time-

consuming numerical models with closed-form expressions 

or “black box”, have been proposed and used as a suitable 

alternative for reliability analysis (El Haj and Soubra 2020). 

Among the available metamodels in the literature 

(Zhang et al. 2013, Zhang et al. 2011, Gaspar et al. 2014, Li 

et al. 2016), Kriging has demonstrated its superiority over 

others. For example, Zhang et al. (2013) showed that, 

compared with the classical response surface method, 

Kriging produces a more accurate result for slope reliability 

analysis at the expense of more calibration points. Gaspar et 

al. (2014) presented that Kriging can more accurately 

evaluate the probability of failure (𝑃𝑓) than the polynomial 

regression models do. In addition, Kriging provides not 

only the estimates at unsampled locations but also the 

uncertainties associated with them. This additional piece of 

information allows Kriging to reasonably quantify the 

prediction error, which further advances its applications in 

slope reliability analysis. In this regard, Liu and Cheng 

(2018) proposed an adaptive Kriging model with selecting 

training samples at the most uncertain points, which 

overcomes the difficulty of randomly choosing training 

samples in other models. This manipulation effectively 

reduces the size of training data or equally enhances the 

computation efficiency. Furthermore, several global 

optimization algorithms are proposed to improve the 

performance and feasibility of Kriging models for an 

accurate slope reliability analysis, e.g., artificial bee colony 

algorithm (Luo et al. 2012), genetic algorithm (Liu et al. 

2017), and particle swarm optimization algorithm (Yi et al. 
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2015). Overall, the above literature analyses show that 

Kriging has been gaining increasing popularity in slope 

reliability analysis. 

However, as a key input to the Kriging model, the 

autocorrelation function (ACF) is often chosen as the 

squared exponential function (also known as Gaussian 

function) by default or selected from a group of candidate 

ACFs (e.g., the single exponential ACF, squared 

exponential ACF and second-order Markov ACF) based on 

empirical knowledge (Lophaven et al. 2002, Liu et al. 

2017). This shows that there might be some uncertainties in 

the selection of ACF for the Kriging model construction. 

Such uncertainties can subsequently lead to biased 

reliability results because autocorrelation structures play a 

key role in the representation of the spatial correlation 

underlying the Kriging model (Minasny and McBratney 

2005). It has also been suggested that the major problem in 

the Kriging method is both the type of ACF and the 

associated parameters are unknown (Kleijnen 2009). 

Meanwhile, ACF has a significant effect on the estimation 

of 𝑃𝑓  in slope reliability analysis considering spatial 

variability (Ching and Phoon 2019, Zhang et al. 2020, Qi 

and Li 2018, Qi and Liu 2019b). Therefore, it is of great 

significance to improve the performance of Kriging 

metamodel to obtain more reliable reliability results by 

reducing the uncertainty in ACF selection in the Kriging 

model. To the best of our knowledge, this work has not been 

well dealt with or fully investigated.  

According to the literature, a non-classical ACF, 

Whittle-Matérn (WM), can replace the commonly used 

single-parameter ACFs (e.g., the single exponential ACF, 

the squared exponential ACF, and second-order Markov 

ACF) within Matérn family by controlling the smoothness 

parameter, 𝜈 (Minasny and McBratney 2005, Marchant and 

Lark 2007). For example, when 𝜈 takes values of 0.5 and 

1.5, the corresponding WM ACF evolves as the single 

exponential ACF and second-order Markov ACF, 

respectively. Therefore, the best ACF for the Kriging 

metamodel can be selected alternatively by optimizing the 

smoothness parameter in the WM function based on the 

given data.  

This paper develops an adaptive Kriging metamodel 

named GAWMK for slope reliability analysis, which makes 

use of the genetic algorithm (GA) to simultaneously 

optimize the correlation parameter and smoothness 

parameter of WM function to find the optimal 

autocorrelation structure in the Kriging model (Minasny 

and McBratney 2005, Ching et al. 2019). The proposed 

GAWMK overcomes the deficiency of the traditional 

Kriging method in randomly choosing ACF and thus 

improves, to a certain extent, the accuracy of the Kriging 

method. The paper starts with the formulation of the 

proposed GAWMK method, which is followed by the slope 

reliability analysis using GAWMK-based MCS. Then, a 

Matlab toolbox is developed based on the commonly used 

Kriging Matlab toolbox, Design and Analysis of Computer 

Experiments (DACE) (Lophaven et al. 2002), to implement 

the proposed method. Thereafter, applications to three 

illustrative examples, including one explicit analytical 

example and two slope examples, are presented to illustrate 

and validate the proposed method. 

 
 
2. The proposed GAWMK method 
 

The novelty of the proposed method lies in that the non-

classical WM function is incorporated into the Kriging 

model, with GA optimizing the correlation parameter and 

smoothness parameter, to adaptively select the optimal ACF 

for Kriging-based metamodeling. Hence, there are three key 

modules in the proposed method: (1) traditional Kriging 

method; (2) WM autocorrelation structure; and (3) GA for 

the optimization of the correlation parameter and 

smoothness parameter. A detailed introduction of the three 

modules is provided in this section as follows. 

 
2.1 Kriging method 

 
Kriging method is a spatial optimal linear prediction using 

observed data taken at known nearby locations (Cressie 1990). 

