Geomechanics and Engineering, Vol. 28, No. 1 (2022) §9-105
https://doi.org/10.12989/gae.2022.28.1.089

89

Distribution of elastoplastic modulus of subgrade reaction for analysis of raft

foundations

Kamran Rahgooy?, Amin Bahmanpour*, Mehdi Derakhshandi® and Ahad Bagherzadeh-Khalkhali®
Department of Civil Engineering, Science and Research Branch, Islamic Azad University, Tehran, Iran
(Received December 24, 2020, Revised October 5, 2021, Accepted December 1, 2021)

Abstract. The behavior of the soil subgrade is complex and irregular against loads. When modeling, the soil is often replaced
by a more straightforward system called a subgrade model. The Winkler method of linear elastic springs is a popular method of
soil modeling in which the spring constant shows the modulus of subgrade reaction. In this research, the factors affecting the
distribution of the modulus of subgrade reaction of elastoplastic subgrades are examined. For this purpose, critical theories about
the modulus of subgrade reaction were examined. A square raft foundation on a sandy soil subgrade with was analyzed at
different internal friction angles and Young's modulus values using ABAQUS software. To accurately model the actual soil
behavior, the elastic, perfectly plastic constitutive model was applied to investigate a foundation on discrete springs. In order to
increase the accuracy of soil modeling, equations have been proposed for the distribution of the subgrade reaction modulus. The
constitutive model of the springs is elastic, perfectly plastic. It was observed that the modulus of subgrade reaction under an
elastic load decreased when moving from the corner to the center of the foundation. For the ultimate load, the modulus of

subgrade reaction increased as it moved from the corner to the center of the foundation.
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1. Introduction

A raft foundation is a type of shallow foundation that is
usually used for buildings located on soft soil or that should
transfer large loads to the ground. Essentially, a raft
foundation is a rigid slab that acts as a single member that
tolerates the column load and transfers it to the ground over
the entire surface of the structure. The load-bearing capacity
and settlement must be controlled when designing a raft
foundation. Study of the effects of the interaction between
the soil and structure is of special importance, particularly
for the modulus of subgrade reaction. This parameter is
dependent on the geometric specifications of the foundation
and the mechanical properties of the soil.

Several methods have been proposed to obtain the
modulus of subgrade reaction, including numerical methods
such as the Winkler method. The design of structures with
raft foundations is often performed by static analysis of
concrete foundations on Winkler springs. When Winkler's
method (1867) for obtaining the modulus of subgrade
reaction has been simplified, it has been proven that
incorrect results are obtained. This effect is due to the lack
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of bending moments in the raft foundations, shear stresses
in the soil, the independence of the Winkler springs and the
failure to consider settlement around the foundation soil
(Bowles 1997).

The first and simplest model for investigating soil-
foundation interaction is the model proposed by Winkler
(1867). In this model, the deformation of a point of the soil
subgrade is assumed to be proportional to the amount of
stress at that point and the effect of stress on and
displacement of the other points is ignored. Hertz (1884)
first used this model to study the soil-foundation interaction.
Zimmerman (1888) used this model to study the stress and
settlement on railway tracks. This model has been widely
used for the analysis of beams and plates on elastic
subgrades, especially by Hayashi (1921) and Vlasov and
Leontiev (1966). Terzaghi (1955) provided a method for
estimating spring constants when determined the modulus
of subgrade reaction.

Most research on determination of the horizontal and
vertical modulus of subgrade reaction was done by Terzaghi
(1955). Among the factors examined by Terzaghi (1955),
were the foundation dimensions, the shape of the
foundation and its depth. Terzaghi used a plate loading test
on the ground using a plate with a 1-inch diameter and these
results were extended to other foundation widths. It has
been suggested that the approximate horizontal and vertical
modulus of subgrade reactions in different soils should be
determined.

