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Analysis of cavity expansion and contraction in unsaturated residual soils
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Abstract.

Cavity expansion and contraction solutions for cylindrical and spherical cavities in unsaturated residual soils are

presented in this paper. Varying soil state in the plastic zone is accounted by a numerical approach, wherein an element-by-
element discretization of the plastic zone of both expanding and contracting cavities is carried out. Unlike existing methods
utilizing self-similarity technique, the solution procedure enables the prediction of entire soil-state at any stage of expansion and
subsequent contraction. It is also applicable for both cavity creation and expansion problems. The approach adopts constant
contribution of suction to effective stress (constant ys drainage condition) for analysis. The analysis procedure is validated by
interpreting the previously reported pressuremeter test results in lateritic residual soil. The typical cavity expansion and
contraction characteristics of unsaturated Indian lateritic soil were then examined using this solution procedure. The effect of
initial soil-state on cavity limit pressure, plastic radius, reverse yield pressure, and reverse plastic radius are also presented.
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1. Introduction

Residual soils are in-situ soils formed by chemical
weathering and thus vary from kaolinitic lateritic soils and
gravels to allophanic soils to the montmorillonitic black
soils. The procurement of undisturbed samples of the
residual soils, especially lateritic soils, for various
laboratory testing is difficult due to their heterogeneity and
high sensitivity to sampling processes. Since the laboratory
testing of such lateritic/residual soil samples may not yield
the true shear strength and stiffness characteristics of
natural soil, in-situ tests such as cone penetration test,
dilatometer and pressuremeter test (PMT) are vital (Schnaid
et al. 2000); the results of which can be used to back-
calculate the strength parameters and stiffness of soil. Back-
computation of in-situ soil properties from the field test data
(e.g., pressuremeter test) using cavity expansion and
contraction theories were found to give relatively good
results (Schnaid et al. 2000, Rouainia et al. 2020). In case
of an in-situ test in unsaturated soil (i.e., above water table),
the matric suction may have major influence on the
observed strength and deformation responses. Therefore,
stiffness and strength parameters obtained from
interpretation of the in-situ test may yield erroneous results
if the effect of suction is not accounted properly (Schnaid et
al. 2000, Russell and Khalili 2006, Yang and Russell 2015b,
Cheng et al. 2018).

The application of cavity expansion theory on saturated
soil - drained (Li and Zou 2019, Li et al. 2019b) or
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undrained state (Li ef al. 2020) - and dry soil (drained state)
has gained large popularity in the last five decades and
solutions for such problems have been proposed by several
researchers. These include closed form solutions (Carter et
al. 1986, Yu and Houlsby 1991, Yu and Carter 2002, Zhao
et al. 2018, Li and Zou 2019a); semi-analytical solutions
using the similarity technique (Collins et al. 1992, Collins
and Stimpson 1994, Wang et al. 2021); and the numerical
solutions (Salgado and Randolph 2001, Cao et al. 2002).

It is evident from literature that only very limited
number of studies have been reported on cavity expansion
analysis in unsaturated soils (Schnaid et al. 2004, Russell
and Khalili 2006, Khalili et al. 2008, Yang and Russell
2015a, b, Cheng et al. 2018, Tang et al. 2021). For instance,
Schnaid et al. (2004) used the closed form solutions
proposed by Yu and Houlsby (1991) for the interpretation of
suction monitored pressuremeter data in unsaturated
residual granite soil. Though this method accounts for soil
dilation and large strain effects, including elastic strain in
the plastic zone, it cannot incorporate the variability of
friction and dilation angles during the expansion process.
Yang and Russell (2015a) extended the original work of
Russell and Khalili (2006) and investigated the effect of
hydraulic hysteresis and the influence of three drainage
conditions (constant suction, constant moisture content, and
xS condition, i.e., constant contribution of suction to the
effective stress) on cavity pressure. The cavity creation
problems were only considered in the analysis and the
governing equations were solved using similarity technique
proposed by Collins et al. (1992) and Collins and Stimpson
(1994). They reported that hydraulic hysteresis has a
negligible effect on the cavity expansion response and the
simplified assumption of constant ys drainage condition is
sufficient to yield a fairly accurate result irrespective of the
actual drainage condition. Cheng et al. (2018) presented a
new solution for cavity expansion problems in unsaturated
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soils of finite radial extent, assuming a constant s
drainage condition and ignoring hydraulic hysteresis,
specifically for the interpretation of calibration chamber
studies. The stress - strain behaviour was modelled using
elastic-plastic model and the plastic cavity expansion
solution was formulated using the auxiliary independent
variable proposed by Chen et al. (2013). Recently, Tang et
al. (2021) developed a solution for spherical cavity
expansion in unsaturated soils by considering constant
suction condition. The cavity expansion problem was
formulated as a system of first-order differential equations
and this was solved as an initial value problem to obtain the
unknown principal stress components and suction.

It is apparent that the published cavity expansion
solutions in unsaturated soils either do not incorporate the
soil-state-dependent variation of friction and dilation angles
in the plastic zone or do not provide the distribution of soil
state (stresses and soil properties) around a cavity
corresponding to an expansion state other than the steady
state condition (i.e., expansion under a constant limit
pressure). Though the steady state condition is always
reached in a cavity creation problem (e.g., cone penetration
test, installation of driven piles, etc.), it may not be
achievable during the finite expansion of a pre-existing
cavity (e.g., pressuremeter tests, pressure-grouting of piles,
tiebacks, and soil nails, etc.) (Salgado and Prezzi 2007,
Thiyyakkandi et al. 2013, Zhao et al. 2018). Cavity
contraction solution in unsaturated residual soil, integrating
the effect of suction, though found to be highly instrumental
in the interpretation of entire PMT data (Schnaid et al
2000), has not been reported hitherto. These highlight the
need for a new cavity expansion and contraction solutions
for unsaturated residual soils, considering the effect of
matric suction and variable friction and dilation angles as a
function of soil-state, applicable for both cavity expansion
as well as creation problems and unloading from any state
of expansion (both steady-state and pre-steady state).

