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1. Introduction 
 

Numerical modeling techniques such as the finite 

different method and finite element method, etc., provide 

very accurate predictions of the mechanical behavior of 

geomaterials and the stability of geotechnical engineering 

structures (Jing and Hudson 2002). Numerical modeling is 

an essential part of stability analysis, design, and 

construction in the profession of geotechnical engineering 

(Jain and Chakraborty 2018, Oh et al. 2019, Aksoy et al. 

2019, Li et al. 2021). Yet, numerical modeling is too time-

consuming in practical engineering practice because of the 

need for repetitive computations, such as back analysis, 

optimal design, and reliability analysis, etc. This 

shortcoming has motivated researchers to develop 

alternative models to replace numerical models in practical 

geotechnical engineering applications. 

The response surface method (RSM) provides an 

efficient alternative model to approximate the limited state 

function for reliability analysis of complex engineering 

systems (Kathirvel and Kaliyaperumal 2017, Myers et al. 

2009, Thakur et al. 2019, Zhang et al. 2020, Saseendran 

and Dodagoudar 2020). Various RSM models have been 

developed to approximate the response variables such as 
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deformation, safety factors, and stress of geotechnical 

structures. A polynomial RSM is commonly used in 

reliability analysis for geotechnical engineering (Li et al. 

2016, Hamrouni et al. 2018). However, approximating a 

complex nonlinear function using polynomial RSM is 

difficult in practical geotechnical engineering.  

Artificial neural networks (ANN) were adopted to 

approximate the complex, nonlinear and implicit limited 

state function of the reliability analysis for engineering 

structures (Cardoso et al. 2008, Luat et al. 2020, Liu et al. 

2021). ANN was widely adopted in reliability analysis to 

approximate the response of geomaterial (Pichler et al. 

2003, Gomes and Awruch 2004, Lopes et al. 2010, Lv and 

Low 2011, Rafiai and Moosavi 2012, Mahdevari and Torabi 

2012, Mahdevari et al. 2012, Mathew et al. 2020). In back 

analysis, ANN was used to approximate the relationship 

between geomechanical parameters and displacement of 

surrounding rock mass, and then determine the 

geomechanical parameters (You 2014).  

Nevertheless, ANN has some limitations such as over-

fitting, finding local minimum solutions, etc. To overcome 

these disadvantages, Feng et al. introduced a support vector 

machine (SVM) to construct the RSM for geotechnical 

engineering (Feng et al. 2004). SVM was used to 

approximate the safety factor of slope and obtain the 

explicit limited state function for reliability analysis of 

slope (Zhao 2008). SVM was also adopted to approximate 

displacement for determining geomaterial mechanical 

parameters by back analysis (Zhao and Yin 2009). To 

overcome the limitations of traditional SVM, a multi-output 

support vector machine was developed to build the RSM in 
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back analysis (Zhao and Yin 2016). However, the RSM was 

only a universal approximator trained using a set of samples 

and did not reflect physical knowledge about the 

engineering structure (Audouze et al. 2009). In the 

alternative models just described, samples or data were used 

to construct a response function for approximating the 

actual response. Unfortunately, these models did not reflect 

the physical mechanism of the engineering structures.  

The recent developments in data sciences provide a 

good way to reveal the mechanism behind data (Lecun et al. 

2015). Data sciences have been successfully applied in the 

field of medicine (Veer and Bernards 2008), energy 

(Severson et al. 2019), biology (Alipanahi et al. 2015, Huys 

et al. 2016), and geoscience (Markus et al. 2019). Recently, 

a physics-based reduced order model (ROM) was 

developed that contains some knowledge about the 

engineering structure under consideration (Bhattacharjee 

and Matouš 2020). Recently, various surrogated model was 

developed to handle the engineering problem. A deep-

learning-based surrogate model was developed and applied 

for predicting dynamic subsurface flow in channelized 

geological models (Tang et al. 2020). A machine learning-

based data driven approach was developed to identify 

geology during tunnel excavation (Bai et al. 2021). A 

physics-informed deep learning framework was developed 

and regarded as a surrogated model to study solid 

mechanics (Haghighat et al. 2021). Zhao (2021) developed 

a surrogated model to improve the efficiency of the 

numerical analysis by combining the ROM model and 

machine learning (Zhao 2021). Bayesian inference was 

adopted to determine the geomechanical parameters and 

their uncertainty using a multi-output support vector 

machine-based surrogated model (Zhao et al. 2021). To 

improve the efficiency of back analysis, a reduced-order 

model was used to replace the numerical model to 

determine the mechanical parameters of geomaterials (Zhao 

et al. 2021). In this study, a novel computational framework 

of geomechanics was developed to construct the model of 

geomechanics by combining data-driven analyses and the 

physics-based ROM. 