Other researchers who have examined the plate loading
test for determination of the modulus of subgrade reaction
include Miner and Seaston (1955), Bond (1961), Teng
(1962), Broms (1964), Bowles (1997), Beri (1987), Arnolds
(1980), Al Sand (1933) and Ismael (1985, 1996). Kome et
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al. (2008) calculated the transverse deformation of
foundations using the Winkler model. Ziaece Moayed (2012)
calculated the transverse deformation of the foundations
using the Winkler (1867) model. These studies included
examination of the effect of the foundation dimensions, soil
layers and soil stress and strain on the modulus of subgrade
reaction. Each of the many researchers who have
investigated this parameter have studied the factor in
different soil types with different loadings. These include
Holtz (1991), Worku (2009), Dey et al. (2011), Garg and
Hora (2012), Abdoulaye Shall e al. (2013), Naeini et al.
(2014), Basil (2015), Lee et al. (2015), Jeong et al. (2017),
Figueira et al. (2018), Jamil and Ahmad (2019), and Teli et
al. (2020). The effect of the variations in the modulus of
subgrade reaction in the inelastic load range in rigid piles
under lateral load has been analyzed by Qin and Dong Guo
(2014). Meanwhile, some other studies have used
optimization methods for the similar application but related
to renewable energy advancement (Amini et al. 2020,
Amini et al. 2021).

Because of the simplifications introduced in these
theories, the behavior displayed by the soil is, in most cases,
not the same as the actual behavior of the soil and there
were some approximations. The approximations can cause
errors in the calculation of the modulus of subgrade reaction
at times. It should be noted that, when using a simplified
model, the results should be acceptable and the
approximation should not cause significant error. The
relationships introduced by Biot (1937), Reti (1967), and
Bowles (1997) assume that the modulus of subgrade
reaction across the foundation is the same.

The present research investigated the factors affecting
the modulus of subgrade reaction in the design and analysis
of foundations. The finite element method has been used for
numerical modeling. This research investigates the effect of
factors such as the modulus of elasticity and friction angle
of sandy soil on the modulus of subgrade reaction. The
distribution of the modulus of subgrade reaction in the
longitudinal direction of the raft foundation under the
ultimate load, half-ultimate load and elastic load have been
examined. As a result, a raft foundation is proposed that has
been modeled on springs with an elastic, perfectly plastic
constitutive model.

2. Methodology

In this study, 3D finite element (FE) analysis has been
used to establish accurate estimates of the raft deflections.
The analysis was performed using the FE software
ABAQUS. The computational model consisted of a block
of 8-node first-order hexahedral elements (C3D8)
representing the soil and foundation.

The Mohr-Coulomb constitutive model was used for
convergence and a small cohesion value of 1 KPa has been
assumed for the soil. Internal friction angles of 35°, 37°,
and 39° were considered. This small range for the internal
friction angle has been used because of the considerable
effect of shear strength, bearing capacity and ultimate load
distribution from the soil friction angle under a sandy soil

Table 1 Material specifications of soil

Modulus of elasticity Internal friction

Poisson's ratio

Model (MPa) angle

° Eq ¢
A-1 0.3 123 39
B-1 0.3 80 39
C-1 0.3 50 39
A-2 0.3 123 37
B-2 0.3 80 37
C-2 0.3 50 37
A-3 0.3 123 35
B-3 0.3 80 35
C-3 0.3 80 35

Table 2 Material specifications (Loukidis and Tamiolakis
2017)

Material Value
Es(MPa) 10
E.(GPa) 32
Us 0.3
Ue 0.2

y  (kKN/m’) 17.62
¥e(kKN/m?) 24

foundation. The modulus of elasticity of the sandy soil was
selected to be 50, 80, and 123 MPa. The elasticity and
plasticity specifications of the sandy soil are given in Table
1.

The concrete foundation had a modulus of elasticity (E,)
of 2.1 GPa and a Poisson's ratio (¢.) of 0.2. The soil had a
modulus of elasticity (E;) of 10 MPa and a Poisson's ratio
(ug) of 0.3. The specific weight of concrete (y,) in the
foundation and soil (y) were 24 and 18.1 kN/m’
respectively. Table 1 shows the specifications of the
materials used. A raft foundation with dimensions of
10x10x0.5 m has also been considered in the modeling.

The soil was modeled as an isotropic continuum with
yielding that is described by the Mohr-Coulomb yield
criterion as

T=c+o,tang (1)

In Eq. (1), ¢ is the cohesion of the soil, g, is the
normal vertical stress, ¢ is the internal friction angle and,
T is the shear stress.

