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1. Introduction 
 

In geophysics, civil engineering, and aerospace 

structural dynamics (wings, fuselage, etc.), the role of a 

reinforced medium is pretty amazing. The idea of 

introducing continuous self-reinforcement at every point of 

an elastic solid was given by Belfied et al. (1983) utilized 

an elastic solid to propose the idea of employing a 

continuous self-reinforcement at each point. Later, Verma 

and Rana (1983) applied this model to a tube’s rotation. In 

the case of a “fiber-reinforced anisotropic elastic medium”, 

the problem of surface waves was discussed by Sengupta 

and Nath (2001). Roy et al. (2017) considered a “rotating 

magneto-elastic fiber-reinforced semi-space” comprising of 

surface stress in order to develop a better understanding of 

the reflection and propagation of plane waves. Othman and 

Said (2012) considered a 2D complexity of a thermoelastic 

comprising of fiber reinforcement and one relaxation time 

in order to understand how the rotation impacts such a 

medium. Sarkar and Atwa (2019) considered type II and 

type III Green-Naghdi theory comprising of two-

temperatures, for the application of general model equations 

and study how the deformation of infinite isotropic space 

which itself is weakened by a finite linear opening mode-I  
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crack, get influenced by the reinforcement. Othman and 

Said (2019) considered a thermoelastic medium facing 

gravity and consisting of an internal heat source to study its 

2D problem of fiber reinforcement. Othman et al. (2014) 

have studied comparison of different theories on the effect 

of rotation on the problem of fiber-reinforced under 

generalized magneto-thermoelasticity subject to thermal 

loading due to laser pulse. Said and Othman (2015) 

demonstrated the influence of the mechanical force and the 

magnetic field on fiber-reinforced medium for the three-

phase-lag model. 

The behavior of these macro-molecular and granular 

materials can be appropriately explained with the help of 

the micropolar theory of elasticity. As per this theory of 

elasticity, the solids can not only undergo rotational and 

translational motions but also, may have to go through 

micro-rotations and macro-deformations. The non-linear 

theory of simple micro-elastic solid was developed by 

Eringen and Subhi (1964). What separates this theory of 

elasticity from the classical one is the fact that a micro-

rotation vector (independent) is introduced in this theory. 

Thus, six degrees of freedom are required for the 

characterization of a body’s motion in the micropolar theory 

of elasticity in which three degrees of freedom come from a 

rotation and the rest three from translation. Thus, in the case 

of a micropolar body, the transmission of interaction 

between two of its parts is carried out with the help of a 

force vector as well as a couple stress tensor and force 

stress tensor The micropolar theory of elasticity was 

developed by Eringen (1966). Parfitt and Eringen (1969) 

considered a micropolar elastic solid half-space and its 

stress-free surface to study the problem of plane waves and 

associated reflections. In micropolar elasticity, Marin et al. 

(2020), Kumar and Singh (1996), Kumar and Rani (2004), 

Kumar and Deswal (2001), Othman and Singh (2007), Xue 
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et al. (2010), Sarkar and Lahiri (2013), Sarkar (2014), 

Sarkar and Atwa (2019), Sarkar and Modal (2019), Zhang et 

al. (2015), Zhang et al. (2017), Barak and Kaliraman (2014), 

Khurana and Tomar (2019), Marin et al. (2013), Abbas and 

Marin (2018), Othman and Song (2009) investigated 

numerous problems based on the propagation of waves.  

Said and Othman (2016) considered a “two-temperature 

fiber-reinforced magneto-thermoelastic medium” along 

with the 3PHL model to elicit details on the propagation of 

waves in them. Othman et al. (2019) too utilized the same 

source with the 3PHL model under the gravitational 

influence in order to apply the normal model analysis for 

the introduction of a novel model of plane waves. Despite 

of these several researchers working on different theories of 

thermoelasticity as Marin (2010), Sarkar et al. (2019), 

Sarkar and Modal (2020), Lata and Kaur (2020), Lata and 

Zakhmi (2019), Hobiny and Abbas (2020).  

In this work, the problem is a two-temperature fiber-

reinforced micropolar thermoelastic medium with voids 

under the influence of rotation, variable thermal 

conductivity, and mechanical force. The memory-dependent 

derivative used in instead of fractional calculus, into the 

four theories, the three-phase-lag model, the dual-phase- lag 

model, Green-Naghdi theory (GN II, GN III), coupled 

theory, and Lord˗Shulman (L-S) theory with one relaxation 

time. The effect of mechanical force, magnetic field, 

rotation, two-temperature parameter, and kernel function on 

the physical quantities is presented graphically. 