Proper orthogonal decomposition (POD) is a popular 

physics-based ROM that has been used in a variety of fields 

(Fic et al. 2006, Cizmas et al. 2008, Freno and Cizmas 

2014, Luo et al. 2015). In this study, Latin hypercube 

sampling (LHS) was used to construct a set of design 

variables. A snapshot (sample) was generated based on 

numerical simulation. Then, POD was used to determine a 

ROM. The remainder of this paper is organized as follows. 

Firstly, the ROM is described in detail. Then, a circular 

tunnel was used to verify and illustrate the physics-based 

data-driven model. The detailed procedure, results and a 

comparison are also presented and discussed. Conclusions 

based on the study results are given. 

 

 

2. Physics-based reduced order model 
 

In geomechanics and geotechnical engineering, the 

responses such as displacement, stress, and strain field of a 

geotechnical structure (slope, tunnel, etc.) are functions of 

the geometry and size of the structure, boundary conditions, 

in situ stress, and mechanical parameters of geomaterial, 

etc. A physics-based ROM of these fields (responses) can be 

obtained by POD (Kenneth et al. 2000). 

 

2.1 Numerical model of geotechnical engineering 
 
A field (such as stress, strain, and displacement, etc.) of 

a geotechnical structure can be characterized by physical 

laws and governing equations, which are often represented 

in the form of partial differential equations (PDE) 

(Zienkiewicz et al. 2005). We consider a general nonlinear 

steady state PDE in Rd. 

𝑁(𝑢(𝒙, 𝜽), 𝜽) = 𝑓(𝑢(𝒙, 𝜽), 𝜽) 𝑖𝑛  Ω (1) 

𝑢(𝒙, 𝜽) = 𝑔(𝒙, 𝜽) 𝑜𝑛   𝜕Ω (2) 

In Equations (1) and (2), x represents the spatial 

coordinates, θ is the vector of design variables such as 

mechanical parameters of geomaterial and in-situ stress, 

etc., u is the field variables such as stress, displacement, 

etc., f is the load, g is the boundary conditions, Ω is the 

physical space with regular boundary 𝜕Ω, and N is the 

operator of the PDE. To geomechanics, the momentum 

balance equation is the following partial differential 

equation. 

, 0ij j if  
 

(3) 

Where fi is the body force, σij denotes the Cauchy stress 

tensor. The subscript comma denotes partial derivative. To 

the plane problem of geomechanics, i, j equals x, y in the 

Cartesian coordinate system. Under the action of external 

forces, the deformation u and strain ε satisfy the following 

kinematic equation. 

, ,

1
(u u )

2
ij i j j i  

 

(4) 

Where ui is the deformation (displacement), εij is the 

infinitesimal strain tensor. In the elastoplastic problem of 

geomechanics, the strain tenson can decompose the elastic 

strain 𝜀𝑖𝑗
𝑒  and plastic strain 𝜀𝑖𝑗

𝑝
. 

e p

ij ij ij   
 

(5) 

The stress tensor is now linearly dependent on the 

elastic strain tensor 𝜀𝑖𝑗
𝑒 . The plastic strain 𝜀𝑖𝑗

𝑝
 .is relation to 

the plasticity model and meets the corresponding plasticity 

model. 

p

ij

ij

F
 







 

(6) 

Where 𝛾  is the plastic multiplier, subject to the 

conditions 𝛾 ≥ 0. F is the yield surface and depends on the 

plasticity model. 

