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1. Introduction 
 

Tropical areas with abundant of rainfall and prolonged 

dry period are normally associated with rainfall-induced 

landslides (Kristo et al. 2019, Satyanaga et al. 2019, 

Rahardjo et al. 2019, Qi et al. 2019). Studies by Rahardjo 

and Satyanaga (2019a), Kim and Jeong (2017), Mustafa et 

al. (2015) and Kassim et al. (2012) indicated that majority 

of the slip surfaces of slope failures from these areas are 

encountered within partially saturated zone. Therefore, the 

comprehensive transient seepage analyses are necessary in 

the design of slope preventive measures for assessment of 

the influence of rainfall loading on the slope stability under 

partially saturated condition. Fredlund et al. (2012) and 

Fredlund and Rahardjo (1993) observed the unsaturated 

hydraulic properties are very crucial influencing the rate of 

water flow within the partially saturated soil zone near 

ground surface. They also indicated that the shear strength 

of the partially saturated soil varies with the changes in 

water content and soil suction or negative pore-water 

pressure. This phenomenon was also observed by Rahardjo 

et al. (2009) and Deng et al. (2020). 

The hydraulic properties of the partially saturated soil 

are related to water retention curve and unsaturated  
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permeability function. Many researchers who are 

conducting research works on residual soils, indicate the 

gap-graded characteristics of some residual soils with dual-

mode water retention curve and dual-mode unsaturated 

permeability (Zhai et al. 2017, 2020, Satyanaga et al. 2013, 

Satyanaga and Rahardjo 2019b). Up to date, almost all 

numerical analyses never incorporate the dual-mode 

characteristics of dual porosity soils to determine the 

stability of the slope. The water retention curve and the 

unsaturated permeability of dual porosity soil are usually 

modelled with mathematical equations for single-mode 

characteristic to avoid the complexity of the analyses. The 

simplification from dual-mode to single-mode model would 

attribute to the erroneous in the results from numerical 

analyses since the behavior of rainwater flow into dual-

porosity soil layer is not modelled appropriately. 

A lot of researchers observed that the water retention 

curve is analogous to the distribution of soil pores (Zhai et 

al. 2017, 2018, Zhai and Rahardjo 2015, Fredlund et al. 

1994, Rahimi et al. 2015). The macro- and micro-pores of 

soil are commonly related to the first and second sub-curves 

in water retention curve, respectively. Studies by Kunze et 

al. (1968) and Childs and Collis-George (1950) indicated 

that the shape of water retention curve is similar to the 

shape of the unsaturated permeability. Therefore, the 

unsaturated permeability can be calculated from water 

retention curve according to the pore-size distribution 

concept. Because finite element method generally requires 

continuous data of the unsaturated permeability in the 

transient seepage analyses, majority of previous research 

works focused on the best fitting equation of the single-

mode unsaturated permeability. 

The main aim of this research work is to study the  
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stability of dual porosity soil slope which is associated with 

dual-mode water retention curve and dual-mode unsaturated 

permeability. The new mathematical equation to represent 

the dual-mode unsaturated permeability is proposed in this 

paper. The water retention curve and the unsaturated 

permeability of soils which were modelled with the new 

dual-mode equation were incorporated in the analyses to 

show the influence of dual-porosity soil on the stability of 

the slope. The results of the analyses were compared with 

those analyses utilizing the water retention curve and the 

unsaturated permeability modelled with the single-mode 

equation. 

 

 

2. Theory and equation 
 

2.1 Literature review 

 

A mathematical equation is necessary for best fitting 

water retention curve since its continuous function provides 

convenience to geotechnical engineers for seepage analysis 

and estimation of other partially saturated properties 

(Fredlund et al. 2012). Previous researchers have proposed 

different equations for best fitting single-mode (Fredlund 

and Xing 1994, Kosugi 1994, Pedroso et al. 2009, Leong 

and Rahardjo 1997, Satyanaga et al. 2017) and dual-mode 

water retention curve (Satyanaga et al. 2013, Zhang and 

Chen 2005, Sheng 2011).   