For verification, the results of FE analysis by Loukidis
and Tamiolakis (2017) have been used. In their research, a
concrete slab with dimensions of 10x10x0.5 m was placed
on an elastic subgrade with sandy soil having the
specifications listed Table 2. Concentrated loads then were
positioned at the edges and the center of the slab, as shown
in Fig. 1.

After loading in ABAQUS, the amount of settlement
under the foundation is measured from the edge to the
center. Then these results are compared with the results
obtained in the modeling of Loukidis and Tamiolakis
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Fig. 1 Load applied to foundation and dimensions of concrete slab (Loukidis and Tamiolakis 2017)
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Fig. 2 Relative settlement between current model and Loukidis and Tamiolakis (2017)

(2017). Fig. 2 compares the relative settlement from the
present research and that of Loukidis and Tamiolakis
(2017). The relative settlement (w/w,) error in the direction
of the foundation length at the center and edge of the
foundation was 0.09% and 1.1%, respectively, which is
acceptable.

3. Results

The effect of the modulus of elasticity and internal
friction angle of the soil on the distribution of the modulus
of subgrade reaction and its effect on the stiffness of
elastoplastic springs were investigated and the results are
presented in this section. In the elastic load, the half-
ultimate load, and the ultimate load, the distribution of the
modulus of subgrade reaction were investigated.

In this study, a uniform distributed load is applied to the
raft foundations in ABAQUS software. The intensity of the
uniform distributed load increases from zero to the ultimate
limit state.

3.1 Distribution modulus of subgrade reaction in
elastic range in sandy soil

Fig. 3 shows the 2D and 3D distributions of the relative
modulus of subgrade reaction in the elastic range for
modulus of elasticity values of 50, 80, and 123 MPa.

It was observed that, by moving from the corner to the
center of the slab in the elastic range, the modulus of
subgrade reaction of the foundation decreased. This means
that, in the elastic range, the modulus of subgrade reaction
at the corners of the foundation has been maximized.
Overall, the value of the relative modulus of subgrade
reaction decreased by 12.3% with a decrease in the modulus
of elasticity from 123 to 50 MPa.

In the elastic range, with an increase in the modulus of
soil elasticity, the modulus of subgrade reaction decreased
when moving from the corner to the center of the slab. For
example, for a modulus of elasticity of 123 MPa, the rate of
reduction of the modulus of subgrade reaction was 33%.
With a reduction in the modulus of elasticity to 50 MPa, the
modulus of subgrade reaction decreased by 50%.
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Fig. 4 Distribution of relative modulus of subgrade reaction for half-ultimate load at Es = 123 MPa

3.2 Distribution of modulus of subgrade reaction for

h 35°, 37° and 39° using two forms of continuum FE as well
the half-ultimate load

as vertical elastic, perfectly plastic discrete springs instead

) ) o of the casing soil. Figs. 4 to 6 show the 2D polynomials of
The sandy soil was examined at modulus of elasticity the modulus of subgrade reaction for the half-ultimate load

values of 123, 80 and 50 MPa and internal friction angles of at friction angles of 35° to 39° and modulus of elasticity
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Fig. 6 Distribution of the relative modulus of subgrade reaction for half-ultimate load at Es = 80 MPa

values of 50 to 123 MPa for a raft foundation in sandy soil.

For the half-ultimate load, the modulus of subgrade
reaction increased as it moved from the corner of the slab to
the center. This means that, for the half-ultimate load, the
modulus of subgrade reaction at the corners of the
foundation were minimized. When moving from the corner
to the center of the slab, the modulus of subgrade reaction
for a modulus of elasticity of 123 MPa and friction angle of
35° increased 2.7- to 3-fold.

3.3 Distribution of modulus of subgrade reaction for
ultimate load

Sandy soil with a modulus of elasticity of 50, 80 and
123 MPa, internal friction angles of 35°, 37°, and 39° for
two forms of continuum FE and vertical elastic, perfectly
plastic discrete springs instead of casing soil was examined.
The 2D and 3D polynomials of the modulus of subgrade
reaction for the ultimate load at friction angles of 35° to 39°
and modulus of elasticity values of 50 to 123 MPa for raft
foundations in sandy soil are shown in Figs. 7-9.

