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1. Introduction 
 

Landslide is one of the worst natural disasters. The 

worldwide earthquake-induced landslides over the years 

have resulted in serious casualties and damages to 

properties, therefore the assessment of the slope stability 

remains a long-standing topic in geotechnical engineering. 

Approaches to assess the stability of slopes can be mainly 

categorized into three groups: (1) limit equilibrium method, 

(2) numerical approaches and (3) limit analysis method. 

The most common method used for slope stability analysis 

over the past decades is the limit equilibrium method (Lam 

and Fredlund, 1993, Shukla et al. 2009, Deng et al. 2017, 

Motlagh et al. 2018). However, due to the assumptions 

related to the internal force distribution, the solution 

obtained is neither an upper bound nor a lower bound of the 

true solution. Numerical approaches such as finite-element 

method and finite-difference method are also used for slope  
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stability assessment (Cai and Ugai 2000, Shen and Abbas 

2013, Aksoy et al. 2016, Kim and Jeong 2017, Yang et al. 

2017, Babanouri and Sarfarazi 2018, Tran et al. 2019). But 

the high computational cost and intensive invested efforts 

make the numerical approaches less attractive. In contrast, 

the kinematic theorem of limit analysis can find a rigorous 

upper bound to the critical slope height or the factor of 

safety by assuming a reasonable slip surface. The 

application of kinematic theorem of limit analysis does not 

require the stresses field to be known, and results obtained 

have proved to be credible (Chen 1975). The limit analysis 

method has been widely used due to its efficiency and 

simplicity. Li et al. (2010) calculated the seismic 

displacement of slopes reinforced one row of piles, using 

the kinematic theorem of limit analysis within the 

framework of the pseudo-static approach. Zhao et al. (2016) 

carried out a comprehensive study on the seismic slope 

stability by considering cracks of any possible depth and 

location. Michalowski (2017) presented a new stability 

analysis for slopes with tensile strength cut-off in the 

framework of limit analysis. Xu et al. (2018) developed a 

series of stability charts, incorporating the influence of 

nonhomogeneity, anisotropy of soil and the pile 

reinforcement effects. Qin and Chian (2017) conducted a 

limit analysis on the kinematic stability of a two-stage slope 

in layered soils, with the upper part of the slope manmade. 

In their work, focuses were placed on the nonhomogeneity 

of the soil and the limit surcharge load. The effect of slope 

shape and depth coefficient was neglected. Moreover, the 

failure mechanism was limited. A more comprehensive 

study is yet to be carried out. 
In this paper, the kinematic theorem of limit analysis is 

adopted to assess the seismic stability of a two-stage slope. 
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The seismic effect is taken into account by the pseudo-static 
approach. The failure mechanism is extended to include 
below-toe failure, toe failure and face failure. Based on the 
graphical method, the stability charts are presented to obtain 
the factor of safety without iteration. Parametric study 
involving the effect of slope geometry, internal friction 
angle, seismic effect as well as depth coefficient on the 
stability of a two-stage slope is carried out. Then the 
parametric effect on the critical failures is investigated. 
 

 

2. Seismic stability analysis for a two-stage slope 
 

2.1 Kinematic theorem of limit analysis 
 

In the framework of limit analysis, the upper bound of 

true solution can be found by adopting the kinematic 

theorem which is a bifurcation of plasticity theory. The 

application of kinematic theorem requires that the rate of 

dissipation within the plastic zone be equated to the rate of 

external work of any assumed strain field which is governed 

by the normality rule and is compatible with the velocities 

at the boundary of the failing mass. The kinematic theorem 

of limit analysis method is elaborated and well employed in 

solving the slope stability problems by Chen (1975). 
 

2.2 Work-energy balance equation and objective 
function 

 
The prerequisite of kinematic theorem of limit analysis 

is that the soil is assumed to be perfectly plastic and the 
failure of soil mass satisfies the Mohr-Coulomb criterion as 
well as the associated flow rule. In this paper, the plane 
strain mechanism is considered, as shown in Fig.1. The two 
different slope angles of the slope are β1 and β2 respectively. 
The depth coefficient α is the ratio of upper height of the 
slope to the total slope height H. The region ABCEF, as a 
rigid block, rotates around the center of rotation O with the 
angular velocity ω. The failure surface of sliding soil mass 
is a rotational log-spiral discontinuity AF. The angle 
between the direct of velocity at each point on the 
discontinuity and failure surface equals to the internal 
friction angle φ. Other variables r0, rh, θ0, θ0, L and D 
defining the failure mechanism are indicated in Fig.1. The 
below-toe failure mechanism degenerates into the toe-
failure mechanism as D=0. The expression of the log-spiral 
failure surface AF is:  

