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1. Introduction 
 

Slope stability is a classical problem in soil mechanics 

and practical engineering but also continuously attracts 

attention or research effect (Lysandros et al. 2020, Karray et 

al. 2018, Khorasani et al. 2019). Reservoir slopes are 

vulnerable under decreasing water levels of reservoirs 

(Gaziev 2001). To accurately evaluate the stability of 

reservoir slopes, many efforts have been made. For an 

extremely slow or rapid water drawdown case, Lane and 

Griffiths (2000) used the finite element method to develop 

stability charts that consider complex geometries and 

material properties. Viratjandr and Michalowski (2006) 

employed the limit analysis method to propose a series of 

stability charts for slope design. In these studies, the water 

table within a slope is postulated as a horizontal phreatic 

line during the drawdown process. Although this 

assumption is convenient for determining the pore pressure, 

it is only valid under extreme slow/rapid drawdown 

conditions. In more typical scenarios, the water level of 

reservoirs declines with a moderate ratio, and a strong 

bending of the phreatic line is observed, as shown in Fig. 

1(b). The water surface that is obtained under the 

assumption may be unreliable and cannot be used to  
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Fig. 1 Phreatic level after drawdown:(a)slow drawdown 

(b)rapid drawdown (c)transient drawdown 

 

 

accurately represent the shape of the phreatic line. 

Therefore, it is necessary to develop a stability analysis 

approach for slopes that are subjected to a transient flow. 

Due to the benefits of the application of commercial 

software, the numerical simulation method has become a 

useful tool for analyzing the patterns of phreatic lines 

(Carranza-Torres and Fairhurst 1999). Although meaningful 

conclusions have been drawn, this approach has the 

disadvantages of complicated modeling and a time-

consuming process. To obtain results for a wide range of 

parameters, scholars have utilized a theoretical approach to 

analyze soil slope (Zheng et al. 2004). However, little 

attention has been paid to the stability of rock slopes under 

a transient flow. Therefore, a theoretical approach for rock 

slopes is still required. This paper proposes a method for the 
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Abstract.  Since the water drawdown in a reservoir easily triggers the instability of a nearby slope, chart research on slopes that 

are subjected to drawdown conditions has attracted extensive attention recently. However, most studies only consider the 

extreme ‘rapid/slow’ drawdown conditions and ignore the general ‘transient’ drawdown scenario. This paper proposes an 

efficient approach for stability analysis of rock slope subjected to a transient flow, and provide a chart study and a parametric 

analysis. To address the challenge of determining the bent phreatic surface in a transient flow and to employ the nonlinear Hoek-

Brown criterion of rock masses, a phreatic equation was adopted in this paper, together with the discretization technique. In the 

framework of limit analysis, the external work rate and the internal energy dissipation rate were computed. A calculation flow 

was proposed for capturing the optimized factor of safety (FOS) based on the strength reduction technique. Then, following the 

evaluation of this approach, a set of stability charts and an application example were presented. A parametric analysis was 

conducted to evaluate the influences of the rock properties and the hydrodynamic parameters on the factor of safety. 
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evaluation of a rock slope under transient drawdown 

conditions. In addition, the aforementioned studies used the 

linear Mohr-Coulomb (MC) criterion to describe the shear 

strength of soils. However, the MC criterion is unsuitable 

for analyzing the rock slope since most rocks have shear 

strength that varies nonlinearly with confining stress due to 

discontinuities in the rock mass (Merififield et al. 2006, 

Tiwari and Latha 2017, Ukritchon and Keawsawasvong 

2018). To address this problem, this study employs the 

nonlinear Hoek-Brown failure criterion within the 

framework of limit analysis. Furthermore, since the direct 

introduction of the phreatic line equation into the traditional 

limit analysis will inevitably result in a complicated 

integration operation (Viratjandr and Michalowski 2006, 

Saada 2012), a recently proposed discretization technique is 

used in this study. This technique innovatively utilizes a 

discretized sliding surface in the failure mechanism and has 

exhibited efficiency and flexibility on stability problems 

(Mollon et al. 2011, Alhajj Chehade et al. 2019). 

The remainder of this paper is organized as follows: A 

discretization mechanism for a rock slope under a transient 

flow was introduced, and the energy dissipation of the rock 

mass and the external work rates due to gravity and the pore 

water pressure were derived. Next, the calculation 

framework of the safety factor was proposed, an 

optimization code was developed, and the performance of 

the phreatic equation and proposed approach was evaluated 

against the previous results. Eventually, a set of stability 

charts was provided for preliminary design, which is 

followed by a parametric analysis to explore the effects of 

the slope geometry and the hydraulic condition on the slope 

stability under a transient flow.  

 
 
2. Limit analysis of slopes subjected to water 
drawdown 

 

2.1 Phreatic surface in slope under drawdown 
conditions 

 

A reservoir slope that is subjected to drawdown 

conditions is schematically presented in Fig. 2. Initially, the 

phreatic surface within the slope is horizontal to the level of 

the water table in the reservoir. When the water table 

declines from the height of ℎ0,0 to ℎ0,𝑡 at moment 𝑡, the 

phreatic line also shows a downward trend and bends. 