The modulus of elasticity was held constant at this stage
and the friction angle was varied from 35° to 39°. The
settlement and load were verified for the ultimate load. The
curves show that, for the ultimate load, as the modulus of
subgrade reaction moved from the corner of the foundation
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Fig. 8 Distribution of the relative modulus of subgrade reaction for the ultimate load at E; = 80 MPa

to the center, it increased 2.4 to 3.25 times. As it moved
from the corner to the center of the slab, the modulus of
subgrade reaction for a modulus of elasticity of 123 MPa
and friction angle of 35° increased 3-fold. It can be said

that, in the plastic range (ultimate load), the modulus of
subgrade reaction at the corners of the foundation were
minimized.

Reducing the friction angle from 39° to 35° at a constant



Distribution of elastoplastic modulus of subgrade reaction for analysis of raft foundations 95

-
o =
S
(al) 3D Distribution (¢ = 39°)
K
N-,
B M-1;;",;;;.-?";_;—”;;,,"3_,‘,;;‘_77;:7_,_,;;——-f(;j,"};" o
(b1) 3D Distribution (¢ = 37°)
P y
Kl

Toes ol

e ey A5 M
2 Y T R
X ! T s M

(c1) 3D Distribution (¢ = 35°)

modulus of elasticity reduced the modulus of subgrade
reaction by 30%. This occurred because the stress
distribution under the foundation in the soil was not
uniform and the final stress at the corners of the foundation
was less than the final stress at the center. At the center of
the foundation, the confining stress was greater than the
confining stress at the corners and edges of the foundation
because shear failure requires less vertical stress at the
corners (Rajashekhar ef al. 2011). This reduced the modulus
of subgrade reaction in the plastic range at the corners and
edges of the foundation.

3.4 Results of stress-displacement curve

Figs. 10(a)-10(c) shows the stress-displacement curvesat
the center of the foundation for modulus of elasticity values
of 50, 80, and 123 MPa and internal friction angles of 35°,
37° and 39°.

Figs. 10(a)-10(c) shows that, at a single modulus of

" s s

(c2) 2D Distribution (¢ = 35°)

(c2) 2D Distribution (¢ = 35°)
Fig. 9 Distribution of the relative modulus of subgrade reaction for the ultimate load at £; = 50 MPa

elasticity and constant settlement, the final stress increased
as the internal friction angle increased. When the modulus
of elasticity increased and the friction angle and settlement
were held constant, the vertical stress increased. An increase
in the modulus of elasticity from 50 to 123 MPa increased
the final stress by 50%. This demonstrates that the effect of
the modulus of elasticity is significant when calculating the
final stress. The time-history curve for vertical stress is
shown in Fig. 11 for the corner and center of the foundation
at modulus of elasticity values of 50 and 80 MPa at an
internal friction angle of 35°.

As shown in Fig. 11, the amount of stress at the
foundation corners at the final moment (ultimate load) was
less than the amount of stress at the center of the
foundation. It was observed that the amount of vertical
stress in the center of the foundation was about 2.3 times
greater than the stress at the corner. Fig. 12 shows the
results for final displacement of the foundation ().
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3.5 Mass-spring modeling results vs. continuum finite perfectly plastic condition. This stage of modeling was done

element analysis (cFEA) model after the initial analysis. Back calculations is used for mass-
) ) ) ) springs modelling to obtain a elastoplastic model for springs

The forces created in the springs were investigated and (load-displacement).
the results were used to model the load-settlement curve in The linear springs and elastoplastic springs do not

a cFEA in the mass-spring modelling stage for the elastic, stretch at any point because the tensile strength of sandy
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Fig. 12 Final displacement curve for ultimate stress

soil is very low; therefore, in the initial analysis, the
stretched springs were identified and then removed from the
model and it then was reanalyzed. This stage continued
until none of the springs had stretched. The ultimate stress
and final settlement of the springs are presented in Figs. 13
and 14. In Fig. 13, the average error obtained was 0.7%,
which is acceptable. It could be observed that the vertical
stress increased when moving from the corner to the center
of the foundation.

