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Thermoelastic analysis of rectangular plates with variable thickness made of

FGM based on TSDT using DQ method
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Abstract. This paper presents a thermoelastic analysis of variable thickness plates made of functionally graded materials
(FGM) subjected to mechanical and thermal loads. The thermal load is applied to the plate as a temperature difference between
the top and bottom surfaces. Temperature distribution in the plate is obtained using the steady-state heat equation. Except for
Poisson’s ratio, all mechanical properties of the plate are assumed to vary linearly along the thickness direction based on the
volume fractions of ceramic and metal. The plate is resting on an elastic foundation modeled based on the Winkler foundation
model. The governing equations are derived based on the third-order shear deformation theory (TSDT) and are solved
numerically for various boundary conditions using the differential quadrature method (DQM). The effects of various parameters
on the stress distribution and deflection of the plate are investigated such as the value of thermal and mechanical loads, volume

fractions of ceramic and metal, and the stiffness coefficients of the foundation.
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1. Introduction

FGMs are new composites made of two or more phases
in which their mechanical properties vary smoothly and
continuously in a particular direction (Huo et al. 2021,
Moradi et al. 2021, Shao et al. 2021). A FGM composite is
a combination of ceramic and metal. The mechanical
properties, such as modulus of elasticity, density, thermal
conductivity coefficient, etc., are presented in terms of
volume fractions of constituent and local coordinate of
structure made of them (Dai ef al. 2021, Habibi ef al. 2021,
Zhang et al. 2021a). In laminated composites, material
properties vary discontinuously across adjoining layers.
Therefore, thermal stress concentration in these areas causes
joint layer surface problems. These problems can be
removed by continuously changing the properties of the
materials, which is a characteristic of FGMs (Bai et al.
2020, Dai et al. 2021, Najaafi ef al. 2021).

The plates made of FGMs have unique properties, such
as high-temperature resistance, corrosion resistance, wear
and fracture resistance and are used in aerospace, power
plant, and petrochemical industries (Liu et al. 2020, Wang
et al. 2020). A literature review is presented in this section
to show the importance of this study. Reddy et al. (1999)
investigated relations between the bending solutions of the
FGM circular plates modeled based on the classical plate
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theory (CPT) and the first-order shear deformation theory
(FSDT). Ma and Wang (2004) compared the TSDT and
CPT to analyze the bending and buckling of FGM circular
plates in order to examine which theory is enough to
consider the effect of shear deformation on the
axisymmetric bending and bucking of FGM circular plates.
Nie and Zhong (2007) analyzed the dynamic responses of
an FGM circular plate with various boundary conditions
based on the three-dimensional theory of elasticity. Three-
dimensional analysis of a FGM plate was investigated by
Zhong and Shang (2008). They assumed that the modulus
of elasticity varies in the thickness direction. Li ef al. (2008)
studied the bending analysis for a transversely isotropic
FGM circular plate subjected to an axisymmetric transverse
load. An exact relation between the deflection of the plate
and different FG plate theories was examined by Cheng and
Batra (2000). They investigated deflections of a simply
supported FG polygonal plate. Lu et al. (2009) presented
semi-analytical three-dimensional elasticity solutions for
orthotropic multi-directional FG plates. For the solution
method, they used the DQM based on state-space
formalism. Beena and Parvathy (2014) investigated the
development of the spline finite strip method for analyzing
FGM plates.

Carrera (2002) presented an overview of 3-D
approaches, 2-D theories and finite elements that have been
allocated for multilayered, anisotropic, composite plate and
shell structures. Most of his study was assigned to
axiomatic theories and related finite element performances.
Deformations of a simply supported FG plate were
investigated by Brischetto et al. (2008), in which thermo-
mechanical loadings were applied to the plate. Ching and
Yen (2005) analysed the meshless local Petrov-Galerkin

ISSN: 2005-307X (Print), 2092-6219 (Online)



