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1. Introduction 
 

The cavity opening problem has attracted extensive 

attention of scholars since Bishop et al. (1945) proposed an 

expansion solution in soil mass, which was subsequently 

applied to variety of geotechnical problems. In the last 50 

years, various cavity expansion solutions for geotechnical 

materials are proposed by scholars and engineers, and these 

solutions mainly focus on two aspects. The first aspect of 

interest is adopting different assumptions and soil models in 

the cavity expansion analysis. In the early years, soil was 

assumed to perform linear-elasticity in the elastic region 

and perform perfect plasticity in the plastic region during 

expansion (Bigoni and Laudiero 1989, Coutinho 1990, 

Vaziri and Wang 1993). Subsequently, based on the critical 

state theory, the modified Cam-clay (MCC) model is 

adopted to reflect nonlinear elastoplastic behavior of the 

soil, and some analytical/semi-analytical solutions for 

cavity expansion are proposed (Davis et al. 1984, Collins 

and Stimpson 1994, Silvestri and Abou-Samra 2012,  
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Sengun et al. 2014). With the development of soil 

constitutive theory in recent years, some advanced 

constitutive models such as the bounding surface models, 

unified hardening models and improved MCC models, have 

been adopted in the expansion analysis to consider the 

anisotropy (Sivasithamparam and Castro 2018, Li et al. 

2019), unsaturated (Schnaid et al. 2004, Jiang et al. 2020, 

Yang et al. 2021) and overconsolidated behaviors (Ha et al. 

2014, Wu and Xu 2020) of the soils. 

The second aspect of interest is developing novel 

solution techniques of cavity expansion problems. Since 

Vesic et al. (1972) proposed the solution framework of 

cavity expansion in soil mass, a number of solution 

techniques have appeared in the next few years (Carter et 

al. 1979, Yu 1992, Collins and Stimpson 1994, Cao et al. 

2002, Chen and Abousleiman 2013, Grevtsev 2013). 

Among them, Collins and his collaborators present a 

similarity solution technique for cavity created problem 

(expansion with zero initial radius), and the solution is 

further extended to analyze the finite cavity expansion 

problem (Collins and Stimpson 1994). Based on the self-

similarity of cavity created problem, this similarity solution 

technique defines the velocity of soil particles during cavity 

expansion. The response of soil is described by governing 

equations under Eulerian description which further 

skillfully simplify and nondimensionalize by adopting an 

auxiliary variable. Due to its exceptional ability and 

adaptability, the similarity technique has become a general 
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solution for the cavity expansion problem, and has been 

adopted in a number of studies (Russell and Khalili 2002, 

Zhou et al. 2018, Zhang et al. 2020). However, above 

available similarity solutions are mostly developed based on 

the small stain assumption, while cavity expansion is a 

larger deformation problem in essential. With the expanding 

of the cavity radius, the soil particles expand outward 

significantly, showing the behavior of large deformation 

(Shuttle and Jefferies 2016), which is different from the 

small strain condition. Especially for overconsolidated soil, 

the soil response under large deformation is significantly 

different from that under small deformation (Konkol and 

Bałachowski 2017, Nguyen et al. 2020). The adoption of 

small strain assumption leads to overestimation of the 

stiffness of soil behavior in overconsolidated soils than that 

in normally consolidated soils, which may cause inaccurate 

calculation results of the ultimate state of cavity expansion 

(Vrakas 2016). Therefore, it is of great significance to 

obtain a similarity solution that considering the large strain 

behavior of cavity expansion in overconsolidated soils. 

It is worth noting that overconsolidation is also one of 

the apparent characteristics of natural soil, a large number 

of field and laboratory tests demonstrate that most of the 

naturally deposited clayey soils have essentially over 

consolidation features (Yazdani and Toufigh 2012), which 

indicate the soils have unique stress histories and will 

present unique mechanical behaviors during cavity 

expansion, such as dilatancy behavior, peak strength 

behavior and so on (Oka et al. 2002, Hsieh et al. 2002, 

Frydman 2011, Jocković and Vukićević 2017, Jiang et al. 

2020). However, due to the unreasonable shape of Hvorslev 

envelope, MCC model is insufficient to reflect the unique 

behaviors of overconsolidated soils, and the cavity 

expansion solutions based on MCC model may be not 

conservative enough which result in overestimation of soil 

strength (Yao et al. 2012). Comfortingly, Yao et al. (2012) 

proposed a modified unified-hardening (UH) model which 

can reasonably reflect the unique behaviors of 

overconsolidated soils by modifying the shape of Hvorslev 

envelope and adopting a reference yield surface, and Wu 

and Xu (2020) well proved the applicability of the model to 

the cavity opening problem in overconsolidated soil. 

Accordingly, the modified UH model may be a good choice 

to facilitate the developing of a similarity solution for large 

deformation based cavity expansion problem in 

overconsolidated soils. 

The purpose of this paper is to propose a novel 

similarity solution of drained spherical cavity expansion in 

overconsolidated soils considering large deformation. The 

logarithmic strain is creatively adopted in the similarity 

solution technique to reflect the large deformation of soils. 

The stress transformation method based on Spatially 

Mobilized Plane (SMP) criterion is used to consider the 3D 

strength of soil, and the unique overconsolidated behaviors 

of soils are reflected by the modified UH model. Based on 

the drained condition, the partial differential equations 

(PDEs) under Eulerian description are transformed into a 

set of first order ordinary differential equations (ODEs) 

under Lagrangian description, and the governing equations 

is further solved by MATLAB as an initial value problem. It  

 

Fig. 1 Schematic illustration of spherical cavity 

expansion problem 

 

 

should be noted that drained condition means the specific 

volume of soil during cavity expansion is not constant and 

the stress path is unknown, which is significantly different 

from the undrained solution (Osinov and Cudmani 2001). 

Subsequently, the results are compared with a MCC model 

based-solution to show the particular expansion responses 

in overconsolidated soils, and an extensive parameter 

analysis is conducted for soils with different 

overconsolidation ratios. The applicability of present study 

to the analysis of cavity expansion in overconsolidated 

soils, especially in heavily overconsolidated soils is further 

discussed. The results obtained in this paper can be further 

applied to analyze the pile installation or the mechanism of 

cone penetration test (CPT) in overconsolidated soils under 

the drained or dried site condition. 