To provide an accurate mathematical description of the 

phreatic line, a function in the coordinate system shown in 

Fig. 2 is introduced. The following derivation is based on 

two assumptions: the aquifer is homogeneous and isotropic 

with infinite lateral extension, and the water level decreases 

at a constant rate v. 

A differential equation of the unsteady seepage, which is 

on the Boussinesq equation, is expressed as 

𝜕ℎ

𝜕𝑡
=
𝑘

𝜇

𝜕

𝜕𝑥
(𝐻0

𝜕ℎ

𝜕𝑥
) (1) 

where 𝑥 and ℎ are the two coordinate axes of the 

coordinate system, as shown in Fig. 2 ; 𝑘  is the 

permeability coefficient; 𝜇 is the specific yield; 𝑡 is the  

 
Fig. 2 Calculation sketch of phreatic line 

 

 

duration of the water drawdown process; and 𝐻0 is the 

aquifer thickness. 

For simplification, the parameter 𝐻0 is approximated 

as a constant and replaced by the average thickness of the 

phreatic flow ℎ𝑚. Then, the new equations are expressed 

as: 

𝜕ℎ

𝜕𝑡
= 𝑎

𝜕2ℎ

𝜕𝑥2
 (2) 

where 𝑎 =
𝑘ℎ𝑚

𝜇
 

In consideration of the boundary conditions in Eq. (3) 

and via the use of mathematical techniques such as the 

Laplace transform and least-square fitting, a simplified 

formula for the phreatic line is derived, which is presented 

as Eq. (4). Details of the derivation can be found in the 

literature (Zheng et al. 2004). 

𝑢(𝑥, 0) = 0,0 < 𝑥 < ∞ 
𝑢(0, 𝑡) = 𝑣𝑡, 𝑡 > 0 
𝑢(∞, 𝑡) = 0, 𝑡 > 0 

(3) 

ℎ𝑥,𝑡 = {

ℎ0,0 − 𝑣(0.1091𝜆
4 − 0.7501𝜆3

+1.9283𝜆2 − 2.2319𝜆 + 1)(0 ≤ 𝜆 < 2)
ℎ0,0(𝜆 ≥ 2)

 (4) 

 

2.2 Pore-water pressure in the limit analysis 
 

As it provides a strict upper bound on the actual limit 

loads, the kinematic approach of limit analysis is an 

effective approach for addressing the stability problem 

(Leshchinsky and Ambauen 2015, Bandini et al. 2003). 

Under the critical condition of a system, the rate of internal 

work 𝐷 is equal to the rate of external forces 𝑊 in any 

kinematically admissible field (Nadukuru and Michalowski 

2013): 

𝐷 = 𝑊 (5) 

Typically, the rate of external forces 𝑊 corresponds to 

the gravitational forces of the soil and rock. For slopes with 

a phreatic surface, the work rate of the pore water pressure 

𝑊𝑢  should be considered in the computational model, 

which includes the work rate of the pore pressure on the 

skeleton 𝑊𝑢
′ and the work rate of the water pressure on the 
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boundary 𝑊𝑢
″ . 

The first term, namely, 𝑊𝑢, is expressed as 

𝑊𝑢
′ = −∫𝑢𝑣𝑖𝑛𝑖𝑑𝑉

𝑉

 (6) 

where 𝑢 is the pore-water pressure, 𝑣𝑖 is the velocity 

vector of the slope mass, 𝑛𝑖 is the outward unit vector that 

is perpendicular to the submerged surface, and 𝑑𝑉 is the 

volume element. 

The second term, namely, 𝑊𝑢
″, is expressed as 

𝑊𝑢
″ = −∫𝑝𝑣𝑖𝑛𝑖𝑑𝑆

𝑆

 (7) 

where 𝑝 is the water pressure that acts on the boundary 

of the slope under the water level and 𝑑𝑆 is the surface 

element. The work-energy balance equation can be 

expressed as 

𝐷 = 𝑊𝐺 +𝑊𝑢
′ +𝑊𝑢

″ (8) 

in which 𝑊𝐺 is the work rate of gravity. 