This paper presents a numerical solution procedure for
cavity expansion and contraction problems in unsaturated
residual soils, modelled as Mohr-Coulomb material, with
the full incorporation of non-linear soil behaviour (i.e.,
hardening/softening). The proposed solution assimilates the
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Fig. 1 Zones of: (a) an expanded cavity; and (b) contracted cavity

influence of matric suction, large-strain effects, and
variation of friction and dilation angles with soil-state
within the plastic zone of expanding/contracting cavity. The
numerical procedure adopted is similar to the one suggested
by Salgado and Randolph (2001), wherein the plastic zone
is discretized into cylindrical/spherical elements and the
iterative approach proceed from the assumed elastic-plastic
interface, element by element, toward the cavity wall. Such
discretization approach for cavity contraction analysis was
not found in any literature reviewed. The proposed
approach considers constant contribution of suction to
effective stress (constant ys drainage condition) and
hydraulic hysteresis was ignored for simplicity based on the
findings of Yang and Russell (2015a). To accentuate the in-
field applicability of the proposed solution procedure,
interpretation of pressuremeter test results (both loading and
unloading) in residual soils (Schnaid et al. 2004) has been
carried out. The solution approach was subsequently used to
explore the general cavity expansion and contraction
characteristics of unsaturated lateritic soil in Western Ghat
region of India.

2. Cavity expansion and contraction formulation
2.1 Problem definition

Consider a cavity of initial radius a, in a homogeneous
infinite soil mass initially under a hydrostatic stress state
of py. When an increasing internal pressure is applied, the
cavity expands with the purely elastic deformation of the
surrounding soil mass until the onset of plastic yielding of
the cavity wall, which is governed by Mohr-Coulomb yield
criterion. Beyond that, a plastic zone is formed around the
cavity, which is enclosed by the elastic zones (non-linear
and linear; Fig. 1(a)). The radius of cavity and radius of
elastic - plastic boundary (R ; Fig. 1(a)) increases
indefinitely as the internal pressure approaches to a limiting
value known as the limit pressure (i.e., steady state
condition). The steady state condition is not necessarily
achieved during the finite cavity expansion of a pre-existing
cavity. Hence, existing numerical formulations using self-
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similarity technique (Collins et al. 1992, Salgado and
Randolph 2001, Russell and Khalili 2006, Yang and Russell
2015a) could not be utilized for obtaining the variation of
soil state within the surrounding soil mass. Such cavity
expansion situations which do not involve steady state
condition is termed here as pre-steady-state expansion.
When the internal cavity pressure is released following the
expansion to a pre-steady state or steady state condition,
cavity contraction/unloading occurs from the expanded
cavity radius ar to a,. Like the loading case, initial
unloading response will be elastic in nature until the
beginning of reverse plastic yielding. Thereafter, a reverse
plastic zone (R,,) is formed around the cavity, diameter of
which increases with further plastic unloading as depicted
in Fig. 1(b).

2.2 Soil water characteristic curve and effective stress
parameter

A well adopted method to incorporate unsaturated soil
properties into cavity expansion analysis is to include
matric suction in the formulation of solution; which can be
done using soil-water characteristic curve, that represents
the relationship between volumetric/gravimetric water
content (6 or w) or degree of saturation (S), void ratio (e)
and matric suction (s) of the soil (Fredlund and Xing 1994).
The suction 's" is usually defined in terms of matric suction
which is the difference of pore air pressure (u,) and pore
water pressure (u,,). Various models which relate variation
in degree of saturation, void ratio and water content with
suction are available in literature (Fredlund and Xing 1994,
Russell and Buzzi 2012). The model adopted in this study is
that proposed by Russell and Buzzi (2012), where hydraulic
hysteresis is neglected

if s<s,
if s>s,

1

S ={se @
where s, is the suction value at which soil changes from
saturated to unsaturated state; s, = s, (air-expulsion
value) when the hydraulic state is on the main wetting
curve; s, = s (air-entry value) when the hydraulic state
is on the main drying curve; « is the slope of the curve,
which is equal to (D,, - 3) for fractal soils, where D, is the
fractal dimension of soil pore size distribution (generally
ranging from 2 to 3). The air-entry value, s,., varies with
void ratio as (Russell 2014)

Sge = C1 e V;and s = €y Sge 2)

where C; is a constant with units of stress; C, is a
dimensionless constant; and y is another dimensionless
constant = D, the fractal dimension of the particle size
distribution.

The effective stress (¢”) in unsaturated soil is defined as

o'=0+ys (€))

where ¢ is the total stress in excess of pore air pressure
(ug), also known as the net stress; y is the effective stress
parameter, which depend upon the degree of saturation (i.e.,
x=1 for saturated soils and 0 for dry soils), is estimated here

using the model (Eq. (4)) of Khalili et al. (2008).
x= _ @

where Q is material parameter with a best-fit value of 0.55.
2.3 Cavity expansion - Elastic zone

The equilibrium equation in terms of effective stress for
spherical/cylindrical cavity in both elastic and plastic zones
can be written as

do;  k(or —ag) d(xs)
+ —
dr r dr

where o, and g, are the effective radial and effective
hoop stresses, respectively; the variable k denotes
cylindrical (k = 1) or spherical (k = 2) case. Since constant
xs condition is assumed throughout the expansion and
contraction, Eq. (5) gets reduced to

=0 )

do! k(o' — g’

dr r

The geomechanics sign convention of compressive
stresses and strains as positive is followed in the paper.