This method is built with the model of stochastic spatial 

variation which fits well with the reality, such as the borehole 

or sensor data (Oliver and Webster 1990). In Kriging 

framework, the response 𝑦(𝑥) (or factor of safety (FS) for 

slope stability analysis) is divided into two parts: the trend part 

and the stochastic error part (Zhang et al. 2011). Suppose x 

denotes a vector of the input variables, the Kriging model can 

be expressed as  

𝑦(𝒙) = 𝒇(𝒙)𝑇𝜷 + 𝑧(𝒙) (1) 

where 𝒇(𝒙)𝑻𝜷 is the deterministic trend part, with 𝒇(𝒙) =
[𝑓1(𝒙), 𝑓2(𝒙), … , 𝑓𝑝(𝒙)]

𝑇  being a vector of 𝑝  basis 

functions and 𝜷 = [𝛽1, 𝛽2, … , 𝛽𝑝]
𝑇  the vector of the 

associated 𝑝  regression parameters; and 𝑧(𝒙)  is the 

stochastic error part, which is assumed to be a Gaussian 

process with 

{

𝐸(𝑧(𝒙)) = 0

𝑉𝑎𝑟(𝑧(𝒙)) = 𝜎2

𝐶𝑜𝑣 (𝑧(𝒙𝑖), 𝑧(𝒙𝑗)) = 𝜎2𝜌(𝒙𝑖 , 𝒙𝑗)

 (2) 

where 𝐸(𝑧(𝒙))  denotes the expectation of the process, 

with a value of zero; 𝑉𝑎𝑟(𝑧(𝒙)) denotes the variance of 

the process, with a value of 𝜎2; and 𝐶𝑜𝑣 (𝑧(𝒙𝑖), 𝑧(𝒙𝑗)) is 

the covariance between the random variables at points 𝒙𝑖 
and 𝒙𝑗, with 𝜌(𝒙𝑖 , 𝒙𝑗) being the correlation between the 

two variables. 𝜌(𝒙𝑖 , 𝒙𝑗)  is usually calculated from the 

autocorrelation structure of the underlying Kriging model, 

as will be introduced in the following subsection.   

Given m sets of input data 𝐒 = [𝒙1, 𝒙2, … , 𝒙𝑚]
𝑇 and 

responses 𝒚 = [𝑦1 , 𝑦2, … , 𝑦𝑚]
𝑇, the unknown parameters 𝜷 

and 𝜎2 can be estimated by using the maximum likelihood 

method (MLE) as 

𝜷̂ = (𝐅T𝐑−1𝐅)−1𝐅T𝐑−1𝒚 (3) 

𝜎̂2 =
1

𝑚
(𝒚 − 𝐅𝛽̂)

𝑇
𝑹−1(𝒚 − 𝐅𝛽̂) (4) 
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where 𝐅 = [𝒇1(𝒙1), 𝒇2(𝒙2), … , 𝒇𝑚(𝒙𝑚)]
𝑇  is a vector of 

𝒇(𝒙) , with a dimension of 𝑚 × 𝑝 ; and R denotes the 

autocorrelation matrix and is expressed as 

𝐑 = (

𝜌(𝒙1,𝒙1) ⋯ 𝜌(𝒙1,𝒙𝑚)
⋮ ⋱ ⋮

𝜌(𝒙𝑚,𝒙1) ⋯ 𝜌(𝒙𝑚,𝒙𝑚)
) (5) 

It is noted from Eqs. (3) and (4) that the determination 

of 𝜷  and 𝜎2  depend highly on the autocorrelation 

structure, and according to some further deduction, the 

MLE problem above is finally changed as minimizing the 

following objective function as 

𝜓(𝜽) =
1

2
(𝑚 ln𝜎2 + ln|𝐑|) (6) 

After obtaining the parameters 𝜽, 𝜷 and 𝜎2, the best 

linear unbiased prediction 𝑦̂(𝒙′) and the Kriging variance 

𝜎̂2(𝒙′) for the unknown point 𝒙′ can be estimated as 

𝑦̂(𝒙′) = 𝒇(𝒙′)𝑻𝜷̂ + 𝒓(𝒙′)𝑇𝐑−1(𝒚 − 𝐅𝜷̂) (7) 

𝜎̂2(𝒙′) = 𝜎2(1 + 𝒖𝑇(𝐅T𝐑−1𝐅)
−1
𝒖

− 𝒓(𝒙′)𝑇𝐑−1𝒓(𝒙′)) 
(8) 

where 𝒓(𝒙′) = [𝜌(𝒙′, 𝒙1), 𝜌(𝒙
′, 𝒙1), … , 𝜌(𝒙′, 𝒙𝑚)]  is the 

correlation vector between the unknown point 𝒙′ and all 

known training data (𝒙1, 𝒙2, … , 𝒙𝑚) ; and 𝒖 =
𝐅T𝐑−1𝒓(𝒙′) − 𝒇(𝒙′). 

 
2.2 Whittle-Matérn autocorrelation structure 

 
As mentioned above, the autocorrelation structure is an 

important part for formulating the Kriging method. It 

governs the spatial correlation between two points, which 

decreases as the relative distance increases. There are 

several choices of ACF models in Kriging, and Kriging is 

usually used by randomly selecting one ACF from some 

candidate ACFs to fit the given data. Consider, for example, 

the one-dimensional classical ACFs listed in Table. 1 

(Ching et al. 2019, Li et al. 2015, Minasny and McBratney 

2005). It is seen from the table that the function forms for 

different ACFs are different. The autocorrelation structure 

underlying the given data is determined once the ACF type 

and the associated correlation parameter, 𝜃, are known. 

Note that the variable form 𝜃 and vector form 𝜽 of the 

correlation parameter are used interchangeably hereafter, as 

they are representing problems with different dimensions.  