(1 )(1 2 ) (1 )

e e

ij kk ij jj
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 
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(7) 
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Where 𝛿𝑖𝑗  is the Kronecker delta, E and 𝜐  is the 

Elastic modulus and Poisson’s ratio of geomaterials, 

respectively.  
The PDEs of geomechanics characterize well the 

deformation and failure mechanism of geomaterials. 
However, it is not easy to obtain an analytical solution for 
PDEs because of the complexity of geotechnical 
engineering applications. Thus, numerical technology is a 
technique for solving the above partial differential 
equations (Eqs.3,4,7) by discretizing these equations into 
linear equation groups and boundary conditions. The 
boundary conditions are essential to the elastic solution of 
solid. The finite element method (FEM) is commonly used 
for numerical technology. FEM has been widely used in 
various fields of geotechnical engineerings, such as slope 
stability analysis, the displacement prediction of tunnel 
excavation, support structure stability analysis, T-H-M-C 
coupling analysis, Etc. (Jing and Hudson, 2002). In this 
study, a physics-based ROM was developed to compute the 
expansion basis and its coefficient using POD. The 
expansion basis reduced the high-dimension numerical 
model to a low-dimension reduced-order model.  

 

2.2 Physics-based reduced-order model 
 
As stated above, the displacement and stress fields 

𝑢ℎ(𝑥, 𝜃) in geomechanics can be obtained by solving the 
PDE using numerical technology. In this study, the ROM 
model was used to approximate the displacement and stress 
fields 𝑢ℎ(𝑥, 𝜃) in geomechanics. According to the ROM 
theory (Audouze et al. 2009), the field variables in Eqs. (1) 
and (2) can be presented in the following form. 

𝑢̃ℎ(𝑥, 𝜃) = ∑ 𝛽𝑘(𝜃)𝜑𝑘(𝑥)

𝐾

𝑘=1

+ 𝑔̃(𝑥, 𝜃) (8) 

Where 𝑢̃ℎ(𝑥, 𝜃)  is the approximated field variables 

using ROM model, 𝜑𝑘(𝑥)  is the eigenfunction, 𝛽𝑘(𝜃) is 

an undetermined coefficient, K is the number of 

eigenfunctions. K, 𝜑𝑘(𝑥) and 𝛽𝑘(𝜃) can be determined 

using POD in this study. 𝑔̃(𝑥, 𝜃) is an extension of the 

boundary conditions in the whole domain. 

𝑔̃(𝑥, 𝜃)

= {
𝑔(𝑥, 𝜃)           𝑜𝑛   𝜕Ω         

            0             𝑒𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒     
 (9) 

To obtain the ROM model, some snapshots are 

necessary. Firstly, LHS was used to build the set of design 

variables 𝜃𝑗 , 𝑗 = 1,2, … , 𝐽. Then a set of discrete solutions 

(snapshot) of PDE, 𝑤𝑗 = 𝑢ℎ(𝜃𝑗) − 𝑔̃(𝜃𝑗), 𝑗 = 1,2, … , 𝐽, 

was obtained using a numerical method such as finite 

element analysis. Let us denote by Mx the spatial Gram 

matrix: 

𝑀𝑖𝑗
𝑥 = (𝑤𝑖 ∙ 𝑤𝑗), 𝑖, 𝑗 = 1,2, … , 𝐽 (10) 

where (𝑤𝑖 ∙ 𝑤𝑗) is the scalar product between wi and 

wj. 

The positive eigenvalues λ of Mx are arranged in 

descending order. 

𝜆1 ≥ 𝜆2 ≥ ⋯ ≥ 𝜆𝐽 ≥ 0 (11) 

The first K eigenfunctions 𝜑𝑘(𝑥), 𝑘 = 1,2, . . 𝐾 

associated with the first K eigenvalues provide the 

orthogonal principal direction of snapshots. If 𝑟𝑘 =
(𝑟𝑗

𝑘)𝑗=𝑖,𝑖,…𝐽 is the kth eigenvector of Mx, then its dual kth 

eigenfunction 𝜑𝑘(𝑥) is obtained using Equation (12): 

𝜑𝑘(𝑥) = ∑ 𝑟𝑗
𝑘𝑤𝑗(𝑥)

𝐾

𝑗=1

 (12) 

where K is the dimension of the POD basis and can be 

obtained using Equation (13). 

∑ 𝜆𝑖
𝐾
𝑖=1

∑ 𝜆𝑖
𝐽
𝑖=1

> 𝑘 (13) 

where k is the user-specified tolerance. In this study, k 

was taken to be 0.99999. 

For any xi, i = 1, 2,…,I, and θj, j = 1, 2,…J, we can 

obtain Equation (8). The ROM model Equation (8) can be 

written in the form of Equation (14). 