668 Majid Amiri, Abbas Loghman and Mohammad Arefi

(MLPG) approach for 2D functionally graded solids. They
employed the penalty method to execute the necessary
boundary conditions. Zenkour (2009) utilized refined
sinusoidal deformation theory to analyze the thermal
bending of an FG plate, which was subjected to a transverse
uniform load and a temperature field. It was resting on the
Pasternak foundation. Zenkour (2018) presented hygro-
thermo-mechanical bending analysis of a variable thickness
thin plate. He used Levy's approach and the small parameter
method to solve the problem. Tounsi ef al. (2020) studied
the static behavior of an advanced functionally graded
(AFG) ceramic-metal plate. The plate was subjected to a
nonlinear hygro-thermo-mechanical load resting on the
Winkler-Pasternak foundation. They discussed the effects of
temperature, moisture concentration, and volume fraction
variation on the mechanical behavior of AFG plates. Refrafi
et al. (2020) focused on an FG sandwich plate's mechanical
and hygrothermal buckling analysis resting on a two-
parameter elastic foundation. They investigated the effects
of the temperature, moisture concentration, and the
inhomogeneity parameter on the critical buckling of such
structures. Matouk et al. (2020) studied the vibration
characteristics of the FG nano-beams located in the hygro-
thermal environment and resting on the elastic foundation.
They provided a parametric study to examine the effects of
the various parameters on the natural frequencies, such as
power-law index and hygro-thermal loading. There are
some applications of new materials and structures in new
engineering applications based on the various references
(Mou et al. 2018, Ali et al. 2022, Yu et al. 2021, Zhang et
al. 2015, 2017, 2018, 2021b, c, 2022, Wei et al. 2021, Xiao
et al. 2022a, Wang et al. 2022a, Huang et al. 2022, Li et al.
2017, Shiping et al. 2021, Yang et al. 2017, 2019a, b, Jia et
al. 2014, Chen et al. 2021, Casmed et al. 2021, Liu et al.
2021b, Lu et al. 2021, Xiao et al. 2022b, Qiao et al. 2021,
2022).

Bellifa et al. (2021) studied the effect of porosity on the
nonlinear thermal stability response FG beam with different
boundary conditions. Merazka et al. (2021) focused on the
hygro-thermo-mechanical bending analysis of the FG plate
seated on the Winkler-Pasternak foundation. The influences
of the moisture concentration, temperature, and power-law
index on the deflection and shear stresses were discussed.
Tounsi et al. (2021) presented an exact solution for hygro-
thermo-mechanical bending characteristics of perfect and
imperfect AFG ceramic-metal plates. They studied the
influences of hygro-thermal loading and imperfection on
the deflection of the plate. The free vibrational analysis of
an FG sandwich plate resting on a viscoelastic foundation
and subjected to a hygrothermal environment was studied
by Zaitoun et al. (2021). They concluded that the increase
in the viscoelastic foundation's damping coefficient
develops the plate's free-vibrational response. Some
solution methods of applicable problems and some
mathematical methods for solution of the governing
equations can be observed in literature (Nazeer ef al. 2021,
Chu et al. 2021, Zhao et al. 2021b, c, Igbal et al. 2022,
Wang et al. 2020, 2022b, Chu ef al. 2021, Rashid et al.
2022a, b, Song et al. 2015, Hajiseyedazizi et al. 2021. Jin et
al. 2022). Mudhaftar et al. (2021) studied the static bending

analysis of an AFG ceramic—metal plate subjected to a
hygro-thermo-mechanical load and resting on a three-
parameter viscoelastic foundation. They discussed the
influences of the power-law index, moisture concentration
and temperature on the AFG plate's bending response. Wave
propagation characteristics of a porous FG ceramic-metal
sandwich plate with different distributions in porosity and
subjected to a hygro-thermal environment were examined
by Tahir et al. (2021). Zaitoun et al. (2022) studied the
buckling analysis of an FG sandwich plate resting on a two-
Pasternak foundation coefficient model and exposed to
hygrothermal loading. They investigated the effects of the
damping coefficient, moisture condition, power-law index,
and temperature variation on the buckling characteristics of
such a structure.