 

 

2. Problem definition 
 

2.1 Definition of spherical cavity expansion problem 
 

The schematic illustration of a spherical cavity 

expansion problem in overconsolidated soils is shown in 

Fig. 1. In infinity space, the spherical cavity with radius a0 

is under an initial state with mean stress p0 and soil specific 

volume v0. With the internal cavity pressure increasing from 

its initial value 𝜎a0 to 𝜎a, the radius of the cavity varying 

from a0 to a. The radial coordinate of an arbitrary soil 

particle moving outward from r0 to r and a plastic zone is 

formed in the soil adjacent to the spherical cavity. 

Considering the geometric symmetry of the problem, the 

quasi-static stress state of an arbitrary soil element around 

the spherical cavity can be uniquely determined by the 

equilibrium equation along the radial direction alone, which 

gives: 

d𝜎𝑟
′

d𝑟
+ 2

𝜎𝑟
′ − 𝜎𝜃

′

𝑟
= 0 (1) 

where 𝜎𝑟
′  and 𝜎𝜃

′  = the effective radial and 

circumferential stresses; 𝑟  = the radial coordinate; 
d( ) 

d𝑟
 

denotes the derivative with respect to the radial position for 

every particle at any moment, which is a Eulerian 

description. 
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Fig. 2 Yield surfaces of Unified hardening model (Yao et 

al. 2012) 

 

 

Fig. 3 Stress transformed method (modified from Yao et 

al. 2012) 

 
 
2.2 Modified UH model for overconsolidated soils 
 
In order to reflect the properties of overconsolidated soil 

reasonably, such as peak strength and strain 

hardening/softening characteristics, etc., the modified 

unified-hardening (UH) model, which was developed by 

Yao et al. (2012) and will be adopted in the present 

solution, is briefly described in this section, including 

plastic potential, yield surface, and hardening rules. The 

modified UH model is an improved model based on the 

original UH model by adopting a parabolic Hvorslev 

envelope rather than a straight one. The optimization of the 

envelope shape makes the model more suitable for the 

highly overconsolidated clay and reduces the number of 

parameters to be determined. The model parameters of 

modified UH model are the same as those of modified Cam-

clay (MCC) model, which have explicit physical meanings 

and can be easily obtained by conventional triaxial tests. 
As demonstrated in Fig. 2, two yield surfaces with similar 

shape but different hardening parameters are suggested by 

modified UH model. The current yield surface has similar 

form with MCC model but adopt a unified hardening 

parameter H. the expression of current yield surface is 

defined as follows (Yao et al. 2012): 

𝑓 = 𝑔 = ln
𝑝̃

𝑝̃x

+ ln(1 +
𝑞̃2

𝑀2𝑝̃2
) = ln

𝑝̃

𝑝̃x0

+ ln(1 +
𝑞̃2

𝑀2𝑝̃2
) −

𝐻

𝑐p

= 0 (2) 

where 𝑓 and 𝑔 = the current yield function and plastic 

potential function; 𝑝 and 𝑞̃ = the mean effective stress 

and deviatoric stress in the transformed stress space, and 

expressed in Eq. (3); 𝑝x = intersection of the current yield 

surface with the 𝑝 (𝑝) axis; 𝑝x0 = the value of 𝑝x when 

𝜀v
p

= 0; 𝑀 = the critical stress ratio; 𝑐p =
𝜆−𝜅

1+𝑒0
; 𝜆 and 𝜅 

= slopes of the isotropic compression line and swelling line 

respectively; 𝑒0 = initial void ratio. respectively. 

𝑝 = 𝑝 =
𝐼1
3

 (3a) 

𝑞̃ =
2𝐼1

3√(𝐼1𝐼2 − 𝐼3) (𝐼1𝐼2 − 9𝐼3)⁄ − 1
 (3b) 

where 𝐼1 = 𝜎1
′ + 𝜎2

′ + 𝜎3
′ , 𝐼2 = 𝜎1

′𝜎2
′ + 𝜎2

′𝜎3
′ + 𝜎3

′𝜎1
′  and 

𝐼3 = 𝜎1
′𝜎2

′𝜎3
′ ; and  𝜎1

′ , 𝜎2
′ , 𝜎3

′  = the effective major, 

intermediate and minor effective principal stress, 

respectively. 

It should be noted that the modified UH model is 

defined in the transformed stress space aiming to consider 

the 3D strength of soil as shown in Fig. 3. Under this 

context, the following transformed stress tensor based on 

the SMP criterion is used (Yao et al. 2009) 

𝜎̃𝑖𝑗 = 𝑝𝛿𝑖𝑗 +
𝑞∗

𝑞
(𝜎𝑖𝑗 − 𝑝𝛿𝑖𝑗) (4a) 

𝑞∗ = 𝑞̃ =
2𝐼1

3√(𝐼1𝐼2 − 𝐼3) (𝐼1𝐼2 − 9𝐼3)⁄ − 1
 (4b) 

The other yield surface is called the reference yield 

surface which has same form with MCC model which adopt 

plastic volumetric strain 𝜀v
p
 as the hardening parameter and 

expressed as follows: 

𝑓̅ = 𝑔̅ = ln
𝑝̅

𝑝̅x

+ ln (1 +
𝑞̅̃2

𝑀2𝑝̅2
)

= ln
𝑝̅

𝑝̅x0

+ ln(1 +
𝑞̅̃2

𝑀2𝑝̅2
) −

𝜀v
p

𝑐p
= 0 

(5) 

where 𝑓 ̅ and 𝑔̅ = the reference yield function and plastic 

potential function; 𝑝̅𝑥 = the maximum value of 𝑝x within 

stress history. 

The hardening parameter H of the current yield surface 

is defined as follows: 

𝐻 = ∫D𝐻 = ∫
𝑀f

4 − 𝜂̃4

𝑀4 − 𝜂̃4
D𝜀v

p
 (6) 

where 𝜂̃ = 𝑞̃/𝑝; D( ) = increment of variables; 𝑀f  = 

the potential peak stress ratio and expressed as (Yao et al. 