Figs. 13 and 14 show that the results of both the cFEA
and mass-spring (SP) models were very similar, such that
the displacement error between the discrete spring model
and the cFEA model was 5.6%. In general, it can be stated
that moving from the edge to the center of the foundation
decreased the displacement. It can be said that, when the
springs are modeled, settlement at the foundation corners is
less than at the center after the application of an extensive

load. This occurs because the stiffness of the springs at the
corners in the plastic range is less than that of the springs at
the center.

3.6 Proposed equations for modulus of subgrade
reaction distribution

The spatial distribution of the relative modulus of
subgrade reaction in the elastic range is a six-degree
symmetric polynomial (Fig. 3). The coefficients of Eq. (5)
are listed in Table 3. ¢y, ¢;, ¢;, b;and b, are the
coefficients of Eq. (5). In Eq. (2), coefficient K. is the
relative modulus of subgrade reaction in the elastic load
range. This is the ratio of the modulus of subgrade reaction
at the desired point on the raft foundation, K, to the
modulus of subgrade reaction at the corner of the
foundation, KSCE.
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In Eq. (3), coefficient X is the relative length of the raft
foundation, in which x is the length of the desired point
from the origin of the coordinate, assuming that this origin
is at the corner of the foundation and B is the width of the
foundation.

X=3 3)

In Eq. (4), coefficient Y is the relative width of the raft
foundation, y is the width of the desired point from the

3
x (m)
Fig. 14 Final vertical displacement along the central axis of the foundation

5 6

origin of the coordinate assuming that this origin is at the
corner of the foundation and L is the length of the
foundation.

y

Y =7 (4)

In Eq. (6), H is the height of the bottom layer of the
foundation in terms of unit length and A is the area of the
foundation in terms of square units of length. The factors
sy,and sy, introduce the influence of the presence of an
undeformable substratum at depth H below the raft
foundation and the area of the foundation 4. The factors
sy and s, introduce the influence of the length (x) and
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Table 3 Coefficients for Eq. (5)

E;(MPa) Co c1 Cy by b,
123 0.67 2.6 2.6 -0.8121 -0.812
80 0.58 2.7 2.7 -0.84 -0.84
50 0.508 2.72 2.72 -0.8446 -0.8446
Table 4 Coefficients for Eq. (8)
Coef A-1 B-1 C-1 A-2 B-2 C-2 A-3 B-3 C-3
¢y 3.835 3.078 2.553 2.977 2.781 2.644 2.614 2.446 2.323
c 1.322 2.584 3.464 1.842 2.24 2.633 2.947 3.331 3.373
cy 1.322 2.584 3.464 1.842 2.24 2.633 2.947 3.331 3.373
b1 -1.05 -1.05 -1.05 —1.0542 —-1.037 —-1.025 —-1.033 -1.018 —1.004
b, —1.05 -1.05 -1.05 —1.0542 —-1.037 —-1.025 —-1.033 -1.018 —1.004
a -9.207 -9.207 28.86 —-1.004 —15.52 —-7.164 —1.551 7.404 —15.4
b —1.004 —1.462 —8.949 —-1.004 —-3.373 —-1.028 1.267 3.416 5.479
Table 5 Coefficients for Eq. (10)
Coef A-1 B-1 C-1 A-2 B-2 C-2 A-3 B-3 C-3
"y 3.82 31 2.885 3 2.92 2.65 2.7 2.543 2.443
c"y 2.622 2.73 3.47 1.75 2.24 2.745 1.123 1.55 2.212
¢, 2.622 2.73 3.47 1.75 2.24 2.745 1.123 1.55 2.212
b"4 -1.09 —1.052 —-1.035 -1.05 —1.048 —-1.026 —1.028 —1.023 —-1.016
b", -1.09 —1.052 —-1.035 -1.05 —1.048 —-1.026 —1.028 —1.023 —-1.016
width (y) of the desired point from the origin of the K,
coordinate. Kn =+ (7

K, =F(X,Y) =co+ (c;.X + b)® + (c;Y + by)® (5)
6
s=lerad -1 osrss @
H 6 L
s =@ -1 0sy<s o
sy, = 047 exp <(%) ES> (c) ©)
A H?
su, = () (14 G)™) @