In recent years, many studies have been done on the
analysis of FGM plates using new numerical methods such
as the DQM. Still, investigations show that thermoelastic
analysis of variable thickness FGM plates resting on the
elastic foundation utilizing DQM has not been presented.
This study aims to investigate the effective parameters in
the thermoelastic analysis of variable thickness plates and
the DQM is used to solve the governing equations.

2. Loading, geometry, and material properties

The hypotheses used in this study are:

1. The plate is thin, and the thickness of the plate is variable
in spatial x direction.

2. The material's behavior is assumed to be linearly elastic
and follows Hooke's law. By considering the assumption of
linearity, the plate's response to the combination of thermal and
mechanical loads can be acquired using the superposition
method.

3. The heat load is applied as a temperature difference
between the top and bottom of the plate.

4. The foundation is simulated based on the Winkler
foundation model.

5. The mechanical and thermal properties of the material are
functionally graded in the thickness direction employing the
volume fraction ratio.

6. The mechanical and thermal properties of the plate are
temperature independent.

The plate is subjected to thermal and mechanical loads.
The mechanical and thermal properties vary along the
thickness direction continuously. The mechanical load is
distributed sinusoidally. The temperature varies increasingly
and nonlinearly along the thickness direction and each
point’s temperature is considered to be constant. The
distribution of silicon carbide particles C(z) is supposed to
vary along the thickness direction using a linear scheme
(Golmakaniyoon and Akhlaghi 2016)

C(Z) = C:min + (Cmax _Cmin )Vc
v, = 2.1 (1
h 2

in which Cue and C,i, are silicon carbide’s volume
fractions at the top and bottom of the plate, respectively.
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Based on the defined volume fraction in Eq. (1), the
variable material properties such as modulus of elasticity
and thermal conductivity coefficient are described along the
thickness direction as follows

P(z) =P, +(PSiC —Pu )C(Z) (2)

P (2) is assumed to be a material property of the FGM
plate (except the Poisson’s ratio) (Chung and Chen 2007).
P4 and Py are the specified properties of pure aluminum
and pure silicon carbide, respectively. Poisson’s ratio is
considered to be constant because the influence of Poisson’s
ratio on the deformation of FGM plates is much less than
that of the modulus of elasticity. Variable modulus of
elasticity is as follows (Barati 2017, Kiani, Gharebaghi et al.
2017, Sobhy 2017, Hosseini-Hashemi and Khaniki 2018,
Ahmadi and Foroutan 2019)

E(z)=E, +(ESiC = )C (Z ) =E, +(ESiC —E, )
|:Cmin +(Cmax _Cmin)(2_+lj:| (3)
h 2

The length and width of the plate are a and b,
respectively, and the thickness is variable along the x-axis
h=h(x) and the plate is rested on the Winkler elastic
foundation.

Variation of plate’s thickness is expressed by a particular
function as follows

h(x)=h, [1—/32} (4)

The mechanical and thermal load properties are assumed
as follows

a=im, 2.1 h(x):ho[l—ﬁfj, M 002 poou,
a a a
E, —70GPa, K =237 ¢ —231x10°,
mC K

E, =410GPa, K, _120 W a, =4x10°° e (5)
mC K

v=025 k,=50"N
m

C,, =02 C,, =035,
T, =300K, T, =310K, T,

top

=320K.

ottom

3. Temperature loading

The steady-state one-dimensional heat equation without
heat flux is given by

d dT
-—| K(z)=—1|=0
G ©
The differential equations are solved with the following
assumptions
K(2) =Ky +(Kgec =Ky )C(2)

C(Z) = Cmin + (Cmax _Cmin )Vc (7)

-

hﬂ_\ l h(x)
? ‘ T X
[4

a

Fig. 1 The geometry of a plate with thickness varies
along the x-axis direction

The required boundary conditions are considered to be
as

(®)

By solving the heat equation and applying the boundary
conditions, the temperature distribution is obtained as