 

 

3. Application of the Hoek-Brown Failure Criterion 
 

3.1 Generalized Hoek-Brown Failure Criterion 
 

Experiments have demonstrated that the failure of a rock 

mass satisfies a nonlinear criterion. Hoek and Brown (2002) 

proposed the generalized Hoek-Brown failure criterion, 

which is expressed as follows: 

𝜎1 = 𝜎3 + 𝜎𝑐(
𝑚𝜎3
𝜎𝑐

+ 𝑠)𝑛 (9) 

where 𝜎1 and 𝜎3 denote the maximum and minimum 

principal stresses, respectively; 𝜎𝑐   denotes the uniaxial 

compressive strength of the rock mass; and m, s, and n are 

dimensionless parameters, which are calculated via the 

following equations: 

𝑚 = 𝑚𝑖 𝑒𝑥𝑝(
𝐺𝑆𝐼 − 100

28 − 14𝐷0
) (10) 

𝑠 = 𝑒𝑥𝑝(
𝐺𝑆𝐼 − 100

9 − 3𝐷0
) (11) 

𝑛 =
1

2
+
1

6
[𝑒𝑥𝑝( −

𝐺𝑆𝐼

15
) − 𝑒𝑥𝑝(

−20

3
)] (12) 

where 𝐺𝑆𝐼 is the geological strength index that reflects 

the integrity of rock masses; 𝐷0 is the disturbance factor, 

which ranges from 0 to 1.0; and 𝑚𝑖 is an index that is 

related to the rock type. 

 

3.2 Generalized Tangential Technique 
 

The generalized tangential technique is a practical 

method for introducing the nonlinear Hoek-Brown failure 

criterion into the stability analysis of geotechnical structures 

(Huang and Yang 2010). Via the generalized tangential 

technique, the nonlinear curve is replaced by one of its  

 
Fig. 3 Generation of a potential failure mechanism by 

‘point-to-point’ method 

 

 

tangent lines, and an optimization process is utilized to 

identify the optional tangent line that can produce the 

critical result. The tangent lines are expressed as 

𝜏 = 𝑐𝑡 + 𝜎𝑛 𝑡𝑎𝑛 𝜑𝑡 (13) 

where 𝑐𝑡 and 𝜑𝑡 are the equivalent cohesion and the 

friction angle. In the computational process, 𝜑𝑡  is a 

parameter to be optimized. For the generalized Hoek-Brown 

failure criterion, the equivalent cohesion 𝑐𝑡 is determined 

via the following equation: 

𝑐𝑡
𝜎𝑛
=
𝑐𝑜𝑠 𝜑𝑡
2

[
𝑚𝑛(1 − 𝑠𝑖𝑛 𝜑𝑡)

2 𝑠𝑖𝑛 𝜑𝑡
]

𝑛
1−𝑛

−
𝑡𝑎𝑛 𝜑𝑡
𝑚

(1

+
𝑠𝑖𝑛 𝜑𝑡
𝑛

) [
𝑚𝑛(1 − 𝑠𝑖𝑛 𝜑𝑡)

2 𝑠𝑖𝑛 𝜑𝑡
]

1
1−𝑛

+
𝑠

𝑚
𝑡𝑎𝑛 𝜑𝑡 

(14) 

 
 
4. Generation of the discretization mechanism 

 

In kinematic analysis, a kinematically admissible failure 

mechanism is necessitated for reflecting the ‘real’ collapse 

velocity field. The shape features of the collapse 

mechanism are estimated in consideration of a pre-

postulated slip surface. However, the traditional failure 

mechanisms that are expressed by analytic equations are not 

suitable for nonhomogeneous slopes. To overcome this 

shortcoming, a novel discretization failure technique was 

proposed recently (Sun et al. 2018). This technique also 

provides avenues for considering more complicated effects 

that cannot be readily resolved using the conventional 

method. Herein, the discretization technique is used to 

consider the pore-pressure pressure that is caused by the 

nonlinear phreatic surface. 

The discretization mechanism is illustrated in Fig. 3. 

The slip surface contains a total of j+1 points. The 

generation of the slip surface starts from point 𝑃0 (slope 

toe 𝐴), proceeds toward the slope crest 𝐵𝐶, and terminates 
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at the intersection point 𝑃𝑗 . The core strategy of the 

generation process lies in the ‘point-to-point’ technique, 

which generates point 𝑃𝑖+1  by rotating a prespecified 

increment 𝛿𝜃 from point 𝑃𝑖 . The properties of segment 

line 𝑃𝑖𝑃𝑖+1 can be deemed homogeneous.  

In consideration of the features of the shear failure of 

soils with internal friction angle 𝜑 , the direction of the 

shear surface has an angle of 𝜑 with the direction of the 

velocity, which is perpendicular to the rotation radius. A 

polar coordinate system is established with O as the origin 

point. According to the geometric relationship, the 

coordinates of the point 𝑃𝑖+1（𝑥𝑖+1, 𝑦𝑖+1）  can be 

determined via the following equation: 

{
 
 

 
 𝑥𝑖+1 = 𝑥𝑖 +

√(𝑥𝑖 − 𝑥𝑜)
2 + (𝑦𝑖 − 𝑦𝑜)

2 × 𝑠𝑖𝑛 𝛿 𝜃

𝑠𝑖𝑛(𝜋/2 + 𝜑 − 𝛿𝜃)
× 𝑐𝑜𝑠( 𝜃𝑖 − 𝜋/2 + 𝜑)

𝑦𝑖+1 = 𝑦𝑖 +
√(𝑥𝑖 − 𝑥𝑜)

