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1. Introduction 
 

The various external conditions include the influence of 

construction of piles and inherent variability of soil cause 

uncertainties, which are unable to be fully reflected by a 

single factor of safety in the traditional allowable work 

design (AWD) for the bearing performance of piles. To 

better carry out the stability analysis and design of piles, it 

is necessary to perform reliability analysis of piles (Lee et 

al. 2009, Kim and Mission 2011). 

In the reliability analysis of piles, an important task is to 

determine the ultimate bearing capacity (Khorrami and 

Derakhshani 2019). There are many methods to determine 

the statistical characteristics (e.g., the mean and the 

coefficient of variation (COV)) of the ultimate bearing 

capacity, such as the theoretical analysis method (Misra and 

Roberts 2009), the numerical simulation method (Fei et al. 

2021), and the static load test method (Chinese Standard 

JGJ106-2014). For the first two methods, some simplified 

assumptions can lead to errors, such as the geometric 

dimensions of model (e.g., three-dimensional model is  

                                           

Corresponding author, Professor 

E-mail: tanxh@hfut.edu.cn 
aPh.D. Student  

E-mail: dongxiaole@mail.hfut.edu.cn 
bB.D. Student 

E-mail: linxin@mail.hfut.edu.cn 
cB.D. Student 

E-mail: 2020110714@mail.hfut.edu.cn 
dPh.D. Student  

E-mail: xlhou@hfut.edu.cn 
eB.D. 

E-mail: wdx@hfut.edu.cn 

 

 

simplified to two-dimensional or one-dimensional model) 

and pile property (e.g., rigid, semi-rigid, and flexible). 

Moreover, same numerical methods and theoretical methods 

usually require strength and deformation parameters, which 

means that a large number of geotechnical experiments are 

unavoidable. Relatively, the static load test method is 

widely recognized as the most accurate of three methods for 

accessing the ultimate bearing capacity of piles, because it 

makes no assumptions and it can comprehensively reflect 

the influence of soil layers and the interaction between soil 

and pile. 

In the static load tests, the Q-s data are important 

information for the reliability analysis of piles. Although the 

destructive test that the pile loaded to the damage is applied 

to accurately calculate the ultimate bearing capacity, such 

test is extremely rare due to the economic reasons. 

Therefore, most of the static load tests are proof tests, which 

the maximum load general is the predetermined load 

determined by the designers to be 1.5 times design load. 

Most of proof tests do not cause the damage of piles, so the 

ultimate bearing capacity obtained from the proof test are 

inaccurate. To solve the problem of insufficient number of 

Q-s data in a proof test, Luo et al. (2004) established a non-

equal step length GM(1,1) model based on the gray system 

theory to predict the vertical ultimate bearing capacity of a 

single pile using the proof Q-s data, but this method needs 

to combine engineering experience to judge the shape of the 

Q-s curve, which is subjective and not conducive to 

statistical analysis of large amounts of data. Ching and 

Chen (2010) established a normalized Q-s curve full 

probability model for bored piles based on the Bayesian 

update theory. The Q-s curve is extrapolated to predict the 

settlement and ultimate bearing capacity at the high load 

level by using the Q-s data at the low load level. The theory 

of this method is complicated and is not friendly to 

engineers without comprehensive knowledge to calculate  
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the reliability indices for a large number of proof Q-s data. 

Therefore, this paper defines the model factor of 

ultimate bearing capacity by analyzing the correspondence 

between proof and destructive Q-s data based on a large 

amount of Q-s data collected from different construction 

sites and investigates the statistics characteristics of model 

factor. A simple ultimate limit state function is developed 

based on the hyperbolic model. An example for the 

reliability analysis of multiple sets of the proof tests is 

applied to illustrate the simplicity and efficiency of the 

proposed method. 

 

 
2. Reliability analysis of piles 
 

2.1 Ultimate bearing capacity of piles 
 
By carrying out the static load test for a pile, a series of 

discrete values of load Q applied on the top of the pile and 

its corresponding settlement s are obtained. Then, the Q-s 

relationship can be fitted based on the discrete Q-s data 

using some analytical models, such as the hyperbolic model 

(Zhang et al. 2016) and the exponential model (Jia et al. 

