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1. Introduction 
 

GPL reinforced nanocomposites have been shown to 

demonstrate exceptional properties under mechanical, 

electrical, and thermal loads. Ref (Habibi et al. 2016, 

Habibi et al. 2018, Ebrahimi et al. 2019a, Esmailpoor 

Hajilak et al. 2019, Ghabussi et al. 2019, Safarpour et al. 

2020, Shariati et al. 2020a) listed applications reported in 

the literature for these nanostructure materials. Due to such 

properties in GPL-reinforced composites, they become a 

proper candidate in nano-engineering, chemistry, electrical 

and physics applications (Shi et al. 2018). Investigation of 

material properties and responses under various loadings is 

important to have a broader understanding of such materials 

(Zhang et al. 2016, Ni et al. 2020a, Ni et al. 2020b, Ding et 

al. 2021, Meng et al. 2021, Yu et al. 2021). Size-

dependency in nano-structure materials is an important 

issue that cannot be reflected in the classical theories of 

continuum mechanics. Thus, several size-dependent 

theories have been proposed to incorporate the effect of 

nano and microscale in the analyses. One of the most 

effective theories in this field is the couple stress theory. 

Khorasani et al. (2020) investigated the vibrational behavior 

of 3-layer composite material under several multiphysics 

loads using the modified couple stress theory. In their 

analysis, they found the considerable effects of length scale 

on the natural frequencies of the structure. Alimirzaei et al.  
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(2019) investigated vibrational, buckling, and bending 

responses of beams in microscale using finite element 

method. Effects of various loading condition on natural 

frequencies of micro-beam was comprehensively reported 

in their study. Tlidji et al. (2019) examined the influence of 

different indices of functionally graded material on the 

frequency response of beams in a micro-scale. They 

employed modified coupled stress to observe the effects of 

size on the response of the beam. One of the theories 

incorporating short length of beams is first-order shear 

deformation theory (FSDT) which is extensively used in the 

analysis of structures on a micro-scale. Bourada et al. 

(2020) used FSDT to derive equations of motion of a 

composite beam resting on an elastic foundation. In their 

analyses, they reported the effects of various geometrical 

and material parameters on the vibrational stability of the 

beam. Matouk et al. (2020) employed the nonlocal theory 

of Eringen to investigate the vibration of microbeam in 

thermal and moisture environments. A discussion of the 

effects of size and different material and geometrical 

parameters was also presented. Matuk et al. (Bousahla 

Abdelmoumen et al. 2020) employed FSDT to investigate 

buckling and frequency responses of single-walled carbon 

nanotube composite beams on an elastic substrate. They 

presented effects of various parameters on the static and 

dynamic stability of the structure. Draiche et al. (2019) 

utilized simple FSDT formulation to analyze the vibrational 

behavior of composite plates under simple boundary 

conditions. Shells structure, due to their complicated 

equations of motion, also attracted much attention in the 

literature. Allam et al. (2020) used refined higher-order 

shear deformation theory to analyze static and vibrational  
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responses of laminated composite shells. They obtained 

displacement and stress fields in these structures in the 

static analysis section. Moreover, the free vibration 

behavior of the shell structure is examined and compared to 

the results of other shear deformation theories. Hussain et 

al. (2020) investigated functionally graded shells to obtain 

their natural frequencies under various boundary conditions. 

The influence of various geometrical parameters, including 

height to radius ratio and length to radius ratio, on the 

vibrational behavior of the structure, were considered. 

Asghar et al.  (2020) studied wave propagation 

characteristics in zigzag and chiral double-walled carbon 

nanotubes (DWCNTs). In their stydies, they utilized 

Eringen’s nonlocal elasticity theory along with Donnell 

shell theory to obtain the effects of geometry on the 

vibration of DWCNTs. In a similar study, Hussain et al. 

(2019) considered the vibrational behavior of single-walled 

carbon nanotubes (SWCNTs) using nonlocal elasticity 

theory. Nonlocal strain gradient theory was coupled with 

higher-order shear deformation theories to obtain wave 

propagation patterns in functionally graded nanoshells in a 

study by Karami et al. (2019). They considered effects of  

 

 

 

initial stresses in their analytical solutions. The working 

conditions of the GPL-nanocomposites are very diverse. In 

many circumstances, these structures are exposed to thermal 

environments. Thermal load applied to these composites 

significantly alters their vibrational and buckling properties. 