 

 

 

Obviously, different ACFs would lead to different 

autocorrelation structures and thus resulting in different 

Kriging predictions. Therefore, traditionally Kriging 

method with randomly selected ACF may introduce extra 

model uncertainty to slope reliability analysis. In addition, 

within the classical ACF models in Table 1, only the 

correlation parameter 𝜃  can be optimized to fit the 

underlying data. However, as proposed by Ching et al. 

(2019), the spatial structure underlying the data may not be 

fully depicted by only one correlation parameter. For this 

situation, the non-classical ACF models with more than one 

correlation parameter may perform reasonably well, which, 

however, is rarely seen in the current Kriging metamodeling. 

For example, it is advantageous to use the two-

parameter ACF since this kind of model can be extended to 

fit the observed data with not only the correlation parameter 

but also the smoothness parameter (Ching et al. 2019). The 

smoothness parameter gives the two-parameter ACF greater 

flexibility for modeling the spatial correlation (Gneiting et 

al. 2010). The two-parameter models usually adopted in the 

literature include the WM model and the powered 

exponential model. Given WM model exhibits a more 

flexible ability for fitting the smoothness feature (Ching et 

al. 2019), it is adopted in this study for constructing the 

Kriging metamodel, and the expression taken from Ching et 

al. (2019) is written as 

𝜌(𝑑)

=
2

Γ(𝜈)
∙ (
√𝜋 ∙ Γ(𝜈 + 0.5) ∙ |𝑑| ∙ 𝜃

Γ(𝜈)
)𝐾𝜈 (

2√𝜋 ∙ Γ(𝜈 + 0.5) ∙ |𝑑| ∙ 𝜃

Γ(𝜈)
) (9) 

where 𝜈 is the smoothness parameter with a range of 0 <
𝜈 ≤ ∞; 𝜃 is the correlation parameter as the same in Table 

1; Γ(∙) denotes the Gamma function; and 𝐾𝜈(∙) is the 

modified Bessel function of the second kind with order 𝜈. 

The parameter 𝜈 controls the smoothness of the spatial 

data. The spatial process is smooth when 𝜈 is large (e.g., 

𝜈 → ∞); otherwise, it is relatively rough when 𝜈 is small 

(e.g., 𝜈 → 0). Within the Matérn correlation family, 

different 𝜈 values represent different classical single-

parameter ACF models. As shown in the last column in 

Table 1, the commonly used single exponential (SExp), 

Whittle, second-order Markov (SMK), and squared 

exponential (QExp) ACFs can be replaced by the WM 

model with 𝜈= 1/2, 1, 3/2, and ∞, respectively. This 

observation shows that the optimal ACF for Kriging 

metamodeling can be achieved easily by simultaneously 

optimizing the two parameters of WM function. Likewise, 

the uncertainty in ACF selection in traditional Kriging  

Table 1 Commonly used classical one-dimensional ACF models 

Function type Function expression Corresponding WM model 

Single exponential  𝜌 = exp⁡(−𝜃 ∙ |𝑑|) 𝜈 = 1/2 

Whittle  𝜌 = 𝜃 ∙ |𝑑| ∙ 𝐾1(𝜃 ∙ |𝑑|) 𝜈 = 1 

Second-order Markov  𝜌 = exp⁡(−𝜃 ∙ 𝑑) ∙ (1 + 𝜃 ∙ 𝑑) 𝜈 = 3/2 

Squared exponential  𝜌 = exp⁡(−𝜃 ∙ 𝑑2) 𝜈 = ∞ 

Note: 𝐾1 means modified Bessel function of the second kind with the first order; and 𝑑 is the separation distance between two points 
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method is reduced. With the WM function, the objective 

function in Eq. (6) is, therefore, rewritten as 

𝜓(𝜽, 𝝂) =
1

2
(𝑚 ln𝜎2 + ln|𝑹|) (10) 

where 𝜓 is a function of 𝜽⁡ and⁡ 𝝂, which, however, is 

only the function of 𝜽 in the traditional Kriging method.  

It should be noted that the WM function in Eq. (9) is 

one-dimensional. However, according to Satria Palar et al. 

(2020), it is straightforward to extend it to multi-dimension 

by using the following composite function as 

𝜌(𝜽, 𝝂,𝝎) =∑𝜔𝑖

𝐾

𝑖=1

∏(𝜌𝑖(𝜃𝑗, 𝜐𝑗))

𝑚

𝑗=1

 (11) 

where 𝐾 is the number of individual ACF types (e.g., a 

WM function with a specific 𝜈  value is considered an 

individual ACF) used in the composite function; 𝑚 

denotes the input dimension; 𝝎 = (𝜔1, 𝜔2, … , 𝜔𝐾)
𝑇 is the 

weight vector for the individual ACF types that should 

satisfy the equality constraint of ∑ 𝜔𝑖
𝐾
𝑖=1 = 1 . In the 

current study, only one kind of individual ACF is adopted, 

which indicates that 𝐾 is equal to one here. Therefore, 𝜌 

for multidimensional problem in Eq. (11) reduces to the 

product of m one-dimensional WM functions. 

 

2.3 Genetic algorithm for parameter optimization 
 

In general, the aforementioned DACE toolbox is often 

used to construct the Kriging metamodel. However, the 

built-in pattern search method (PSM) in DACE for 

optimizing the correlation parameters of the objective 

function of Eq. (6) is a kind of local optimization method, 

which is prone to fall into local minima. As suggested by 

Liu et al. (2017), the GA well outperforms the PSM in 

locating the minimum of the objective function of Eq. (6). 