T(z)=ﬁLn[1+&(£+lﬂ+c2
3 v \h 2

ﬂl = Km + KcmCmin

B, =K,C

cm —cm

T (_g) = Tbottom —C, = Tbottom

h ﬂz To _Tbo om
1(3)- T v - Al
th[1+ ZJ

)

1

Nonlinearity variation for temperature distribution along
the thickness direction is shown in Eq. (9).
4. Governing equations and boundary conditions

The displacement field based on the TSDT is assumed
as follows

u(xy,2)=2¢(xy)-c2°[o(xy)+w, (x )]

v(xy,z)=zw(x,y)-¢z° [y/(x, y)+w, (X, y)]
w(X,y,2)=w, (x,Y) (10)
4

a7 3 (x)

As shown in Eq. (10), the thickness-stretching is
neglected (&, =0) (Reddy 2007).
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The strain-displacement relations are as follows

&= {5X E }T =@ 47W 4730 O,
(11
.
y={rp 7ra} =r9+z%®,
in which
0 o, aAT
9 =30p,6Y =1y, & =10AT |,
0 o, TV, 0
12
Clx ¢+W +C1(¢x +Wxx) ( )
£® =
vy +wy,)
y/+w +c ((py +y, + W, )

0 +W +W
7O :{Vf} :{‘” V}, y@ :_3c1{‘” V}, (13)

7/XZ q’ + WX (D + WX
Stress-strain relations are as below (Arefi and Rahimi
2011,2012,2014, Arefi et al. 2011, 2018, Khoshgoftart et al.

2013, Arefi and Nahas 2014 Arefi 2014, Heidari et al. 2021
Kholdi et al. 2022)

=D, (z)(e¥+26% +2% -£Y),
T
O = {O'X Gy z'xy }

r=D,(z )(y(°)+22;/(2)) TZ{TYZ TXZ}T,

10 0 (14)
E
Dm(z):l_Lzz)u 1 0 |

E 10
Ds (Z ) = (Z ) o
2(1+v)[0 1
Based on the stress relations, the resultant components
are derived as (Moradi et al. 2021)

N BDFoogm
5 EFHOO‘S(S)
Q[0 0 0o A B[
R ooosﬁo;z)
r (15)
B 0O0OO0O
0
EooooO
000000’
0 0000
0
in which
MX PX Q
71 _ 5 _ N _ )%y _)Yy
M=1M, ¢ P=<P, Q—{QX}, R—{RX} (16)

<
o)

and
h(x)

(ABD,EF.H)= [ (Lz,2%2,2',2°)D,(z)dz

_h()

2
hoo 17

JZ' (1,22,24)D5(z)dz
_hx)
2

Finally, the governing equations are derived as below
(Reddy 2007)

oR
aQ Q &:l 6&4,73/ +
OX 6y ox oy
2P %P, 0O°P,
c -+2 Y 4
ox xoy oyl
oM P
M, , My -c, P D -Q, +%R, =0
X oy ox oy
oM,, oM, oP, P,
—t =C| —+—1|-Q, +3*R, =0
OX oy ox oy

Substitution of Egs. (11) and (17) into Eq. (18) results in
the following relations

(AEb)=

J+Q kw =0
(18)

+Z W, +Z,W

XXXX Xyy 16" xxyy

W, +Z W +Z W, +Z W
FZiW
+Zl¢+zz¢x +Z3¢ +Z ¢xxx +Z ¢xyy
+Zsl//xy +Zgu/xxy +ZlO‘//yyy :fl

Sw, +SWw,, +SWw +Smwny

+lewy —kw
+Zsp, +Z3y,

19
+Sllvvyy +Sl¢+82¢x ( )

+S36, +S.48,, +Ssw, +Sew,, =1,

Rw, +Rw, +Rw . +RW,  +R@ +R,4, +Ry

+R4y/x +R5y/xx +R6y/yy :f3

in which f;, £, and f; are as follows: G, and D~ in the above

equations
c 62M3T aZMST
= z — | Q
1-v{ ox oy
T 3T
o LM oM 0)
1-v ox 1-v oX
LM g M7
Pl-v oy 1-v oy
And the rest of the coefficients can be found in
Appendix.