Rafrafi et al. (2020) investigated buckling behavior of 

sandwich plates under hygrothermal loadings. They 

examined effects of several parameters including moisture 

concentration on the buckling of functionally graded plates 

on elastic foundation. In a similar study, Tounsi et al. (2020) 

explored the effects of mechanical and hygro-thermal 

loading on the stress and displacement fields of functionally 

graded ceramic-metal plates. A discussion on the influence 

of loading and surrounding conditions was presented in 

their research work. Nonlinear thermal loading effects on 

the flexural responses of anti-symmetric plated was the 

subject of a study by Belbachir et al. (2020). A higher-order 

shear deformation theory was employed to analyze the 

thermo-mechanical loading effects on the bending behavior 

of FG plates in the research study by Boussoula et al. 

(2020a, b). They used a simplified n-th order shear 

deformation theory in the investigation of reinforcement  

Table 1 First three natural frequencies obtained from this study in comparison to the results of Ref (Tadi Beni et 

al. 2016) for isotropic homogeneous nanoshells, with different thicknesses, L/R=10 and m=1 

h 
Mode 

number 

Ref (Tadi Beni et al. 

2016) 

(CT) 

Current study 

(CT) 

Ref (Tadi Beni et al. 2016) 

(MCST) 

Current study 

(MCST) 

 

0.02R 

 

1 0.1954 0.19536215 0.1955 0.19543206 

2 0.2532 0.25271274 0.2575 0.25731258 

3 0.2772 0.27580092 0.3067 0.30621690 

 

0.05R 

 

1 0.1959 0.19542305 0.1963 0.19585782 

2 0.2623 0.25884786 0.2869 0.28543902 

3 0.3220 0.31407326 0.4586 0.45457555 

Table 2 Predicted results obtained from trained DNN using various values of MSN 𝑔𝐺𝑃𝐿 and l/

R parameters 

l/R=0 

 Predicted 

𝑔𝐺𝑃𝐿 (%) Fit 
𝑀𝑆𝐸𝑇𝑟𝑎𝑖𝑛 

= 0.22 × 10−6 

𝑀𝑆𝐸𝑇𝑟𝑎𝑖𝑛 

= 0.31 × 10−6 

𝑀𝑆𝐸𝑇𝑟𝑎𝑖𝑛 

= 0.35 × 10−6 

0.1 0.450 0.401 0.441 0.448 

0.15 0.472 0.453 0.476 0.473 

0.2 0.493 0.552 0.498 0.494 

l/R=0.1 

0.1 0.596 0.564 0.590 0.595 

0.15 0.625 0.632 0.628 0.626 

0.2 0.644 0.601 0.639 0.641 

l/R=0.2 

0.1 0.729 0.767 0.735 0.731 

0.15 0.745 0.700 0.739 0.743 

0.2 0.772 0.712 0.765 0.769 
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volume fraction effects on the static response of the 