 

 

2. The basic equations of the problem 
 

A problem of a two-temperature fiber-reinforced 

micropolar thermoelastic medium with voids in xy  plane 

with micro-rotation vector 3(0,0, ) . The field 

equations and constitutive relations can be written as 

Belfied et al. (1983) and Choudhuri (2007) in the context 

of generalized thermo-elasticity as follows 

 

2.1 The stress-strain relation 
 

2 ( ) 2( )(ij kk ij T ij k m km ij i j kk L T i k kjσ λ e δ μ e α a a e δ a a e μ μ a a e       
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    ( ),ij ij ijγ θ δ P w δ    

(1) 

 

2.2 The equations of motion 
 

[ { ( )} 2( ) ]i i i ji, jρ u σ     u u    (2) 

 
2.3 The heat conduction equation 
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The relation between thermodynamic temperature   

and conductive temperature   is: ii,  .  

 

2.4 The equations of void and micropolar materials 
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where )(
2

1
ij,ji,ij uue   are the components of strain,

ijσ  

are the components of stress, ,  are the elastic 

constants, ),( TL μμ β,α,   are reinforcement parameters, 

t is the thermal expansion coefficient, ijr  is the 

alternate tensor, 
ijδ  is the Kronecker delta, ψ  is the 

change in the volume fraction field, ,TTθ 0  where T  

is the temperature above the reference temperature T0, P  

is the initial stress, *K  is the additional material constant, 

K  is the coefficient of thermal conductivity, 
EC  is the 

specific heat at constant strain,
10,nn  are integers, 

T  is 

the phase-lag of temperature gradient, q  is the phase-lag 

of heat flux, v  is the phase-lag of thermal displacement 

gradient, δ  two–temperature parameter,   is the mass 

density, 1α , 1β ,
1 1,k  are the material constants, 

mααα,α,α ,,, 65432
 are material constants due to the 

presence of voids, 
ilm  is the couple stress tensor, and J is 

microinertia.
1 2 3( )a ,a , aa , 2 2 2

1 2 3+ + =1.a a a  We 

choose the fiber-direction as (1 0 0), ,a . Dwi is the 

memory-dependent derivative operator is defined as Sarkar 

et al. (2019), 
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The parameter iw  is the time-delay and )( tL  is 

the kernel function in which they can be chosen freely; see 

Caputo(1967), Caputo and Mainardi (1971) for more 

explanations. 
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In the present paper we take )()(  tmqtL , 

where mq,  are constant. 

To facilitate the solution, following dimensionless 

quantities are introduced 
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Using Kirchhoff transformation (Noda 1986) 
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Where K0 is a constant which is equal to the thermal 

conductivity of the material when it does not depend on the 

thermodynamic temperature and Ki is a non-positive small 

parameter.  
Using new functions to express heat conduction in the 

Kirchhoff transformation (Noda 1986) 
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(11) 

Using Eqs. (10) and (11), we get 

),
2

1( 1
1 Φ

K
Φ        ).

2
1( 1

2 
K

  (12) 

For linearity, then the above equation will be reduced to 
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Using the above Eqs. (2)-(5), we get  
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where 'iB s  are given in the appendix.   

 
 

3. The analytical solution of the problem 
 

The problem is solved using the Laplace and Fourier 

transform defined by 

,),,(),,(
0
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Introducing Eqs. (19) and (20) in Eqs. (14)˗(18), thus we 

get 
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where Ni’s are given in the Appendix and 
dy

d
D  . 

The system of Eqs. (21)-(25) are solved to obtain 
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where 
iE ’s are given in the appendix.    

The solution of Eq. (26) bound as ,y  is given by 
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In similar manner, we get  
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Using Eqs. (9), (19, 20), (27)- (32) in Eqs. (1) and (6), 

we get 
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Where inH ’s are given in the Appendix.       