In this paper, different combination of simply supported
and clamped boundary conditions for each edge of the plate
are investigated. Therefore, simply supported boundary
condition of the plate using TSDT is as

w =0
w=0
x =0,a—>4(a, —Ca,)d —Caw, —C.a,(¢+W,) #3))
T
_M =0
1-v
3r
agh oW, +ag(P+w, )— =0
-V
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y=0b—13(a, —ca, )y, —ca,w 71—=0

agy, +a,W, — =y

And for clamped boundary condition, is as follows
w=0
x=0,a—>1ow
=
w=0
y=0,b—{ow
oy

(22)

=0

5. Solution procedure

The DQM was introduced by Bellman et al. (1972) in
the 1970s and was employed by other authors to solve
various problems in mechanical engineering (Al-Furjan et
al. 2020a, b, Al-Furjan et al. 2020, Huang et al. 2021, Adab
and Arefi 2022, Adab et al. 2022). This method is employed
in this section to solve the governing equations in various
boundary conditions. In comparison with the DQM, other
numerical methods such as the finite element method
(FEM), Rayleigh-Ritz method, or Galerkin method are
stronger and more applicable in the mechanical analysis of
problems with complicated geometrical shapes. But, these
methods use the integral operator that provides high
computational effort compared to the DQM. Consequently,
for the problems with simple geometrical shapes (like a
rectangular plate), it is more convenient to utilize the DQM
(Nasution ef al. 2022).

As shown in Eq. (23), the values of the two-dimensional
function F(x,y) can be presented as a set of the pre-selected
grid of points (Liu et al. 2020, Shi et al. 2020)

Fi=F(,y), 1=L2..,N. j=12,.,N. (23)

The derivative function can be estimated in function
values atthese points as (Torabi and Afshari 2017,
Ghorbanpour Arani et al. 2019, Ghorbanpour Arani et al.
2021, Huang et al. 2021)

0°F | _[am ®7
{axrﬁys}—[/x JFILA? ] (24)
in which subscripts x and y respectively indicate derivative
with respect to spatial x and y, and the superscripts (r) and
(s) represent the derivative order. For the first-order
derivatives, one can use the following relations (Bert and
Malik 1996, Zhao et al. 2021a)

H(Xi ~%)
k;l‘" i,n=12,..,N;i=n
[a2], =1 110 =) (25)
i(xi—xk)’l i=n=12,...,N,
i

z

v

(yi _yk)
L
k;i'm J',m=1,2,...,NX;j¢m
9, | 10050
N, B -
(v - %) j=m=12..N,

=~

=~
*
—F

and for higher-order ones, the following relation can be
employed (Huang et al. 2021, Ma et al. 2021a)

(A7 ]=[AP LA ] (A7 ]=[AT]A ] o

Utilizing the concepts of the equivalent vector and the
Kronecker product (&), Eq. (24) can be rewritten as
follows (Torabi and Afshari 2017)

{Z;z;}:([‘\“)]®[*\‘”J){F*}’ 1)

The set of the grid points plays an important role in the
convergence of the solution via the DQM. In this paper, a
non-uniform distribution pattern which is known as the
Chebyshev-Gauss—Lobatto pattern is used, which is defined
for 0<x<L and 0<y<b as follows (Bert and Malik 1996, Xu
et al. 2021)

el W] gl

Using Eq. (27), the governing equations (19) can be
stated in the following algebraic form

[KI{s}={f} (29)
in which with the following definition, [K] is stiffness
matrix and {s} and {f} respectively are displacement

and external load vectors

k, k, k {w} i)

11
[K]= kz1 kzz
k31 ksz k33 {\}l*} { f3*}

where

Ky =[z,](17 ®A*)+[z,,](17 ®B™) +[z,,](1" ®C*)
+z,11" ®D™)