𝑢̃ℎ = 𝜑𝛽 + 𝑔̃ (14) 

The unknown coefficient β can be obtained by solving 

the following penalized minimization problem. 

min
𝛽𝑗∈𝑅𝐾

‖𝑢ℎ,𝑗 − 𝜑𝛽𝑗 − 𝑔̃𝑗‖
2

+ 𝜇‖𝛽𝑗‖
2
 (15) 

for which 𝛽𝑗can be obtained by solving the following 

normal equation: 

(𝜑𝑇𝜑 + 𝜇𝐼𝐾)𝛽𝑗 = 𝜑𝑇(𝑢ℎ,𝑗 − 𝑔̃𝑗), 𝑗 = 1,2, … , 𝐽 (16) 

where 𝜇 is a small regularization parameter. 
To determine the field variables for unknown design 

variables θ and space variables x, the coefficient 𝛽𝑘(𝜃) is 
expanded using a radial basis function (RBF) as Equation 
(17). 

𝛽𝑘(𝜃) = ∑ 𝛼𝑗𝑘𝜓(
|𝜃 − 𝜃𝑗|

𝜎
)

𝐽

𝑗=1

 (17) 

For any 𝜃𝑗′ , 𝑗′ = 1,2, … , 𝐽 , Equation (18) can be 

obtained based on Equation (17): 

∑ 𝛼𝑗𝑘𝜓(
|𝜃𝑗′ − 𝜃𝑗|

𝜎
)

𝐽

𝑗=1

= 𝛽𝑘𝑗′  (18) 

where 𝛽𝑘𝑗′  has been obtained using Equation (17). The 

above equations can be written in the compact form of 

Equation (19), 

in which the unknown coefficient 𝛼𝑘  can be obtained 

by solving Equation (20). 

(𝐴𝑇𝐴 + 𝜇𝐼𝐽)𝛼𝑘 = 𝐴𝑇𝛽𝑘 , 𝑘 = 1,2, … , 𝐾 (20) 

 

2.3 Procedure of physics-based ROM 
 

The physics-based ROM developed in this study is 

summarized in Fig.1. LHS was used to build the set of 

𝐴𝛼𝑘 = 𝛽𝑘 (19) 
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design variables for the numerical model. Then the 

numerical model was used to generate the snapshot 

corresponding to each design variable in the set. Based on 

these snapshots, POD was used to compute the POD basis 

vector and its coefficient considering the physical 

mechanism of the engineering problem. To approximate a 

new design variable, RBF was used to expand the 

coefficient of the POD basis, and then solve the coefficients 

of ROM decomposition. The unknown field variables 

corresponding to new design variables were predicted based 

on the physics-based ROM. 

The procedure just described involved the following 

steps. 

Step 1: Collect the geotechnical engineering data such 

as in situ stress, geomaterial mechanical parameters, and 

boundary conditions, etc. 

Step 2: Build the numerical model (FEM) based on the 

assembled engineering information.  

Step 3: Generate the set of design variables θ for the 

numerical model using LHS. 

Step 4: Compute the field variables wi (displacement or 

stress field) at space domain X using a numerical model for 

each design variable. Collect all the field variables and 

obtain the snapshots. 

Step 5: Construct the spatial Gram matrix Mx based on 

the above snapshots. 

Seep 6: Compute the eigenvalues λ and eigenvectors r 

based on spatial Gram matrix. 

Step 7: Determine the rank number K of Mx and first K 

eigenfunction vector φ.  

Step 8: Compute the undetermined coefficient β based 

on the eigenfunction vector φ and snapshots. 

Step 9: To estimate a new design variable θ, construct 

element ɸ based the design variables θ that are generated by 

LHS using RBF. 

Step 10: Compute the interpolation matrix A of 

elements ɸ. 

 

 

Fig. 2 Numerical model for circular tunnel 

 

 

Step 11: Compute the vector of element α using the 

penalized linear systems. 

Step 12: Determine the coefficients β(θ) based on RBF. 

Step 13: Predict the unknown field variables 𝑢̃ℎ(𝜃) 

based on coefficients β(θ) and the eigenfunction vector φ 

using ROM. 

 
 

3. Numerical example 
 

To illustrate and demonstrate the developed method, a 

circular tunnel subject to hydrostatic stress was studied for 

the Mohr-Coulomb criterion (Duncan 1993). In this study, 

the analytical and numerical solutions of the circular tunnel 

were used to illustrate and verify the validity of the ROM 

model. Suppose a circular tunnel is excavated in a 

continuous, homogeneous, isotropic, initially elastic rock 

mass subjected to hydrostatic far-field stress p0 and uniform 

support pressure pi. While pi is less than the critical pressure 

pcr, a plastic zone exists. The values of pcr are obtained from  

 

Fig. 1 The physics-based reduced-order model 
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the following equations. 

pcr =
2p0 − σc

k + 1
 (21) 

where σc is the uniaxial compression strength, which 

the following equation can determine. 