2 + (𝑦𝑖 − 𝑦𝑜)
2 × 𝑠𝑖𝑛 𝛿 𝜃

𝑠𝑖𝑛(𝜋/2 + 𝜑 − 𝛿𝜃)
× 𝑠𝑖𝑛( 𝜃𝑖 − 𝜋/2 + 𝜑)

 (15) 

where 𝜃𝑖 is the angle between the rotational radius 𝑂𝑃𝑖  
and the horizontal line, 𝑥𝑜 and 𝑦𝑜 are the coordinates of 

the rotation center 𝑂 , and 𝛿𝜃 denotes the angle between 

two successive radius lines. Points are generated repeatedly 

until 𝑦𝑖+1  is greater than or equal to the height of the 

slope. After connecting the two adjacent points from 𝑃0 to 

𝑃𝑗  with straight lines, the whole collapse mechanism is 

realized. 

Since the normality condition was included in the 

derivation of Eq. (15), the collapse mechanism satisfies the 

associated flow rule. Additionally, the pore pressure that is 

created by the nonstandard phreatic line can be 

conveniently considered with the discretization mechanism. 

Additional details will be provided in the next section. 

 

 

5. Computation of the safety factor 
 

Calculating the rates of external work and internal 

energy dissipation is an essential task in kinematic analysis. 

In the failure mechanism of a reservoir slope, the work rates 

consist of the rates of the weight of the collapsed block and 

the pore water pressure, and the energy dissipation comes 

from the plastic deformation along the slip surface. 

The calculation of the external force rates is illustrated 

in Fig. 4. The sliding block is divided into many triangular 

elements, such as 𝐵𝑃𝑖𝑃𝑖+1 in Fig. 4 (a). As a result, the 

gravitational work rates 𝑊𝐺 can be obtained by summing 

the elementary work rates: 

𝑊𝐺 =∑𝑊𝐺𝑖
 (16) 

where 𝑊𝐺𝑖 is the work rate of gravity in the ith region, 

which can be calculated via the following equation: 

𝑊𝐺𝑖 = 𝐺⃗𝑖 ⋅ 𝑣⃗𝐺𝑖 = −𝛾𝜔𝑆𝑖𝑅𝐺𝑖 𝑐𝑜𝑠 𝜃𝐺𝑖 (17) 

where 𝛾 is the unit weight of the rock masses, 𝑆𝑖 is 

the elementary area of 𝐵𝑃𝑖𝑃𝑖+1 , 𝑅𝐺𝑖  is the distance 

between the element barycenter 𝑃𝐺𝑖  and the rotating center 

𝑂 , and 𝜃𝐺𝑖 is the angle between 𝑂𝑃𝐺𝑖  and the horizontal 

direction, as plotted in Fig. 4 (c). 

As discussed earlier, the pore water pressure that affects  

 
Fig. 4 Elementary analysis for calculation of work rate of 

water pressure within the slope 

 

 

the slope can be categorized into two parts: the part within 

the slope mass and the part that occurs on the slope surface. 

According to the work of Michalowski (2006), the effect of 

the first part can be degraded by the external forces that are 

acting on the slip surface. As the slip surface is discrete, the 

work rates can be obtained via summation of the elementary 

work rates: 

𝑊𝑢
′ =∑𝑊𝑢𝑖

′  (18) 

where 𝑊𝑢𝑖
′  is the work rate of the pore pressure that is 

acting on segment 𝑃𝑖𝑃𝑖+1. 

Assuming that the pore pressure on segment 𝑃𝑖𝑃𝑖+1 is 

constant, 𝑊𝑢𝑖
′  can be expressed as： 

𝑊𝑢𝑖
′ = −𝜔𝛾𝑤ℎ𝑢𝑖𝑅𝑢𝑖 𝑠𝑖𝑛 𝜑 (19) 

where ℎ𝑢𝑖  is the height of the water table at the 

midpoint of segment 𝑃𝑖𝑃𝑖+1 , 𝛾𝑤  is the unit weight of 

water, and 𝑅𝑢𝑖 is the distance between the midpoint 𝑃𝑢𝑖  
and the rotating center O, as shown in Fig. 4(d). 

The impact of the second part is equivalent to a 

triangularly distributed load since the value of the pore 

pressure increases linearly from point 𝐸 to point 𝐴, as 

shown in Fig. 4(b). The distributed load is simplified as a 

point force. Thus, the work rate of this part of the pore 

pressure can be computed directly via the following 

equation: 

𝑊𝑢
″ = 𝜔𝛾𝑤(𝐻 − 𝐿)

2𝑅𝑝 𝑐𝑜𝑠( 𝛽 + 𝜃𝑝)/2 𝑠𝑖𝑛 𝛽 (20) 

where 𝐻 is the height of the slope, 𝐿 is the height of 

the falling water level, 𝑅𝑝  is the distance between the 

rotating center O and the application point of the resultant 

force of the pore pressure, and 𝜃𝑝 is the angle between 𝑂𝑃 

and the horizontal direction. 