Finally, by combining Egs. (6(a))-(6(d)) in Eq. (5), Eq.
(6(e)) was obtained

(6e)

The spatial distribution of the relative modulus of
subgrade reaction for the half-ultimate load is an eight-
degree polynomial (Figs. 4-6). The coefficients for this
polynomial (Eq. (8(a))) are listed in Table 4. ¢y, 'y, 5,
b';,b',, a and, b is the coefficients in Eq. (8). In Egs. (7)
and (8(a)), coefficient K, is the relative modulus of
subgrade reaction for the half-ultimate load, which is the
ratio of the modulus of subgrade reaction for the half-
ultimate load at the desired point of the raft foundation,
Ks,, to the modulus of subgrade reaction for the half-
ultimate load at the corner of the raft foundation, K sep”

Ks, = sy, Ksce [1 + sy, (5x + sy)]

Sch

Ky = HX,Y) = M(X,Y) + N(X,Y) (a)
MX,Y) = cg— (c1X +b1)® — (c3Y + b3)® (D)

b (®)
N(X,Y) = aXY (XY - E) ©

The spatial distribution of the relative modulus of
subgrade reaction for the ultimate load is an eight-degree
polynomial (Figs. 7-9).

The coefficients of this polynomial (Eq. (10)) are listed
in Table 5. ¢y, ¢"y, ¢",, b"”; and, b", is the
coefficients in Eq. (8). In Egs. (9) and (10), coefficient K,
is the relative modulus of subgrade reaction for the ultimate
load, which is the ratio of the modulus of subgrade reaction
for the ultimate load at the desired point on the raft
foundation, Ksp, to the modulus of subgrade reaction for

the half-ultimate load at the corner of the raft foundation,
K

S(;p'
In Eq. (11), H is the height of the bottom layer of the
foundation in terms of unit length and A is the area of the
foundation in terms of square units of length.

K.

Ko =3 ©

Scp

GX,Y) =c{ — (c{X + b{)® — (c3Y + by)® (10)
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WL

(a) vertical spring distribution and schematic zoning of vertical springs

(b) spring load-bearing surface (Loukidis and Tamiolakis
2017)

Corner (CR) Edge(E)

Central 2(CL2)

Edge(E)

(c) division of raft into zones having different modulus of
subgrade reaction values

Fig. 14 Soil modeling with springs

H H H
= (4 [ an (o) - () @) @

H H H
¢y = (M [ an(e) - (9] n (B ()

b" 1= — [(%)0.366 + ((%)—1.733 tan ((P) + (%)—1.705) In (Es)] (C)

(11)

b" ,= — [(%)0.366 + ((%)—1.733 tan ((P) + (%)—1.705) In (Es)] (d)

CHO — (%2)0.4-36 + [(%2)—0.224- tan ((P) + (%2)—0.261] In (Es) (e)

3.7 Soil modeling with spring

To model the soil with springs, and for more accurate
modeling of the soil, vertical springs were used with the
elastic, perfectly plastic constitutive model. For the
horizontal springs, elastic Winkler springs having a constant
stiffness were used. The load-bearing surface of each spring
can be obtained according to the distance between the
springs (Loukidis and Tamiolakis 2017). The load-bearing
area of spring i, denoted by 4;, is shown in Fig. 14(b). Eq.
(12) has been is used to calculate A; as

1
A = Z(Bi+1 + B)(Lizq + L) (12)

The stiffness of each spring, K, can be calculated

using the modulus of subgrade reaction as
Kop = Ks X Ay (13)

When modeling these foundations, the horizontal
distance between the springs was 0.5 m, the load-bearing
area of each spring in central areas 1 and 2 was 0.25 m? and
at the edge and corners was 0.125 m? and 0.0625 m?,
respectively.

3.8 Proposed equations for final displacement and
final stress

The elastic displacement of foundations in different
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Fig. 15 Load-displacement curve (Potts 2003)

u-

p

U

Fig. 16 Elastic, perfectly plastic stress-displacement curve

types of soil can be obtained using Eqs. (14) and (15) (Holtz
1991). Cf is a dimensionless parameter that is a function of
length-to-width ratio L/B, H (thickness of the soil layer

below the foundation) and the Poisson's ratio of the soil ().