2018). In this study, the hyperbolic model is employed and 

is expressed as follows: 

s
Q

a bs


  

(1) 

where Q is the vertical load applied on the top of a pile 

(unit: kN); s is the vertical settlement of the pile head (unit: 

mm); and a and b are fitting parameters of the hyperbolic 

model, whose units are mm/kN and 1/kN, respectively. A 

typical Q-s curve of the hyperbolic model is shown in Fig. 

1, where the initial slope of the Q-s curve is 1/a and the 

maximum load is 1/b. 

After obtaining the analytical Q-s relationship of a pile, 

the ultimate bearing capacity can be estimated using various 

methods, such as the FHAW method (O’Neil and Reese 

1990), the ISSMFE method (Selig and ISSMFE 1985), the  

 

 

Davisson method (Davisson 1972), and the slope tangent 

method (O’Rourke and Kulhawy 1985, Huffman et al. 

2015). Among them, the FHAW method and the ISSMFE 

method are used to estimate the ultimate bearing capacity 

for a specified settlement and the analytical model; the 

Davisson method is used to estimate the ultimate bearing 

capacity according to the position of the cross-point of the 

Q-s curve and a straight line, where the slope of the straight 

line is a function of the Young's modulus and other material 

parameters; and the slope tangent method is a simplified 

updated version of the Davisson method. The slope tangent 

method is adopted in this paper to estimate the ultimate 

bearing capacity. As shown in Fig. 1, the main steps are as 

follows: (O’Rourke and Kulhawy 1985, Hirany and 

Kulhawy 2002, Ching and Chen 2010) 

1) Perform curve fitting on the discrete Q-s data 

obtained from the static load test to get the Q-s curve and 

the fitting parameters a and b; 

2) Draw a tangent line whose slope is 1/a at the origin of 

the Q-s curve in the Q-s coordinate system; 

3) Use the tangent line as a reference, draw a parallel 

line with an offset of B/120+4 along the s-axis. Hence, the 

formula of the newly drawn line is 

1
4

120

B
Q s

a
  

 
(2) 

where B is pile diameter (unit: m). 

4) Determine the ultimate bearing capacity Ru and the 

corresponding limit settlement sa according to the 

intersection of the translational line and the Q-s curve. From 

Eq. (1), the corresponding relationship between Ru and sa is 

obtained as 

a
u

a

=
s

R
a b s  

(3) 

 
2.2 Model factor of ultimate bearing capacity 
 

For the destructive test of a pile, the force applied on the  

 

Fig. 1 Slope tangent method for estimating the ultimate bearing capacity 
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top of a pile is gradually increased until plastic failure of the 

pile occurs. However, for the proof test of a pile, the force is 

only increased to the predetermined load which is usually 

smaller than the destructive load. Obviously, the proof Q-s 

data is regarded as a part of the destructive Q-s data. As 

shown in Fig. 2, the nine hollow circles represent the Q-s 

data obtained from the proof test, while the combination of 

the nine hollow circles and the three squares represents Q-s 

data obtained from the destructive test. Accordingly, the Q-s 

curve of the proof test (i.e., the dashed Q-s curve) is fitted 

based on the nine hollow circles, and the Q-s curve of the 

destructive test (i.e., the solid Q-s curve) is fitted based on 

all the twelve hollow data points. Because the settlement 

increases slowly with the load for the first nine data points, 

and then the settlement increases rapidly with the load for 

the last three points, the shapes of the Q-s curves of the 

destructive and proof tests are different, especially for the 

end parts of these two curves. Therefore, the ultimate 

bearing capacity estimated from the two Q-s curves are 

different. 

The ultimate bearing capacities estimated by the 

destructive and the proof Q-s data are deemed as the real 

value of the ultimate bearing capacity (RuR) and the 

predicted value of the ultimate bearing capacity (RuP), 

respectively. As shown in Fig. 2, the horizontal coordinates 

of the solid triangle and the asterisk, which are estimated by 

the slope tangent method, represent the values of RuR and 

RuP, respectively. 