Therefore, the global optimization method, GA, is used to 

search for the optimal correlation and smoothness 

parameters of the WM function of Eq. (10) to calibrate the 

Kriging metamodel of slope stability analysis in this study.  

GA is an optimization tool inspired by natural selection 

(Gomes et al. 2011). It searches for the optimum solution 

based on the evolution of the generations. Compared with 

the local optimization methods, GA searches for the optimal 

solution on a global scale and avoids falling into local 

optimization. GA process starts with the candidate solution 

from the initial generation and evaluates the quality of the 

chromosomes by the objective function. The genes from the 

parent generation are recombined in the mating pool to 

produce the next generation (Kavzoglu et al. 2015). The 

iteration terminates when the generation reached the 

predefined maximum breeding generation. For the 

realization of the GA, the parameters within the algorithm 

are critical to the optimization result, such as the initial 

population (NIP), the maximum breeding generation 

(MBD), the generation gap (GGAP), the crossover 

probability (CP), and the mutation probability (MP). In 

general, these parameters are determined by extensive trials 

and errors with the consideration of the balance between 

accuracy and computational effort. Herein, the parameter  

Table 2 Parameter setting of GA in this study 

Parameter NIP MBD GGAP CP MP 

Value 50 100 0.99 0.7 0.01 

 

 

setting of GA is selected based on numerical experiments 

and Liu’s work (Liu et al. 2017). 

It is worthwhile to point out that, for convenience, 

DACE is also used as the major tool for constructing the 

Kriging metamodel in this study, but with some 

modifications. The modifications are two-fold: (1) Eq. (10) 

is used to replace Eq. (6) as the final objective function for 

a general representation of the autocorrelation structure that 

is governed by the correlation and smoothness parameters; 

and (2) GA is developed to replace the PSM to adaptively 

optimize the correlation and smoothness parameters to 

obtain the optimal autocorrelation structure. More details 

about implementing these modifications on DACE are 

introduced in the “Implementation procedure of the 

proposed method” section. 

 

 

3. Monte Carlo simulation based on Kriging 
metamodel for slope reliability analysis 

 

Monte Carlo simulation is considered as a robust 

method for slope reliability analysis due to its conceptual 

simplicity (Wang et al. 2020). Therefore, after obtaining the 

Kriging metamodel of a slope stability analysis model, 

MCS is performed on the Kriging metamodel, rather than 

on the original slope stability analysis model, to calculate 

the 𝑃𝑓 of the slope to improve the computation efficiency 

(Zhang et al. 2020). The 𝑃𝑓 is defined as the probability 

that the factor of safety (FS) is less than unity, and can be 

calculated as 

𝑃𝑓 =
1

𝑁𝑚𝑐𝑠
∑ 𝐼(𝐹𝑆𝑖 < 1)

𝑁𝑚𝑐𝑠

𝑖=1

 (12) 

where 𝐹𝑆𝑖  denotes the FS calculated from the Kriging 

metamodel (i.e., Eq. (7)) for the 𝑖th MCS sample; 𝑁𝑚𝑐𝑠 

denotes the number of the MCS samples, which should be 

reasonably large (e.g., in the order of magnitude of 10-4) to 

ensure the accuracy of the estimation of 𝑃𝑓; and 𝐼(∙) is an 

indicator function, which is equal to unity when FS is less 

than one and zero otherwise. 

 

 

4. Implementation procedure of the proposed 
method for slope reliability analysis 

 

To facilitate the understanding and application of the 

proposed method in slope reliability analysis, this section 

introduces the implementation procedure of the method in 

detail. As stated before, the DACE toolbox is used as the 

major tool for realizing the proposed method. For 

convenience, the implementation procedure is schematically 

plotted in Fig. 1, which is composed of five steps. Each of 

the five steps is described as follows.  
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Step 1: Modification and verification of the newly 

developed DACE toolbox by incorporating WM model and 

GA. At this step, a new sub-function @𝑐𝑜𝑟𝑟_𝑊𝑀 is first 

developed to describe the WM structure in the DACE 

toolbox. Then, GA is coded to replace the PSM that is 

embedded in DACE for parameter optimization. Finally, the 

whole GAWMK method is realized by invoking a newly 

developed main function based on DACE as 
[𝑑𝑚𝑜𝑑𝑒𝑙, 𝑝𝑒𝑟𝑓] = 𝑑𝑎𝑐𝑒𝑔𝑎𝑓𝑖𝑡_𝑊𝑀(𝑺, 𝒚,@𝑟𝑒𝑔𝑟,@𝑐𝑜𝑟𝑟_𝑊 , 

where 𝑺⁡ and⁡ 𝒚 keep the same meaning as those described 

in the second section; and @𝑟𝑒𝑔𝑟 is denoted as the trend 

function described in Eq. (1), which is selected as the 

constant function herein, i.e., 𝑓(𝑥) = 1 (𝒇(𝒙) in Eq. (1) is 

degenerated to a variable as p = 1 for constant function), 

representing the ordinary Kriging model. Besides, 𝑑𝑚𝑜𝑑𝑒𝑙 
denote the calibrated Kriging model 𝑝𝑒𝑟𝑓  saves the 

information about the optimization process. Thereafter, the 

adapted DACE toolbox is subsequently validated by two 

simple analytical examples, as will be illustrated in the 

following section, before its application to slope reliability 

analysis. 

Step 2: Establish a deterministic slope stability analysis 

model for a slope. This step mainly includes collecting 

geometrical and geotechnical parameters to perform 

conventional slope stability analysis for a slope. Both the 

commonly used finite element method and limit equilibrium 

method (LEM) can be used to establish the slope stability 

analysis model. Since LEM can improve the computational 

efficiency and practicality of slope system reliability 

analysis by implementing relatively simple stability analysis 

methods (Duncan 1996, Liu et al. 2020), the LEM is 

adopted in this study. 