2012): 

𝑀f = 6 [√
𝑘

𝑅
(1 +

𝑘

𝑅
) −

𝑘

𝑅
] (7a) 

𝑘 =
𝑀2

12(3 − 𝑀)
 (7b) 

where R = overconsolidation parameter, which equals to the 

 

Current yield surface

B

M
f M

𝑝̃𝑥  𝑝̃ 𝑝̅̃𝑥  

𝑞̃ 

A

(𝑝̃, 𝑞̃) 

(𝑝̅̃, 𝑞̅̃) Reference yield surface

 '
1
 

'
2
 '

3

𝜎𝑖𝑗
′  

𝜎̃𝑖𝑗  
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reciprocal of the overconsolidation ratio OCR. Moreover, 

the parameter R can also be defined by the location 

dependence between point A and B on the current yield 

surface and the reference yield surface as shown in Fig. 2: 

𝑅 =
1

𝑂𝐶𝑅
=

𝑝x

𝑝̅x

 (8) 

and R varies with the change of the current yield surface. 

For overconsolidated soils, it is obvious that 𝑅 < 1 . 

According to Eq. (7), the potential peak stress ratio Mf, 

which reflect the peak strength characteristic of 

overconsolidated soils, is directly related to R. Moreover, 

Mf further determined the hardening parameter H directly, 

which controls the rate of hardening and softening of the 

current yield surface during loading (Yao et al. 2012, Wu 

and Xu 2020). When 𝑅 = 1 indicates that soil has normal 

consolidation characteristics, and the current yield surface 

coincides with the reference yield surface, and the modified 

UH model degenerates to MCC model.  
 

 

3. Solution of drained cavity expansion 
 

3.1 Constitutive relation in modified UH model 
 

Considering Hooke’s law, the elastic increment relation 

can be expressed by Young’s modulus E and Poisson’s ratio 

ν. The elastic matrix is given as 

[
𝜀ŕ

e

𝜀θ́
e] = [

1

𝐸
−2

ν

𝐸

−
ν

𝐸

1 − ν

𝐸

] [
𝜎́𝑟

𝜎́θ
] (9) 

where ( )́  denotes the time derivative (rate) of a given 

material particle, which is a Lagrangian description defined 

as follows: following Collins and Stimpson (1994), a 

dimensionless radial coordinate 𝜌 is given as 

𝜌 =
𝑟

𝑟𝑝
=

𝑟

𝑊𝑡
 (10) 

in which 𝑟𝑝 = the position of the elastic-plastic region. The 

speed of expansion of the elastic-plastic boundary W can be 

taken as a constant. 

For a physical quantity 𝛩, the local time and the space 

derivative for a given soil particle is first defined with 

respect to 𝜌 as 

(𝛩)̇ =
d(𝛩)

d𝑡
= −𝑊

𝜌

𝑟𝑝

d(𝛩)

d𝜌
 (11a) 

d(𝛩)

d𝑟
=

1

𝑟𝑝

d(𝛩)

d𝜌
 (11b) 

Then the material time derivative can be expressed as 

(𝛩)́ = (𝛩)̇ + 𝑤
d(𝛩)

d𝑟
=

𝑊(𝑤̅ − 𝜌)

𝑟𝑝

d(𝛩)

d𝜌
 (12) 

where 𝑤 = the speed of soil particle at 𝑟; and 𝑤̅ = 𝑤/𝑊. 
It is worth noting that when solving the problem of cavity 

expansion problem based on modified UH model, it is 

considered that there is no pure elastic region in the soil. 

For overconsolidated soils, when cavity expansion occurs, 

the surrounding soil reaches the stage of elastic-plastic 

deformation immediately. The elastic strain components in 

different direction are calculated by Eq. (9), and the plastic 

strains in different direction are defined by the flow rule, 

which is given as: 

𝜀𝑖́𝑗
p

=
D𝜀𝑖𝑗

p

D𝑡
= Λ́

D𝑓

D𝜎̃𝑖𝑗

 (13) 

where Λ́ is a plastic scalar, which can be calculated by the 

consistency condition as follows: 

𝑓́ =
𝐷𝑓

𝐷𝜎̃𝑖𝑗

𝜎́̃𝑖𝑗 +
𝐷𝑓

𝐷𝐻

𝐷𝐻

D𝜀v
p 𝜀v́

p

=
𝐷𝑓

𝐷𝜎̃𝑖𝑗

𝜎́̃𝑖𝑗 −
1

𝑐p

𝑀f
4 − 𝜂̃4

𝑀4 − 𝜂̃4
 𝜀v́

p
= 0 

(14) 

qhere 

𝜀v́
p

= 𝜀1́
p
+ 𝜀2́

p
+ 𝜀3́

p
= Λ́

𝜕𝑓

𝜕𝜎̃𝑖𝑖

 (15) 

Therefore, substituting Eq. (15) into Eq. (14), Λ́  is 

calculated as: 

Λ́ = 𝑐p

𝑀4 − 𝜂̃4

𝑀f
4 − 𝜂̃4

𝐷𝑓
𝐷𝜎̃𝑖𝑗

𝜎́̃𝑖𝑗

𝐷𝑓
𝐷𝜎̃𝑖𝑖

 (16) 

where 

𝐷𝑓

𝐷𝜎̃𝑖𝑗

=
𝛿𝑖𝑗

3𝑝̃
+

𝑀2𝑝̃2

𝑀2𝑝̃2 + 𝑞̃2
(−2

𝑞̃2

𝑀2𝑝̃3
)

𝛿𝑖𝑗

3
+

𝑀2𝑝̃2

𝑀2𝑝̃2 + 𝑞̃2
2

𝑞̃

𝑀2𝑝̃2

3(𝜎̃𝑖𝑗 − 𝑝̃𝛿𝑖𝑗)

2𝑞̃

=
1

𝑀2𝑝̃2 + 𝑞̃2
[
𝛿𝑖𝑗

3𝑝̃
(𝑀2𝑝̃2 − 𝑞̃2) + 3(𝜎̃𝑖𝑗 − 𝑝̃𝛿𝑖𝑗)]

 (17a) 

𝐷𝑓

𝐷𝜎̃𝑖𝑖

=
𝑀2𝑝̃2 − 𝑞̃2

(𝑀2𝑝̃2 + 𝑞̃2)𝑝̃
 (17b) 