By denoting a model factor M of the ultimate bearing 

capacity as the ratio of the real value to the predicted value 

of the ultimate bearing capacity using Eq. (4) 

uR

uP

=
R

M
R  

(4) 

The advantage of the model factor M is dimensionless 

because RuR and RuP are obtained from the same pile and 

under the same geotechnical condition, so that it can 

weaken the influence of some factors (such as pile types,  

 

 

pile diameters, and soil properties) on estimating the 

ultimate bearing capacity. According to Eq. (4), the 

statistical characteristics of the real ultimate bearing 

capacity (RuR) is estimated by the predicted ultimate bearing 

capacity (RuP) and the model factor (M). The statistical 

characteristics of RuP can be easily calculated because there 

are usually a large number of proof tests in a construction 

site. Thereby, a main effort is the estimation of the 

statistical characteristics of model factor (M), which is 

further described in Section ‘3.2 Statistical analysis of 

model factor M’. 

 
2.3 Ultimate limit state function 
 

The ultimate limit state function of a vertical loaded pile 

is generally expressed as the difference between the 

ultimate bearing capacity (RuR) and load (Q) 

uRZ R Q 
 

(5) 

where Q is the vertical load applied to the top of the pile, 

which is estimated by the mean value of the predicted 

ultimate bearing capacity (μ(RuP)) and the safety factor (Fs) 

using Eq. (6). 

uP

s

( )R
Q

F




 

(6) 

Substituting Eq. (4) into Eq. (5), Z is rewritten as 

uP  Z MR Q 
 

(7) 

The RuP in Eq. (7) is estimated by the slope tangent 

method. Therefore, Eq. (7) is further rewritten as follows 

a a a

a a

 =
Ms sM Qa Qb

a

s
Z Q

a bs sb

 


 

  

(8) 

Considering that the parameters a, b, and sa are all 

positive values, which assures the denominator in Eq. (8) is  

 

Fig. 2 Comparison of fitting curves of the Q-s data of destructive and proof load tests 
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always non-negative, Eq. (8) is further simplified to: (Tan et 

al. 2017) 

a aZ Qs sM a Qb  
 

(9) 

Eq. (9) will be used as the ultimate limit state function 

for the reliability analysis of piles in this study. As 

expressed in Eq. (4), the model factor M is the model 

uncertainty for the prediction of the ultimate bearing 

capacity RuP (Dithinde et al. 2011). If M = 1 is assumed in 

the reliability analysis, the model uncertainty is not 

considered, which means that RuP is considered as the real 

value of the ultimate bearing capacity (RuR). 

 

2.4 Reliability analysis method 
 
Some commonly used reliability analysis methods are 

the first-order reliability analysis method (FORM), the 

Monte Carlo simulation (MCS), and the response surface 

method (RSM) (Rackwitz and Fiessler 1978, Yang and Li 

2017, Saseendran and Dodagoudar 2020). Among them, the 

FORM computes the reliability index by linearly expanding 

the limit state function at the design point. Although the 

FORM is an approximate reliability analysis method, this 

method considers the probability distribution types of basic 

variables and calculates the reliability index with acceptable 

accuracy and efficiency. Therefore, the FORM is widely 

used for the reliability analysis of geo-structures. The MCS 

adopts random simulations and statistical tests to compute 

the failure probability of engineering structures. The 

accuracy of the MCS increases with the number of 

simulations. If the simulations are enough, accurate 

estimation of the failure probability can be obtained. Thus, 

the MCS is often used to verify the correctness of other 

methods. The FORM is adopted to perform the reliability 

analysis of the piles in this study. The iterative formulas of 

the FORM are as follows 
*
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(10b) 

i i i

*

i X X Xx μ +α βσ
 

(10c) 

where X = [X1, …, Xn] is the basic variable vector (n is the 

number of basic variables); x* = [x1
*, x2

*, …, xn
*] is the 

design point; g(x*) is the function value at the design point; 

∂g(x*) / ∂Xi is the derivative of the limit state function with 

respect to basic variable Xi; ρXiXj is the correlation 

coefficient between variables Xi and Xj; μXi and σXi are the 

mean and standard deviation of variable Xi, respectively; αXi 

is the directional cosine; and β is the reliability index. 