 
 
4. Boundary condition 
 

In the physical problem, we should suppress the positive 

exponentials that are unbounded at infinity. The constants 

54321 ,,,, IIIII  have to chosen such that the boundary 

conditions on the surface at 0y   take the form  
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Where 
321 ,, PPP  are the magnitudes of mechanical 

force, thermal source and volume source respectively. )(x  

is the Dirac-delta function and in this paper, we consider 

two types of loads on the plane boundary for which is as 

defined below 
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4.1 Continuous load 
 

Substituting Eqs. (31)-(35) in Eqs. (36), we can obtain 

the following equations satisfied with the parameters 
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After applying the inverse of the matrix method, we 

have  
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4.2 Impact load 
 
We can obtain the following equations satisfied with the 

parameters 
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After applying the inverse of the matrix method, we 

have  
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After obtaining 
21,  the conductive temperature and 

the thermodynamic temperature can be obtained by solving 

Eq. (12) to give 
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5. Special cases 

  
5.1 If P1=1, P2=0, P3=0, we obtain the corresponding 

expressions for normal force applied on the plane surface. 
 

5.2 If P1=0, P2=1, P3=0, then the corresponding 

expressions yield the results for thermal sources. 

 

5.3 If P1=0, P2=0, P3=1, then the corresponding 

expressions are obtained for volume fraction field sources. 

 

 

6. Inversion of The transforms 
 

The transformed displacements, thermodynamic 

temperature, the conductive temperature, the stress 

components, the change in the volume fraction and the 

tangential couple stress are the functions of y and the 

parameters s  and   of Laplace and Fourier transforms 

respectively and hence are of the form ),,(* syf  . To obtain 

the solution of the problem in the physical domain, we 

invert the Laplace and Fourier transforms by using the 

method described by Kumar and Rani (2004). 

 

 

7. Numerical calculations and discussion 
 

To study the influence of a magnetic field and gravity on 

wave propagation, we use the following physical constants 

for generalized fiber-reinforced micropolar thermoelastic 

materials (Said and Othman 2020) 
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285 dyne/m ,k 
   

3 10.787 10 .kg.K ,EC  
 

1 1150w.m .Κ ,K     

3 0.07,   

1 0.04,  0.02,t  0.2,x  0.5,n  0.3,q   

1 0.07,   0.7,q  0.5,T  0.3,  1 0.8,K  

0 20.y   

 

The void parameters are taken as (Othman and Said 

2019) 
5

2 3.668 10 dyne,α   2
3

101.475 10 dyne/cm ,  
 

3 2
4 0.0787 10 dyne.sec/cm ,  

6 22 10 N m K,m  
 

5
10 21.13849 10 dyne/cm ,   15 2

6 1.753 10 dyne/cm .    

 

The comparisons have been made in the context of three 

theories of thermoelasticity, namely; (3PHL), (G-N: III)) 

and (L-S), in four situations: 

(i) Two values for rotation parameter 

0.4). ,0.2(   

(ii) Whether we have one temperature or two 

temperature  

 ( 0.8   and 0  ). 

(iii) With and without initial stress (p=100 and p=0).  

(iv) Two types of mechanical loads (continuous load 

and impact load). 

(v) Effect of thermal conductivity (K1= -0.8, K1 = -

1.2). 

 

7.1 The effect of rotation 
 
Figs. 1-5 show the variations of the non-dimensional 

thermodynamic temperature ,  the stress component. 

,xy
 

the couple stress tensor component myz, the change in 

the volume fraction field   and the Micro rotation 

component 3, respectively, for two different values of 

rotation parameter 0.4) ,0.2(  , 0.8,  p=100, 

K1=0.08. 
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Fig. 1 The variation of thermodynamic temperature   for 

different theories at two values of rotation 

 

 
Fig. 2 The variation of stress component xy for different 

theories at two values of rotation 

 

 
Fig. 3 The variation of the couple stress tensor component 

yzm for different theories at two values of rotation 

 

 

In each graph, there are six curves predicted by the three 

models 3PHL, G-N: III, and L-S, considered in this work.  

 
Fig. 4 The variation of the change in the volume fraction 

field  for different theories at two values of rotation 

 

 
Fig. 5 The variation of the microrotation component 3  for 

different theories at two values of rotation 

 

 

In these figures, the solid lines represent the solution in 

the 3PHL model, the dashed lines represent the solution 

derived using the G-N III theory and the dot lines represent 

the solution in L-S theory. Here all the variables are taken in 

non-dimensional forms. We noticed that, the rotation 

parameter has a significant effect on all fields. Fig. 1 

investigated the variation of thermodynamic temperature 
, with distance y in this figure, the magnitude of the 

thermodynamic temperature and the conductive temperature 

are decreasing with decreasing the value of rotation 

parameter. Fig. 2 displays the variation of the stress 

component ,xy against the distance .y  We noticed that 

the stress components have been affected by the rotation, 

where the increasing of rotation parameter causes a 

decreasing in value of .xy  These figures also show that 

the boundary conditions are identically satisfied by the 

stress components. Figs. 3-5 illustrate the variation of the 

couple stress tensor component myz, the change in the 

volume fraction field  and the Micro rotation component 

3 versus .y It is also manifested from the figures that 

increase values of rotation are having an increase effect on 

the magnitude of ,yzm  and 3.  
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Fig. 6 The variation of thermodynamic temperature   for 

different theories at two values of two temperature 

parameter 

 