structure. A novel four variable plate theory was introduced 

by Abualnour et al. (2019) to obtain displacement field in 

anti-symmetric composite plates. Moreover, effects of 

nonlinear coupled thermal and mechanical loading 

conditions on the bending characteristics of laminated 

plates were studied by Belbachir et al. (2019). There are 

many other studies in the field of thermal loading and 

thermal environment influences on the bending and 

vibrational analyses of composite plates and shells which 

indicates the importance of these loading conditions on the 

behavior of such structures (Habibi et al. 2019a, Safarpour 

et al. 2019a, Al-Furjan et al. 2020a, Alipour et al. 2020, 

Ebrahimi et al. 2020a, Ghabussi et al. 2020). Recent studies 

on the stability investigation of nano-composites are 

focused on the novel reinforcements effects and loading 

conditions (Habibi et al. 2018, Habibi et al. 2019b, Habibi 

et al. 2019c, Habibi et al. 2019d, Pourjabari et al. 2019, 

Safarpour et al. 2019b; Moayedi et al. 2020a; Shokrgozar et 

al. 2020a). Menasria et al. (2020) considered effects of 

different boundary conditions on the dynamic stability of 

FG plates using a novel approach to obtain governing 

equations. Refined shear deformation theory was employed 

to examine the effects of porosity on the displacement and 

stress fields of FG plates by Zine et al. (2020). A 

comparison of different theories incorporating size effects 

was implemented in the work of Domenico et al. (2018), 

along with the utilization of a novel model. They examined 

the wave propagation in carbon nanotubes regarded as beam 

structures. The results of the new theory were further 

compared with the results of molecular dynamics. In 

another study, Domenico et al. (2019) introduced a three-

length-scale gradient elasticity theory to capture dispersive 

nature of wave propagation in nano-scale composite 

materials. A comparison of the results of the new theory 

with experimental results were also presented. Another 

novel elasticity model to investigate wave propagation in 

micro-scale beams coupling inertia gradient, strain gradient, 

and surface energy was proposed by Zhang et al. (2020). It 

was revealed that using this novel theory, the mode shapes 

of the beam under consideration were different from 

classical mode shapes. Challamel et al. (2018) investigated 

static and dynamic behaviors of nano-rod in an elastic 

medium. They showed that the nonlocal elasticity solution 

could follow lattice mechanic results accurately. To the best 

of author’s knowledge, the effect of the thermal 

environment on the buckling and excitation of cylindrical 

shells is not reported in the literature. Therefore, in the 

present study, the effects of thermal loadings on the 

buckling and resonance frequency of graphene reinforced 

nano-composites are examined. FG material properties is 

considered in thickness direction for the thermal responses 

of the composite. The equivalent material properties are 

obtained using Halphin-Tsai nano-mechanical model for 

composite layers. Moreover, effects of nano-scale sizes are 

taken into account employing FMCS. In this regard, for the 

first time, it is demonstrated that at certain values of GPL 

weight fraction the thermal bucking occurs. In obtaining 

results of vibrational behavior, both analytical solution and 

DNN methods are used. 

 
Fig. 1 Schematic representation of cylindrical nano-shell 

composite under thermal and dynamic loads with 

different lamina configuration 

 
 
2. matematical model 
 

The geometry of the model utilized in this study is 

schematically depicted in Figure 1. In this figure, a 

cylindrical shell with length 𝐿, middle surface radius 𝑅, 
and shell thickness ℎ under thermal and dynamic loads is 

shown. The dynamic load 𝑞0 is a transverse load. 

As seen in Fig. 2, the shell is composed of multi-layer 

composite material with different lamina configurations 

defined as (Habibi et al. 2017, Safarpour et al. 2018, Habibi 

et al. 2019d, Ghazanfari et al. 2020, Jermsittiparsert et al. 

2020, Safarpour et al. 2020) 

Pattern No. 1: 
*: ( )GPL GPLGPL U V k V   (1) 

Pattern No. 2
*: ( ) 2 2 1 /GPL GPL L LGPL X V k V k N N     (2) 

Pattern No. 3: 

 *: ( ) 2 1 2 1 /GPL GPL L LGPL O V k V k N N        (3) 

Pattern No. 4: 
*: ( ) 2 (2 1) /GPL GPL LGPL A V k V k N    (4) 

In the above equations, 𝑘 determines the number of 

layers, 𝑉𝐺𝑃𝐿
∗  indicates the overall GPL volume fraction and 

𝑁𝐿 is the total number of layers. Moreover, 𝑉𝐺𝑃𝐿
∗  can be 

obtained from weight fraction 𝑔𝐺𝑃𝐿 using densities of GPL 

and matrix as follows(Ebrahimi et al. 2019b, Ebrahimi et al. 

2019c, Mohammadgholiha et al. 2019, Mohammadi et al. 

2019, Ebrahimi et al. 2020b, Habibi et al. 2020, Shariati et 

al. 2020b, Shokrgozar et al. 2020b) 

*

( / )(1 )

GPL
GPL

GPL GPL m GPL

g
V

g g 


 
 (5) 

where 𝜌𝑚 is the density of matrix and 𝜌𝐺𝑃𝐿 represents the 

density of the GPL. The equivalent elastic modulus 𝐸 of 

the reinforced composite is obtained using Halpin-Tsai 

model. The equations pertaining to this method is given in 

the following relations for randomly dispersed GPL (Affdl 

and Kardos 1976) 

479



 

Yunrui Yan 

 

 
GPL-X      GPL-U      GPL-A        GPL-O 

Fig. 2. Various patterns of composite structure 
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L m T m

L GPL T GPL

E E E

n V n V
E E E E

n V n V

 

 

 
 
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 (6) 

where 𝐸𝑇  is the transverse elastic modulus of 

unidirectional composite layer and 𝐸𝐿 is the longitudinal 

elastic modulus.  

The parameters 𝜉𝐿  and 𝜉𝑇  are geometry factors 

defined in the following equations alongside with other 

undefined parameters(Hashemi et al. 2019, Moayedi et al. 

2019, Moayedi et al. 2020b, Moayedi et al. 2020c, 

Oyarhossein et al. 2020, Shariati et al. 2020c) 

2( / ), 2( / ),

( / ) ( / )
,

( / ) ( / )

L GPL GPL t GPL GPL

GPL m m GPL m m
L T

GPL m L GPL m T

h b h

E E E E E E
n n

E E E E

 

 

 

 
 

 

 (7) 

where average thickness, width, and length of the GPL is 

represented by ℎ𝐺𝑃𝐿 , 𝑏𝐺𝑃𝐿  and  ℤ𝐺𝑃𝐿 . Utilizing rule of 

mixture, the following mechanical constants of the GPL-

reinforced nano-composite is obtained (Hashemi et al. 