σc =
c(k − 1)

tanφ
 (22) 

Where φ is the internal friction angle, and c is the 

cohesion and k =
1+sinφ

1−sinφ
. 

Duncan (1993) obtained the plastic zone radius rp and 

the inward displacement of tunnel wall uip based on the 

Mohr-Coulomb criterion. 

rp

r0

= [
2(p0 + s)

(k + 1)(pi + s)
]

1
(k−1)⁄

 (23) 

uip

r0

= [
1 + μ

E
] [2(1 − μ)(p0 − pcr) (

rp

r0

)
2

− 2(1

− 2μ)(p0 − pi)] 

(24) 

 

 

where E is the elastic modulus and μ is Poisson’s ratio. 

The values of s are obtained from the following equations: 

s =
σc

k − 1
 (25) 

The physics-based ROM was applied to a circular rock 

tunnel to illustrate its use. The radius of the tunnel was 1 m. 

The surrounding rock mass is assumed to be linearly elastic 

and perfectly plastic. The plane strain conditions are 

applicable. The Mohr-Coulomb criterion and associated 

flow rules were adopted in the numerical model. The elastic 

modulus, Poisson’s ratio, cohesion and friction angle of 

rock mechanical parameters were 6.8 GPa, 0.2, 3.45 MPa, 

and 30o, respectively. The isotropic in situ stress had a 

magnitude of -30 MPa. The FLAC3D numerical model 

(Itasca 2009) was adopted to build snapshots for ROM. 

Only a quarter of the tunnel was analyzed because of the 

symmetry (Fig.2). The circular tunnel was discretized into 

900 elements and 1,822 nodes for numerical modeling. 

The elastic modulus, Poisson’s ratio, cohesion, friction 

angle, and in situ stress were selected as the design 

variables. Displacement and stress of the surrounding rock 

mass were the field variables. LHS was used to construct 50  

 

Fig. 3 The first seven and four spatial POD modes 
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Fig. 4 The relative error of horizontal displacement for 20 snapshots 

 
Fig. 5 The relative error of horizontal stress for 20 snapshots 
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sets of design variables. The FLAC3D model was used to 

generate the snapshots for the ROM model. The snapshots 

of the displacement and stress field were a 3844 × 50 and 

2700 × 50, respectively. The Gram matrix of design 

variables was a 50 × 50. Principal component analysis was 

used to determine the eigenfunctions based on eigenvectors 

of the spatial Gram matrix Mx and snapshots. RBF was used 

to compute the expanded coefficients of the ROM. The rank 

K of the displacement and stress field ROM are 4 and 7, 

respectively.  

The four POD modes of the displacement field and 

seven POD modes of stress field are shown in Fig.3, 

respectively. The snapshots could be roughly approximated 

by the linear combinations of the first POD. The field of 

displacement and stress could be estimated based on the 

first four and seven PODs using the ROM model. The 

relative errors of horizontal displacement and stress are 

shown in Fig.4 and Fig.5, respectively. Compared with the 

numerical solution, the maximum relative error of 

horizontal displacement was about 11%, and the relative 

error was less than 10% for most snapshots. The maximum 

relative error of horizontal stress was about 7% and the 

relative error was less than 5% for most snapshots. These 

 

 

results showed that the ROM model produced solutions that 

were in excellent agreement with those from numerical 

modeling.  

Thus, the ROM model can be used to approximate the 

displacement and stress field in the tunnel. As shown in 

Figs. 4 and 5, the larger relative errors occurred at the 

interface of the elastic and plastic zone and at the 

excavation boundary. The deformation and failure behaviors 

were complex at these locations. Furthermore, the accuracy 

of the ROM depended on the numerical model. In other 

words, the better that a numerical model represented the 

physical behavior of an engineering structure, the higher 

was the accuracy of the ROM. 

Two cases were used to illustrate and verify the 

prediction performance of the physics-based ROM. The 

displacement and stress of the surrounding rock mass are 

shown in Figs.6 and 7. In this illustration, the numerical 

solutions were in excellent agreement with the analytical 

solution (Duncan 1993). The analytical solution presents the 

failure and deformation mechanism of the surrounding rock 

mass in the circular tunnel under the hydrostatic stress field. 