Substituting Eq. (16) into Eq. (13), the relationship 

between plastic strain component and stress component can 

be given in matrix form: 

[
𝜀ŕ

p

𝜀θ́
p] =

[
 
 
 
 

𝑎r
2

𝐾p

2
𝑎r𝑎θ

𝐾p

𝑎r𝑎θ

𝐾p

2
𝑎θ

2

𝐾p ]
 
 
 
 

[
𝜎́̃r

𝜎́̃θ

] (18) 

It should be noted that the elastic matrix defines a 

relation between strain rate and original stress rate, while 

Eq. (18) is formulated between strain rate and transformed 

stress rate. Therefore, the transformed stress rate should be 

converted to original stress rate to unify the form of stress 

components as: 

[
𝜎́̃r

𝜎́̃θ

] = [
𝑐rr 2𝑐rθ

𝑐θr 2𝑐θθ
] [

𝜎́𝑟

𝜎́θ
] (19) 

where 𝑐𝑖𝑗  (𝑖, 𝑗 = 𝑟, 𝜃) = the equation parameters directly 

determined by the stress component. The expression of 𝑐𝑖𝑗  

is given in the appendix. 

Hence, combining Eqs. (18) and (19), the plastic strain-
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stress increment relationship can be calculated as: 

[
𝜀ŕ

p

𝜀θ́
p] =

[
 
 
 
 

𝑎r
2

𝐾p

2
𝑎r𝑎θ

𝐾p

𝑎r𝑎θ

𝐾p

2
𝑎θ

2

𝐾p ]
 
 
 
 

[
𝜎́̃r

𝜎́̃θ

] =

[
 
 
 
 

𝑎r
2

𝐾p

2
𝑎r𝑎θ

𝐾p

𝑎r𝑎θ

𝐾p

2
𝑎θ

2

𝐾p ]
 
 
 
 

[
𝑐rr 2𝑐rθ

𝑐θr 2𝑐θθ
] [

𝜎́𝑟

𝜎́θ
] (20) 

Combining Eqs. (9) and (20), the relationship between 

elastic and plastic stress-strain can obtained: 

[
𝜀ŕ

𝜀θ́
] = [

𝜀ŕ
p
+ 𝜀ŕ

e

𝜀θ́
p
+ 𝜀θ́

e]

=

[
 
 
 
 

1

𝐸
+ 𝑐rr

𝑎r
2

𝐾p

+ 2𝑐θr

𝑎r𝑎θ

𝐾p

−2
ν

𝐸
+ 2𝑐rθ

𝑎r
2

𝐾p

+ 4𝑐θθ

𝑎r𝑎θ

𝐾p

−
ν

𝐸
+ 𝑐rr

𝑎r𝑎θ

𝐾p

+ 2𝑐θr

𝑎θ
2

𝐾p

1 − ν

𝐸
+ 2𝑐rθ

𝑎r𝑎θ

𝐾p

+ 4𝑐θθ

𝑎θ
2

𝐾p]
 
 
 
 

[
𝜎́r

′

𝜎́θ
′] 

(21) 

where 

𝑎𝑘 =
1

3𝑝
(𝑀2𝑝2 − 𝑞̃2) + 3(𝜎̃𝑘 − 𝑝); 𝑘 = 𝑟, 𝜃 (22) 

𝐾p =
1

𝑐p

𝑀f
4 − 𝜂̃4

𝑀2 + 𝜂̃2
𝑝 (23) 

Inversing Eq. (21), the incremental elastoplastic 

constitutive matrix given as: 

[
𝜎́𝑟

𝜎́θ
] = [

𝑑11 𝑑12

𝑑21 𝑑22
] [

𝜀ŕ

𝜀θ́
] (24) 

where 𝑑11, 𝑑12, 𝑑21 and 𝑑22 are the matrix coefficients, 

which are also given in appendix respectively. 

 

3.2 Governing equations for spherical cavity problem 
 

Considering the substantial displacement caused by the 

cavity expansion, large deformation theory is considered in 

the similarity solution technique, and the total radial, 

circumferential and volumetric strain components are 

defined as follows (Chen and Abousleiman 2013): 

𝜀𝑟 = − ln (
d𝑟

d𝑟0
) (25a) 

𝜀𝜃 = − ln (
𝑟

𝑟0
) (25b) 

𝜀𝑣 = 𝜀𝑟 + 2𝜀𝜃 = − ln (
𝑣

𝑣0

) (25c) 

Combing Eqs. (11) - (12) and Eq. (25), the derivative of 

radial, circumferential and volumetric strain with respect to 

the dimensionless radial coordinate 𝜌 can be expressed as: 

d𝜀𝑟

d𝜌
= −

1

𝑤̅ − 𝜌

d𝑤̅

d𝜌
 (26a) 

d𝜀𝜃

d𝜌
= −

1

𝑤̅ − 𝜌

𝑤̅

𝜌
 (26b) 

d𝜀𝑣

d𝜌
= −

1

𝑣

d𝑣

d𝜌
 (26c) 

For the drained condition, combining Eqs. (11) and (12), 

(24) and (26), rewriting the stress rate components and 

strain rate components in the constitutive matrix, one has: 

[
 
 
 
 
𝑑𝜎𝑟

𝑑𝜌
𝑑𝜎𝜃

𝑑𝜌 ]
 
 
 
 

= [
𝑑11 𝑑12

𝑑21 𝑑22
]

[
 
 
 −

1

𝑣

𝑑𝑣

𝑑𝜌
+ 2

1

𝑤̅ − 𝜌

𝑤̅

𝜌

−
1

𝑤̅ − 𝜌

𝑤̅

𝜌 ]
 
 
 

 (27) 

And the equilibrium equation (Eq. (1)) can be rewritten 

with the aid of Eq. (11) as 

𝑑𝜎𝑟

𝑑𝜌
= −2

𝜎𝑟 − 𝜎𝜃

𝜌
 (28) 

Combining Eqs. (27) and (28), the derivative of soil 

specific volume to the dimensionless radial coordinate can 

derived as: 