[z,](BY ®A*)+[z,4](B” ®B*)+[z,,](D’ ®17%)
Hzg](BY ®1") -k, (1" ®17),

ky, =[z,](17 ®17°)+[z,](1" ®A™) +[z,](1" ®B*)
+z,](17 ®C*) +

[z,](BY @A) +[z,](B” ®17),

Ky, =[z,J(AY ®17)+[z,]J(AY ®A*)+[z,](AY ®B™)
Hz,]C7 ®17),

{fl*} =vec {f,(x;,y; },
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Ky =[5,1(17 ®A™) +[s,](1" ®B™) +[s,](1" ®C™)
+Hs,,](BY @A) +[s,,]1(BY ®17),

Ky, =[5,1(17 ®1%)+[s,](1" ®A*)+[s,](1* ®B*)
+[s,](BY ®17), (31)
Ky =[Ss1(AY ®17)+[s](AY ®A™)
{fz"}:vec{fz(xi,yi},

Ky =[n1AY 1) +[L](AY ®A™)+[r,]J(AY ®B™)
+r,JCY ®17%),

ky, =[R1(AY @17)+[r,](AY ®A™),

kg =[r](17 @ 1) +[r,J(1" ®A*)+[r](1" ®B*)
+r,JBY ®1%)

{f3"}=vec{f3(xi,y,},

where “vec” shows the equivalent vector operator and the
following diagonal matrices are defined

[Zk]ij = diag {Zk (Xi ) yi)}:
[Sk]ij = diag{sk (Xivyi)}’ (32)
[rk]ij = diag {Rk (Xi ) yi)}:

where “diag” provides diagonal matrices.

Similarly, the boundary conditions (21) and (22) can be
stated using Eq. (27) in the following algebraic form

[T1{s} ={R}, (33)

where [T] and {R} can be stated based on the boundary

conditions at four edges of the plate.

Egs. (29) and (33) should be solved simultaneously,
which generates an inconsistency between the numbers of
unknown variables and the number of algebraic equations
(Afshari 20204, b). In order to overcome this challenge, the
grid points should be divided into two sets: The points
located at the edges of the plate, which are known as
boundary points (denoted by subscript b), and other interior
ones, which are known as domain points (denoted by
subscript d).

By neglecting satisfying Eq. (29) at the boundary
points, the following relation can be obtained

[K){s}={f},, (4)

in which the sign ~ is used to show the non-square matrices.

Egs. (33) and (34) can be rearranged and partitioned in
order to separate the domain and boundary points as follows
(Liu et al. 2021)

[K, {s}, +[K, {s}, =1 T}, (352)
[T, {S}d +[T], {S}b = {R}' (35b)

Eqg. (35(b)) can be rewritten in the following form
{s}, =R} =TT T L {8}, - (36)

By substituting Eq. (36) into Eq. (35(a)), the following
relation can be obtained

Table 1 Displacement convergence of the center point of the
plate (mm) for different boundary conditions

N=N,=N Percentage  difference
between
7 9 11 13 15 17 N:15 andN:17
CCCC0.63570.6438 0.6553 0.6565 0.6582 0.6586 0.06 %
SSSS 1.25261.4191 1.48131.50341.51381.5187 0.33 %
CSCS 0.83740.8958 0.92450.93270.9373 0.9392 0.21%
CCSS 0.87690.9343 0.9662 0.9763 0.9819 0.9844 0.25%
[K'1{s}, ={f}, (37)
where
* ; ; -1
[K ]:[K]d _[K]bI.T]b I.T]d'
(3%

{fr)={f}, -[KLII L' {R}

Solution of the algebraic Eq. (37) provides the
displacement vector can be obtained at the domain points,
and the corresponding ones at the boundary points can be
obtained using Eg. (36). The strain and stress tensor
components can be calculated using the received
displacement vector.

Numerical results

Numerical results are presented in the current section. It
is noteworthy that four capital letters are considered to
express the boundary condition at x=0, y=0, x=a, and y=b,
respectively. Except for the cases which are mentioned
directly, results are presented for a CCSS plate subjected to

a sinusoidal distributed load
. . N
) =10° ﬁXj (ﬂyj .
Q(x,y) sm(—al sin| |+

In Table 1, convergence results are shown with different
numbers of grid points (N=N,=N). The results show that
convergence is obtained with an increased number of points
to the same results. The result difference percentage for the
two cases, N=15 and N=17, is negligible. Therefore,
convergence in this work is obtained at N=15.