Figs.6 and 7 show that the ROM approximates well the 

displacement and stress induced by the excavated tunnel.  

 
  

 

(a) Case 1 (b) Case 2 

Fig. 6 Comparisons of predicted displacement of surrounding rock mass by the physics-based ROM and other techniques. 

(a) Case 1 (b) Case 2 

 
  

 

(a) Case 1 (b) Case 2 

Fig. 7 Comparisons of predicted stress of surrounding rock mass by the physics-based ROM and other techniques. (a) Case 

1 (b) Case 2 
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Furthermore, the physics-based ROM model characterized 

well the deformation and failure mechanism of the tunnel. 

In addition, the error was bigger at the excavation face and 

interface between elastic and plastic zone. Figs.6 and 7 

show that the error between the numerical solution and 

analytical solution was larger at these locations. These 

results provided additional evidence that the accuracy of the 

ROM depended on the numerical model. Thus, selecting a 

numerical model was very important to assuring the best 

performance of a physics-based ROM. 

The predicted displacements of the surrounding rock 

mass by the physics-based ROM were compared with 

 

 

predictions from the numerical model in Fig.8. The relative 

error between predictions from the ROM and numerical 

model are shown in Fig.9. Likewise, the stress field in the 

surrounding rock mass predicted by the physics-based 

ROM was compared with that from the numerical model in 

Fig.10, while the errors were compared in Fig.11. The 

displacement and stress field predicted by the physics-based 

ROM were in excellent agreement with predictions of the 

numerical model. The maximum relative error for the 

displacement field predicted by the two methods was about 

12% and 8% for case 1 and case 2, respectively. The 

maximum relative error of horizontal and vertical stress was 

 
(a) Case 1 

 
(b) Case 2 

Fig. 8 Comparison of the displacement field of a circular tunnel predicted using the physics-based ROM and a numerical 

model. (a) Case 1 (b) Case 2. 
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about 6%. However, the relative error of shear stress field 

predictions was greatest at the top-right corner of Fig.11. In 

this study, two-dimensional plane strain was adopted to 

simulate the excavation of the tunnel; unfortunately, this 

approach didn’t reflect well the shear mechanism. Results 

presented in Figs. 8–11 again demonstrated that the 

accuracy of the ROM depended on the numerical model. 

Overall, the physics-based ROM characterized well the 

deformation and failure mechanism and physical laws of the 

geomaterials and tunnel. Thus, it could replace numerical 

modeling for uncertainty analysis, optimal design and back 

analysis, etc., all of which required repeated computations 

that are time-consuming and expensive. 
 

 

4. Application 
 

To further verify the physics-based ROM model, the 

excavation of top heading was simulated for a practical 

tunnel of the Nathpa Jhakri hydroelectric project in India. 

The span of the top heading is 10m. The properties of rock 

mass and engineering geological conditions associated with 

the project have been introduced and presented by Hoek in 

detail (Hoek 1999). The FLAC3D numerical model was 

adopted to build snapshots for the ROM model. The 

numerical model of the tunnel was discretized into 2450 

elements and 5060 nodes (Fig.12). Hoek-Brown criterion 

was adopted in this study. The geological strength index 

(GSI), uniaxial compression strength of intact rock (σci), the 

material constant (mi), and in-situ stress were selected as the 

design variables. The Latin hypercube sampling (LHS) was 

used to generate the 200 sets of the design variables. The 

convergence and stress of surrounding rock mass were 

calculated using the numerical model and generated 200 

 

 

snapshots for the ROM model. The rank K of the 

displacement and stress field are 7 and 58, respectively. 

The above ROM model was used to estimate the 

convergence and stress of surrounding rock mass. The 

geological strength index (GSI), uniaxial compression 

strength of intact rock (σci), the material constant (mi), and 

in-situ stress are 45,10MPa, 10, and 6.75MPa respectively. 

The displacement and stress of the surrounding rock mass 

are shown in Figs. 13 and 14. In this application, the ROM 

model was in excellent agreement with the numerical 

solutions. Figs.13 and 14 show that the ROM model 

approximates well the displacement and stress induced by 

the excavated tunnel. It shows the physics-based ROM 

model can replace of numerical model to the practical 

tunnel. 