 
(1) 

The external work rate is composed of the rate of work 

due to soil weight and seismic force. The rate of work done 

by soil weight W can be calculated by subtracting the work 

done by region OAB, OBC, OCE and OEF from the work 

done by region OAB:  

 
(2) 

where  is the unit weight of soil. The expressions of f1 ~ f5 

are given as follows: 

 
(3) 

 

Fig. 1 Failure mechanism of a two-stage slope 

 

 

 
(4) 

 
(5) 

 
(6) 

 

(7) 

Based on the geometric relations of slope, the following 

equations can be obtained: 

 
(8) 

 
(9) 

Owing to the simplicity to be calculated, the pseudo-

static approach is widely applied to the seismic analysis of 

stability for geotechnical structures. However, this approach 

ignores the seismic process (acceleration history) and does 

not discern the behavior of the structure. The effect of the 

seismic effect is represented by the force acting on the 

center of gravity. Herein, the vertical acceleration is ignored 

(Gazetas et al. 2009). The rate of work done by horizontal 

seismic force khW can be expressed as:  

 
(10) 

where kh is the horizontal seismic coefficient, and the 

expressions of g1 ~ g5 are given as follows: 

 
(11) 

 
(12) 

   0 tan

0r r e
  






 3

0 1 2 3 4 5=W r f f f f f     

 
     03 tan

1 0 02

1
= 3tan cos sin 3tan cos sin

3 1 9tan

h

h hf e
  

     


   
 

2 0 0

0 0

1
= sin 2cos

6

L L
f

r r
 
 

 
 

3 0 0 1 0 1

0 0 0 0

= cos +sin cot cos cot
3 2

H L L H
f

r r r r

 
    

   
      

   

         
0 0tan tan

4 2 2

0 0 0 0

1 1
sin cot cos cos cot

3 2

h h

h h h

H D D H
f e e

r r r r

      
    

    
      

   

   0 0tan tan

5

0 0

1
sin 2cos

6

h h

h h

D D
f e e

r r

     
 

  
  

 

   0 tan

0 1 2

0 0 0

cos cos cot 1 coth

h

L D H
e

r r r

  
     


       

 0 tan

0

0

sin sinh

h

H
e

r

  
 


 

 3

0 1 2 3 4 5e hW k r g g g g g    

 
     03 tan

1 0 02

1
3tan sin cos 3tan sin cos

3 1 9tan

h

h hg e
  

     


    
 

2

2 0

0

1
= sin

3

L
g

r


190



 

Seismic stability analysis for a two-stage slope  

 

 

 
(13) 

 
(14) 

 

(15) 

The rate of internal dissipation D along failure surface 

AF can be expressed as: 

 

(16) 

where c is the cohesion of soil. 

By equating the external work rate to the rate of internal 

dissipation, the dimensionless slope height can be obtained:  

 

(17) 

where f (θ0, θh, D/r0) is defined as: 

 
(18) 

Then the stability factor NS can be obtained: 

 
(19) 

where Hc is the critical slope height. 

The stability factor NS is a function of three independent 

variables θ0, θh and D/r0. The minimum upper bound value 

of NS can be found through the combination of Monte Carlo 

simulation and optimization algorithm with the following 

constraint conditions:  

 

(20) 

 

 

3. Extended failure mechanism 
 

Uilti (2013) proposed that the failure surface cannot go 

through the slope face for a single-stage slope under plane 

strain mechanism. Thereof, apart from toe failure and 

below-toe failure, the failure mechanism of a two-stage 

slope is extended to two types of face failures 

corresponding to the failure mechanism of a single-stage 

slope, as depicted in Fig. 2.   

For a convex two-stage slope (β1<β2), the failure surface 

is supposed to pass through the slope toe E and the upper 

slope face BC. In consequence, this failure mechanism is 

regarded as toe failure of a single-stage slope with height 

(1-α)H and slope inclination β2. The top surface CE of this 

single-stage slope is inclined at an angle β1. The expressions 

of Wγ, We and D can be found in Gong et al. (2018). In the 

process of searching upper bound of stability factor, the 

slope height H should be replaced by (1-α)H. 