 

 

Step 3: Generate training data for calibrating the 

Kriging metamodel. This requires to first generate a number 

of training samples to constitute the matrix 𝑺 =
[𝒙1, 𝒙2, … 𝒙𝑚]

𝑇. Latin hypercube sampling (LHS) based on 

the statistics of soil properties is used for this purpose in 

this study, where the number of training samples is 

determined based on the rule of thumb proposed by Kang et 

al. (2015) and Silvestrini et al. (2013). Then, the training 

samples are repeatedly substituted into the slope stability 

analysis model established in Step (3) to calculate the 

corresponding FS to obtain the response vector 𝒚 =
[𝑦1 , 𝑦2, … 𝑦𝑚]

𝑇 . The training samples 𝑺  and associated 

responses 𝒚  finally constitute the training data for 

calibrating the Kriging models in the next step. 

Step 4: Build and validate the Kriging metamodel of the 

deterministic slope stability analysis model. At this step, the 

adapted DACE toolbox in Step (1) is first used to construct 

the Kriging model by substituting the training data obtained 

in the last step into the 𝑑𝑎𝑐𝑒𝑔𝑎𝑓𝑖𝑡_𝑊𝑀  function to 

calibrate the unknown parameters. Then, the calibrated 

Kriging model is validated by applications to a certain 

number of testing data that can be formulated in the same 

way as the training data through the coefficient of 

determination (𝑅2 ). In the adapted DACE toolbox, the 

testing process is realized through the prediction function 

embedded in DACE as [𝒚̂, 𝝈̂2] = 𝑝𝑟𝑒𝑑𝑖𝑐𝑡𝑜𝑟(𝒙′, 𝑑𝑚𝑜𝑑𝑒𝑙), 
where 𝒚̂ , 𝝈̂2  and 𝒙′  keep the same meaning as those 

described in the second section and 𝑑𝑚𝑜𝑑𝑒𝑙  saves the 

model information generated from the function 

𝑑𝑎𝑐𝑒𝑔𝑎𝑓𝑖𝑡_𝑊𝑀, as described in Step (1). 

Step 5: Perform MCS based on the GAWMK model to 

estimate the probability of failure. This includes generating 

 
Fig. 1 Flow chart of the GAWMK model 
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a large number of samples based on predefined statistics of 

soil properties and substituting them into the established 

GAWMK metamodel in Step (4) to obtain the 

corresponding FS values. The probability of failure is then 

evaluated based on Eq. (10). 

 
 
5. Validation of the proposed method and the 
modified DACE toolbox 
 

Before directly applying the proposed method for slope 

reliability analysis, this section provides an analytical 

example to validate the effectiveness of the proposed 

GAWMK method and the improved DACE toolbox that is 

used to implement the method. The example is an explicit 

one-dimensional cubic function, which has been studied by 

Liu et al. (2017). The function is expressed as 

𝑦 = 𝑥3 + 𝑥2 − 6 (13) 

where x is subjected to standard normal distribution. 

Following Liu et al. (2017), ten training samples 𝑺 =
[𝑥1, 𝑥2, … 𝑥10]

𝑇 based on LHS and the statistics of x are 

also generated and substituted to Eq. (13) to obtain the 

corresponding responses 𝒚 = [𝑦1, 𝑦2 , … 𝑦10]
𝑇 , which 

consitute the training data here to calibrate the Kriging 

metamodel of the function. First, to intuitively illustrate the 

effect of ACF on Kriging metamodeling, the commonly 

used ACFs in Table 1 are compared in terms of the resulting 

Kriging metamodels of Eq. (13) with the same training data. 

Fig. 2 plots the Kriging metamodels based on different 

ACFs as well as the true function shape of Eq. (13). Note 

that, unless otherwise specified, all results presented from 

here on are obtained by using the improved DACE toolbox. 

Therefore, GA is also used to optimize the correlation 

parameters for these ACFs. As can be seen from the figure, 

different ACF models generally produce different Kriging 

results. The QExp model exhibits the best prediction among 

the four ACFs since the value predicted by the QExp model 

almost coincides with the actual y value. By contrast, the 

SExp, Whittle, and SMK models show relatively poor 

prediction performance. This observation indicates that the 

performance of Kriging models would be significantly 

affected by ACFs. 

Besides, Fig. 2 also shows that the classical single 

parameter ACFs can be uniformly characterized by the WM 

function through varying the smoothness parameter 𝜈 . 

Therefore, the influence of ACF on Kriging metamodeling 

can be indirectly reflected by the smoothness parameter in 

WM function. Fig. 3 shows the variations of the minimum 

value of the objective function 𝜓, 𝜓min⁡ , and the optimal 

𝜃 against various 𝜈 values for the same number of training 

samples. The result shows that both the 𝜓min  and 𝜃 

change significantly when the smoothness parameter 𝜈 

changes. The 𝜓 reaches its minimum (about 15) neither at 

a small 𝜈 value nor at a large value, while the optimal 𝜃 

varies rapidly for different 𝜈 values. This implies that the 

WM function can represent different autocorrelation 

structures with both the smoothness parameter and 

correlation parameter, which validates the feasibility of the 

proposed method. 