Using the elastic stress-strain relationships, equilibrium
equation (Eqg. (6)) and boundary conditions (i.e., g, (a) =
p' and lim,_.0, = pg), the well-known solutions for
stresses, strain and displacement in the elastic region can be
obtained as

(k+1)

=5+ @' =10 (5) ()

o = pl — @’ —pé ( )<k+1) ®
e, = PO (@)Y ©

gy = - PO (@)Y (10)
u=—e5 T an

where &, - radial strain; g5 - hoop strain; u - radial
displacement; p, - effective in-situ hydrostatic stress (pg =
Po + xs); a - cavity radius; p’ - cavity pressure when
cavity radius is a; r - radius of a material point and G -
shear modulus.

The shear modulus of unsaturated residual soil has been
reported to follow a power law decay as volumetric water
content increases (Lu and Kaya 2014). Several empirical
models for predicting the variation of shear modulus with
volumetric water content or matric suction can be found in
literature (Ng et al. 2009, Lu and Kaya 2014). Lu and Kaya
(2014) proposed a simple power law model (Eqg. (12)) with
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a single curve fitting parameter (m)
G =Gg+ (G — Ga)Oess™ (12)

where G, and G, are the shear modulus values at dry and

wet state, respectively; 6.¢, is the effective volumetric

6-0
water content = (9 d

0 ); 0, 64, 6,, are the volumetric
w—bd

water content values corresponding to the given condition,
dry state and wet state, respectively.

The cavity pressure-expansion curve and the effective
soil stresses, strains and radial displacement within the
elastic zone till the onset of plastic yielding at the cavity
wall can be obtained forthrightly using the elastic solutions
(Egs. (7)-(11)). The corresponding total stress values (o,
0p) can be estimated subsequently by Eqg. (3).

2.4 Cavity expansion - Plastic zone

During the internal loading, the cavity wall is assumed
to yield when the stress state satisfies the Mohr-Coulomb
criterion

oy = ogN, + 2c'\/N, (13)

where ¢’ is the true effective cohesion intercept and N, is
the peak flow number, as given by

1+ sing,
P 1—sing,

(14)

where ¢, is the peak effective friction angle, which is
assumed to be independent of the degree of saturation of
sail.

Once the cavity wall is yielded, further increase of the
internal pressure causes the formation of distinct plastic and
elastic zones around the cavity as discussed previously (Fig.
1(a)). For any thin shell element within the plastic zone
bounded by inner radius, r;, and outer radius 7; (Fig. 1(a)),
an expression relating the effective inner radial stress (o;,)
and effective outer radial stress (ar’]_) can be obtained by
combining the equilibrium equation (Eqg. (6)) and yield
criterion (Eq. (13)) as follows

Nii—1k Nii—1)k
g 26 [
my w2y (@) )
T 1- NU T

o
Oy = 0y,

The effective inner hoop stress (O-éi) can then be
determined using Eq. (16)

o). 2c};
1 Ti 2]
O = ———— 16
9L Nl] NU ( )
1+singf; . .
where N;;= Sl.nqbﬁ’, is the flow number and ¢;; is the
T 1-sing; Y

!

ij is the effective cohesion

effective friction angle and ¢
within the shell element ij.
The simplified Davis (1969) expression for mean
effective stress in frictional soil given in Salgado and
Randolph (2001) was extended for cohesive-frictional soils.
This was used to estimate mean effective stress within each

shell element, incorporating the third principal stress
component as given below

! 1 = k
v =310 (1 (14 12— k)
2¢; (17)
—|—==\1+w;2-k))k
L (1 myC2 - 0) |
where &, is the average radial stress of the element
[(oy, +07)) 1 2]; and py; = 0.5(1 + singy;siny;;) for k
=1. The dilatancy rate, siny;;, is assumed to hold the
relation, Eg. (18) (Schanz and Vermeer 1996)
sin ¢i; — sin ¢;

1— singj;sin;

sin I‘DU = (18)

The friction angle, which varies across the plastic zone
of an expanding cavity, is assumed to vary according to the
state parameter model, Eq. (19), (Been and Jefferies 1985)
proposed for sand. It was evident from Been and Jefferies
(1985) that the effect of variation of confining stress on
shear strength can be modelled commendably using state
parameters

bl = i+ Ale™5u — 1] (19)

where A = constant which depends on characteristics of
soil and type of loading; &;; is the state parameter within
the element ij and given by

!
fl'j = Uij + Aln(p—m> - I (20)

b1
where v;;=1+e;; is the specific volume, e;; is the void
ratio and p;, is the mean effective stress (Eq. (17)) within
the element ij; p; is the reference stress = 1 kPa
(generally); and A and T are the slope and intercept of

critical state line in v- In p plot.
From the stress — dilatancy relation for non-associated
cohesive- frictional soil proposed by Zhang and Salgado

(2010), it can be found that

N;; = N.D;; 1)

1+sing,
1-sing/.
the critical state friction angle (¢¢); and D;; is strain rate
ratio within the shell element ij, which is given by

where N_= is the flow number corresponding to

£y
Dy=1-(2) (22)

&
where &, and &, are the volumetric strain rate and major
principal strain rate, respectively; once ¢;; is known from
Eq. (19), D;; for the element can be determined using Eq.
(21). In case of cavity expansion, Eq. (22) can be expressed

in incremental form as
@O _c W
S‘U S‘U

=1 Y 23
D=1 g ® —g. () @3)

The strain components are defined as logarithmic strains
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as given below (Egs. (24)—(26)) so as to take into account
large deformation in the plastic zone.