For a concave two-stage slope (β1>β2), the upper part of 

the two-stage slope could collapse while the rest remains 

stable. Consequently, the failure surface passes through the 

intersection of the slope face BC and CE. This failure 

mechanism is a special case of the mechanism presented in 

the paper when D=0 and β1=β2. However, the difference is 

that the slope height H should be replaced by αH during 

finding the best solution. 

 
 

4. Comparison  
 

To validate the effectiveness of the proposed method, 

the strength reduction method is herein employed to 

transform the stability factor to the factor of safety through 

iterative calculation for comparison, which is shown in 

Tables 1-3 for both single-stage slopes and two-stage 

slopes. As shown in Table 1, the factor of safety calculated 

in this paper is no larger than that in Gao et al (2013) which 

demonstrates the correctness of formula derivation and the 

superiority of solutions. Table 2 indicates that the 

differences among the results is no more than 9%, the 

largest of which appears in the static condition of c/γH=0.17 

and φ=17.5°. It is because the effect of vertical acceleration 

is ignored in current study that the factor of safety becomes 

larger than that of Graphical method and Iterative  
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(a) Convex slope (β1<β2) (b) Concave slope (β1>β2) 

Fig. 2 Face failure mechanism 
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Table 1 Comparation of factor of safety for a two-stage 

slope  

Case 
c 

/kPa 

φ 

/° 

γ 

/kN/m3 
α 

β1 

/° 

β2 

/° 

H 

/m 

Source 

Gao et al 

(2013) 
This paper 

1 20 28 17.85 0.5 35 30 20 1.6028 1.5921 

2 20 28 17.85 0.5 45 30 20 1.4676 1.4676 

 

Table 2 Comparison of the factor of safety for a 45° slope 

(β1=β2) 

c/γH φ /° Source kh = 0 kh = 0.1 kh = 0.2 

0.17 17.5 

Graphical method* 1.663 1.401 1.192 

Iterative calculation* 1.652 1.394 1.201 

This paper 1.521 1.313 1.141 

0.2 15 

Graphical method* 1.748 1.474 1.256 

Iterative calculation* 1.754 1.472 1.262 

This paper 1.749 1.506 1.304 

0.25 10 

Graphical method* 1.877 1.551 1.321 

Iterative calculation* 1.878 1.561 1.323 

This paper 1.869 1.601 1.374 

Note: *the factor of safety obtained from Qin and Chian 

(2018)  

 

Table 3 Comparison of the factor of safety of two-stage 

slopes 

  φ /° 

kh Source 15 20 25 30 

0.0 

Yang and Li 

(2018) 
0.9333 1.1486 1.4495 1.8973 

This paper 0.9568 1.0809 1.2070 1.3369 

0.1 

Yang and Li 
(2018) 

0.7664 0.9181 1.1162 1.3925 

This paper 0.8416 0.9506 1.0601 1.1733 

0.2 

Yang and Li 

(2018) 
0.6436 0.7518 0.8957 1.0814 

This paper 0.7424 0.8385 0.9344 1.0330 

 

 

calculation from Qin and Chian (2018) under seismic 

condition. The comparison of the factor of safety calculated 

from two different methods is shown in Table 3. Compared 

with force increase technique adopted by Yang and Li 

(2018), it can be seen that the largest difference can be 

nearly 30% under static condition with φ=30° for the reason 

that the effect of cohesion, internal friction angle and slope 

inclination on the calculation accuracy of force increase 

technique is higher than thatof strength reduction method. 

Hence, the proposed method to evaluate the stability of two-

stage slopes is feasible.  

 

 

5. Results and discussions 
 

5.1 Stability charts 
 

Based on the graphical method proposed by Qin and  
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(c) β2=75° 
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(d) β2=90° 

Fig. 3 Stability charts for a two-stage slope under static 

condition (kh=0) 
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Fig. 4 Stability charts for a two-stage slope under seismic 

condition (kh=0.1) 

 
(a) β2=45° 

 
(b) β2=60° 

 
(c) β2=75° 

 
(d) β2=90° 

Fig. 5 Stability charts for a two-stage slope under seismic 

condition (kh=0.2) 
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(a) kh=0 

 
(b) kh=0.1 

 
(c) kh=0.2 

Fig. 6 The effect of depth coefficient α on slope stability 

(β2=45°, φ=20°) 

 

 

Chian (2018), the factor of safety for a specific slope can be 

estimated conveniently without iteration from the 

correlations of c/γH and tanφ. Therefore, the stability charts 

are produced for a two-stage slope under both static and 

seismic condition, as illustrated in Figs. 3-5. It can be seen 

that the curve expands outward with an increase in β1, 

indicating that the concave slope is susceptible to collapse. 