In Eq. (15), qqvg is equivalent to the compressive loads at
the surface of the foundation. This can be obtained from the
results of the loading applied to the foundation divided by
the area of the foundation, and u, is the settlement at the
corner of the foundation.

0.85(5)° 4

Cr = L pyreCHD (14
[1+012+p 5
_.2

w, = (e (15)

The Winkler (1867) spring method assumes that the mat
foundation sits on vertical linear springs that represent
deformable (linear elastic) soil. The stiffness coefficient for

a Winkler spring, K, is called the modulus of subgrade
reaction (Eq. (16)), where o, is the foundation vertical
pressure exerted on the soil and u, is the resulting vertical
settlement (Loukidis 2017).

K, =22
= (16)

In the elastic load range, the modulus of subgrade
reaction is assumed to be constant (Fig. 15). However,
when the soil yields, the modulus subgrade reaction
decreases (Potts 2003).

In the stress-displacement curve, the slope of the curve
is the modulus of subgrade reaction, which changes
continuously with respect to displacement as

_ ) AUZ _ do-z
Ko = Him, du, = du, an

To facilitate the back calculation stage for spring
modeling, the strain stiffness after yielding can be ignored
(Desai and Siriwardane 1984) and the stress-displacement
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curve in the post-yield stage can be considered to be a line
with zero gradients.

First, the horizontal tangent for the stress-displacement
curve for maximum stress is drawn to intersect the vertical
axis at the maximum stress point. By determining the elastic
modulus of subgrade reaction (K,), a line with the gradient
of the elastic modulus of subgrade reaction from the origin
is drawn to intersect the horizontal tangent at the point
(up, 0,"). This point is assumed to be the yield point of
the curve (Fig. 16).

Hansen (1970) proposed the general bearing-capacity
(Guy) 25

Oy, = cNesed, + qNgsqadg + 0.5ByN,s,d, (18)

And also proposed Egs. (19)- (20)-(21)-(22) for
calculating the final vertical stress and the final vertical
displacement. In Eq. (19), u, is the vertical displacement
of the foundation based on the ultimate stress and the elastic
modulus of subgrade reaction at the desired point in the
foundation (center, edge, or corner) as

cap

) = %= (19)
In Eq. (20), o is the ratio of the ultimate stress JZC P to
the yield stress o, (Fig. 12)
cap
2
o= o (20)

In Eq. (21), ¥4ry, H and E; are the dry specific weight
of soil, height of the soil profile and modulus of elasticity of
the soil. The 7 parameter is a dimensionless parameter that
is based on the final stress distribution. The factors a, and
a, in Eq. (21) introduce the influence of the fiction angle
(¢ ) on the ultimate stress (o,"). The results of these
coefficients are shown in Table 6.

5 _ B
{ =na,( )(a)

JuH YdryH
a, = 20.11exp( — 6.76 tan?(¢)) (b) @D
la, = 8.7 tan?(¢) + 13.7tan?(p) — 4.676 ©

The final displacement ul of the foundation (Fig. 12)

can be calculated as
u?

i = —0.35sin( o) + 0.060 + 1 (22)

As shown in Fig. 10, the stress-displacement curves are
divided as a quadratic equation in terms of displacement.
Dimension coefficient f is the force per cube length and
coefficient a is the force per quadrat length. These two
coefficients are significant for the equation of the modulus
of subgrade reaction in the plastic range. The results of
numerical modeling by the FE method in this research and
those of Pasternak (1954), Biot (1937), Westergaard (1952),
and Vesic (1961) show that the value of the modulus of
subgrade reaction is a function of the area of the foundation,
bending stiffness and modulus of elasticity of the soil.