The dual-model mathematical equations for water 

retention curve were classified into three groups (Wijaya 

and Leong 2016). In the first group of equation, the merging 

point of two sub-curves was determined randomly and the 

fitting parameters of two sub-curves of water retention 

curve were obtained independently (Wilson et al. 1992, 

Burger and Shackelford 2001, Smettem and Kirkby 1990). 

In the second group of equation, the water contents of 

macro- and micro-pores under saturated conditions were 

separated and the fitting parameters of two sub-curves of 

water retention curve were obtained simultaneously 

(Mallants et al. 1997, Zhang and Chen 2005, Othmer et al. 

1991, Durner 1994, Ross and Smettem 1993). In the last 

 
 

group of equation, the initial value of some parameters for 
the best fitting equation were determined graphically from 
the water retention curve and the best fitting parameters 
were obtained using the curve fitting technique (Satyanaga 
et al. 2013, Li et al. 2014, Gitirana and Fredlund 2004, Al-
Mahbashi et al. 2015). In this study, equation 1 (Satyanaga 
et al. 2013) was used to best fit the water retention curve 
from the experimental data since the fitting parameters in 
this equation can be related to soil properties. The variables 
of dual-mode water retention are presented in Fig. 1. 
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 (1) 

where:  
s1 = saturated volumetric water content  

s2 = volumetric water content related to air-entry value 2 

1 = 0 when ≤a1; 1 = 1 when >a1 

2 = 0 when ≤a2; 2 = 1 when >a2 

a1 = parameter related to air-entry value 1 (kPa) (Figure 1) 

a2 = parameter related to air-entry value 2 (kPa) (Figure 1) 

Cr  = input parameter according to Fredlung and Xing 

(1994) theory (kPa)  

erfc = the complementary error function, 𝑒𝑟𝑓𝑐(𝑥) =

∫
1

√2𝜋
𝑒𝑥𝑝 (−

𝑥2

2
) 𝑑𝑥

𝑥

−∞
  

m1 = parameter related to suction at the inflection point 1 

(Fig. 1) 
m2 = parameter related to suction at the inflection point 2 
(Fig. 1) 
r = parameter related to volumetric water content at 
residual condition (Fig. 1) 
s1  = parameter related to geometric standard deviation 1 
(Fig. 1) 
s2  = parameter related to geometric standard deviation 2 
(Fig. 1) 

The subscript 1 and 2 in the equation are associated with 
sub-curve 1 (macro pores) and sub-curve 2 (micro pores) of 
dual-porosity soils, respectively. 

 
Fig. 1 Variables of dual-mode water retention curve with its variables based on Eq. (1) 
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The determination of the unsaturated permeability is 

commonly carried out using indirect method based on the 

water retention curve and saturated permeability. Previous 

studies (Zhai and Rahardjo 2015, Rahimi et al. 2015) 

indicated that the statistical model is usually adopted by 

researchers to determine the unsaturated permeability. This 

model was derived based on the similarity between the 

water retention curve and the pore-size distribution of soil. 

The concept of “cutting and rejoining” is used in this model 

to determine the unsaturated permeability from water 

retention curve incorporating the probability of random 

connection. The determination of the unsaturated 

permeability based on statistical model is carried out by 

dividing the water retention curve equally along the 

volumetric water content with the same pore-size density 

for each division (Childs and Collis-George 1955, 

Krisnanto et al. 2020). This method was adopted to 

determine the unsaturated permeability of the dual-porosity 

soil in this study. 