Also, this table indicates that the maximum and
minimum deflections respectively belong to SSSS and
CCCC plates. Thus, as the supports become more
substantial, the stiffness of the plate increases and
consequently, its displacement decreases.

Fig. 2 shows the convergence of shear stresses under
different boundary conditions. This figure indicates after
N=15, the shear stress graphs are matched together, and this
match shows the convergence in the presented numerical
solution.

The validation of the presented work is performed
individually in mechanical and thermal loadings. For a
CSCs plate with nonuniform thickness

h(x)=h, {1+/1(2—1] :l under the uniform mechanical
a
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ccee SSSS
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Fig. 2 Convergence of the shear stress (o) at the

center point of the plate for different boundary conditions

Table 2 Validation of displacements of the center point of
the plate under mechanical load in the presented work

a/b 1 1.1 1.4 1.6 1.8 2 3
1.5462 2.0607 3.8825 5.1694 6.3920 7.4904 10.8836
Zenkour (2018) 1.5585 2.0756 3.9040 5.1934 6.4173 7.5068 10.8969

Presented

load Q. For h,/b=0.01, 2 =0.2, n=2and various values
of aspect ratio, the dimensionless deflection of the center
10°Eh®
12(1-v*) Qb
Table 2 along with those reported by Zenkour (2018). This
table confirms that results are in high agreement.
Furthermore, a validation for thermal load is performed

based on Navier's solution. The following relations are
expressed for SSSS and SCSS plates (Cheng 2018)

point of the plate w" = w is presented in

16MT
"G
ssss: . . s.n[mjsin(n;zj
; ; am 2 n 2
T mn| | | 4]
[BE6I
W(ny):_‘kj:g (39)
1
i m cosh{mz’;b]
SCSS: r“:m“cosh[m”b (%’_ ﬂsin(mzzxj
o a
:“'\gbzml i [(:f (E]Z}sin(m”"j (ngyj

in which
h

MT(x,y) = jh E(2)a(2)AT (2)2dz o)

AT(2)=T(2)-T,

The temperature distribution is assumed to be linear as

TR (A

To check the accuracy of the presented work under
thermal loadings, a comparison is made between the
maximum deflection of this study and the exact solution
presented by Cheng (2018) in Figs. 3 and 4. These figures
show a high agreement between the results. It is good to
note that all material and geometry properties which are
used in this validation are expressed in Eq. (5), but it is
considered that the plate is homogenous (Cmax =C.n = O)

(41)

and there is no foundation under the plate (k, =0).

Fig. 5 shows the effect of aspect ratio on the deflection
and shear stress O, . By increasing the aspect ratio, the

flexural stiffness of the plate decreases, and the area of the
plate and consequently the extensive load applied on the
surface of the plate increases. Thus, as observed in Fig. 5,
an increase in the aspect ratio results in a larger deflection.

This figure also shows that shear stress ©,, diminishes by

increasing the aspect ratio.
Fig. 6 indicates the variation of normal stresses o, and

o,, for various values of aspect ratio (b/a). This figure
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i
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Fig. 3 Deflection of the SSSS plate under thermal loading
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Fig. 4 Deflection of the SCSS plate under thermal loading
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Fig. 7 Variation of shear stress and deflection for various
values of the thickness-to-length ratio

shows that the effect of the aspect ratio on normal stress is
not extensive.

Fig. 7 shows the variation of shear stress o, and
deflection for various values of the thickness-to-length ratio
(h,/a). As observed, a reduction in deflection occurs with
an increase in the value of the thickness to length ratio
h,/a because of increasing the stiffness of the plate. This
figure also shows that shear stress o, increases by
increasing the thickness-to-length ratio.