As expected, the presence of seismic effect makes the slope 

more unstable. Explicitly, failure mechanism is illustrated in  

 
(a) β1=20°, β2=75° 

 
(b) β1=60°, β2=30° 

Fig. 7 Critical failure surfaces with different internal 

friction angle under static condition 

 

 
(a) β1=20°, β2=75° 

 
(b) β1=60°, β2=30° 

Fig. 8 Critical failure surfaces with different horizontal 

seismic coefficient kh 
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stability charts. It is toe failure that is the critical failure 

mechanism in most cases. A convex slope with lower β1 and 

β2 is more likely to induce face failure. Although the face 

failure occurs to a concave slope with larger β1 and lower β2 

as well, the curve of c/γH and tanφ of a concave slope is on 

the outside of that of a convex slope, which means a convex 

slope is more stable than a concave slope. Only with lower 

tanφ is the below-toe failure induced for a two-stage slope. 

Simultaneously, the mutation of curve occurs between the 

transition of failure mechanism. Moreover, the presence of 

seismic effect amplifies the possibility of below-toe failure 

and reduces the possibility of face failure. Take two 

examples. For tanφ=0.15, a convex slope with β1=30° and 

β2=45° undergoes toe failure under static condition, but 

below-toe failure under kh=0.2; for tanφ=0.35, a concave 

slope with β1=90° and β2=45° undergoes face failure under 

static condition, but toe failure under kh=0.2; 

Fig. 6 presents the effect of depth coefficient α on two-

stage slope stability. Without exception, α has no influence 

on the slope stability when a two-stage slope degrades to a 

sing-stage slope. Furthermore, Fig .6 shows that there is a 

turning point about the effect of α on the slope stability 

where a two-stage slope transfers from a convex slope to a 

concave slope. For a convex slope, NS increases 

considerably with the increase in α because the two-stage 

slope becomes gentler as α increases. Conversely, the 

opposite tendency can be observed for a concave slope. 

Similarly, the cause lies in the fact that the increase in α is 

equivalent to the increase in the inclination of a concave 

slope. Note that the failure mechanism of a convex slope is 

transformed from face failure to toe failure as an increase in 

β1 and strong seismic excitation reduces the possibility of 

occurrence of face failure, indicating a larger scale of slope 

collapse.  

 

5.2 Parametric effect on the critical failure surface  
 

The effect of internal friction angle φ on the critical 

failure surface is illustrated in Fig. 7. The critical failure 

surface is sensitive to φ. A deeper failure surface is likely to 

occur with the decrease in φ. As is depicted in Fig. 7(b), the 

stability factor NS calculated with φ=20° based on the toe-

failure mechanism (dash line) and the face-failure 

mechanism (solid line) are 21.63 and 20.78 respectively, 

which implies that only the consideration of toe failure and 

below-toe failure for a two-stage slope leads to a 

conservative assessment to slope stability. The effect of 

horizontal seismic coefficient kh on the critical failure 

surface is presented in Fig. 8. It can be seen that an increase 

in kh leads to a deeper failure surface. For the specific 

parameters, the critical failure mechanism transfers from 

face failure to toe failure as kh increases, presenting the 

severity of slope collapse.  
 

 

6. Conclusions 
 

The coupled kinematic theorem of limit analysis with 

the pseudo-static method is adopted to assess the seismic 

stability of a two-stage slope. The failure mechanism is 

extended to include below toe failure, toe failure and face 

failure. Parametric studies are carried out and the main 

conclusions are given as follows: 

The geometry of a two-stage slope has dramatical 

influences on two-stage slope failure mechanism. In 

comparison with the single-stage slope, the convex two-

stage slope has a higher capacity to sustain seismic 

excitation, while the concave two-stage slope has a lower 

capacity. The toe failure is determined as the critical failure 

mechanism in most cases. For a concave slope with lower 

β2, the upper part of the two-stage slope could lose stability, 

indicating that face failure is more critical. The slope could 

become more stable with the increase in depth coefficient α 

for a convex slope. On the contrary, larger α is detrimental 

for a concave slope. A deeper failure surface can be 

obtained by decreasing internal friction angle φ or 

increasing horizontal seismic coefficient kh. 
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