−2
𝜎𝑟

′ − 𝜎𝜃
′

𝜌
= 𝑑11 (−

1

𝑣

𝑑𝑣

𝑑𝜌
+ 2

1

𝑤̅ − 𝜌

𝑤̅

𝜌
) −

𝑑12

𝑤̅ − 𝜌

𝑤̅

𝜌
 (29a) 

𝑑𝑣

𝑑𝜌
= 2

𝑣

𝑑11

𝜎𝑟
′ − 𝜎𝜃

′

𝜌
+

2𝑑11 − 𝑑12

𝑑11

𝑣

𝑤̅ − 𝜌

𝑤̅

𝜌
 (29b) 

Rewriting Eq. (26) 

𝑑𝑤̅

𝑑𝜌
=

𝑤̅ − 𝜌

𝑣

𝑑𝑣

𝑑𝜌
− 2

𝑤̅

𝜌
 (30) 

 

3.3 Initial conditions for governing equations 
 

Since the cavity expands in a self-similar way, the initial 

condition for any given material point should be the same as 

the far-field, which can be expressed as 

𝜌𝑖𝑛 = 𝜌𝑝 = 1 (31a) 

𝑣𝑖𝑛 = 𝑣0 (31b) 

𝜎𝑟𝑖𝑛 = 𝜎𝜃𝑖𝑛 = 𝑝0 (31c) 

𝑤̅𝑖𝑛 = 0 (31d) 

Then the governing equations Eqs. (27)-(29) of 

spherical cavity expansion problem are now formulated 

with respect to 𝜌, which can be solved as an initial value 

problem via MATLAB. The basic variable involved in this 

problem includes 𝜎r
′, 𝜎θ

′  and 𝑣.  

The relation between expansion ratio 
𝑎

𝑎0
 and the 

circumferential strain at cavity wall can be given as: 

𝜀𝜃(𝑟 = 𝑎) = − ln
𝑎

𝑎0

 (32) 

The circumferential strain can also be obtained by 

integrating Eq. (26b) as: 

𝜀𝜃(𝑟 = 𝑎) = −∫
1

𝑤̅ − 𝜌

𝑤̅

𝜌

𝜌𝑎

𝜌𝑝

d𝜌 (33) 

Combining Eqs. (32) and (33), one has: 

𝑎

𝑎0

=  exp (∫
1

𝑤̅ − 𝜌

𝑤̅

𝜌

𝜌𝑎

𝜌𝑝

d𝜌) (34) 
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After finding 𝜌𝑎 from Eq. (34), the normalized radial 

coordinate of a given particle should be 

𝑟

𝑎
=  

𝜌

𝜌𝑎

 (35) 

 

 

4. Results and discussion 
 

In this section, a series of numerical calculations are 

carried out for the spherical cavity expansion problem in 

Boston clay under different overconsolidated condition. 

Stress field in the vicinity of spherical cavity is calculated 

firstly based on the modified UH model, then the results are 

compared with those obtained by other scholars using MCC 

model. Both normally consolidated and heavily 

overconsolidated conditions are considered to verify the 

present method and further show the applicability for 

overconsolidated soils of the modified UH model. 

Furthermore, a comprehensive parameter analysis is carried 

out for seven different OCR values as shown in Table 1, 

where G0 is the shear modulus of soil before expansion and 

defined by Eq. (36). The effects of OCR on the stress 

distribution, specific volume and stress path of the 

surrounding soil during spherical cavity expansion are 

studied, then the potential peak strength, strain 

hardening/softening and dilatancy behaviors of 

overconsolidated soils are discussed. The calculation in this 

paper adopts the soil parameters summarized by Chen and 

Abousleiman (2013), and on this basis, in order to show the 

unique properties of overconsolidated soils more vividly, 

three groups of soil parameters corresponding to the case of 

heavily overconsolidated soils are added as shown in Table 

1.  

𝐺0 =
3(1 − 2ν)𝑣𝑝0

2(1 + ν)𝜅
 (36) 

 

4.1 Comparison with MCC solutions 
 

Fig. 4 shows the comparative curves between result of 

present study and the MCC solution under different OCR 

values. The radial distribution curves of normalized stresses 

and normalized specific volume in the adjacent soil are  

 

Table 1 Soil parameters used in parametric analysis 

OCR σr
’(σθ

’ ): kPa p’
x0

: kPa v0 G0: kPa p’̅
x0

: kPa 

1 120 120 2.105 4388 120 

1.2 120 120 2.06 4302 144 

3 120 120 1.97 4113 360 

5 120 120 1.91 3985 600 

10 120 120 1.83 3812 1200 

20 120 120 1.75 3639 2400 

30 120 120 1.70 3537 3600 

 

 

plotted respectively, and normalized radial coordinate 𝑟/𝑎 

in logarithmic form is adopted to describe the situation 

around the cavity wall more clearly. Note that the MCC 

solution adopted the spherical cavity drained expansion 

solution proposed by Rao et al. (2017), and two cases of 

OCR = 1  and OCR = 30  are calculated respectively. As 

shown in Fig. 4(a), for normally consolidated soils (𝑂𝐶𝑅 =
1 ). The radial stress component and tangential stress 

component reach their maximum values at cavity wall and 

return to their initial values in the far field. The specific 

volume decrease due to the densification of soil at cavity 

wall, and gradually increases to the initial value with the 

increase of radial coordinates. Apparently, the result curves 

of present study perfectly coincides with that of the MCC 

solution which verifies the present method. Fig. 4(a) also 

shows that the modified UH model is degraded to the MCC 

model when the soil is normally consolidated, i.e., the 

current yield surface coincides with the reference yield 

surface, and the overconsolidation parameter 𝑅  remains 

constant and equals to 1 during cavity expansion process. 

Correspondingly, Fig. 4(b) compares the space distribution 

curves of stresses and specific volume under heavily 

overconsolidated condition (OCR = 30). As shown in the 

figure, the stress level at cavity wall is much higher than 

that of the normally consolidated condition, and the stress 

components reduce to their initial values with the radial 

coordinates increase. It is worth noting that the present 

study can reasonably reflect the shear dilatancy of soils 

when spherical cavity expands in the overconsolidated soils. 