 
2.2 Proposed equation 

 

The procedure for determination of the unsaturated 

permeability in this study involves dividing the water 

retention curve into several divisions of volumetric water 

content with equal increments, where (θw)i  and its 

corresponding suctions, 𝜓i, can be determined for each 

increment. The summation of the suction values 

corresponding to (θw)i  generates the coefficient of 

permeability with respect to certain volumetric water 

content, k(θw)i . The accurate fit of the unsaturated 

permeability is provided by the matching factor (
ks

ksc
). The 

similarity of the water retention curve shape and the 

unsaturated permeability is provided by the terms inside the 

summation sign. Fredlund et al. (2012) indicated that the 

unsaturated permeability beyond residual stress state is 

more related to vapor flow. Therefore, the coefficient of 

permeability is assumed to be constant for suction larger  

 

 

than the residual suction. For practical reason, the 

unsaturated permeability is cut off at a certain small 

coefficient of permeability to expedite the numerical 

calculations. The similar method can be applied to dual-

mode water retention curve (Fig. 2). As a result, the suction 

range between any 2 points is the same for the entire 

suction range of water retention curve. 

Since the unsaturated permeability follows the shape of 

the water retention curve, the development of the proposed 

mathematical equation for the unsaturated permeability of 

dual-porosity soil was derived following lognormal 

distribution function. Modifying the mathematical equation 

for water retention curve of dual-porosity soil (Eq. (1)), it 

provides the new equation for modelling dual-mode 

permeability function as presented in equation 2. Parameter 

a1 and a2 are determined based on the air-entry value of 

soil associated with sub-curves 1 and 2, respectively. 

𝑘𝑤 = (𝑘𝑠1 − 𝑘𝑠2)(1 − 𝑒𝑟𝑓𝑐
𝑙𝑛 (

𝜓𝑎1 − 𝑘𝑤
𝑘𝑎1 − 𝑘𝑚1

)

𝑠𝑘1
)

+ (𝑘𝑠2)(1 − 𝑒𝑟𝑓𝑐
𝑙𝑛 (

𝜓𝑎2 − 𝑘𝑤
𝑘𝑎2 − 𝑘𝑚2

)

𝑠𝑘2
) 

(2) 

where: 

sk  = parameter related to geometric standard deviation of 

permeability function 

km  = parameter associated with matric suction within 

inflection point  

a  = parameter associated with air-entry value of soil 

obtained from water retention curve 

kw  = coefficient of permeability for different suction 

  = designated matric suction  

ks  = measured saturated permeability from laboratory 

testing 

The terms 1 and 2 in the equation are associated with 

macro pores and micro pores of soil with dual-mode water  

 
Fig. 2 Division of the water retention curve for determination of the partially saturated permeability for dual porosity soil 
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retention curve, respectively.  

Eq. (2) can be simplified into Eq. (3) for best fitting soil 

with single-mode permeability function. 

𝑘𝑤 = (𝑘𝑠) (1 − 𝑒𝑟𝑓𝑐
𝑙𝑛(

𝜓𝑎−𝑘𝑤
𝑘𝑎−𝑘𝑚

)

𝑠𝑘
)   (3) 

 

2.3 Criteria for comparison single-mode and dual-
mode equations 

 
In this study, the accuracy in single-mode and dual-

mode equations in representing the experimental data of 

water retention curve for dual porosity soil is assessed 

based on two criteria, average relative error (ARE) and 

Root mean squared error (RMSE). The performance of 

either single-mode or dual-mode equation in modelling the 

experimental data of water retention curve is considered 

good if ARE is less than 20% following study by Satyanaga 

et al. (2013). The definition of ARE is presented in Eq. (4).  

𝐴𝑅𝐸 =
∑ |

𝑦𝑙𝑖−𝑦𝑚𝑖
𝑦𝑙𝑖

|𝑛
𝑖=1

𝑛
x100 (4) 

where: 

n  = The amount of data used in the study  

yli  = experimental Data  

ymi  = calculated data using the single-mode or dual-mode 

equation 

The better capability of the mathematical model is 

indicated by the smaller value of RMSE. Eq. (6) presents 

the RMSE definition. 

𝑅𝑀𝑆𝐸 = √
∑ (𝑦𝑙𝑖 − 𝑦𝑚𝑖)

2𝑛
𝑖=1

𝑛
 (5) 

 

 

3. Soil properties used in this study 
 

The soil data used in this study were extracted from 

published literatures. The soil classification was carried out 

based on Unified Soil Classification System (USCS) 

(ASTM D2487-10, 2010; Rahardjo et al. 2018). The index 

properties of the investigated soils are presented in Table 1. 