Accordingly, the total work rate of the pore pressure is 

the sum of these two components: 

𝑊𝑢 = 𝑊𝑢
′ +𝑊𝑢

″ (21) 

The overall rate of energy dissipation is calculated by 

summing the elementary rates:  

𝐷 = 𝑐𝜔∑𝐿𝑖 𝑅𝑖 𝑐𝑜𝑠 𝜑 (22) 

β

E

P

B C

A

H

L

q
l

vp

R p

O

θp

p

β

A

Pi+1

Pi

y

x

Pi

Pi+1

B

O

θGi
RGi

Ri

Li
vi

φ

vGi
PGi

Gi

hx,t

h

h'

Pi

Pi+1

B

O

θui

Rui

Li

φ

vui
Pui

ui

hui

(a)

(b) (c) (d)

E

408



 

An efficient approach for stability analysis of rock slopes subjected to a transient drawdown 

 

where 𝐿𝑖 is the length of segment 𝑃𝑖𝑃𝑖+1 and 𝑅𝑖 is the 

length of 𝑂𝑃𝑖. 
After obtaining the power rates, the safety factor of 

slopes can be obtained via the combination of the strength 

reducing method and the dichotomic approach. The 

calculation is described as a modification process for the 

reduction coefficient of the shear strength, with which the 

slope reaches a limit state. The computation process is 

detailed as follows: 
 

 

 

Step A: Set the search range of the safety factor 

[𝐹𝑂𝑆1,𝐹𝑂𝑆2]. 

Step B: Set 𝐹𝑂𝑆 =
(𝐹𝑂𝑆1+𝐹𝑂𝑆2)

2
. Search min|𝑊 − 𝐷| 

for two independent variables 𝑟0 and 𝜃0 with the shear 

strength cohesion=
𝑐

𝐹𝑂𝑆
 and the friction angle=

𝑡𝑎𝑛𝜑

𝐹𝑂𝑆
. 

Step C: If min|𝑊 − 𝐷| > 0 , set 𝐹𝑂𝑆2 = 𝐹𝑂𝑆 . 

Otherwise, set 𝐹𝑂𝑆1 = 𝐹𝑂𝑆. 

 
 

 
Fig. 5 The computation and optimization flow of the safety factor 

  
(a) v=1m/d, k=10-4cm/s (b) v=0.1m/d, k=10-4cm/s 

Fig. 6 Comparison for phreatic line of present solution and Berilgen at ultimate rate L/H=1 

 

  
(a) v=10-4m/d, k=10-4cm/s (b) v=104m/d, k=10-4cm/s 

Fig. 7 Comparison for phreatic line of present solution: (a)slow flow; (b) rapid flow 
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Step D: Repeat steps B and C until （𝐹𝑂𝑆2 −

𝐹𝑂𝑆1） < 𝛿𝐹𝑂𝑆, where d is the user-defined error.  

 
 

6. Comparisons 
 

In this section, comparisons are performed to explore 

the applicability of the phreatic line equation and the 

validity of the kinematic solution for the safety factor. 

 
6.1 Validation of the phreatic surface equation 
 

As described earlier, the phreatic line within a slope can 

be determined via numerical simulation. Berilgen (2006) 

used PLAXIS to investigate the flow-free surface of a soil 

slope while considering various drawdown rates. The 

numerical solutions were used to validate the theoretical 

results in this study. The basic input parameters are 𝐻 =
7𝑚, 𝑘 = 10−4cm/s, 𝑣 = 1𝑚/𝑑, and 0.1𝑚/𝑑, according 

to Berilgen’s paper. The specific yield of 𝜇 =0.01 is 

specified by Younger and Elliot (1995), and the aquifer 

thickness of 𝑧 = 10𝑚 is obtained from the paper of Lu 

(2011).  

 

 

Table 3 Comparison of safety factor with Viratjandr and 

Michalowski (2006) for slow drawdown: 𝑟𝑢 = 0.1, slope 

1:1 

   L/H 

GSI 𝑚𝑖 Result 0 0.4 1 

10 7 Present solution 2.3900 1.8055 1.6490 

10 7 Michalowski 2.45 1.90 1.86 

10 15 Present solution 2.1929 1.6061 1.5060 

10 15 Michalowski 2.20 1.78 1.65 

30 7 Present solution 3.6565 2.0492 2.4729 

30 7 Michalowski 3.75 2.30 2.65 

30 15 Present solution 2.7629 2.6689 1.9098 

30 15 Michalowski 2.95 2.80 2.18 

 

 

According to Fig. 6, apart from minor differences, the 

results that were obtained in this study agree with those of 

Berilgen (2006), thereby substantiating the robustness of the 

proposed approach in both the rapid (𝑣 = 1m/d) and slow 

(𝑣 = 0.1m/𝑑) drawdown regimes. 