 

Fig. 2 Performance of Kriging metamodels based on 

different ACFs with ten training samples 

 

 

Fig. 3 Variation of 𝜓 and 𝜃 with smoothness parameter 

in WM model with ten training samples 

 

 

Then, the proposed GAWMK method is used to 

construct the Kriging metamodel of Eq. (13), and the results 

are schematically plotted in Fig. 4. Fig. 4(a) presents the 

prediction results by the proposed method when different 

numbers of training samples are used. The actual y function 

is also shown in the subfigure. It is generally seen from the 

figure that the proposed GAWMK method fits the actual y 

function well when the number of training samples is larger 

than 10. This observation can be easily reasoned from the 

optimization results of the objective function in Eq. (10), as 

shown in Fig. 4(b). The results in Fig. 4(b) illustrate that the 

optimal correlation parameter 𝜃 and smoothness parameter 

𝜈 remain nearly unchanged when the number of training 

samples is larger than 10. 

However, it might be argued that the prediction results 

obtained by the Kriging models based on the classical ACFs, 

e.g., the QExp function, are also compared with the 

proposed method, as presented in the previous work by Liu 

et al. (2017). Hence, to further illustrate the superiority of 

the proposed method over the available study, Fig. 5 

compares the optimized minimum values of 𝜓 for different 

methods under different numbers of training samples. For 

simplicity, only the commonly used QExp and SExp 

functions are compared with the proposed method. As can  
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(a) Prediction results of the GAWMK for different 

number of training samples 

 
(b) Parameters optimized by GAWMK for different number 

of training samples 

Fig. 4 Modelling results of GAWMK for different 

number of training samples 

 

 

Fig. 5 Minimum 𝜓 values optimized based on different 

ACFs against the number of training samples 

 

 

be seen from Fig. 4, 𝜓min⁡  for all three ACFs decreases 

with increasing the number of training samples. This 

observation is expected, as more data would yield more 

accurate Kriging models. In addition, it is observed that the 

results obtained by GAWMK and QExp are much smaller 

than those by SExp, suggesting that the Kriging model 

based on QExp is less accurate than that based on the other 

two ACFs. Although the difference between QExp and  

 
(a) Relative differences of 𝜓min  between QExp and 

GAWMK 

 
(b) Relative differences of 𝜓min  between SExp and 

GAWMK 

Fig. 6 Relative differences of 𝜓min between GAWMK 

and two commonly used single parameter ACFs for 

different numbers of training samples 

 

 

GAWMK is small, it is still distinguishable from the figure 

that GAWMK is more accurate than QExp. Such 

differences among different ACFs can be further quantified 

by the relative difference of 𝜓min. The results are plotted in 

Fig. 6 by solid squares, where the 𝜓SExp⁡ ,⁡ 𝜓QExp and 

𝜓WM denotes the minimum 𝜓 based on SExp, QExp and 

GAWMK, respectively. It is seen from the figure that the 

relative difference results between GAWMK and SExp (Fig. 

6(a)) are relatively small but can also be as large as about 

30% when the number of training samples is 20. By 

contrast, the relative difference results between GAWMK 

and QExp (Fig. 6(b)) are significantly large e.g., nearly  

100% when the number of training samples is larger than 10. 

These results are consistent with the examination of Fig. 5 

by naked eyes. Overall, GAWMK performs better than 

SExp and QExp from the perspective of accuracy and 

robustness.  

 

 

6. Applications to slope reliability analysis 
 

To illustrate the proposed method for slope reliability 

analysis, two slope examples are taken into account in this 

section. The SExp (Cho 2007, Tabarroki et al. 2013,  
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(a) Slope geometry and deterministic slope stability 

analysis results based on mean soil properties 

 
(b) Factor of safety versus Number of potential slip surfaces 

Fig. 7 Determination of slope geometry and number of 

potential slip surface for Example 1 

 

 

Suchomel and Mašín 2010) and QExp (Luo et al. 2012, 

Zhang et al. 2011, Yi et al. 2015), which are the most 

commonly used ACFs in slope reliability analysis, are 

adopted to compare with the GAWMK method.  

 
6.1 Example 1: A homogeneous c-φ slope 
 
6.1.1 Deterministic slope stability analysis 
The first example concerns a homogenous c-φ slope, 

which has been analyzed by Cho (2010), Jiang et al. (2015), 

and Liu et al. (2017) in the literature. The slope geometry is 

schematically plotted in Fig. 7(a). The statistics of the soil 

properties are listed in Table 3. The critical deterministic FS 

obtained from Bishop’s simplified method (BSM) with the 

mean values of soil properties is 1.207, which is consistent 

with the FS of 1.204, 1.206, and 1.206 by Cho (2010), Jiang 

et al. (2015), and Liu et al. (2017), respectively. The 

corresponding critical slip surface passes through the slope 

toe, as shown in Fig. 7, which also matches well with the 

literature. To determine the number of potential slip 

surfaces (Ns), Fig. 7(b) plots the influence of Ns on the FS. 

The benchmark FS with the value of 1.206 is plotted by the 

blue dashed line. In order to express the convergence of the 

data more clearly, the local zoomed-in view is placed in the 

upper part of the figure. It can be seen from Fig. 7(b) that 

the FS gradually converges to the benchmark and remain 

stable when Ns reach around 4000. Therefore, the Ns is 

determined as 5985 for the slope reliability analysis to keep 

the balance between the accuracy and efficiency. 