2019, Al-Furjan et al. 2020b, Cheshmeh et al. 2020, Lori et 

al. 2020, Najaafi et al. 2020, Shariati et al. 2020d) 

,

,

,

.

GPL GPL M M

GPL GPL M M

GPL GPL M M

GPL GPL M M

E E V E V

V V

V V

V V

  

  

  

 

 

 

 

 (8) 

The displacement components in the FSDT is given by 

the following relations (Al-Furjan et al. 2020c, Al-Furjan et 

al. 2020d, Al-Furjan et al. 2020e, Bai et al. 2020, Zhang et 

al. 2020, Zhong et al. 2020, Guo et al. 2021a, Liu et al. 

2021a) 

1

1

( , , , ) ( , , ) ( , , )

( , , , ) ( , , ) ( , , )

( , , , ) ( , , )

m

m

m

u z t u t zu t

v z t v t zv t

w z t w t

     

     

   

 

 



 (9) 

In these relations, the components 𝑢𝑚(𝛼, 𝜃, 𝑡) , 

𝑣𝑚(𝛼, 𝜃, 𝑡)  and 𝑤𝑚(𝛼, 𝜃, 𝑡)  represent the axial, 

circumferential and radial displacement on the middle 

surface of the cylindrical shell. The two components 

𝑢1(𝛼, 𝜃, 𝑡)  and 𝑣1(𝛼, 𝜃, 𝑡) are the rotation angle in the 

axial and circumferential directions for the normal of the 

middle surfaces with respect to normal position. Moreover, 

the stress components for the cylindrical shell can be 

expressed as functions of strains cylindrical coordinate 

system 

11 12 13
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    
    
    
    
        

 (10) 

The coefficients in Eq. (12) is presented in detail by ref 

(Barooti et al. 2017). In order to extract equations of motion 

the principle of minimum potential energy is employed as 

(Adamian et al. 2020, Al-Furjan et al. 2020f, Al-Furjan et al. 

2020g, Li et al. 2020; Shi et al. 2020; Zare et al. 2020, Dai 

et al. 2021a, Zhang et al. 2021) 

2

1
1 2( ) 0

t

t
T U W W dt        (11) 

where, 𝑈  represents the internal strain energy in the 

modified couple stress theory (MCST) which is given by 

the following relation(Liu et al. 2020a, Habibi et al. 2021a, 

He et al. 2021, Huang et al. 2021a, Huo et al. 2021, Liu et 

al. 2021b, Zhang et al. 2021) 

1
( )

2

s s

ij ij ij ij

V

U m Rdxd dz      (12) 

In addition to stress and strain tensors components 𝜎𝑖𝑗 

and 𝜀𝑖𝑗 , the components of symmetric rotation gradient 

tensor 𝜒𝑖𝑗
𝑠  and higher-order stress tensor 𝑚𝑖𝑗

𝑠  are also 

affect the internal energy 

, ,

2

1
( )

2

2

s

ij i j j i

s s

ij ijm l

  



 



 (13) 

In which 𝑙  and 𝜑𝑖𝑗  represent MCST and the small 

rotation vector components. The parameter 𝑙  for a 

composite material can be expressed as(Liu et al. 2020a, 

Wang et al. 2020, Zhou et al. 2020, Dai et al. 2021b, Guo et 

al. 2021b, Peng et al. 2021, Shao et al. 2021, Wu and 

Habibi 2021b) 

GPL GPL M Ml l V l V   (14) 

In addition, the non-zero components of symmetric 

rotation gradient tensor are given by (Zhao et al. 2021, 

Ebrahimi and Safarpour 2018, Dai and Safarpour 2021c, 

Huang et al. 2021b, Jiao et al. 2021, Moradi et al. 2021, 

Wang et al. 2021, Xu et al. 2021, Zhang et al. 2021, Zhao et 

al. 2021) 
2

1

2

1 1

1 1

2

2 2

1 1

2 2 2 2

2 2

2 2 2

1 1 1
( )

2

1 1 1 1 1
( ) ( )

2 2

1 1 1
( )

2

1 1 1 1
( )

4

1 1 1
(

4

s

s m

s

zz

s

s

z

v v w

R R

v v uu w
z

R R R R

u v u

R R

u vv w w

R R R

u v v w

R R R










   