@ _ =T )
& =—=In (24)
" ((7} - uj) —(n—w)
M _ .0 _ Ti
g’ =€, =—In (n _‘ui) (25)

(k+1) _ .. (k+1)
® i Ti
& = —ln( ) ) (26)
[ —w]™ " = [ — u]®+

where u; and w; are radial displacements at r; and 7y,
respectively.

Plugging Eq. (24) and (26) in Eqg. (23) with the
assumption that the radial and volumetric strains of the
previous element (&9 and €,97) are known and
simplifying gives

&) + (D — e,
Djj-1

S 2 RN 25 |
=In (05— 1) (i — ) ]_[1+ui—uj] (27)

rk+1l _ pk+1
J L r} -7

The radial displacement (u;) at the inner boundary of the
element ij can be determined by solving the above
equation iteratively. Subsequently, &, g®, and &,
can be obtained using Egs. (24)-(26).

The expressions for effective radial and hoop stresses,
radial and hoop strains and displacement at the elastic-
plastic boundary (i.e., r = R) can be derived by making
use of Egs. (7)-(11) and (13), as summarized below.

, _ [Po(Np(k+ )] + [2¢' /N, ]k
% = (k +N,)

(28)
op 2c

N, /N,

3 [2¢"\/N, + po(N, — 1]k
B 2G(k + Np)

¢TG4 Py, — 1))
o = 2G(k + N,)

_ [2¢'{N, + po(N, = Dr
B 2G(k + N,)

go = (29)

(30)

€Rr

31

Ug (32)

2.5 Cavity contraction — Elastic unloading

As mentioned earlier, during cavity contraction
subsequent to expansion, the initial response is elastic
satisfying the equilibrium equation (Eg. (6)). The equations
for effective stress, strain, and displacement components at
any material point at a radial distance of r, (which was at
r before unloading) can be directly deduced by modifying
Eq. (7) through (11) as given below

T+1
au>( ) (33)

Tu

ot = o1 = (0 — vl (

" Y g (D)
oh = 0} + (vf - pu) <r_u> (34)
u
A (k+1)
SR il 2 (@) (35)
e 2G 7
[ (k+1)
u 26k  \r,
Uy = —&gu Ty (37

where p; is the cavity pressure at the end of loading; p,
is the current cavity pressure; a, is the current radius of
cavity.

The cavity wall subjects to reverse yielding when a;,,
and op, at the cavity wall follow the reverse Mohr-
Coulomb yield criterion

Opy = 04N + 2¢VN (38)

where N is the flow number and ¢’ is the effective
cohesion at the cavity wall at the end of expansion.

This will happen when the effective cavity pressure is
equal to

,_pp (N+k)—2cVNWN + Dk

(39)
r N(Nk + 1)

2.6 Cavity contraction — Plastic unloading

Following the reverse yielding of cavity wall, a reverse
plastic zone is formed around the cavity, radius (R,) of
which increases with further unloading (Fig. 1(b)). Similar
to Eq. (15), a relationship between the effective inner radial
stress (a7,,;) and effective outer radial stress (Ur'u]-) can be

derived for any thin element (ij) within the reverse plastic
zone with the aid of equilibrium equation (Eg. (6)) and
reverse yield criterion (Eq. (38))

(1-N;pk
g ()
o-rui_o-ruj 7,
i
I
ZCi]' N’-J
N —1

(ruj>(1—Nij)kl (40)
12
Ty,

Then the effective inner hoop stress (Uéui) can be
obtained as

Ogu, = Oy Nij + 2¢j+/ Ny (41)
Like Eq. (17), an expression for the mean stress within
an element during cavity contraction can be devised as
given below
1 - 7
pm = 3{[0m (1 + eNip) (1 + (2 = 1)

The definition of strain rate ratio within the shell
element, ij, as given by Eq. (22) can be utilized to derive

(42)
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the expression for the displacement at the inner boundary
(uy,) as follows
e D — £, D

Duij =1 (43)

g ® — g5, D

Assuming that the hoop and volumetric strains of the
previous element (gg,%° and e,,)) are already known
and substituting strains in terms of radii and displacement
(similar to Egs. (24)-(26)) in Eq. (43), yields

gvu(j) + (Duij - 1)59u(j)
{ (ry, =) = (g — “ui)kH] [Vui - uui]Du”_l} (44)
=lIn =
Ui

rujk+1 — ruik+1

Solving the above equation gives, inner radial
displacement (u,,), which can then be used to determine the
strain components (g, 9, €0, ® and &,,®).

The effective radial stress (og,,), hoop stress (gg,), the
strain components (e, and &g,) and displacement (ug,)
at the elastic-plastic boundary (radius = R, ) of a
contracting cavity can be derived by following the similar
approach adopted for the loading case:

ro_ Gl’(NRu + k) — chleu v Ngy (N, + Dk

= 45
O New(Npgk + 1) )
ol = 0] (Ngy + k) — 2¢py /Ngu(k — 1) (46)
ou (Npyk + 1)
(O-l’ - all?u)
=_2° CRu 47
gRu 26 ( )
_ 0] — Ogy (48)
ou = "0k
Upy = —&gu- Ry (49)

where g/ is the effective radial stress at R, at the end of
loading; and cg, and Ny, are the effective cohesion and
flow number at R,,, respectively.