Table 3 Statistics of soil properties for Example 1 

Parameter Mean COV Distribution 
Correlation 

coefficient 

Cohesion, 𝑐 10 kPa 0.3 Lognormal 

−0.7 Friction angle, 

𝜑 
30 ° 0.2 Lognormal 

Unit 

weight,⁡ 𝛾 
20 kN/m3 − − − 

 

 

6.1.2 Probabilistic slope stability analysis 
Based on the above deterministic slope stability analysis 

model, three Kriging metamodels based on GAWMK, 

QExp and SExp are subsequently constructed with 20 LHS 

training samples. Note that, there is currently no general 

guideline on determining the number of training samples for 

calibrating the Kriging models in the literature. This study 

follows the suggestion by Kang et al. (2015) and Silvestrini 

et al. (2013) that, as a rule of thumb, a number 10D-15D of 

samples are sufficient to calibrate a surrogate model, where 

D is the number of independent variables; and 10D is 

determined by considering the balance between 

computation accuracy and efficiency. The influence of 

training sample size will be discussed later. Then, the 

Kriging model accuracy is examined by comparing the FS 

values calculated from BSM and predicted by the Kriging 

metamodels for 100 randomly generated testing samples. 

The results are plotted in Fig. 8, with Figs. 8(a)-8(c) for 

GAWMK, QExp, and SExp, respectively. For reference, the 

45-degree (or 1:1) line and coefficient of determination 𝑅2 

are also shown in each subfigure. It is generally observed 

that the 100 FS samples are consistent with the 45-degree 

line for GAWMK and QExp, as shown in Figs. 8(a) and 

8(b), respectively. The FS samples for SExp in Fig. 8(c), 

however, present greater dispersion around the 45-degree 

line, compared with their counterparts in Figs. 8(a) and 8(b). 

These results are also coincident with the 𝑅2 values of the 

three models, which are 0.9917, 0.9388, and 0.8881 for 

GAWMK, QExp, and SExp, respectively. Therefore, the 

GAWMK has a better prediction ability in slope stability FS 

evaluation than QExp and SExp. 

MCS is subsequently conducted based on the three 

calibrated models above with a number of 10,000 samples 

to evaluate the reliability of the slope. The results for the 

three models are listed in Table 4. For validation, the 𝑃𝑓 

values calculated by the direct MCS based on BSM and 

reported in the literature are also tabulated in the table. It is 

seen that the proposed method provides almost the same 

result as the underlying true result by MCS (0.0481 vs. 

0.0488). Meanwhile, the results in this study are also 

comparable with those reported in the literature, except for 

the result by SExp. Such agreement thus validates the 

accuracy of the proposed method. 

 

6.1.3 Influence of number of training samples on 
slope reliability evaluation 

This subsection investigates the influence of training 

sample size on the slope reliability evaluation to examine 

the sensitivity of the method against sample size and the 

effectiveness of the 10D-15D rule of thumb. The variation  
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of 𝑃𝑓 estimated based on SExp, QExp, and GAWMK with 

the training sample size is plotted in Fig. 9(a). The baseline 

result, which is calculated by direct MCS with 1×104 

samples, is also shown in the figure for reference. It can be 

seen from the figure that the 𝑃𝑓 estimated by GAWMK 

remains nearly unchanged and is almost overlapped with 

the baseline result when the number of training samples 

increases. Such agreement shows that the proposed method 

is robust against the sample size. Meanwhile, the method 

provides accurate reliability estimation when 10D training 

 

 

 

 

samples are used. The results obtained from the other two 

models, however, seem to vary with the number of training 

samples. The implication is that the underlying spatial 

correlation structure of the FS data might not be accurately 

represented by the classical single parameter ACF, even 

though the sample size is increased to a large value. 

Generally, the accuracy of the model by SExp increases 

with the increase of the sample size, but the 10D-15D rule 

of thumb may not work well for SExp. For QExp, the 10D-

15D rule of thumb is applicable, but the increase in sample  

Table 4 Reliability results obtained from different methods for Example 1 

Method Probability of failure  COV Source 

MCS with 10000 samples 0.0488 4.41% This study 

GAWMK 0.0481 1.41% This study 

QExp 0.0517 1.35% This study 

SExp 0.0349 1.66% This study 

LHS with1000 samples 0.0480 1.40% Liu et al. (2017) 

OK with 400 training samples 0.0366 1.62% Liu et al. (2017) 

TK4 with 400 training samples 0.0478 1.41% Liu et al. (2017) 

SQRSM 0.0420 0.50% Li et al. (2016) 

MQRSM 0.0430 0.50% Li et al. (2016) 

Note: OK means ordinary Kriging; TK4 means the fourth-order Taylor Kriging; SQRSM means single quadratic response surface method; and 
MQRSM means multiple quadratic response surface method 

   
(a) GAWMK (b) QExp (c) SExp 

Fig. 8 Comparison between FSs calculated by BSM and predicted by Kriging models for Example 1 given 20 training 

samples 

  

(a) Variation of 𝑃𝑓 with the number of training samples (b) Variation of R2 with the number of training samples 

Fig. 9 Effects of training samples size on probability of failure 𝑃𝑓 and coefficient of determination 𝑅2 of Example 1 
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size may not ensure a high accuracy. These observations are 

further validated by the 𝑅2 values of the three models for 

different numbers of training samples, which present a 

similar variation pattern as the 𝑃𝑓 , as plotted in Fig. 9(b). 

Therefore, the proposed GAWMK model can be well 

established with only 10D training samples and is robust 

against different numbers of training samples. 

 

6.1.4 Computation efficiency of the proposed method 
In order to explore the computation efficiency of the 

proposed method, the time cost by Kriging-based MCS and 

direct MCS with different sample sizes are compared. The 

computation experiments are performed on a desktop with 

Intel Core i7-8700, 3.20 GHz processor, and 16 GB RAM. 