     


  


    


   

  
   

   

   
     

     

  
   

  

   
    

    

  
    

   

2 2

1 1 1

2

2 22 2

1 1 1

2 2 2 2

1
) ( )

4

1 1 1 1 1 1
( ) ( )

4 4

s

z

v v vz

R R

u u vu v w z

R R R R R R


  


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 
  

  
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(15) 
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At last, the classical and non-classical parts of strain 

energy in FMCS parameter can be calculated using the 

following relations 

0 1

0
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1 1

1 1

1

( )
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The given unknown parameters are defined in the 

following relations 
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The first energy term is Eq. (11) is the kinetic energy 

which can be expressed as following relation in cylindrical 

coordinate system (Ma et al. 2021, SafarPour and Ghadiri 

2017, SafarPour et al. 2017; SafarPour et al. 2017, Hou et 

al. 2021, Huang et al. 2021c, Liu et al. 2021b, Yu et al. 

2022) 
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(18) 

The temperature is assumed to be varied in the thickness 

of the shell. Therefore, the energy from the temperature 

distribution can be expressed as (Al-Furjan et al. 2020h, Al-

Furjan et al. 2020i, Al-Furjan et al. 2020j, Al-Furjan et al. 

2020k, Al-Furjan et al. 2020l, Al-Furjan et al. 2020n, Al-

Furjan et al. 2020m, Al-Furjan et al. 2020p, Al-Furjan et al. 

2020q) 
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In which, the resultants of thermal load are 𝑁1
𝑇 and 𝑁2

𝑇 

given by the following relations(Pandit et al. 2020, Shi et 

al. 2021) 
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Moreover, the components of the thermal expansion in 

different directions are 

 0 0 0
T

xxe e zze     (21) 

Assuming perfect bonding between layers and linear 

distribution of temperature in the thickness the following 

relation can be applied for the temperature variation in the 

shell thickness (Shahsiah and Eslami 2003) 
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where 𝑁𝐿  is the total number of layers and 𝑖  is the 

number of layer. The term 𝑊2 is the energy corresponding 

to the applied dynamic force 𝑞𝑑𝑦𝑛𝑎𝑚𝑖𝑐 

 2

2

1

2
dynamicW q w RdV  (23) 

Definitions of all terms in Eq. (11) are now determined 

in detail in Eqs. (12), (18), (19) and (23). Substituting these 

relations into Eq. (11) and integrating considering the 

boundary conditions results in 
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3. Solution strategy 
 

Governing equations in Eq. (24) are now solved using 

analytical methods for the cylindrical composite shell 

obeying coupled stress theory. The simply supported 

boundary condition is assumed in the ends of the shell at 

𝛼 = 0, 𝐿  and 𝜃 =
𝜋

2
,

3𝜋

2
. Regarding these boundary 

conditions, a consistent displacement field based on Fourier 

series expansion can be obtained as 
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in which the coefficients  0 0 0 1 1, , , ,mn mn mn mn mnU V W U V have to 

be calculated based on the given governing equations. The 

integer numbers n and m are the wavenumbers in 

circumferential and axial directions, respectively. 

Substituting Eq. (25) into Eq. (24) gives (Al-Furjan et al. 

2020r, Al-Furjan et al. 2020w, Al-Furjan et al. 2020t, Al-

Furjan et al. 2020u, Al-Furjan et al. 2020v, Al-Furjan et al. 

2020w, Al-Furjan et al. 2020x, Al-Furjan et al. 2021a, Al-

Furjan et al. 2021b) 
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(26) 

where 𝐾𝑖𝑗 and 𝑀𝑖𝑗 are the components of the stiffness and 

matrices, respectively. In Eq. (26), the excitation frequency 

is denoted by 𝜔𝑒𝑥 . Finally, and applied dynamic load  

( dynamicq ) is expressed as 
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Solving Eq. (27) determines two unknowns of the equation: 
the excitation frequency and deflection of the beam under 
dynamics loads. Moreover, the following dimensionless 
parameters are defined for forced vibration amplitude and 
excitation frequency to be utilized in the next sections 
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4. Validation 
 

The results of solving the developed governing equation 

is presented in Table 1 for different thickness adopted from 

Beni et al. (Tadi Beni et al. 2016). The obtained results are 

also compared to the results presented in the literature to 

validate the procedure of solving in the present paper. As 

can be observed, an acceptable agreement exists between 

results of the two study for the first three natural frequency 

of the cylindrical shell Ref (Tadi Beni et al. 2016).  