3. Numerical implementation

A numerical procedure, utilizing all the necessary
equations discussed in the previous section, was adopted to
construct the entire pressure - expansion and contraction
curve. The stress and displacement fields around a
cylindrical/spherical cavity at any stage of loading or
unloading can be obtained subsequently. The whole
procedure has been subdivided into four distinct sections
based on loading or unloading and elastic or elastic-plastic
response as, (i) elastic loading; (ii) plastic loading; (iii)
elastic unloading; and (iv) plastic unloading. One explicit
assumption made is that the soil’s SWCC, critical state
parameters, and initial soil state are available. The entire
algorithm is summarized below:

a) Choose input parameters:

M Physical properties: initial void ratio (e ),

b)

c)

d)

9)

moisture content (w ) or initial degree of
saturation (S,), and specific gravity (G)

(i)  SWCC parameters

(iii)  Strength and stiffness parameters: c¢’, ¢., G (Eq.
(12)), and v

(iv)  Input for state parameter model: A, A,and T

(v)  In-situ stress (po)

(vij k = 1 or 2 (for cylindrical or spherical,
respectively)

(vii) Initial cavity radius (a,)

(viii) Final cavity radius at the end of loading (ay) or

final loading cavity pressure (pf); whichever

controls the termination of the expansion process

Elastic loading: For any internal pressure (p’) less than
the pressure to initiate yielding, p, (= oz), the
response of surrounding soil is elastic in nature.

Calculate the peak friction angle (¢,) at the elastic-
plastic boundary through an iterative procedure as
follows: Initially assume a suitable value of ¢, and
determine N, using Eq. (14). Subsequently, calculate
oy at elastic-plastic boundary from Eq. (28) and then,
the mean stress using Eqg. (17). Using this mean stress,
calculate the new value of ¢, by Eq. (19). Repeat the
entire  process with the new ¢, until sufficient
convergence is obtained.

Calculate the effective stress (og, og), Strain (eg, €g),
and displacement (uz) components at the elastic- plastic
boundary using Egs. (28) through (32).

Calculate hoop strain and radial displacement (u) at the
cavity wall using Egs. (10) and (11), respectively and
then determine the corresponding radius of cavity as,
a=ay+u for p’' <pj. At yielding (ie., p' =py),
cavity radius, a, = ay + u,.

Use elastic solutions (Egs. (7) through (11)) to
determine the effective stress, strain, and displacement
fields around the cavity, if required.

Plastic loading: For p’ > p;, , a plastic zone is formed
around the cavity, which expands with further loading.
Since friction and dilation angles vary across the plastic
zone, a recursive approach similar to that proposed by
Salgado and Randolph (2001) is adopted here to
incorporate non-linear soil response. In this approach,
the plastic zone is discretised into thin shell elements
and the analysis is advanced inward from the elastic-
plastic boundary, where the stress, strain and
displacement values are already known (Step c),
element by element to the cavity wall. The detailed
procedure and flowchart (Fig. 2) are given below:

Choose a plastic radius, R,, greater than a and
subdivide the plastic zone into very thin elements
(thickness = dr).

Start with the first element (ij) with outer boundary (j)
at R;, where all the parameters are known (ar’j, aéj,

&), g, &, and u;). The outer and inner radii of
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the element are 7; and 7;, respectively; i.e, r; = 7, —
dr. Initially assume that friction angle, ¢;; and
cohesion, c;; of the first element are the same as the
values at R;.

(i) Calculate the effective inner radial stress (o)
using Eq. (15), effective inner hoop stress (oy,)
from Eg. (16) and mean stress (p,,) for the
element through Eq. (17).

(i)  Estimate the strain rate, D;; from Eq. (21).

(iii)  Solve Eq. (27) for inner radial displacement (u;)
as all other parameters in the equation are known.
Newton-Raphson iteration method is used here
for solving the equation.

(iv)  Find &®, g®, and &,® from Egs. (24) —

(26).
(v) Determine new D;; using Eq. (23).

(vi)  Calculate void ratio (e;;) of the element: ¢;; =
1+eg _
exp(ep(D)
(vii)  Calculate new ¢;; from Eqg. (19).
(viii) Repeat the iteration (i to vii) for the first element

until the required convergence for ¢;; is
achieved. Then all the parameter at the inner
boundary (i) will be known.

Repeat Step (g) for next element and proceed element
by element inward. Note that the parameters at the outer
boundary of an element will correspond to that at the
inner boundary of the previous element. After achieving
convergence for each element, r; —u; is compared
with the initial cavity radius (a,). If r, —u; > a,, carry
forward with the next element; whereas, if r, — u; = a,,
cavity wall is reached and then, new cavity radius, a; =
r; and new effective internal pressure, p; = oy,. The
(uy, p1) set represents the first data point on the
pressure-expansion curve following the plastic yielding
point (uy, py).

Repeat Steps (f) through (h) by gradually increasing the
plastic radius as R,, R, ..., R,. Calculations with each
plastic radius will yield each set of data point for the
pressure-expansion curve. This process is continued
until the required final condition has been reached; i.e.,
steady state condition or the required expansion radius
(ar) or effective cavity pressure (pr), depending on
whichever is the termination criterion.

This iterative process will yield the stress, strain, and
displacement fields as well as the variation of soil
properties (friction and dilation angles, void ratio, etc.)
within the plastic zone at any stage of expansion (i.e.,
corresponding to R, R,,..., Ry,). The distribution of
stress, strain and displacement outside the plastic zone
can be obtained using the elastic solutions (Egs. (7)
through (11)) by substituting a = R and p’ = op.

Elastic unloading: Unloading from any state of cavity
loading or expansion is considered here and the soil
state at the end of loading phase is taken as the reference
condition. For any decrease of internal pressure from p;

k)
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(at end of loading) to p,, until the onset of reverse
yielding (p;.), the response is purely elastic.

Calculate the effective cavity pressure at the onset of
reverse yielding (p;.) from Eq. (39).

Determine hoop strain and radial displacement (u,) at
the cavity wall using Egs. (36) and (37), respectively for
any p,, < p,. The corresponding radius of cavity can be
then estimated as, a, = af +u,; at reverse yielding,
Aur = A5 + Uy,

m) The distribution of stresses, strains and displacement in

n)

0)

p)

a)

N

the soil surrounding the cavity can be obtained using the
elastic solutions, Egs. (33)-(37).