In Fig. 4(b), the normalized specific volume 𝑣/𝑣0 at the 

cavity wall is larger than its initial value 1, which indicates  

  
(a) OCR=1 (b) OCR=30 

Fig. 4 Comparison between present study and MCC solution 
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that the volume of soil increase and the soil at cavity wall 

undergoes shear dilatancy during cavity expansion. With the 

increase of radial coordinates, 𝑣/𝑣0 first decreases to less 

than its initial value, and gradually increases back to 1, 

which indicates that shear contraction occurs in the soil at a 

distance from cavity wall. This is consistent with the results 

of a large number of laboratory tests and theoretical studies, 

that is, the higher OCR value, the larger volume dilatancy 

under shearing and the clayey soil is more prone to 

dilatation (Hattab and Hicher 2004, Wang and Wu 2021). 

However, the solution based on MCC model could not 

reasonably interpret the serious shear dilatancy of soil under 

extreme high OCR value, and the stress components of 

MCC solution are overestimated, especially at cavity wall. 

It should be noted that all kinds of unreasonable phenomena 

caused by using MCC solution will result in incorrect or 

even absurd results in the analysis of pile driving or cone 

penetration test in heavily overconsolidated soils, which 

means that the stress field in vicinity during expansion 

could not be calculated correctly and the unique properties 

of overconsolidated soils could not be reasonably 

interpreted. Therefore, a comprehensive parameter analysis 

of different OCR cases by the present method is carried out 

in next few paragraphs, and the characteristics of 

overconsolidated soils in the process of cavity expansion 

are discussed. 

 

4.2 Effect of OCR on radial distribution of variables 
 

Fig. 5 plots the radial distribution of stress components,  

 
 

overconsolidation parameter and specific volume in the 

adjacent soil respectively after the spherical cavity 

expansion with cavity wall displacement 𝑎/𝑎0 = 2, and 

seven cases of OCR = 1, 1.2, 3, 5, 10, 20 and 30 are taken 

into account to discuss the effect of the degree of 

overconsolidation. Fig. 5(a) shows the distribution curves of 

normalized stress components versus normalized radial 

coordinate 𝑟/𝑎  after cavity expansion for different 

oversolidated soils. As shown in the figure, the radial stress 

values of the cavity wall increase sharply compared with 

the initial state, and decrease gradually with the increase of 

radial coordinates until reaching the in situ stress. The 

larger the OCR value, the greater the radial stress 

component at the cavity wall, and the larger the range of 

soil around the spherical cavity affected by the expansion. 

In addition, the tangential stress component 𝜎θ also greater 

than its initial value at cavity wall. Interestingly, with 𝑟/𝑎 

increases to more than about 2, 𝜎θ/𝑝0 reduce to less than 

the initial value 1, and further reaches to its minimum value 

at different radial coordinate for different overconsolidated 

soils, which means a tangential stress-reduced area has 

formed in the plastic zone around the spherical cavity. For 

the normally consolidated soil, the position where 𝜎θ/𝑝0 

reduces to minimum value is about 𝑟/𝑎 = 4.3. However, 

𝜎θ/𝑝0 reduces more rapidly and reaches minimum at the 

position of 𝑟/𝑎 <  3  for the overconsolidated soils. 

Moreover, the reduction of tangential stress decreases with 

the increase of OCR, which is a unique expansion response 

in overconsolidated soils. 

Fig. 5(b) shows the radial distribution of  

  
(a) Stress components (b) Overconsolidation parameter 

 
(c) Normalized specific volume 

Fig. 5 Distribution curves of different variables versus dimensionless radial coordinates 
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overconsolidation parameter R with different OCR values. 

According to the definition of overconsolidation parameter 

given in Eq. (8), it is known that the change of R represents 

the relationship between the current stress state and the 

maximum stress level in the soil’s history, which can be 

used to interpret the influence of cavity expansion on the 

soil particles at different positions. As shown in Fig. 5(b) 

that for normally consolidated soil, as expected, R is 

constant and equal to 1 during expansion, and therefore 

appears as a horizontal straight line in the figure. For the 

soils with 𝑂𝐶𝑅 > 1 , the overconsolidation parameters 

equal to their initial values 1/OCR in the far field (𝑟/𝑎 >
8), and gradually increase to 1 with the decrease of 𝑟/𝑎. 

These results indicate that the expansion of cavity causes 

the surrounding overconsolidated soils to approach the 

normally consolidated state, which is consistent with the 

phenomenon observed during the pile installation 

(Randolph and Wroth 1981). Moreover, the disturbed range 

of different overconsolidated soils can be reflected in this 

figure, that is, with the increase of OCR values, the radius 

of normally consolidated zone in the surrounding soil 

decrease and the initial descent rates of R values increase. 

Fig. 5(c) shows the radial distribution of normalized 

specific volume 𝑣/𝑣0 for different overconsolidated soils. 

As is clearly shown in the figure, for the normally 

consolidated condition, the soil a cavity wall undergoes 

shear contraction during cavity expansion, and the soil 

particles are compacted, which resulting in a decrease of 

specific volume. With the position of soil particles away 

from the cavity wall, the specific volume gradually returns 

to its initial value. Furthermore, with the increase of OCR, 

the value of 𝑣/𝑣0 at the cavity wall is larger than that of 

normally consolidated soil, and even greater than 1 for 

extreme heavily overconsolidated soils (OCR = 20 or 30). 

This result indicates the soil at cavity wall and vicinity 

undergoes shear dilatancy, and the mor e heavily 

overconsolidation is, the more obvious shear dilatancy of 

the soil undergoes. With the increase of 𝑟/𝑎, the value of 

𝑣/𝑣0 reduce to less than 1, that is, the soil particles away 

from the cavity wall (𝑟/𝑎 > 2) undergo shear contraction. 

Moreover, it is interesting that after the cavity expansion in 

the normally consolidated soils, the specific volume of the 

soil is affected to a range of 𝑟/𝑎 = 7, while in the 

overconsolidated soils, the value is only about 4, which also  

 
 

is a unique expansion response in overconsolidated soils. It 

should note that due to the capabilities of the modified UH 

model for extreme heavily overconsolidated soils (Yao et al. 

2012), the present method can be applied to the analysis of 

pile installation and cone penetration test in the soils with 

extremely high OCR conditions. 
 