It can be observed in Fig. 10 that the time cost by the 

Kriging-based method is far less than the direct MCS, 

which is expected. Besides, GAWMK is less efficient than 

QExp and SExp because the number of optimization 

parameters increases in the WM model. However, 

compared with QExp and SExp, the additional time spent 

by GAWMK is not significant and can be negligible.  

 

 

 

 

6.2 Example 2: A three-layered c-φ slope 
 

This example is a complex three-layered c-φ slope, 

which has been examined by Ji and Low Bak (2012) and 

Liu and Cheng (2016). The geometry of the slope is shown 

in Fig. 11. The statistics of soil properties are given in Table 

5, where only the shear strengths of Layer 2 and 3 are 

considered as random variables. The factor of the safety for 

slope is calculated based on 11067 potential slip surfaces. 

Based on the mean values of the shear strengths, the FS is 

calculated as 1.382 using Spencer method, and the critical 

slip surface is plotted in Fig. 11. Based on the deterministic 

slope stability model, probabilistic slope stability analysis 

of the slope is conducted subsequently and the results are 

presented as follows. 

Similarly, three Kriging models are first built for this 

slope based on 60 (i.e., 15D) training samples. MCS with 

1×105 samples is then conducted based on the three models 

to obtain the 𝑃𝑓 of the slope. For reference, the results 

along with those from direct MCS with 1×104 samples and 

literature are displayed in Table 6. It should be noted that  

 

Fig. 10 Comparison of computation efficiency between the Kriging-based MCS and direct MCS for Example 1 

 

Fig. 11 Slope geometry and slope stability analysis results based on mean soil properties for Example 2 

Table 5 Statistics of soil properties for Example 2 

Slope layer 
Unit weight,⁡ 𝛾 

(kN/m3) 

Cohesion, 𝑐 (kPa) Friction angle, 𝜑 (°) 

Mean COV Mean COV 

Layer 1 19.5 0 − 38 − 

Layer 2 19.5 5.3 0.3 23 0.2 

Layer 3 19.5 7.2 0.3 20 0.2 
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the samples are drawn between the range of [μ-3σ, μ+3σ] to 
avoid negative values, where μ and σ denote the mean value 
and standard deviation of a considered normal variable, 
respectively. As can be seen from the table, the results of 
this study are generally comparable with those from direct 
MCS. This shows that the proposed method can accurately 
estimate the reliability of the slope based on 60 training 
samples. To gain more insights into the robustness of the 
proposed method, Fig. 12(a) plots the variation of 𝑃𝑓 
against the number of training samples for the three models. 
It is observed that (1) the accuracy of the model by SExp 
and GAWMK shows ideal performance; and (2) for QExp, 
the increase of sample size may not ensure a stable accuracy 
as the SExp and GAWMK. These observations are expected 
from the 𝑅2  values of the three models for different 
numbers of training samples, which present a similar 
variation pattern as the 𝑃𝑓, as plotted in Fig. 12(b). Overall, 
the proposed method generally outperforms traditional 
Kriging methods in accuracy, and the method is more robust 
against the variation of the training sample size. 

 

 
7. Conclusions 

 

This paper proposed an adaptive Kriging method for 

slope reliability analysis. The method employs WM 

function to describe the spatial correlation structure of  

 

 

 

observed data and uses a global GA method to optimize the 

correlation and smoothness parameters of the WM function. 

Formulations of the proposed method are derived, and an 

adapted Matlab toolbox based on DACE is developed to 

implement the proposed method. Finally, the proposed 

method is illustrated and validated through an analytical 

example and two slope reliability analysis examples. The 

following conclusions are made from the study as: 

 Unlike the traditional Kriging method where the QExp 

or SExp is randomly selected, the proposed method 

can fit the data much better with better optimization 

results. The proposed method, therefore, overcomes 

the deficiency of the traditional Kriging method in 

randomly choosing ACF, while improving the 

accuracy of the Kriging model. 

 The proposed method can accurately estimate slope 

reliability for different slope examples. It is robust 

against the size of training samples, which is not the 

case for the commonly used QExp and SExp models. 

For the commonly used ACFs, from the perspective of 

robustness, the SExp-based model performs better than 

QExp-based model in the estimation of the probability 

of failure for the considered slope examples. In 

addition, the 10D-15D as a rule of thumb is further 

validated to be applicable to the proposed method. 

 Compared with the traditional direct MCS method, the 

Table 6 Reliability results obtained from different methods for Example 4 

Methodology Probability of failure COV Source 

MCS 0.0123 8.96% This study 

GAWMK 0.0131 2.75% This study 

QExp 0.0112 2.97% This study 

SExp 0.0154 2.53% This study 

GPR-based RSM 0.0159 2.50% Kang et al. (2015) 

QRSM 0.0138 2.67% Liu and Cheng (2016) 

QRSM with cross terms  0.0148 2.58% Liu and Cheng (2016) 

SRSM 0.0155 2.52% Liu and Cheng (2016) 

Note: QRSM means quadratic response surface method; SRSM means stochastic response surface method 

  

(a) Variation of 𝑃𝑓 with the number of training samples (b) Variation of 𝑅2 with the number of training samples 

Fig. 12 Effects of training samples size on probability of failure 𝑃𝑓 and coefficient of determination 𝑅2 of Example 4 
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efficiency of the proposed method is greatly enhanced. 

Considering the number of optimization parameters is 

doubled in the proposed method, the time cost of the 

method is slightly higher than the normal Kriging 

models using classical ACFs. Nevertheless, such 

additional computation resources are negligible and 

acceptable in practical slope reliability analysis. 
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