Plastic unloading: Further unloading (i.e., p, < pr),
causes development of a reverse plastic zone near the
cavity, radius of which increases with the unloading. A
numerical procedure similar to that followed for plastic
loading was used to account for the evolution of soil
state as summarized below along with a flowchart
representation (Fig. 3):

Choose a reverse plastic radius, R,;, greater than a,,,
and discretize the reverse plastic zone into thin shell
elements (thickness = dr).

Calculate all the parametric values (0zy, Téu: Erur Eour
and ug,) at the elastic-plastic boundary, R,,;, using Egs.
(45) through (49).

Consider the first element (ij) inside R,;, for which the
friction angle, ¢;; and cohesion, c;; are initially
assumed to be the same as at the end of loading phase.

(i) Calculate effective inner radial stress (oyy,),
effective inner hoop stress (agui) and mean stress
(pr) successively using Egs. (40) through (42).

(ii)  Determine the inner radial displacement (u,;) by
solving Eq. (44).

(iii)  Calculate &, , g, @, and &,,® from Egs.
(24) - (26).

(iv)  Determine new Duij using Eq. (43).

(v)  Calculate void ratio (e;;) and new ¢;; using Eq.
(29).

Reiterate (i) to (v) until the ¢;; from the two
consecutive iterations are very close. Then all the
parameter at the inner boundary (i) will be
known.

(vi)

Go to the next element and follow Step (p). Once the
convergence is achieved for each element, r,; —u,; is
compared with the cavity radius at the end of loading
phase (af). If 7, —u, >as, proceed to the next
element. If 7, —uw, ~af, cavity wall has been
reached and the corresponding new cavity radius,
a,, =1y, , displacement, w,, =u,;, and effective
cavity pressure, py; = Oy,

Repeat Steps (n) to (q) with the increase of reverse
plastic radius in small increments (R,,, Rys, ., Ryn) 1O
obtain the data sets for the entire pressure-contraction
curve.
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Choose plastic radius, R > a; and subdivide zone into thin elements

Start with first element ij with outer radius j
at R, where all the parameters are known

Assume friction angle ¢; of element ij same as at j

»| Calculate o;; and py, for the element
using ¢;;

Estimate D;; and solve for u;;
subsequently find strains at i

Determine new D;;, e;; and the new o; 5

Increase plastic radius

Check

convergence between initial ¢; ;
Y

and new ¢;;

Proceed onto next element

Check if require
expansion radius or effective cavity
ressure is achieved

Fig. 2 Flowchart for numerical implementation of plastic loading

s) The variation of soil state (soil properties and stress state)
within the reverse plastic zone at any stage of
contraction (i.e., with reverse plastic radius: R, ,
Ry3, .. Ryn) will be known from the recursive
procedure adopted here. The elastic solutions (Egs. (33)
-(37)) can be used to capture the stress and strain
distribution beyond the reverse plastic region by
replacing a,, py, and p, by Ry, o/, and o,
respectively.

Note that all the stress outputs from the algorithm are
the effective stresses; corresponding total stress components

can subsequently be estimated following Eq. (3).

4. Validation

To validate the proposed solution, interpretation of
pressuremeter test data in residual soil has been carried out.
The results of suction monitored pressuremeter tests

(SMPMT) in weak erodible yellow granite residual soil in
Porto Alegre, southern Brazil, reported by Schnaid ez al.
(2004) were used for the same. Schnaid et al. (2004) have
presented a detailed field and laboratory test program in
unsaturated granite residual soils, including a series of
pressuremeter tests (PMT) in pre-bored holes with suction
monitoring using tensiometers at radial distances of 5D and

10D from the axis of borehole. This residual soil falls in the
range of clayey sand to silty sand as per the Unified Soil
Classification System (Schnaid et al. 2004).

Two SMPMT results in yellow granite residual soil at 2
m depth corresponding to, (a) initial suction, s, = 0
(saturated case); and (b) s, = 43 kPa (unsaturated case)
were considered in the present study. Theoretical pressure —
expansion/contraction curves for these two cases were
produced by the proposed approach using the following
input parameters obtained from the laboratory experiments
(Schnaid er al. 2004): ¢, = 36°% ¢, = 43% ¢' =1
kPa; v = 0.24 and 0.3 for unsaturated and saturated cases,
respectively; G; = 2.63; e = 09; y = 0.5;
So (5o = 0)=88%, So (s, = 43 kPa) = 8% (from SWCC).
The critical state parameters (A = 0.14; ' = 2.6) adopted
were the average values reported for Brazilian residual soils
(Futai et al. 2004, Latib ef al. 2018). The constant A (=
0.94) was back calculated using Eq. (19) with the known
values of ¢/ and ¢,. The 1), was estimated as 9° by Eq.
(18). The shear modulus estimated from the elastic
unloading portion of the PMT data was used as the original
input for both loading and unloading analyses (G; and G,,).
The values were subsequently adjusted in the curve-fitting
process until an adequate match between the predicted and
measured responses was achieved. Fig. 4 displays the
predicted pressure — expansion/contraction curves and the
experimental PMT curves (Schnaid et al. 2004).
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If p;, < p;.. choose reverse plastic radius, R,, > a,,,-; and subdivide
zone into thin elements

!