In addition, aside from the transient condition, the 

phreatic surface can also approach the water level in 

Table 1 Comparison of safety factor with Berilgen (2006) for transient drawdown 

v k  L/H 

(m/d) (cm/s) Result 0 0.2 0.4 0.6 0.8 1.0 

0.1 1 × 10−4 Present solution 2.68 2.3109 1.9422 1.7409 1.6947 1.7434 

0.1 1 × 10−4 Berilgen 2.68 2.22 1.9 1.7 1.67 1.69 

0.1 1 × 10−6 Present solution 2.68 2.1641 1.6484 1.3516 1.1797 1.1172 

0.1 1 × 10−6 Berilgen 2.68 2.08 1.63 1.32 1.18 1.12 

1 1 × 10−4 Present solution 2.68 2.2422 1.7422 1.4453 1.2734 1.2266 

1 1 × 10−4 Berilgen 2.68 2.1 1.7 1.44 1.32 1.3 

1 1 × 10−6 Present solution 2.68 2.1484 1.6328 1.3203 1.1484 1.0859 

1 1 × 10−6 Berilgen 2.68 2.05 1.6 1.31 1.13 1.09 

Table 2 Comparison with Yang and Zou (2006) for rapid drawdown: 𝑟𝑢 = 0.1 

β    GSI 

(°) 𝑚𝑖 Result 
Evaluating 

index 
30 40 50 60 70 80 

85 7 Present solution 𝐹𝑠 1.0371 1.0371 1.0176 0.9885 0.9980 1.0166 

85 7 Yang and Zou 𝑁𝑠 0.79 0.93 1.06 1.19 1.31 1.42 

85 15 Present solution 𝐹𝑠 0.9876 0.9772 1.0172 1.0016 1.0391 0.9997 

85 15 Yang and Zou 𝑁𝑠 0.48 0.57 0.66 0.75 0.86 0.98 

80 7 Present solution 𝐹𝑠 0.9980 1.0371 1.0162 0.9885 1.0566 0.9980 

80 7 Yang and Zou 𝑁𝑠 1.31 1.31 1.45 1.57 1.68 1.77 

80 15 Present solution 𝐹𝑠 1.0234 0.9922 1.0159 0.9897 0.9953 0.9897 

80 15 Yang and Zou 𝑁𝑠 0.85 0.98 1.08 1.18 1.28 1.39 

75 7 Present solution 𝐹𝑠 0.9990 1.0176 0.9899 0.9980 1.0162 1.0057 

75 7 Yang and Zou 𝑁𝑠 1.64 1.84 1.98 2.08 2.16 2.21 

75 15 Present solution 𝐹𝑠 1.0234 0.9922 0.9922 0.9891 1.0391 1.0234 

75 15 Yang and Zou 𝑁𝑠 1.56 1.71 1.79 1.85 1.91 1.98 

410



 

An efficient approach for stability analysis of rock slopes subjected to a transient drawdown 

 

extremely ‘rapid’ and ‘slow’ drawdown processes. The 

obtained and assumed water tables are plotted in Fig. 7.  

 

6.2 Validation of the safety factor of the slope 
 

The kinematic solutions of safety factors are compared 

with the previous results of Berilgen (2006) for a transient 

flow. For comprehensive comparison, the proposed 

approach is also evaluated for an extremely rapid/slow flow, 

in the comparison with the solutions of Yang and Zou 

(2006) (in which an extremely rapid flow is considered) and 

Viratjandr and Michalowski (2006) (in which an extremely 

slow flow is considered). 

 The soil that is governed by the Mohr-Coulomb 

criterion was analyzed in the study of Berilgen (2006), 

whereas the present study focuses on Hoek-Brown media. A 

necessary degradation is conducted to ensure that the code 

can cover the Mohr-Coulomb scenario. The results are 

compared in Table 1. The maximum discrepancy between 

 

 

the two solutions is less than 5%; hence, the proposed 

approach performs well under a transient condition. The 

error may come from the degradation algorithm and the 

optimization method. 

Yang and Zou (2006) formulated the stability factor of a 

rock slope under rapid water drawdown via a combination 

of the generalized tangential technique and the log-spiral 

mechanism. According to the definition of the stability 

factor, when 𝑐/(𝛾𝐻) equals to stability factor, the slope is 

in critical state and the safety factor of the slope equals to 

1.0. The stability factor of Yang and Zou and the 

corresponding safety factor from the proposed approach are 

listed in Table 2. The other parameters are 𝜎𝑐 = 5MPa, 

𝛾 = 25  kN/m3, 𝐷0 = 0 , 𝑛 = 0.5 , 𝛼 =  0° , and 𝑟𝑢 =
 0.1. The obtained safety factors are close to 1.0; hence, the 

proposed approach is reliable under the extremely rapid 

drawdown condition. 

Michalowski (2006) provided the stability charts of a 

Mohr-Coulomb slope under the slow drawdown condition. 