 
Fig. 7 The variation of stress component xy for different 

theories at two values of two temperature parameter 

 
 

7.2 One temperature or two temperatures 
 

Figs. 6-10 show the variations of the non-dimensional 

thermodynamic temperature , the stress component
 

,xy
 

the couple stress tensor component ,yzm  the change in 

the volume fraction field  and the micro-rotation 

component 3, respectively, for one temperature ( 0)  and 

two temperatures ( 0.8)  at 0.2,  100,p  1 0.8.K  
 

Fig. 6 explains that the distribution of thermodynamic 

temperature , begins from positive values. In the context 

of three theories, the values of the thermodynamic 

temperature ,  for two temperatures are large compared 

to those for one temperature in the range 1;y   small 

in the range 20,y  while the values are the same for 

two cases at 20.y  Fig. 7 exhibits the distribution of the 

stress component xy and demonstrates that it reaches a  

 
Fig. 8 The variation of the couple stress tensor componen

yzm for different theories at two values of two temperature 

parameter 

 

 
Fig. 9 The variation of the change in the volume fraction 

field  for different theories at two values of two 

temperature parameter 

 

 

zero value and satisfies the boundary condition at y = 0. In 

the context of the three theories, the two temperature 

parameter decrease the magnitudes of .xy  Fig. 8 depicts 

the distribution of the couple stress tensor component myz 

and demonstrates that it reaches a zero value and  satisfies 

the boundary condition at y = 0. By comparing two solution 

curves it is found that absolute values of myz are smaller in 

the presence of two temperature parameter. Fig. 9 shows the 

distribution of the change in the volume fraction field ,

the values of  for two temperatures are large compared to 

those for one temperature in the range 7;y    small in 

the range 20,y    while the values are the same for 

two cases at 20.y   ig. 10 has been plotted to observe the 

effect of two temperatures parameter on the micro-rotation 

component 3  against distance y For both cases, the 

amplitude distribution of 3 decreases owing to increasing 

values of two-temperature discrepancy. 
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Fig. 10 The variation of the microrotation component 3  

for different theories at two values of two temperature 

parameter 

 

 
Fig. 11 The variation of thermodynamic temperature   for 

different theories at two values of initial stress parameter 

 

 

7.3 Effect of initial stress 
 
Figs. 11-15 show the variations of the non-dimensional 

thermodynamic temperature , the stress component
 

,xy  

the couple stress tensor component myz, the change in the 

volume fraction field  and the micro-rotation component 

3, respectively, with and without initial stress (p =100 and 

p =0). The initial stress parameter has a significant role in 

the distribution of all physical quantities in the problem. Fig. 

11 shows the distribution of the thermo-dynamic 

temperature   versus the distance .y The values of the 

temperature   for presence initial stress are large 

compared to those for absence initial stress in the range 
20,y    while the same values at 20.y   Fig. 12 

shows the distribution of the stress component
 xy versus 

the distance .y  It is found that, the magnitude of the stress 

component
 xy increases with the increase of the 

parameter of initial stress. Fig. 13 shows the distribution of  

 
Fig. 12 The variation of stress component xy for different 

theories at two values of initial stress parameter 

 

 
Fig. 13 The variation of the couple stress tensor component

yzm for different theories at two values of initial stress 

parameter 

 

 
Fig. 14 The variation of the change in the volume fraction  

field  for different theories at two values of initial stress 

parameter 
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Fig. 15 The variation of the microrotation component 3 for 

different theories at two values of initial stress parameter 

 

 
Fig. 16 The variation of the stress component xy for 

different theories at two kinds of mechanical loads 

 

 

the couple stress tensor component .yzm  It can be seen 

that the magnitude of yzm  is found to be large for the 

presence of initial stress in the range 4;y    small in 

the range 4 20,y   while the values are the same for 

two cases at 20.y   Fig. 14 indicates the distribution of 

the change in the volume fraction field .  It is clear that, 

the initial stress acts to increase the magnitude of the 

change in the volume fraction field. Fig. 15 shows the 

distribution of the Micro rotation component 3  against 

distance .y For both cases, the initial stress acts to decrease 

the magnitude of the micro-rotation component. 