Fig. 8 indicates the variation of shear stresses o,, and

0,, for various values of the thickness-to-length ratio

(hy/a). As shown in this figure, an increase in the
thickness results in an increase in shear stresses. Thus, for

o 0.05 01 0.15 0 0.05 01 015 0.2
o, (W/2,b/2) (MPa) 7 (W2b/2) (MPa)

Fig. 10 Variation of shear stresses for various values of
the thickness variation parameter [

thick plates, it is essential to incorporate the shear stress and
use more substantial theories like the TDST.

Fig. 9 shows the variation of normal stresses o,, and
o,, for various values of thickness-to-length ratio (h, /a).
As this figure shows, the thickness-to-length ratio does not
significantly affect the normal stresses.

The effect of the thickness variation parameter £ on

the shear stresses o,

and o, is studied in Fig. 10. As
shown in this figure, by increasing the thickness variation

parameter /3, shear stresses o, decreases but shear

stresses O,, Zrows.

Figs. 11-13 investigate the variation of stress
components and deflection for various values of C_, . As
shown in Fig. 11, an increase in C_;, leads to a rise in
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Fig. 14 Variation of shear stress and deflection for
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stiffness and, consequently, a decrease in deflection. Figs.
12 and 13 show that shear stresses o,, and o, , normal
stresses o, and o, grow by increasing C_; .

Figs. 14-16 indicate the variation of stress components
and deflection for various values of C_,, . Fig. 14 shows
that an increase in C_,, leads to an increase in stiffness and
a reduction in deflection. Figs. 15 and 16 show that no
specific trend can be found for the variation of stress
components by the variation of C_,, .

The effects of the elastic foundation on the deflection
and stress components are studied in Figs. 17-19. As shown
in these figures, a decrease in shear stresses and deflection
is observed with an increase in the stiffness coefficient of
the foundation.
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Figs. 20-22 investigate the effect of top and bottom
surfaces temperature differences on the variation of shear
and normal stresses and deflection of the plate. In this case,
the temperature of the bottom surface is considered to be
constant and temperature of the top surface is variable. Fig.

20 indicates the variation of shear stress o, and
deflection for various values of temperature differences
(Tiop ~ Toowom )- This figure shows that an increase in

temperature difference leads to an increase in deflection.
Fig. 21 shows the changes of shear stresses o,, and O,

for various temperature difference values (Ti, —Tooom)-

According to this figure, an increase in shear stresses and
deflection is observed with an increase in the temperature
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Fig. 22 Variation of normal stresses for various values of
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difference. Fig. 22 shows the variation of normal stresses
o, and for various temperature difference ( Ty, = Tgrom )- AS

observed, normal stresses
temperature difference.

grow by increasing the

5. Conclusions

This paper presented a thermoelastic analysis of variable
thickness plates made of FGMs resting on an elastic
foundation and subjected to mechanical and thermal loads.
The thermal load was applied to the plate as a temperature
difference between the top and bottom surfaces of the plate.
Temperature distribution in the plate was obtained using the
steady-state heat equation. Except for Poisson’s ratio, all
mechanical properties were assumed to be variable along
the thickness direction based on the volume fractions of
ceramic and metal. The main results of the presented paper
are as follows:

By increasing the aspect ratio, the deflection of the plate
rises.

Increasing the temperature difference (when the bottom
surface temperature is constant the top surface increases)
increases deflection of the plate and stress components.

An elastic foundation reduces deflection and stress
components.

By increasing the volume fraction of Silicon Carbide at
the bottom surface of the plate (Cmin), a decrease in
deflection and an increase in stress components is apparent.
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By increasing the volume fraction of Silicon Carbide at
the top surface of the plate (Cmax), deflection of the plate
decreases. But, no specific trend can be seen for the
variation of stress components.

An increase in the thickness causes an increase in shear
stress and reduces the deflection of the plate.

The most influential parameter on the normal stresses is
the temperature difference between the top and bottom
surfaces.

A reduction in shear stresses and deflection is observed
by increasing the stiffness coefficient of the foundation.
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