4.3 Effect of OCR on strain-hardening and softening 
behavior 

 

Fig. 6 plots the effective stress path (ESP) and Mf path 

in 𝑝′ − 𝑞 plane during the expansion of soil particles on 

the cavity wall from the initial state to the instant of 

𝑎/𝑎0 = 2 . Normalized mean effective stresses and 

normalized deviator stresses are adopted, and different OCR 

cases are take into account, then the results are separately 

plotted in subgraphs according to the degree of 

overconsolidation. The ESP of normally consolidated soil 

and slightly overconsolidated soils  (OCR = 1, 1.2 and 3) 

are shown in Fig. 6(a). Before the cavity expansion, ESPs 

are located at the initial stress point on the isotropic 

consolidation line, with the cavity expansion, the 

surrounding soils enter the plastic state immediately. As 

shown in the figure, the ESPs reach to the critical state line 

(CSL) from below side, and in this process, the stress ratio 

𝜂, i.e., the slope of ESPs increase monotonically, which 

indicates the soils undergo strain hardening. However, for 

the moderately or heavily overconsolidated soils (OCR =
5, 10, 20 and 30) as shown in Fig. 6(b), the ESPs show 

different results: the ESPs also start from the initial stress 

point, but soon reach and cross CSL to the upper left, and 

then intersect CSL from the upper side at the final yield 

surface. In this process, the stress ratio 𝜂 first increases 

and then decreases, which indicates that the soil undergoes 

strain-hardening firstly and then occurs strain-softening 

after reaching its peak strength, which is also consistent 

with the results of a number of laboratory tests. 
In Fig. 7, the variation of stress ratio 𝜂 and volumetric 

strain 𝜀v with deviatoric strain 𝜀q at cavity wall during 
the expansion are shown in more detail for different 
overconsolidated soils. With the increase of OCR, the 
variation of 𝜂 changes from monotonous increase to first 
increase and then decrease, which means that the soil 
change from single hardening behavior to hardening-
softening behavior with the degree of overconsolidated  

  
(a) Normally consolidated or slightly overconsolidated soils (b) Heavily overconsolidated soils 

Fig. 6 Effective stress path and Mf path of given particle at cavity wall 
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increasing. Due to the overconsolidated soils have 
experienced a greater stress level than current stress state in 
history, thus the contact between soil particles is much 
denser than normally consolidated soils. Therefore, the tight 
interaction between soil particles in the expansion process 
leads to the hardening-softening behavior of the soil, which 
also shown as the behavior of shear dilatancy-contraction in 
the volume of soil. Interestingly, with the drained cavity 
expansion process, the magnitude of 𝜀q  when the soil 
reaches ultimate state exhibits large values (𝜀q = 0.5~0.8 
for different overconsolidated soils). It is probably due to 
there is no excess pore pressure produced in the soil around 
the cavity under the condition of drained expansion. Thus 
the soil is more difficult to reach the critical state, which is 
different from the undrained cavity expansion, i.e., the 
value of deviator strain is small when the soil reached to the 
critical state (Chen et al. 2020). 

As shown in Fig. 7, for the normally consolidated soil 

and slightly overconsolidated soils with single hardening 

behavior, the volumetric strain at cavity wall always 

increases during cavity expansion, i.e., the soil always 

undergoes shear contraction, but for the overconsolidated 

soils, obvious shear dilatancy occurs in soil at cavity wall. It 

should be noted that the instant of soil behavior changes 

from shear dilatancy to shear contraction just corresponds to 

the point where the strain-hardening behavior transform to 

strain-softening behavior, which also shows that the results 

of present study can reasonably reflect the 

hardening/softening characteristics of overconsolidated soil 

during expansion.  

 

 
 

4.4 Effect of OCR on potential peak strength 
behaviors 

 

The peak strength behaviors of overconsolidated soils 

are reflected through the potential peak stress ratio Mf in 

the modified UH model. Recalling Fig. 6, the Mf  path 

represents the stress path in the 𝑝′ − 𝑞  plane of the 

potential peak stress ratio during the cavity wall expansion. 

As shown in the figure, the value of Mf at cavity wall 

gradually approaches the slope of the CSL with cavity 

expansion, and with the increase of OCR, the initial 

potential peak stress ratio also increases. To discuss the 

potential peak strength behaviors of soils more clearly, Fig. 

8(a) plots the curves of potential peak stress ratio Mf and 

overconsolidation parameter R at cavity wall with 

deviatoric strain 𝜀q. For normally consolidated soils, the 

values of Mf and R stay constants which equal to 1.2 and 1 

respectively; for different overconsolidated soils, the initial 

value of Mf increases with the increase of OCR, and all 

curves further decrease to Mf = 1.2 with cavity expansion. 

Simultaneously, the overconsolidation parameter R 

increases from the initial value of 1/𝑂𝐶𝑅 to 𝑅 = 1, which 

indicates the soils at cavity wall gradually change from 

overconsolidated to normally consolidated during the cavity 

expansion. 
The variation of stress ratio 𝜂 or potential stress ratio 

Mf at cavity wall in the above process is shown in Fig. 
8(b). with the increase of overconsolidation parameters, the 
stress ratio shows the same results as before, that is, the 

 
Fig. 7 Variations of stress ratio and volumetric strain with deviatoric strain at cavity wall 

  
(a) Versus deviatoric strain (b) Versus overconsolidation parameter 

Fig. 8 Variations of stress ratio or potential stress ratio at cavity wall during expansion 
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normally consolidated soil and slightly overconsolidated 
soils represent single hardening behavior, while the 
moderately or heavily overconsolidated soils represent 
hardening-softening behavior, and the potential peak 
strength of overconsolidated soils increases with OCR 
increases. Moreover, the dotted line in Fig. 8(b) plots the 
Mf  decreases monotonically with R increases, which 
corresponds to Eq. (7a). It should be noted that the 
maximum value of Mf  is no more than 3 for extreme 
heavily overconsolidation, which is consistent with the 
experimental and theoretical results by other scholars (Yao 
et al. 2012, Schofield 2006), and it also shows the 
capabilities of present study on the cavity expansion 
problem in overconsolidated soils. 
 