To illustrate the ROM model, it was used to determine 

the extent of the convergence (the deformation of the 

surrounding rock mass) of the rock mass to 1000 different 

sets of rock mass strength and in situ stress (design 

variables). The result of the above were plotted in 

dimensionless form. Fig.15 shows the relationship between 

tunnel convergence and the ratio of uniaxial compressive 

strength of the rock mass to in situ stress. It shows the 

convergence of tunnel will increase dramatically when the 

uniaxial compressive strength of the rock mass falls below 

about one-tenth of the in-situ stress. It is consistent with the 

results of Hoek and Brown (Hoek and Brown 1997). It 

improved again that the physics-based ROM model 

characterized well the deformation mechanism of 

surrounding rock mass to tunnel. The running time is about 

3.05 seconds to the 1000 computations using the ROM 

model, but the running time is about 120 seconds to one 

time using a numerical model. The ROM model can 

improve the efficiency of the computation dramatically. 

 
Fig. 9 The relative error between predictions of the displacement field of a circular tunnel made by the physics-based ROM 

and a numerical model 
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(a) Case 1 

 
(b) Case 2 

Fig. 10 Comparison of the stress field of a circular tunnel predicted using the physics-based ROM and a numerical model. 

(a) Case 1 (b) Case 2 
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Fig. 12. The numerical model and mesh of tunnel 

 

 

5. Conclusions 
 

A physics-based ROM was developed by combining a 

numerical model, POD and RBF. A numerical model was 

used to build the snapshots using LHS. The spatial Gram 

matrix was constructed based on the snapshots. POD was 

adopted to compute the first K spatial models based on 

eigenvalues and eigenfunctions of the spatial Gram matrix. 

RBF was used to build the expanded coefficients of design 

variable space. The physics-based ROM was applied to a 

circular tunnel to illustrate and verify the application. 

Results showed that the physics-based ROM approximated 

well the displacement and stress field of the tunnel and 

provided an excellent characterization of the deformation 

and failure mechanism of the surrounding rock mass. Thus, 

the physics-based ROM can be used to replace numerical 

 
Fig. 11 The relative error between predictions of stress field of a circular tunnel made by the physics-based ROM and a 

numerical model 
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modeling in geotechnical engineering applications. The 

following specific conclusions were supported by the 

results of this study. 

  The physics-based ROM approximated well the 

displacement and stress field of a tunnel. The ROM 

improved the efficiency of the numerical simulation and 

could replace a numerical model for computation of 

geotechnical engineering analyses. Numerical modeling 

was costly for practical geotechnical engineering. 

Specifically with regard to the repetitive computation issues 

such as back analysis, reliability analysis and optimal 

design, etc., the physics-based ROM provided an effective 

way to improve the efficiency of analyses and yielded  

 

 

highly accurate predictions. 

  The physics-based ROM effectively characterized 

the deformation and failure mechanism associated with 

geotechnical engineering structures. It could represent well 

the physical behavior and boundary conditions. 

  The parameters of RBF had a critical effect on the 

performance and accuracy of the physics-based ROM. 

Rational determination of the parameters of RBF requires 

further research. 

  The computation time of the physics-based ROM 

model is significantly less than the numerical model. It 

improves the efficiency of the numerical model 

dramatically. This is important to the large-scale practical  

  

(a) Numerical model (b) ROM model 

Fig. 13 The comparison between predictions of displacement field of tunnel made by the physics-based ROM and a 

numerical model. (a) Numerical model. (b) ROM model 

 

 
(a) 

 
(b) 

Fig. 14 The comparison between predictions of stress field of tunnel made by the physics-based ROM and a numerical 

model. (a) Numerical model (b) ROM model. 
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Fig. 15 Tunnel convergence versus ratio of uniaxial 

compressive strength of the rock mass to in situ stress 

 

 

project. 

  The performance and accuracy of the physics-based 

ROM depended on the numerical model. Selecting an 

appropriate numerical model was critical to the application 

of the physics-based ROM. To improve the performance of 

the physics-based ROM, the numerical model should 

consider and represent well the mechanical behavior and 

boundary conditions of the geotechnical engineering 

project. 

  This study developed the physics-based ROM using 

a 2D plane strain problem with Mohr-Coulomb for rock 

tunnels. However, the developed model does not depend on 

the specific constitute model and numerical model. Further 

study will be implemented using other constitutive and 

numerical models for another geotechnical engineering in 

the future. 
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