 

 

Soils A, B, C, D and E were obtained from the studies in 

Brasil (Coutinho et al. 2011), Thailand (Jotisankasa et al. 

2009), Thailand (Jotisankasa and Mairaing 2010), 

Singapore (Rahardjo et al. 2012) and Singapore (Rahardjo 

et al. 2011), respectively. Residual soil from Singapore 

(Soil E) has the largest percentage of sand as compared to 

others soils. Hence, its saturated permeability is the highest 

as compared to other soils. 

The experimental data of water retention curve from all 

soils in Table 1 are presented in Figs. 3 to 5. The single-

mode and dual-mode equations proposed by Satyanaga et al. 

(2013) were used to best fit the experimental data of the 

water retention curve from the investigated soils. Tables 2 

and 3 present the variables of water retention curve from 

each investigated soil. The comparative studies were 

performed on the variables of water retention curve of the 

investigated soils generated from single-mode and dual-

mode equations. The variables from single-mode best fitting 

equation indicated that soil with lower percentage of sand is 

associated with higher saturated volumetric water content, 

gentler slope (lower parameter s) and higher air-entry value 

(higher parameter a). The variables from dual-mode best 

fitting equation showed the similarity of the patterns for the 

air-entry value of the sub-curve 1 from the water retention 

curve best fitted using dual-mode equation with the air-

entry value of water retention curve best fitting using 

single-mode equation. The trends of the air-entry value of 

the sub-curve 2 from the water retention curve best fitted 

using dual-mode equation are functions of soil particles 

(size and distribution) as well as soil structures (water 

content, density and void ratio). This observation is similar 

to the investigation results from Delleur (1999) and 

Fredlund et al. (2002). 

The values of ARE and RMSE are presented in Figs. 3 

and 4. Subscript u and b in Tables 2 and 3 represent single-

mode and dual-mode soils, respectively. It can be 

summarized from these two tables that soils A to E have 

lower values of RSMEb and AREb as compared to values 

of RSMEu and AREu. This result indicates that the 

experimental data of the water retention curve follows the 

dual-mode characteristics and they can be classified as dual-

porosity soils. 

Table 1 Index properties of soils 

Description Soils 

Soil A Soil B Soil C Soil D Soil E 

USCS CL CL ML MH SP 

Gravel (%) 0 0 2.2 0 3.3 

Sand (%) 35 22 31.4 40 93.5 

Silt (%) 26 52 40.1 57 0.2 

Clay (%) 39 26 26.3 3 3 

Liquid Limit, LL (%) 54 28 42 54 NA 

Plastic Limit, PL (%) 32 18 15 39 NA 

Plasticity Index, PI (%) 22 10 27 15 NA 

Saturated permeability, ks (m/s) 1 x 10-5 5 x 10-6 5 x 10-5 6 x 10-6 7 x 10-5 
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Statistical method was utilized to determine the 

unsaturated permeability of each soil in Table 3. The 

calculated unsaturated permeability was best fitted using the 

proposed equations for dual-mode (Eq. (3)) and single-

mode unsaturated permeability (Eq. (4)) in this study. The 

slope of the unsaturated permeability from each soil in Figs. 

6-8 is similar to the slope of water retention curve either for  

 

 

 

 

single-mode or dual-mode unsaturated permeability. In 

addition, the suction corresponding to the initial decrease of 

the permeability for each soil is closely related to the air-

entry value of each soil based on Water retention curve in 

Figs. 3-5. It can be observed that the differences between 

the unsaturated permeability fitted using dual-mode and 

single-mode equations varied for different soil types. 