 

4.1 Deep learning models  
 

The natural frequencies in this study is obtained by 

solving linear equations with high computational costs. 

Thus, in the case of sufficient available data, the deep 

learning method can be utilized with acceptable accuracy 

and very low computational costs. Therefore, a neural 

network is designed in this study to analyzed effects of 

various parameters. These type of neural networks are 

composed of perceptrons each has input and output values. 

At each perceptron, the input values are weighted and 

biased to give output. The overall network's output is 

compared to the actual output obtained by solving nonlinear 

equations. The comparison parameter is mean squared value 

(MSE): 

 
2n

i=1

1
MSE= Y-Y

n
ˆ  (29) 

The weight and bias values were then adjusted using 

ADADELTA method to obtain the minimum value for MSE. 

The details of this method and theoretical background can 

be found in Ref. (Yegnanarayana 2009). Once the MSE 

reaches its minimum value, the weight and bias values are 

finalized, and the neural network is considered as the 

trained network. 

 

4.1.1 Optimization by ADADELTA to adjust the DNN 
parameters 

The ADADELTA method mentioned in the previous 

section is an optimization method to minimize MSE which 

has some merits in comparison to other methods. To name 

some: 

 The learning rate parameter in this method is 

determined automatically.  

 Hyperparameters has of influence on the 

ADADELTA performance. 

 Both distributed and local environments are used. 

At each iteration (epoch) the weight and bias values of 

all network is updated using the following procedure 

t t t1    V  

t
t

t

f( )
 
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
 


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(30) 

where, initial learning rate is represented by  . In the 

following, the notation Gt is used instead of t

t

f( )






 for 

the 𝑡-th epoch. The root mean square (RMS) is used to 

update values of weights and biases 

 t tRMS G E G2      (31) 

In this relation,   is a constant. Squared gradient has  
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the expected value of 
tE G2    obtained from the following 

equation using decay rate 𝜌 

 2 2 2

t t-1 tE G = E G + 1- G         (32) 

The adjustment in each epoch can be calculated now 

using Eqs. (31) and (32) as follows 

 
t t

t

= - G
RMS G


V  (33) 

According to Zeiler (2012), ADADELTA optimizer has 

the highest performance in minimizing errors in 

classification of handwriting digits provided by MNIST. 

After training the DNN model, some predictions are 

conducted using this trained model. Table 2 presents results 

of the DNN model for various values of 𝑔𝐺𝑃𝐿, 𝑙/𝑅 and 

MSN parameters. According to these results, it is concluded 

that having higher values of 𝑔𝐺𝑃𝐿 and MSN leads to better 

responses are prediction. 

 

 

5. Results and discussion 
 

Frequency and vibrational stability analyses results are 

presented in this section for cylindrical shell made of GPL-

reinforced composite with 𝐿𝐺𝑃𝐿 = 2.5 𝑛𝑚 , ℎ𝐺𝑃𝐿 =
1.5 𝑛𝑚  and 𝑅𝐺𝑃𝐿 = 0.75 𝑛𝑚  under thermal and 

dynamical loading. In this regard, the effect of different 

parameters is investigated to observe frequency change and 

excitation frequencies in different conditions. Some of the 

material properties of the GPL are assumed to be dependent 

 

 

on temperature (Wu et al. 2017):  

𝐸 =  (3.52 −  0.0034𝑇) 𝐺𝑃𝑎  and 𝛼𝑚 = 45(1 +

0.0005Δ𝑇) × 10−6/𝐾 in which 𝑇 = 𝑇0 + 𝛥𝑇.  

Other materials properties are presented in Table 3. 
Influence of number of layers 𝑁𝐿 on the relative natural 
frequencies in different lamina patterns is depicted in Figure 
3. As can be observed, the relative frequencies of pattern 1 
and 4 is unaffected by changes in number of layers. 
However, the other two patterns, i.e., patterns 2 and 3, are 
affected by change in number of layers. Pattern 3 shows a 
rise relative frequency with increase in number of layers up 
to 𝑁𝐿 = 7 . Afterwards, the frequency virtually remains 
constant. An inverse response in seen in the pattern 2 in 
which with increase in number of layers the relative 
frequency decreases. At 𝑁𝐿 = 7 , the relative frequency 
becomes constant. This shows that for non-uniform 
distribution of the GPL in pattern 3 leads to stability of the 
structure when in pattern 2 it has a reverse effect. The 
overall feature of this figure is that at the high number of 
layers (𝑁𝐿 > 7), there is a low difference in the vibrational 
behavior of different layers. 