Start with first element ij with outer radius j
at R,,, where all the parameters are known

|

Assume friction angle ¢; ;j of element ij same as at j

l

Calculate 0,,,;

and p;, for the element
using ¢;;

|

Estimate D,,;; and solve for u,,;
subsequently find strains at i

Determine new Dy;;, e;j and the new i 5

Increase plastic radius

Check if required
contraction is achieved

Check

TEr
convergence between initial ¢;;
and new ¢;;

Proceed onto next element

Fig. 3 Flowchart for numerical implementation of plastic unloading

1000
900 a Experimental curve (s, =43 kPa) - Schnaid et al. (2004)
o Experimental curve (s, = 0) - Schnaid et al. (2004)
800 | | — Predicted curve (s, = 0) - p, = 60 kPa; G, = 3.5 MPa; G, = 5 MPa
— = Predicted curve (s, = 43 kPa) - p, = 60 kPa; G, = 7 MPa; G, = 8.5 MPa
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=
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Fig. 4 Comparison of predicted and measured PMT responses in yellow granite residual soil

As evident from the figure, the predicted responses were in
good agreement with the measured data (correlation
coefficient, R? = 0.99 and 0.97 for s, = 0 and s, = 43
kPa, respectively), which confirms the validity of the
proposed approach. The G, values were found to be lower
than the G, values (17 - 30% less; Fig. 4), which may be
attributed to the soil disturbance associated with the pre-
boring of the test hole. The present comparison also verifies
that the proposed expansion and contraction solutions can
be used for the back-computation of soil’s shear strength
and stiffness parameters by adequately curve-fitting the
entire PMT data.

5. Cavity expansion and contraction features of
Western Ghat lateritic soil

5.1 Input parameters

The proposed solution approach was subsequently used
to obtain the typical features of cavity expansion and
contraction in unsaturated lateritic soil found in the Western
Ghat region of Kerala State, India. A detailed laboratory
testing of this soil was performed as per ASTM test
procedures to determine its geotechnical characteristics.
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According to Unified Soil Classification System
(USCS), the soil was classified as clayey sand (SC). The
shear strength (¢, @', ¢’) and critical state parameters (A,
I' and A) were obtained through a series of drained direct
shear tests with different degree of saturations (0 - 99%) or
volumetric water contents (0 - 33%) and normal stresses (25
- 200 kPa). However, the change in degree of saturation was
found to have negligible influence on ¢’, ¢.’, A, T and
A. The shear modulus (G) of soil obtained from the drained
direct shear tests carried out with different initial degree of
saturation was found to vary with the volumetric water
content approximately as per the following expression (Eq.

(50))

0.1/nl.2

30.6 —14.6 O (50)
where oy, is the mean effective stress and 6.7 is the
effective volumetric water content which was obtained as

(:_99‘1 ) It can be seen that Eq. (50) is identical to Eq. (12)
w—Yd

with G; = 30.6 o, %, G, = 16 o), ? and the fitting
parameter, m = 1 (i.e., linear variation). Eq. (50) can be
used to calculate the input shear modulus of this soil
corresponding to the given volumetric water content or
degree of saturation.

Table 1 Parameters of lateritic soil

Parameter Value
% of gravel 0
% of sand 69
% of fines 31
Liquid limit (%) 28.5
Plastic limit (%) 20
Plasticity index (%) 8.5
Specific gravity (G;) 2.65
$L ©) 32
¢ (kPa) 8
A 1.05
r 1.352
A 0.015
Q 0.55
a -0.255
(o 0.28
y 2.6

Table 1 summarizes the relevant parameters obtained
from the experimental investigation. Drying Soil Water
Characteristic Curve (SWCC) for the soil was determined
using the filter paper technique as per ASTM D5298 — 16
and the experimental data was fitted using Russell and
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Buzzi (2012) model; the obtained SWCC parameters are
given in Table 1. The grain size distribution of the soil is
fractal with a fractal dimension, Dg = 2.6 and s, as a
function of the void ratio by s, = 0.28e7%¢ kPa.

Cavity expansion and contraction simulations were then
performed using the estimated parameters (Table 1) for a
range of initial soil states: p, = 50 kPa to 300 kPa, e, =
0.2 to 0.7 and s; = 0 to 160 kPa. Subsequently, various
plots were generated using the results to examine the
influence of initial soil states (more importantly s,) on the
cavity expansion and contraction characteristics of this soil
as presented below.

5.2 Cavity limit pressure

The cylindrical cavity limit pressure values (p;) are
plotted as a function of p, for a range of e, and s, in
Fig. 5. The initial suction adopted are: s, =40 kPa, 80 kPa,
and 120 kPa and e, = 0.3, 0.4, 0.5, 0.6, and 0.7. As can be
seen in Fig. 5, for any given initial soil state (i.e., p, and
€p), the limit pressure increases with increase in initial
suction because of the increased initial mean effective stress.
However, the effect of suction is found to be more
pronounced in case of lower initial void ratios. Similar
result was observed in case of spherical cavity limit
pressure as well. For example, an increase of suction from
40 kPa to 120 kPa causes an increase in the cylindrical

cavity limit pressure by 8.2% for the case of e, = 0.3;
while the increase is only 2.5% for e, = 0.7 under the
same initial stress state, p, = 100 kPa. This is due to the
higher angle of internal friction at the elastic-plastic
boundary at lower void ratio, which increases the apparent
cohesion effect. The variation of normalized limit pressure
(pL./po) against s, for cylindrical and spherical expansion
cases for different p, conditions is shown in Fig. 6. It can
be noticed from the figure that with the increase in pg, the
effect of suction on limit pressure becomes less significant
due to the reduced relative contribution of suction to the
effective stress as reported by Russell and Khalili (2006).