 
Fig. 3 Water retention curve of soils A and B modelled with dual-mode and single-mode equations 

 
Fig. 4 Water retention curve of soils C and D modelled with dual-mode and single-mode equations 

 
Fig. 5 Water retention curve of soil E modelled with dual-mode and single-mode equations 
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4. Finite element analyses 
 

The influence of the partially saturated properties of 

dual-porosity soils on the slope stability during rainfall was 

investigated using transient seepage analyses and limit  

 

 

 

 

equilibrium slope stability analyses. Seep/W (Satyanaga 

and Rahardjo 2019) was utilized to carry out finite element 

seepage analyses. Slope/W (Satyanaga and Rahardjo 2019) 

was utilized to conduct slope stability analyses. The highest 

cumulation of rainfall for 1 day for design of drainage  

Table 2 Variables of Water retention curve based on dual-mode equation 

Description Soils 

Soil A Soil B Soil C Soil D Soil E 

s1 0.411 0.414 0.425 0.520 0.316 

s2 0.25 0.22 0.36 0.11 0.13 

a1 (kPa) 0.75 0.80 4.0 5.0 0.80 

a2 (kPa) 100 50 5000 200 50 

m1 (kPa) 8.2 3.0 10 9.0 2.0 

m2 (kPa) 5000 500 15000 400 500 

s1 1.2 0.9 1.5 0.7 1.5 

s2 2.0 1.5 2.1 2.0 1.5 

r (kPa) 0.03 0.00 0.00 0.04 0.02 

r (kPa) 20000 5000 10000 1000 1000 

RMSEb 0.006 0.009 0.012 0.005 0.013 

AREb 1.7 2.9 2.1 1.5 4.2 

Table 3 Variables of Water retention curve based on single-mode equation 

Description Soils 

Soil A Soil B Soil C Soil D Soil E 

s 0.411 0.414 0.425 0.520 0.316 

a (kPa) 1.5 1.0 4.0 5.0 1.0 

m (kPa) 184 10 1000 10 9.5 

s 4.0 2.0 4.0 3 5.0 

r (kPa) 1000 100 50000 300 1000 

r (kPa) 0.10 0.13 0.05 0.00 0.00 

RMSEu 0.015 0.032 0.034 0.030 0.023 

AREu 4.9 11.5 8.7 24 12 

 
Fig. 6 The unsaturated permeability of the investigated soils A and B best fitted using single-mode and dual-mode equations 

82



 

Stability analyses of dual porosity soil slope  

 

 

 

system in Singapore (Public Utilities Board 2000) was 

applied as flux boundary condition in the seepage analyses. 

The maximum rainfall intensity of 22 mm/h for 1 day was 

incorporated as downward loading within the slope surface 

in the analyses. The same flux boundary condition was 

applied for analyses of different type of soils presented in 

Tables 2 and 3. 

Five sets of numerical analyses were performed in this 

study. Each set consists of two cases of finite element 

seepage and slope stability analyses conducted on each dual 

porosity soil presented in Table 1. All slope models were 

simulated using the same slope geometry and groundwater 

table location. The differences are in the soil properties 

which were taken from soils A to E in Table 1. The soil 

profile for all sets is assumed homogeneous. In Case 1, the 

water retention curve was modelled using the dual-mode 

equation (Eq. (1) from Satyanaga et al. 2013). The 

unsaturated permeability in Case 1 was modelled using Eq. 

(2) proposed in this study. In Case 2, the water retention 

curve was modelled using the single-mode equation 

(Satyanaga et al. 2017 equation). The unsaturated 

permeability in Case 2 was modelled using Eq. (3) proposed 

in this study.   

  

 

 

The initial pore-water pressures were assumed 

hydrostatic for all sets of numerical analyses. In other 

words, the initial condition used in the seepage analysis was 

based on the groundwater table condition. The zero pore-

water pressures at the groundwater table position. This 

pore-water pressure decreases into the maximum value of 

negative pore-water pressure at the ground surface. Fig. 9 

presents the numerical model and the boundary condition 

used in all analyses. The slope model in all cases of the 

analyses had 15 m height and 27 degree inclination. The 

groundwater table was located 1 m depth below the toe of 

the slope and 6 m depth below the crest of the slope. The 

geometry of the slope and the initial condition of 

groundwater table were determined based on typical 

geometry and groundwater table position for residual soil 

slopes in Singapore (Chan et al. 2020). 
Morgenstern-Price method was utilized in the limit 

equilibrium analyses to determine the stability of dual 
porosity soil slopes under dry and rainy periods. The pore-
water pressures variations with time from finite element 
seepage analyses were extracted from Seep/W and exported 
to Slope/W for slope stability analyses. Table 4 presents the 
saturated and partially saturated soil properties used in the  