The effect of mode number and weight fraction of GPL 

on the relative frequency is shown in Fig. 4. It is seen that 

increasing 𝑔𝐺𝑃𝐿  results in increase in frequency of the 

cylindrical shell structure. Thus it can be concluded that the 

stability of the structure is improved with increase in weight 

fraction of GPL in laminated composite shells. On the hand, 

the mode number has a negligible effect on the relative 

frequency of the structure as all the curves coincide. 

However, with further observation in higher resolution, it is 

seen that a slight increase in relative frequency ratio with 

increase in mode numbers. 

Table 4 Dependency of natural frequency in a cylindrical shell made of GPL-composite on the temperature 

change, GPL pattern, and geometrical parameters 

  T =10K T =20K T =30K 

 h/R=0.08 h/R=0.1 h/R=0.08 h/R=0.1 h/R=0.08 h/R=0.1 

GPL-U 

l/R  

0 1.948752 1.982586 1.904938 1.973578 1.859902 1.964363 

1/3 2.070645 2.102498 2.028391 2.092946 1.985038 2.083173 

1/2 2.184729 2.214933 2.143707 2.204870 2.101676 2.194574 

2/3 2.302991 2.331662 2.263052 2.321068 2.222178 2.310231 

GPL-X 

l/R  

0 1.947517 1.981282 1.903786 1.972283 1.858836 1.963078 

1/3 2.069517 2.101302 2.027344 2.091759 1.984077 2.081997 

½ 2.183646 2.213784 2.142704 2.203735 2.100757 2.193447 

2/3 2.301909 2.330516 2.262047 2.319933 2.221255 2.309107 

GPL-O 

l/R  

0 1.951057 1.984761 1.907392 1.975764 1.862513 1.966560 

1/3 2.072872 2.104606 2.030755 2.095065 1.987547 2.085304 

1/2 1.186938 2.217031 2.146045 2.206980 2.104149 2.196697 

2/3 2.305233 2.333800 2.265415 2.323218 2.224670 2.312393 

GPL-A 

l/R  

0 1.949577 1.983336 1.905848 1.974335 1.860901 1.965126 

1/3 2.073030 2.104788 2.030885 2.095243 1.987647 2.085479 

1/2 2.188392 2.218488 2.147493 2.208434 2.105592 2.198148 

2/3 2.307948 2.336501 2.268143 2.325918 2.227411 2.315091 
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Fig. 3 Comparison of relative frequency ratio in different 

lamina patterns for various number of total layers 𝑁𝐿  

( 10T K  , l=R/3, Pattern2, L/R=10, R/h=10 and n=m=1) 

 

 
Fig. 4 Comparison of relative frequency ratio in different 

wavenumbers for various 𝑔𝐺𝑃𝐿 ( 10T K  , l=R/3, 

Pattern2, L/R=10, R/h=10) 

 

 

Effects of temperature change Δ𝑇  and geometrical 

parameters ℎ/𝑅  and 𝑙/𝑅  is presented in Table 4 for 

different GPL distribution configuration. It is seen that 

variations of GPL distribution pattern lead to different 

natural frequency values. Increase in 𝑙/𝑅 results in 

increase in natural frequencies in all temperature changes 

and patterns. Similarly, increase in ℎ/𝑅 leads to rise in the 

natural frequencies in all scenarios. On the other hand, 

temperature change has reverse effect on the natural 

frequency. With rise in temperature change, the natural 

frequency decreases. For an account, increase in 

temperature change from 10K to 30K in GPL-U patterns for 

 
Fig. 5 Resonance frequency as function of GPL weight 

fraction ( 20T K  , l=R/3, Pattern2, L/R=10, R/h=10 and 

n=m=1) 

 

 

𝑙/𝑅 = 1/3 and ℎ/𝑅 = 0.08 leads to a decrease in natural 

frequency from 2.070645 to 1.985038, which is 4.3% 

reduction. The differences in the formulation procedure 

between classical and modified couples stress theories are 

depicted in Table 4 as functions of weight fraction of GPL 

𝑔𝐺𝑃𝐿 and temperature change Δ𝑇. In these 3D plots it’s 

observed that at a certain value of temperature change a 

spike in the relative natural frequency is seen in both MCS 

and classical theories. This phenomenon is due to buckling 

occurrence in the shell structure. It is seen that with 

employing MCST, the point where this spike happens move 

towards lower temperature changes. Thus, the effects of 

size-dependency are very important in prediction of 

buckling behavior under thermal loadings. Except for this 

point, on other temperature change range the relative 

natural frequency ratio increases with increase in 

temperature. The effect of weight fraction is similar in both 

theories. With rise in weight fraction in both cases the 

natural frequency increases. This behavior is somehow 

expectable because with increase in 𝑔𝐺𝑃𝐿  results in 

increase in stiffness of the composite material which leads 

to increase in natural frequency in general manner. The 

dependency dimensionless excitation frequency and 

dynamic deflection on the 𝑔𝐺𝑃𝐿 is shown in Fig. 5. The 

resonance occurrence is obvious in specific values of 

excitation frequency when the deflection tends to infinity. 