 

 

 

 

Fig. 8 Stability charts for 𝛽 = 45°, 𝑚𝑖 = 5， 𝐺𝑆𝐼 =10, 30, 70 
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This study also computed the safety factor via the 

equivalent parameter method; the results are listed in Table 

3 with those of Michalowski (2006). The HB parameters are 

𝐷0 = 0, 𝑚𝑖 = 7 and 15, and 𝐺𝑆𝐼 = 10 and 30, and the 

slope inclinations are 1:1 and 1:2. In Table 3, satisfactory 

agreement is observed between the solutions of 

Michalowski and those of the current study, with a 

maximum discrepancy of less than 10%. The errors are 

attributed to the equivalent method. 
According to the comparison results, the phreatic 

equation can describe a phreatic line that is close to a 
numerical result. With the application of the equation, the 
kinematic analysis can yield an accurate result. 
 

 

7. Stability charts 
 

Stability charts are widely used by engineers and 
designers to estimate the stability of slopes, especially for 
preliminary design purposes. Although many efforts have 
been contributed to the study of stability charts (Viratjandr 

 

 

 

and Michalowski 2006, Li et al. 2008), most were aimed at 
soil slopes that conform to the Mohr-Coulomb failure 
criterion. Chart research on rock slopes with a nonlinear 
failure criterion under a more general transient flow has not 
been fully developed. To provide a simple and 
comprehensive method for the stability evaluation of 
reservoir HB slopes, a series of charts is presented in this 
section. 

Facilitated by the work of Carranza-Torres and Fairhurst 

(1999), it has been revealed that for HB rock slopes with 

specified indices 𝐺𝑆𝐼, 𝑚𝑖, and 𝛽, the safety factor 𝐹𝑂𝑆 

is only related to the magnitude of 𝑆𝑅 = 𝜎ci/𝛾𝐻, where 𝜎ci 
is the uniaxial compressive strength of the intact rock. This 

correspondence between 𝐹𝑂𝑆  and 𝑆𝑅  has been 

successfully applied to the chart research of rock slopes. 

Sahoo and Shukla (2019) have plotted a series of 𝑆𝑅 −
𝐹𝑂𝑆 charts for 2D and 3D rock slopes. Similarly, a stability 

analysis of rock slopes under transient drawdown 

conditions is conducted to provide a set of charts, as shown 

in Figs. 8 to 13. 

 

 

Fig. 9 Stability charts for 𝛽 = 45°, 𝑚𝑖 = 20， 𝐺𝑆𝐼 =10, 30, 70 
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Fig. 10 Stability charts for 𝛽 = 45°, 𝑚𝑖 = 35，  𝐺𝑆𝐼 
=10, 30, 70 

 

 
 

Fig. 11 Stability charts for 𝛽 = 60°, 𝑚𝑖 = 5，  𝐺𝑆𝐼 
=10, 30, 70 
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Fig. 12 Stability charts for 𝛽 = 60°, 𝑚𝑖 = 20，  𝐺𝑆𝐼 
=10, 30, 70 

 

 

 
 

Fig. 13 Stability charts for 𝛽 = 60°, 𝑚𝑖 = 35，  𝐺𝑆𝐼 
=10, 30, 70 
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For a wide range of applications, the parameter 𝑚𝑖 is 

set to 5, 20 and 35 in the charts to cover the range from hard 

rock to soft rock. Meanwhile, we consider 𝐺𝑆𝐼 = 10, 30 

and 70 to include highly fractured rock and relative intact 

rock. Furthermore, all rock masses are assumed to be 

undisturbed, namely, 𝐷0 = 0 . Two rates of water 

drawdown are considered in these charts. The results for the 

relatively slow process with 𝑣 = 0.1 m/d are represented 

by the green lines, and those for the process with 𝑣 =1 

m/d, which is more typical as a fast process (Berilgen 

2006), are denoted by the red lines. The permeability 

parameter 𝑘 is set to 0.08 m/d since the permeability of 

jointed rocks typically ranges from 10−13  to 10−9  m2 

(Rutqvist and Stephansson 2003). In addition, the height of 

the impermeable layer is 10 m and the specific yield is 0.01, 

according to previous studies (Younger and Elliot 1995) and 

the numerical simulation that was conducted in the previous 

section. 

Fig. 8, 9, 10 plots the safety factor of the slope with the 

inclination of 1:1. Each curve in a chart represents the value 

of 𝐹𝑂𝑆 at a specified ratio 𝐿/𝐻, which is the water level  

 

 

coefficient. The value of 𝑆𝑅  ranges from 0 to 40.  

Moreover, separate charts for the range of SR 0-0.1 are 

provided. 

According to Figs. 8-10 and Figs.11-13, the safety factor 

increases with the value of 𝜎/𝛾𝐻 ; hence, 𝑆𝑅  has a 

substantial positive impact on the slope stability.  

Additionally, although according to most charts the 

slope stability steadily deteriorates with the fall of the water 

level, in several cases the minimum safety factor is attained 

before the reservoir has completely drained. This 

phenomenon is consistent with the result acquired by plane 

strain analysis of Lane and Griffiths (2000), which can be 

explained by the trade-off between the work rates of the 

external water pressure and the internal water pressure. 