 

7.4 The influence of the mechanical loads 
 

Figs. 16-19 show the variations of the physical 

quantities, which demonstrate the effects of the mechanical  

 
Fig. 17 The variation of the couple stress tensor component 

yzm for different theories at two kinds of mechanical loads 

 

 
Fig. 18 The variation of the change in the volume fraction 

field  for different theories at two kinds of mechanical 

loads of initial stress parameter 

 

 

loads (continuous load and impact load) on the variations of 

the considered variables when 1 2 3 0.1,p p p   at 

0.8. 100, 0.2, 0.8, 1  Kp These figures evidence 

that, the behavior of all models may be the same with 

different amplitudes. Fig. 16 indicates the variation of the 

stress component xy versus .y  In this figure, the impact 

load increases the values of stress component ,xy  also, it 

is observed that: in the context of the three theories, the 

values of the tangential stress component xy start from a 

zero, which satisfy the boundary conditions. Fig. 17 studies 

the variation of the couple stress tensor component myz. It is 

observed that: the values of myz for the continuous load are 

large compared to those for the impact load in the range 
1;y   small in the range 3;y   large in the range 

20;y   while the values are the same for two cases at 

20.y   Fig. 18 investigates the variation of the change in 

the volume fraction field  against distance .y  
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Fig. 19 The variation of the microrotation component 3  

for different theories at two kinds of mechanical loads 

 

 
Fig. 20 The variation of thermodynamic temperature   for 

different theories at two values of thermal conductivity 

parameter. 

 

 

In this figure, the impact load increases the values of .  

Fig. 19 shows the distribution of the micro-rotation 

component 3  against distance .y  It is found that, the 

values of 3  for the continuous load are large compared to 

those for the impact load in the range 17,y    while 

the values are the same for two cases at 17.y   

 

7.5 Effect of thermal conductivity 
 

Figs. 20-23 display the variations of the non-

dimensional thermodynamic temperature
 

, the couple 

stress tensor component myz, the change in the volume 

fraction field  and the microrotation component 3,

respectively, for different values of the thermal conductivity 

( 1 0.5K    and
 1 1K   ), i.e. this study considers that 

thermal conductivity depends on the temperature. Figs. 22   

 
Fig. 21 The variation of the couple stress tensor component 

myz for different theories at two values of thermal 

conductivity parameter 

 

 
Fig. 22 The variation of the change in the volume fraction  

field  for different theories at two values of thermal 

conductivity parameter 

 

 
Fig. 23 The variation of the microrotation component 3  

for different theories at two values of thermal conductivity 

parameter 

 

 

against the distance y. We noticed from these figures that, 

the values of physical quantities at 1 0.8K    are larger 
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than the values of physical quantities at 1 1.2.K    Figs. 

20, 21 and 23 demonstrate the variation of the non-

dimensional thermodynamic temperature , the couple 

stress tensor component myz and microrotation component 

,3  respectively. It is observed that: the values of variables 

at 1 0.8K   are smaller than the values of variables at 

1 1.2.K    It is observed that any small changes in the 

thermal conductivity lead to a considerable change in the 

propagation of wave behavior. Moreover the distinguishing 

curves of the physical quantities start from their initial 

values, and then begin to coincide, finally approaching zero 

value for large distance .y  

 
 

8. Conclusions 
 

The following points will help to conclude our present 

investigation: 

 The theory of two-temperature generalized thermo-

elasticity describes the behavior of the particles of the 

elastic body more real than the theory of one 

temperature generalized thermoelasticity. 

 Theoretical as well as numerical results reveal that all 

the field variables are sensitive towards rotation and 

temperature discrepancy. 

 The variable thermal conductivity and initial stress 

play a great role in our study, which have a significant 

effect on all fields.  

 The continuous and impact loads have a good effect on 

all the physical fields.  

 All figures display that the variations of all field 

quantities in the context of the 3PHL, G-N III and L-S 

theories of thermoelasticity follow similar trends. 

 Deformation of a body depends on the nature of forced 

applied as well as the type of boundary conditions. 

 The method used in the present article, Laplace-

Fourier transforms technique, is applicable to a wide 

range of problems in thermodynamics. 
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