Eq. (10) is only suitable for the cases that all the basic 

variables are normally distributed. If basic variable Xi is 

non-normally distributed, it should be first converted to an 

equivalent normal variable Xi', and then use μXi' and σXi' to 

replace μXi and σXi in Eq. (10) for the iterative computation 

of reliability index. 

 

 
3. Statistical analyses of static load test data 
 

3.1 Database description 
 
A large amount of vertical compressive Q-s data was 

collected in Anhui province, China. Among them, there are 42 
sets of the destructive Q-s data collected from 10 sites and 635 
sets of the proof Q-s data collected from 14 sites. The pile type, 
the number of piles in each site, the pile diameter and length, 
the pile spacing, the group piles' layout, and the types of soil 
along the pile are shown in Tables 1 and 2 for the destructive 
and proof tests, respectively. In Table 2, The N1 column 
represents the number of piles collected from each site, and the 
N2 column represents the number of piles after deleting the 
piles whose Q-s curves are abnormal. In Tables 1 and 2, CBP, 
PHC, and CFG represent cast-in-suit bored piles, prestressed 
high-strength concrete pipe piles, and cement fly-ash gravel 
piles, respectively. 

Table 1 Information of destructive static load tests 

Site Pile types 
Number of 

piles N 

Pile diameter 

(m) 

Pile length 

(m) 

Pile spacing 

(m) 

Group piles’ 

layout 
Types of soil along the piles 

D1 CBP 3 0.6 16 2.8 Square Clay and silty clay 

D2 CBP 5 0.6 13 2.8 Square Clay and silty clay 

D3 CBP 6 0.6 6 2.8 Square Clay and silty clay 

D4 CFG 3 0.5 23 2.0 Square Silt, silty clay, and silty-fine sand 

D5 CFG 3 0.4 22 1.4 Square Silt, silty clay, and silty-fine sand 

D6 CBP 3 1.0 21 8.0 Square 
Silty clay, coarse sand, and 

weathered sandstone 

D7 CBP 4 0.8 34 1.4 Square Silty clay, clay, silt, and fine sand 

D8 CBP 4 0.8 16 1.5 
Square and 

triangle 
Clay and silty clay 

D9 CBP 6 0.8 43 18.0 Square Silty clay, fine silt, and clay 

D10 CBP 5 0.6 43 18.0 Square Clay, silty clay, and fine silt 
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3.2 Statistical analysis of model factor M 
 
3.2.1 Computation of model factor M 
According to the definition of the model factor in Eq. (4), 

the model factor M is estimated based on the destructive Q-s 

data as follows: 

Step 1: Compute the predicted value of the ultimate bearing 

capacity (RuP): Select the predetermined load for the proof test 

according to the test report of the site and consider those points 

whose load are less than the predetermined load as the proof 

 

 

 

Q-s data. Then, fit the curve with these proof Q-s data and the 

hyperbolic model (Eq. (1)) to obtain the Q-s curve and estimate 

RuP based on the Q-s curve using the slope tangent method. 

Step 2: Compute the real value of the ultimate bearing 

capacity (RuR): Similarly, fit the curve using all destructive Q-s 

data, and estimate RuR based on this Q-s curve according to the 

slope tangent method. 

Step 3: Calculate the model factor M according to Eq. (4).  

Repeat the above steps for all the 42 sets of destructive Q-s 

data.  