Additional details can be found in the manuscripts of Lane 

and Griffiths (2000). 

Figs.11-13 plots the safety factor of slopes with an 

inclination angle of 60°. The variations with the water level 

coefficient 𝐿/𝐻 and the parameters 𝑆𝑅 are similar to the 

case of 𝛽 = 45°. In addition, the change of 𝐹𝑂𝑆 with 𝑆𝑅 

seems to be substantial under a relatively small value of 

𝑚𝑖. 

 

Fig. 14 Variation of safety factor at different values of 𝐺𝑆𝐼, 𝛽, and 𝑣 
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Based on the charts in Figs. 8-13, it is easy to determine 

the safety factor of a rock slope in a transient flow. An 

example is presented as follows. 

A homogeneous rock slope with a height of 20 m and a 

slope inclination of 45° is considered. The unit weight of 

the rock mass is 25 kN/m3, the uniaxial compressive 

strength is 20 MPa, and the values of the Hoek-Brown 

indices are 𝐺𝑆𝐼 = 30 and 𝑚𝑖 = 20. The water table falls 

8 m from the crest line with a rate of 0.1 m/d. First, the 

dimensionless parameter is calculated as 𝜎/𝛾𝐻 =
 20000/(25 × 20) = 40. Then, 𝐹𝑂𝑆  =3.96 is obtained 

directly from Fig. 9.  

To further evaluate the influences of the properties of 

the rock mass (𝐺𝑆𝐼 and 𝑚𝑖), the hydraulic conditions (𝐿/𝐻 

and 𝑣 ) and the slope geometry (𝛽) on the stability of rock 

slopes, a parametric analysis is conducted. 

Fig. 14 plots the change in the safety factor against the 

water level coefficient 𝐿/𝐻. 𝐿/𝐻 has a substantial effect 

on the slope stability. The safety factor decreases rapidly 

within 𝐿/𝐻 < 0.2. With the increase of 𝐿/𝐻, the variation 

rule of the safety factor tends to be more gentle and 

eventually barely changes (or even changes in the opposite 

direction) when 𝐿/𝐻 > 0.6. 

Fig. 14 also illustrates, as discussed earlier, that in some 

cases the minimum value of the safety factor is attained at 

𝐿/𝐻 = 0.6  or 0.8; hence, during the process of 

groundwater level drawdown, the state of a slope is most 

susceptible at this moment. The variation rules of 𝐹𝑂𝑆 

with the parameters 𝐺𝑆𝐼, 𝑚𝑖, 𝛽 and 𝑣 are also shown in 

Fig. 14. The relationships between 𝐹𝑂𝑆  and the HB 

indices, namely, 𝐺𝑆𝐼  and 𝑚𝑖 , exhibit nonlinearity, 

whereas 𝐹𝑂𝑆 changes more linearly with the magnitudes 

of 𝛽 and 𝑣. 

 

 

8. Conclusions 
 

Based on the discretization-based kinematic analysis, a 

new approach was proposed for stability analysis of the 

Hoek-Brown slopes under ‘transient’ drawdown condition. 

With the application of the generalized tangent technique 

and the phreatic surface equation, rigorous solutions of 

safety factor are obtained via a discretization technique. A 

set of stability charts was proposed for preliminary design. 

The conclusions of this study are as follows:  

The accuracy of the specified equation in describing the 

phreatic line within a slope was evaluated by comparing 

numerical solutions. According to a comparison with 

previous results, the equation can provide an accurate 

description of the bent phreatic surface in a transient flow. 

The utilization of such an equation enables the theoretical 

analysis of slopes that are subjected to a transient 

drawdown. 

The discretization technique, which has strong 

applicability and portability, was used to generate the 

velocity discontinuity surface of the rock slope in this paper. 

This technique not only guarantees a kinematically 

admissible velocity field for spatially varying strength but 

also avoids complicated integrals when dealing with 

complex phenomena such as water drawdown. Improving 

the computational efficiency was the reason why we 

adopted this discretization method in this study.  

A set of stability charts for a reservoir rock slope was 

plotted against the index 𝑆𝑅 = 𝜎𝑐/𝛾𝐻 , which is an 

extension of the current research that is limited to soil 

slopes under extremely ‘rapid’ and ‘slow’ flow scenarios. 

These charts can be conveniently used to obtain the safety 

factors of jointed homogeneous rock slopes that are 

subjected to transient flow conditions, for preliminary 

estimation. An application example was also presented to 

demonstrate the chart method. 

A parametric analysis of the safety factor was conducted 

with the variation of the water level. It is found that the 

most vulnerable status of slopes occurs when the reservoir 

is fully drained or when the water level is low. This 

phenomenon is similar to that observed in soil slopes. The 

analysis also indicates that the strength parameters, namely, 

GSI and mi, have nonlinear influences on the slope stability, 

whereas the effects of the geometrical slope parameter β 

and the water level drop rate v appear to be linear. 
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