This excitation frequency increases with increase in the 

weight fraction of GPL. Increase in 𝑔𝐺𝑃𝐿  generally 

increases the stiffness of the structure. Hence, the stability 

and resonance frequency also increase as a result of a rise in 

𝑔𝐺𝑃𝐿. 

GPL distribution patterns also considerably change the 

resonance behavior of the structure. As seen in Fig. 6, 

changing the pattern from GPL-A to GPL-O notably 

increases the resonance frequency. It is observed that GPL- 
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Fig. 6 Resonance frequency as function of GPL 

distribution pattern ( 20T K  , l=R/3, L/R=10, R/h=10 

and n=m=1) 

 

 
Fig. 7 Resonance frequency as function of geometrical 

parameter 𝑙/𝑅  ( 20T K  , Pattern2, L/R=10, R/h=10 

and n=m=1) 

 

 

A has the lowest resonance frequency while GPL-O has the 

highest resonance frequency. Therefore, it is concluded that 

for better stability of the structure using GPL distribution 

pattern GPL-O is recommended. The resonance frequency 

of pattern GPL-A and GPL-X is very close to each other as 

a result of their similarity in the mathematical model used in 

this study. 

Effect of geometrical parameter 𝑙/𝑅 on the resonance 

frequency of the structure is depicted in Fig. 7. It is obvious 

that with increase in 𝑙/𝑅  from 0 to 1/3 the non-

dimensional resonance frequency increases from 0.153 to 

0.178. This conclusion is a very important conclusion which 

is justifies the importance of employing modified couple  

 
Fig. 8 Resonance frequency as function of geometrical 

parameter Δ𝑇 (K) (l/R=0.5, Pattern2, L/R=10, R/h=10 

and n=m=1) 

 

 
stress in the modeling problems in this scale. Without using 
MCS theory such considerable changes in the resonance 
frequency cannot be screened.  

Finally, effect of temperature changes Δ𝑇  on the 

resonance frequency of the structure is shown in Fig. 8. It is 

obvious that with increase in Δ𝑇 from 0 to 20K the non-

dimensional resonance frequency slightly decrease from 

0.377 to 0.371 (~1.6%). Although, amount of temperature 

changes reduces the resonance frequency, the change is not 

significant in this range of temperature change. However, as 

discussed before, with decrease in the stiffness of the 

structure the resonance frequency is also decreased. Higher 

temperature changes lead to lower stiffness of the materials 

in this study. 

 

 

6. Conclusions 
 

In this study, effects of thermal loadings on the buckling 

and resonance frequency of graphene reinforced nano-

composites were examined. FG material properties were 

considered in thickness direction for the thermal responses 

of the composite. The equivalent material properties were 

obtained using Halphin-Tsai nano-mechanical model for 

composite layers. Moreover, effects of nano-scale sizes 

were taken into account employing FMCS parameter. 

Moreover, effects of geometrical parameters, GPL 

distribution pattern, and amount of temperature change 

were also considered. In obtaining results of vibrational 

behavior, both analytical solution and deep neural network 

(DNN) methods were used. The most important outcome of 

the study can be encapsulated as follows: 

 Utilizing MCS is vital in the investigation of 

nanostructure materials in both buckling and 

vibrational analysis since, on this scale, the 

material behavior is strongly size-dependent. 
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 The deep neural network can effectively predict 

the natural frequencies of the structures under 

various conditions. 

 Increase in Δ𝑇  from 0 to 20K, the non-

dimensional resonance frequency slightly 

decreases from 0.377 to 0.371 (~1.6%). 

 Increase in 𝑙/𝑅 from 0 to 1/3 results in the non-

dimensional resonance frequency increase from 

0.153 to 0.178. 

 Changing the pattern from GPL-A to GPL-O 

notably increases the resonance frequency. It is 

observed that GPL-A has the lowest resonance 

frequency while GPL-O has the highest resonance 

frequency. 

 It is observed that at a certain values of 

temperature change, a spike in the relative natural 

frequency is seen in both MCS and classical 

theories excitation frequency increases with 

increase in the weight fraction of GPL. 
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