Table 2 Information of proof static load tests 

Site Pile types 
Number of piles Pile diameter 

(m) 

Pile length 

(m) 

Pile spacing 

(m) 

Group piles’ 

layout 
Types of soil along the piles 

N1 N2 

P1 PHC 57 48 0.6 14 2.4 Square Clay and weathered sandstone 

P2 PHC 65 57 0.4 13 1.4 Double piles Clay and weathered sandstone 

P3 CFG 68 54 0.4 14 1.6 Square Clay 

P4 PHC 35 30 0.5 42 1.8 
Double piles and 

square 
Silty clay and silty sand 

P5 CBP 35 30 0.6 17 1.8 
Square and 

triangle 
Silty clay and silty sand 

P6 CBP 67 48 0.8 10 8.0 Square 
Silty clay, coarse sand and 

weathered sandstone 

P7 PHC 15 15 0.5 14 1.9 
Square and 

triangle 
Silty clay and clay 

P8 PHC 57 57 0.5 14 1.9 
Square and 

triangle 
Silty clay and clay 

P9 CFG 22 9 0.4 21 2.0 Square Silt, silty clay and silty sand 

P10 CBP 21 19 0.4 26 2.9 Double piles 
Silty clay and weathered 

siltstone 

P11 CBP 21 21 0.6 26 1.8 
Three piles in one 

line 

Silty clay and weathered 

siltstone 

P12 PHC 15 11 0.5 30 2.0 Square Clay, silty clay and silt 

P13 CFG 41 40 0.4 15 1.7 Square Silty clay and silt 

P14 CFG 28 19 0.5 13 1.7 Square Silty clay and clay 

Table 3 Statistics of fitting parameters a, b and the limit settlement sa 

Site 

Parameter a Parameter b Parameter sa Correlation coefficient 

μa (×10-3) 

(mm/kN) 
δa Prob. dist. 

μb (×10-4) 

(1/kN) 
δb 

Prob. 

dist. 
μsa (mm) δsa 

Prob. 

dist. 
ρa-b ρa-sa ρb-sa 

P1 2.10 0.22 LN 1.88 0.22 N 15.76 0.13 LN -0.84 0.93 -0.97 

P2 1.60 0.36 LN 1.78 0.24 N 12.89 0.18 LN -0.71 0.94 -0.88 

P3 5.24 0.28 LN 3.81 0.22 N 14.52 0.14 LN -0.27 0.81 -0.75 

P4 1.01 0.34 LN 0.70 0.35 LN 16.32 0.26 LN -0.54 0.82 -0.78 

P5 0.76 0.34 LN 0.44 0.59 LN 20.42 0.40 LN -0.46 0.51 -0.76 

P6 0.55 0.24 N 0.78 0.42 LN 17.39 0.51 LN -0.23 0.24 -0.59 

P7 2.10 0.24 LN 1.25 0.17 LN 16.75 0.15 LN -0.85 0.97 -0.94 

P8 3.00 0.21 LN 1.84 0.16 LN 16.36 0.12 LN -0.80 0.96 -0.93 

P9 1.94 0.33 LN 0.51 0.77 LN 24.63 0.34 LN 0.63 -0.26 -0.81 

P10 1.00 0.31 LN 2.02 0.10 LN 12.57 0.08 LN -0.40 0.97 -0.60 

P11 1.80 0.28 LN 3.08 0.13 LN 13.05 0.10 LN -0.86 0.98 -0.93 

P12 1.20 0.33 LN 1.00 0.44 LN 15.38 0.19 LN -0.82 0.90 -0.96 

P13 5.00 0.39 N 4.21 0.30 LN 14.09 0.22 LN -0.89 0.97 -0.95 

P14 2.41 0.46 LN 1.71 0.50 LN 17.94 0.49 LN -0.25 0.63 -0.74 

Note: N and LN represent normal and lognormal distribution, respectively 
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3.2.2 Statistical model factor M 
As shown in Table 1, there are only 3 to 6 sets of the 

destructive Q-s data in each site. Consequently, only 3 to 6 

model factors are obtained in each site. The accuracy of the 

statistics characteristics of model factors of each site estimated 

by such small amount of data is doubtful. Therefore, all the 42 

sets of destructive Q-s data described in Table 1 were put 

together to investigate the statistics characteristics of M. To 

some extent, this can be categorized as the Level C Design due 

to the limitation of the insufficient data (Roberts 2010). 