In Eq. (23), uf and ul are the vertical elastic
displacement and final vertical displacement values of the
foundation as

Table 6 Parameter 7 in zoning area

Central 1 Central 2 Edge Corner
1 0.835 0.5 0.35
Table 7 Parameter A for zoning area
Central 1 Central 2 Edge Corner
1 1.54 0.6 0.4
Table 8 Values of k parameter in zoning area
Central 1 Central 2 Edge Corner
1 0.94 0.475 0.3
K u, 0<u,<u
%= g(uZ) - au, (uz + g) U, < U, < ug (23)

In Eq. (17), a derivative of vertical displacement, Eq.
(24) can be obtained as
0< U, < ug

24

K,
KS = e p
2auy +f us <up; U,

To simplify, it is assumed that the modulus of subgrade
reaction is constant in the range of elastic loads. The values
of a and B can be obtained using Eqs. (25(a)) and (25(b))
assuming that the foundation is square. In Egs. (25(a)) and
(25(b)), A, H, h, E, I are the areca of the foundation,
height of the soil profile, height of the cross-section of the
foundation, modulus of elasticity of the foundation and
moment of inertia of the foundation, respectively. Because,
in the modeled foundations, the length-to-width ratio equals
one, the moment of inertia around the principal axes will be
equal. Also, 1, is the radius of the gyration of the
foundation and A and k are dimensionless parameters
based on the zoning specified in Fig. 14(c).

AEg L=B 1.2AEg

a=- 1012 pd06* a=- hBul0%* (253)
_ kusEsA L=B _ 1.2xusBE;
"~ 10H7? T Hh (25b)

Therefore, the modulus of subgrade reaction can be
calculated for foundations with equal length-to-width ratios
as

1.2kBEgug 2u,
sp = hH 1 §.064) (26)

a KB?u

In order to facilitate the calculation of the stress
distribution and displacement in the foundations, the
foundation was divided into concentric regions with a
correction coefficient according to the stress-displacement
results. The results of these coefficients are shown in Tables
7 and 8.

To calculate the ultimate force F; in the spring i, Eq.
(27) is used

Fi = Uzcap Ai (27)

Fig. 17 shows the calculation method of the constitutive
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Fig.

Toon
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Number of spring: n
n = 400
i< 400

17 Flowchart of numerical calculations of the constitutive model of springs
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model for each spring at different points of the raft
foundation. In this numerical modeling, based on what has
been stated before, the constitutive model of the springs is
elastic, perfectly plastic. Due to the accuracy of the results
obtained from the FEM, this method has been used to
analyse the data

4. Conclusions

Soil analysis was carried out using the finite element
method with continuum 3D elements. Based on the results
of cFEM, a raft foundation was placed on elastic, perfectly
plastic springs. Analysis was performed to obtain the
stiffness of the elastic, perfectly plastic springs and
determine the distribution of the modulus of subgrade
reaction for the raft foundation. The results were as follows:
e  When moving from the edge to the center of the slab,

the modulus of subgrade reaction decreased in the
elastic range. Because the foundation was rigid, the
settlement of the foundation was assumed to be similar
across the slab, but the elastic vertical stress at the
center of the foundation was less than at the corners
and edges. In other words, in the elastic range, the
stress concentration at the edges and corners increased
the modulus of subgrade reaction.

In the elastic range, an increase in the modulus of soil
elasticity decreased the modulus of subgrade reaction
when moving from the corner to the center of the slab.
For example, at a modulus of elasticity of 123 MPa, the
rate of decrease of the modulus of subgrade reaction
was 33%. A decrease in the modulus of elasticity to 50
MPa reduced the modulus of subgrade reaction by 50%.
The distribution of the modulus of subgrade reaction in
the elastic range has been proposed as a six-degree
symmetric polynomial in the form of a cup. This
equation is a function of the layer depth, length, and
width of the foundation and of the modulus of soil
elasticity.
The modulus of subgrade reaction for the half-ultimate
load and ultimate load is an eight-degree polynomial.
When moving from the center to the corner and edge of
the foundation, the modulus of subgrade reaction
increased. It was observed that, for the ultimate load,
when moving from the corner to the center of the
modulus of subgrade reaction at a modulus of elasticity
of 123 MPa and a friction angle of 35°, the modulus of
subgrade reaction increased three-fold.

e It was observed that the results of both the
continuum finite element analysis and the mass-
spring model were very similar, such that the
vertical displacement error and vertical stress error
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between the discrete spring model and continuum
finite element model were 5.6% and 0.7%,
respectively.
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