 

5. Conclusions 
 

In this paper, a novel similarity solution is derived for a 
spherical cavity drained expansion in different 
overconsolidated soils, and the large strain deformation 
during the cavity expansion is considered in the solution 
technique by adopting logarithmic strain components. The 
exceptional modified UH model is selected to describe the 
unique mechanical behaviors of overconsolidated soils and 
the stress transformation method is adopted to reflect the 
3D strength of soil. Considering the drained condition, the 
equations of the problem is summed up as an initial value 
problem of a set of ODEs, which is further solved by the 
commercial mathematics software MATLAB and the result 
was compared with the solution based on MCC model. 
Finally, the unique expansion behaviors in the 
overconsolidated clayey soils, such as the peak strength 
behavior, strain-hardening/softening and shear dilatancy 
behaviors, are discussed according to extensive parametric 
studies. The main conclusions are as follows: 

• The results show that the present study can correctly 
reflect the stress distribution and shear contraction behavior 
of normally consolidated soils after expansion. By 
comparing with the MCC solution, the proposed method is 
not only verified under normally consolidated condition, the 
behavior of shear dilatancy of overconsolidated soil can 
interpreted by the present study more reasonably. 

• For different overconsolidated soils, the potential peak 
strength of the soil at cavity wall gradually decreases with 
the expansion process, finally shows the characteristics as 
normally consolidated soil, and this disturbed range 
decreases with the value of OCR increases. 

• The normally consolidated soil and slightly 
overconsolidated soils represent single hardening behavior 
and always undergo shear contraction during expansion, 
while the moderately or heavily overconsolidated soils 
exhibit strain hardening-softening behavior and the peak 
strength increase with the increase of OCR value.  
The present method can be further used to evaluate the 
variation of the stress and strain state around the pile tip 
during pile installation, so as to calculate the shear strength 
of the soil at pile tip, and aims to guide the design of the 
vertical force during pile driving. 
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Notation 
 
a0 initial cavity radius 

a cavity radius 

e0 initial void ratio 

λ slopes of the isotropic compression line 

κ slopes of the isotropic swelling line 

υ0 initial specific volume 

υ specific volume 

G shear modulus of the soils 

E elastic modulus of the soils 

v Poisson’s ratio 

M critical stress ratio 

Mf potential peak stress ratio 

R overconsolidation parameter 

OCR overconsolidation ratio 

H hardening parameter 

Kp plastic modulus 

Λ plastic scalar 

r0 initial radial coordinate of an arbitrary soil particle 

r radial coordinate of an arbitrary soil particle 

p0 initial mean stress 

𝑝x Shape parameters of reference yield surface 

w speed of soil particle at arbitrary radial coordinates 

δij Kronecker’s delta 

σij stress components tensor in soils 

σa0 initial internal cavity pressure 

σa internal cavity pressure 

σrin, σθin initial radial and circumferential stress 

components 

Si deviatoric stress components 

𝜀𝑖𝑗
p

 plastic strain components 

𝜀𝑖𝑗
e  elastic strain components 

𝜀𝑟, 𝜀𝜃 total radial and circumferential strain components 

𝜀v
p
 plastic volumetric strain 
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Appendix 
 

The coefficients 𝑐𝑖𝑗  (𝑖, 𝑗 = 𝑟, 𝜃)  in Eq. (19) can 

calculated as: 

𝑐𝑖𝑗 =
1

3
+ (𝛿𝑖𝑗 −

1

3
)
ℓ0

ℓθ

+ 𝑠𝑖 [𝑑1 + (3𝑝′ − 𝜎𝑗
′)𝑑2 +

𝐼3
𝜎𝑗

′ 𝑑3] ; 𝑖, 𝑗

= 𝑟, 𝜃# 
(A1) 

𝑑1 =
ℓ0

𝐼1ℓθ

−
2𝐼1ℓ0

3ℓθ
3 +

3√6𝐼2𝐼3ℓ0
2

𝐼1ℓθ𝜓(𝐼1𝐼2 − 9𝐼3)
2
 (A2) 

𝑑2 =
ℓ0

ℓθ
3 +

3√6𝐼3ℓ0
2

ℓθ𝜓(𝐼1𝐼2 − 9𝐼3)
2
 (A3) 

𝑑3 = −
3√6𝐼2ℓ0

2

ℓθ𝜓(𝐼1𝐼2 − 9𝐼3)
2
 (A4) 

𝜓 = √
𝐼1𝐼2 − 𝐼3
𝐼1𝐼2 − 9𝐼3

 (A5) 

where 𝑠𝑖  (𝑖 = 𝑟, 𝜃) is the deviatoric stress component, ℓ0 

and ℓ𝜃 are the position parameters of the curve of SMP 

criterion on the 𝜋 plane, which are described in detail by 

Sun et al. (2004), and will not repeated in this paper. 

The coefficients 𝑑11 , 𝑑12 , 𝑑21  and 𝑑22  in 

elastoplastic constitutive matrix are given as: 

𝑑11 =
𝐸𝐾p[𝐸𝑏22 + (1 − ν)𝐾p)]

𝐵
 (A6) 

𝑑12 =
𝐸𝐾p[−𝐸𝑏12 + 2ν𝐾p)]

𝐵
 (A7) 

𝑑21 =
𝐸𝐾p[−𝐸𝑏21 + ν𝐾p)]

𝐵
 (A8) 

𝑑22 =
𝐸𝐾p[𝐸𝑏11 + 𝐾p)]

𝐵
 (A9) 

𝐵 = 𝐾p
2(1 − ν − 2ν2)

+ 𝐸𝐾p[(1 − ν)𝑏11 + 𝑏22

+ ν(𝑏12 + 2𝑏21)]
+ 𝐸2(𝑏11𝑏22 − 𝑏12𝑏21) 

(A10) 

𝑏11 = (𝑐rr𝑎r + 2𝑐θr𝑎θ)𝑎r (A11) 

𝑏12 = 2(𝑐rθ𝑎r + 2𝑐θθ𝑎θ)𝑎r (A12) 

𝑏21 = (𝑐rr𝑎r + 2𝑐θr𝑎θ)𝑎θ (A13) 

𝑏22 = 2(𝑐rθ𝑎r + 2𝑐θθ𝑎θ)𝑎θ (A14) 
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