Moreover, many authors had conducted relevant studies 

according to Q-s data collected from different locations (Chen 

et al. 2008, 2014, Uzielli and Mayne 2012, Phoon and Ching 

2017, Asem and Gardoni 2019). For example, Chen et al. 

(2008) used 77 sets of the drained and undrained data from 33 

different references to establish a consistent uplift 

interpretation criterion to evaluate the capacity of drilled shaft 

foundations under axial uplift loading. Phoon and Ching 

(2017) statistically analyzed the load test data of 47 sets of 

piles from 29 countries with different pile types, pile 

dimensions, and soil layer distributions. Uzielli and Mayne 

(2012) investigated the statistics of Q-s fitting parameters 

based on 30 sets of shallow foundation Q-s data from different 

countries. Asem and Gardoni (2019) used the limited load test 

data to develop an empirical framework for the prediction of 

the load-transfer function for side resistance of sockets. 

 

 

 

The frequency distribution histogram of model factors and 

the corresponding fitted frequency distribution curve are 

plotted in Fig. 3. As shown in Fig. 3, the optimal probabilistic 

distribution of M is Gumbel distribution, which is proved by 

the Kolmogorov-Smirnov test (Marsaglia et al. 2003). The 

mean and coefficient of variation (COV) of M are μM = 0.90 

and δM = 0.17, respectively. Although the destructive Q-s data 

were collected from different construction sites and the 

typesand sizes of the piles were different, the COV of M is 

relevantly small compared to the COVs of geotechnical 

parameters in references (Phoon and Tang 2019). Accordingly, 

the statistics of M shown in Fig. 3 are used in the next section 

for the reliability analysis of piles. 

 

3.3 Statistical analyses of parameters a, b and sa 

 
3.3.1 Judgement of abnormal Q-s curves 
Before performing statistical analyses for Q-s fitting 

parameters, abnormality of the Q-s curves should be identified 

and deleted. Trial calculation shows that here are mainly two 

types of abnormal Q-s curves. 

Type1: The fitting parameters a or b is negative. When the 

fitting parameters a or b is negative, the trend of the Q-s fitting 

curve is opposite to the normal Q-s curve. The abnormal Q-s 

curve is concave in the Q-s coordinate system, while the 

normal Q-s curve is convex in the same coordinate system.  

 

Fig. 3 Statistics of model factor M 
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Therefore, the Q-s curves whose fitting parameter a or b 

are negative should be deleted. 

Type2: The location of this type of curve is far away from 

other Q-s curves of piles in the same engineering site. The 

reason of the abnormal curves is that the fitting parameters a 

and b are very different from the those of the other curves. 

Thereby, this type of abnormal Q-s curves should be deleted 

according to the three-sigma rule (i.e., the 3σ principle) 

(Duncan 2000; Phoon et al. 2010). 

 
3.3.2 Statistical analysis of parameters a, b and sa 

after deleting the abnormal Q-s curves 
After deleting the abnormal curves, statistical analysis is 

performed on N2 sets of Q-s curves for each site in Table 2. The 

statistics (i.e., the mean (μ), the COV (δ), the optimal 

probability distribution type, and the correlation coefficient (ρ)) 

of parameters a, b, and sa are listed in Table 3. The 

corresponding Q-s curves and the optimal probabilistic 

distribution curves of parameters a, b, and sa of Sites P1, P4, 

and P6 are shown in Figs. 4 and 5. The corresponding figures 

of other sites are similar to the Figs. 4 and 5 and not shown 

here for reason of space. 

Fig. 4 demonstrates that the Q-s curves of different piles at 

a site fluctuate in a large range, which results in the large 

variability of the ultimate bearing capacities of piles. It is 

further observed that the variability of the ultimate 

bearingcapacity is reflected by the COV of parameter b (δb).  