 
Fig. 7 The unsaturated permeability of the investigated soils C and D best fitted using single-mode and dual-mode equations 

 
Fig. 8 The unsaturated permeability of the investigated soils E best fitted using single-mode and dual-mode equations 
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analyses for determination of variations in safety factor in 
Slope/W. The results from stability analyses are presented 
in Figs. 10-12. 

The results from slope stability analyses (Figs. 10-12) 

indicated that the differences between the initial and the 

minimum safety factor for dual porosity soil slope C are the 

largest as compared to other slopes. This might be attributed 

to the higher permeability of soil 3 than other soils within 

partially saturated condition. As a result, the rainwater 

percolated down faster into a deeper soil layer during heavy  

 

 

 

 

rainfall in comparison with soil layers within slope A, B, D 

and E. The stability analysis results also showed that safety 

factor during the application of rainfall for slope with soils 

modelled with single-mode equation were higher as 

compared to those modelled with dual-mode equation. This 

might occur since the unsaturated permeability for slope 

with soils modelled with single-mode equation were higher 

as compared to those modelled with dual-mode equations. 

As a result, it is easier for the rainwater to be drained out 

into the toe of the slope for soils with single-mode equation  

 
Fig. 9 Numerical model of all slopes in transient seepage analyses 

 
Fig. 10 Variations in safety factor for soils A and B modeled with (a) dual-mode and (b) single-mode equations 

 
Fig. 11 Variations in safety factor for soils C and D modeled with (a) dual-mode and (b) single-mode equations 
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as compared to those modelled with dual-mode equation. 

The slower rate of water flow within the soils with dual-

mode equation may cause the perched water table within 

the soil layer that attributed to the lower factor of safety for 

the soils modelled with dual-mode equation as compared to 

those modelled with single-mode equation. 

It can be observed from Tables 2 and 3 as well as Figs. 

10-12 that the soil with the highest AREu of its water 

retention curve among all soils is associated with the largest 

percentage of difference in the safety factor variations. As 

opposed, soils with the lowest AREu of its water retention 

curve among all soils is associated with the lowest 

percentage of difference in the safety factor variations. The 

results from this study showed that the analyses of slope 

incorporating soils modelled with dual-mode water 

retention curve and dual-mode unsaturated permeability are 

associated with more conservative results of stability 

analyses. The stability analyses indicated that it is important 

to model the dual porosity soils using dual-mode water 

retention curve and dual-mode unsaturated permeability. 

The modelling of dual porosity soils using single-mode 

water retention curve and single-mode unsaturated 

permeability would result in the higher safety factor of the 

soil slope. 

 

 

5. Conclusions 
 

The new equations for modelling single-mode and dual-

mode unsaturated permeability have been developed in this 

study. The water retention curve of dual porosity soils were 

modelled using the published single-mode and dual-mode 

equations. The unsaturated permeability of dual porosity 

soils were modelled using the proposed single-mode and  

 

 

 

dual-mode equations. The findings from the stability 

analyses of dual porosity soils indicated that the decreases 

in safety factor for slope with soils fitted using single-mode 

equation is lower as compared to those fitted using dual-

mode equation. The largest percentage of differences 

between soils fitted with single-mode and dual-mode 

equations were observed within the minimum safety factor. 

The minimum safety factor for slope with soils fitted using 

dual-mode equation is much lower as compared to those 

fitted using single-mode equation. In conclusion, the water 

retention curve and the unsaturated permeability of dual 

porosity soils should be modelled using the dual-mode 

equation to obtain reasonable factor of safety of the slope. 
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