5.3 Cavity pressure - expansion / contraction curve

The theoretical pressure-expansion-contraction curves
corresponding to a given expansion ratio (ar/a,) can
effectively be utilized for the interpretation of the entire
pressuremeter test results to back-compute the in-situ soil
state as discussed previously. Unlike the existing methods
for unsaturated soils, the proposed solution procedure
allows modelling of unloading after any stage of expansion
while incorporating the evolution of soil state during both
expansion and contraction. Fig. 7 shows typical cylindrical
cavity expansion and contraction curves for different s,
values corresponding to an expansion ratio (as/a,) of 2 (pg

= 100 kPa and e, = 0.4). As evident from Fig. 7, suction
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results in a stiffer response due to the increased effective
stress and apparent cohesion. However, the rate of increase
in cavity pressure decreases with increase in s, as effective
stress parameter () is inversely proportional to suction (Eq.
(4)). Similar results were observed in case of spherical
cavity expansion and contraction as well.

5.4 Plastic radius

The variation of normalized plastic radius (i.e., ratio of
plastic radius to cavity radius; R/a) with the expansion
ratio (a/ay) for a cylindrical cavity at p, = 100 kPa and
ey = 0.4 is shown in Fig. 8. It is evident from the figure that
the rate of increase of R/a ratio is more pronounced up to
an expansion ratio (a/ay) of 2 and beyond that the rate of
increase is marginal. It can also be found from Fig. 8 that
R/a increases with the increase in s,; however, the rate of
change of R/a decreases with the increase in s,. For
example, an increase of s, from 0 to 20 kPa caused to
increase R/a by 8% for spherical cavity and 12% for
cylindrical cavity; the increase in R/a due to the further
increase in s, was not significant. Fig. 9 shows the
normalized plastic radius corresponding to the steady-state
condition [(R/a),] as a function of p, for different s,

values. The initial void ratio, e, was taken as 0.4 for all the
curves. It can be observed from the figure that (R/a),
ratio for a spherical cavity is relatively small when
compared with that for a cylindrical cavity. Similarly, the
rate of increase of (R/a), with p, is not significant for
the spherical cavity case in comparison with the cylindrical
cavity case. For a given s, value, the effect of suction on
(R/a), was found to increase with the increase in p,. The
variation of plastic radius for different initial suction (Figs.
8 and 9) can be helpful while designing test chambers for
model studies (e.g., pile installation and loading, grouting,
calibration studies, etc.) in this or similar lateritic soils.
Since the plastic zone radius for saturated and unsaturation
conditions are different, boundary effect can also be
different if sufficient boundary distances are not provided.

5.5 Reverse yield pressure

Fig. 10 presents the variation of normalized cylindrical
cavity pressure at the onset of reverse yielding (p)/po)
versus the normalized cavity pressure at the end of
expansion (py/p,) for different s, values (p, = 100 kPa,
ey = 0.4). The suction was found to increase the reverse
yield pressure, p, (Fig. 10), though the rate diminishes
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with its increase as in the case of p;. For a given s, value,
the influence of suction on p,. is proportional to p}. The
theoretical variation of p; with p; (Fig. 10) for the given
in-situ soil state (py, ey, and s,) will help in deciding the
safe unloading pressure to obtain unload-reload loops from
pressuremeter tests.

5.6 Radial stress distribution

The prediction of stress state around a cavity at any
stage of expansion or contraction is possible with the
presented solution approach. Fig. 11 shows radial stress
distribution around a cylindrical cavity at the end of
expansion (ar/a, = 2) and at the onset of reverse yielding
for different s, values (p, = 100 kPa and e, = 0.4). The
stress state prediction around an expanding or contracting
cavity has numerous applications; for example, this would
enable estimating the stress field around a tunnel, residual
stress state and thus skin resistance of piles, tie backs, and
soil nails subsequent to the installation and grouting, soil
improvement due to compaction grouting, etc. (Lee et al
2012, Thiyyakkandi ef al. 2013, Li et al. 2019c¢).

6. Conclusions

This paper presents cylindrical/spherical cavity
expansion and contraction solution - procedure for
unsaturated residual soils, incorporating the non-linear soil
response associated with the evolution of soil state. In the
proposed recursive approach, plastic radius is increased
incrementally; for each plastic radius, the plastic region is
discretised into thin elements and the calculation is
progressed from the elastic-plastic boundary towards the
center of cavity. Unlike the existing methods based on self-
similarity technique, which only enable the prediction of
soil state (stress, displacement, soil properties, etc.) at the
limit condition, the presented solution procedure allows the
prediction of all the parameters of interest around a cavity at
any stage of expansion and subsequent contraction. Notably,

the proposed solution procedure integrates the effect of
suction and the variation of soil state on the cavity
contraction as well as expansion responses. The efficacy of
this solution approach for back-computing strength and
stiffness parameters of unsaturated residual soil using the
entire expansion-contraction curve was validated by the
interpretation of pressuremeter test data. The predicted
pressure expansion and contraction responses were in good
agreement with the measured data.

Further, the influence of initial soil state on cavity
expansion and contraction characteristics of lateritic
residual soil along the Western Ghats, India was examined
using the proposed procedure. Charts are provided as a
reference for quick estimation of limit pressure
corresponding to different initial soil states (p,, €q, and s;)
in this soil. It was observed that suction resulted in a stiffer
response due to the increased mean effective stress. Though
suction increases the cavity pressure required for a specified
expansion, its effect was found to be more pronounced at
lower p, and e, values. The rate of increase in cavity
pressure was seen to decrease with the increase of suction.
The loading plastic radii was also found to increase, but at a
decreasing rate, with the increase in suction. For a given s,
effect of suction on the plastic radius was observed to
increase with the increase in p,, which is more striking in
the case of a cylindrical cavity than a spherical cavity. This
suggests that suction can increase the boundary effect in test
chamber studies. The reverse yield pressure was also found
to exhibit a similar trend with the increase in suction, the
prediction of which is vital to ensure that unloading-
reloading loop is purely-elastic while performing a PMT.
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