 

 

 

For example, the COVs of parameter b (δb) of Sites P1, P4, 

and P6 are 0.22, 0.35, and 0.42, respectively. Therefore, the 

ranges of variation of the Q-s curves of Sites P1, P4, and P6 

increase gradually. 
Table 3 shows that the optimal probabilistic distributions of 

parameters a, b, and sa are mainly lognormal (LN). Among all 
optimal probabilistic distributions, only two parameters of a 
(Sites P6 and P14) and three parameters of b (Sites P1, P2, and 
P3) are normally distributed. Taking Sites P1, P4, and P6 as 
examples, the optimal fitted frequency distribution curves of 
parameters a, b, and sa are shown in Fig. 5. For comparison, 
the corresponding normal frequency distribution curves of 
parameter a of Site P6 and parameter b of Site P1 are also 
plotted in Figs. 5(a) and 5(b), respectively. It is apparent that 
the fitted normal and lognormal frequency distribution curves 
of parameter a of Site P6 almost coincide in Fig. 5(a), and the 
fitted normal and lognormal frequency distribution curves of 
parameter b of Site P1 are also very close to each other in Fig. 
5(b). This implies that the frequency distributions of 
parameters a, b, and sa can be assumed to be lognormally 
distributed in the subsequent calculations. 

Taking Sites P1, P4, and P6 as examples, the scatter 

diagram of the normalized parameters of a', b', and sa' are 

shown in Fig. 6. The normalization of parameters a, b, and sa is 

as follows 

max max a a amax,  ,  a' a a b' b b s ' s s  
 

(11) 

   

(a) Fitting parameter a (b) Fitting parameter b (c) Limit settlement sa 

Fig. 5 Probabilistic distributions of parameters a, b, and sa 

 
 

 

(a) Correlation between a' and b' (b) Correlation between a' and sa' (c) Correlation between b' and sa' 

Fig. 6 Correlations among parameters a, b, and sa 
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where a', b', and sa' are the normalized parameters of a, b, and 

sa, respectively; amax, bmax, and samax are the maximum values of 

parameters a, b, and sa in a site, respectively. The purpose of 

the normalization of parameters a, b, and sa is to remove the  

influence of variable units so that different parameters can be 

plotted in the same graph. 

Fig. 6 shows that the scatters of (a', b'), (a', sa'), and (b', sa') 

of each site are almost concentrated in an ellipse. The angle 

between the major axis of an ellipse and the positive direction 

of the x-axis in Fig. 6 indicates the sign of the correlation 

between the two parameters in each sub-figure. When the 

angle lies in [0, 90°], the two parameters in each sub-figure are 

positively related to each other; on the contrary, when the angle 

lies in [90°, 180°], the two parameters in each sub-figure are 

negatively related to each other. The length of the minor axis of 

an ellipse indicates the magnitude of the correlation between 

two parameters. A small minor axis of an ellipse implies that 

the scatters are more likely to be centered along the major axis 

of the ellipse, which corresponds to a relatively great 

correlation between the two parameters in each sub-figure. For 

the three sites shown in Fig. 6, parameters a and sa are 

positively correlated, whereas parameters a and b, and b and sa  

 

 

 

are both negatively correlated. These conclusions are almost 

consistent with all values listed in the three rightmost columns 

in Table 3 except for Site P9. 

 

 
4. Reliability calculations 

 

After obtaining the statistical information of model factors 

M (Fig. 3) and parameters a, b, and sa (Table 3), the reliability 

analyses of each site listed in Table 2 can be performed using 

the FORM based on the ultimate limit state function (Eq. (9)). 

The focus of this paper is to analyze the influence of the 

uncertainty of the ultimate bearing capacity of piles. For 

simplify, the load Q is deemed as a deterministic value which 

be estimated by Eq. (6). To investigate the influence of M on 

the reliability of piles, two cases of basic variables are 

considered. Case1: Assume the basic variables to be X = [a, b, 

sa] and M = 1. This assumption implies that the model 

uncertainty for the prediction of ultimate bearing capacity is 

ignored. Case2: Consider the influence of M on the reliability 

of piles. Thus, the basic variable is X = [a, b, sa, M]. Taking 

Sites P1, P4 and P6 as examples, the relationship between the 

 
 

 

(a) Site P1 (b) Site P4 (c) Site P6 

Fig.7 Comparison of reliability indices β of different variable combinations 

Table 4 Reliability indices and safety judgment of piles (Fs = 2.0, βT=3.2) 

Site 
Case 1 Case 2 

β1-FORM β1 ≥ βT？ β2-FORM β2 ≥ βT？ 

P1 4.90 Yes 2.91 No 

P2 4.47 Yes 2.78 No 

P3 4.33 Yes 2.52 No 

P4 2.98 No 2.02 No 

P5 1.43 No 1.03 No 

P6 1.17 No 0.76 No 

P7 7.12 Yes 3.60 Yes 

P8 7.76 Yes 3.63 Yes 

P9 0.93 No 0.68 No 

P10 6.99 Yes 3.50 Yes 

P11 7.93 Yes 3.75 Yes 

P12 2.57 No 1.90 No 

P13 4.04 Yes 2.73 No 

P14 1.30 No 0.90 No 
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reliability index β and the safety factor Fs under the two 

calculation conditions are shown in Fig. 7. The reliability 

indices without considering the model uncertainty (Case 1) are 

always larger than those with the consideration of model 

uncertainty (Case 2). Therefore, carrying out the reliability 

analysis based on the proof Q-s data will overestimate the 

reliability of piles, which will result in dangerous assessment 

and design. 

In the traditional and probabilistic design specifications of 

piles (Kim and Salgado 2012), the allowable safety factor (Fs) 

is recommended to be 2.0 and the target reliability index (βT) is 

recommended to be 3.2. Under the assumption of Fs = 2.0 and 

βT=3.2, the reliability indices of all sites with proof Q-s data 

are summarized in Table 4. It demonstrates that among the 14 

sites with proof Q-s data, four sites meet the requirement of β ≥ 

βT for Case 2, while eight sites meet the requirement of β ≥ βT 

for Case 1. This proves again that ignoring the model 

uncertainty of ultimate bearing capacity will lead to dangerous 

assessment of piles. 

 

 

5. Conclusions 
 

A reliability analysis method based on the proof Q-s data of 
plies under vertical load is proposed. By defining the real 
ultimate bearing capacity (RuR) as the product of the model 
factor (M) and the predicted ultimate bearing capacity (RuP), 
the reliability analyses of piles in different construction sites 
can be easily performed based on the statistics characteristics 
of model factors and the large amount of proof Q-s data in 
different construction sites. The main conclusions are as 
follows: 
 A method for estimating the model factor (M) of ultimate 

bearing capacity is proposed based on the comparison 

between the destructive and the proof Q-s data. The 

statistical characteristics of the model factors of different 

sites are obtained based the destructive Q-s data, where 

the variability of the model factors is not significant 

under different geological conditions. 

 A simple ultimate limit state function is derived for the 

reliability analysis according to the hyperbolic fitting 

model of the Q-s curve and the relationship between the 

model factor (M) and the real ultimate bearing capacity 

(RuR). The statistics characteristics of the three variables 

(a, b, and sa) are easily estimated by fitting the proof Q-s 

data and the slope tangent method. 
 The influence of model uncertainty of the ultimate limit 

state function on the reliability of piles is investigated. 
Ignoring model uncertainty results in the reliability index 
is bigger than that considering model uncertainty. This 
indicates that model uncertainty is an important basic 
variable in the reliability analysis, and ignoring model 
uncertainty will lead to dangerous assessments and 
designs.  

Note that the number of destructive Q-s data of each site is 

very limited due to the high cost of destructive static load test, 

it cannot assure the accuracy of the statistics characteristics of 

model factor of each sites. Therefore, the statistics 

characteristics of model factor are estimated by the destructive 

Q-s data from different construction sites in this study. The 

accuracy of the statistics characteristics of model factors 

computed from different sites might be improved by Bayesian 

updating based on the experimental data of a specific site, 

which is the focus of our future study. 
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