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Abstract.

Arching effect is a universal phenomenon of the load transfer mechanism which is visually observed in the heaps of

granular material. In this study, we adopt geometrically non-linear isogeometric finite element analysis to revisit the theoretical
concept of the arching effect in the granular sand piles under base deflection with an assumption of elastic continuum theory.
Through two studies of the planar and conical sand heaps, this work expects to supply the numerical results for double-checking
some simple benchmarks before extending to the complicated problems. Herein, the reliability and accuracy of the present
model are validated by checking the weight balance condition and comparing with some available literature. The numerical
results demonstrate that the stress dip accompanying a significant shear stress mobilization at the base is formed immediately
once the base deflection occurs. Furthermore, the trajectories of principal stresses are plotted to visually manifest the force
propagation in the sand piles which enables us to explain the formation and shape of the arching effect.
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1. Introduction

The arching effect firstly proposed by Terzaghi (1943) is
a universal phenomenon of the load transfer mechanism. In
this phenomenon, the peak pressure at the base of bulk
solids might not locate at the center which has the greatest
material height. It is confirmed through several experiments
(Smid and Novosad 1981, Pipatpongsa et al. 2014) that the
pressure distribution is in form of an M-shape, wherein the
magnitude lost at the center approximately 40% as
compared to the hydrostatic pressure for a 2m — high
stockpile (McBride 2006), which can be called with a
“pressure dip” term. Study of pressure dip significantly
impacts in engineering practice, ranging from the bulk solid
stockpiles of mineral industries (McBride 2006, Ai et al.
2010) to geotechnical engineering involving foundations,
road and tunnel constructions as well as embankments on
soft soils (Okamura et al. 2013, Meena ef al. 2020), and so
on. Many studies have been carried out to disclose the
characteristic of the arching effect by using plenty of
methodologies such as experimental (Trollope 1956, Lee
2019), analytical (Lee et al. 2016, Jaouhar et al. 2018) and
numerical approaches (Moradi and Abbasnejad 2015,
(Wensrich and Katterfeld 2012, Ai ef al. 2013, Zhou et al.
2014, Horabik et al. 2017). An overview can be discussed
in the comprehensive review articles (Savage 1998, Atman
et al. 2005). It is worthwhile noting in Ai ef al. (2013) that
almost all numerical solutions have been based on discrete

*Corresponding author, Ph.D.
E-mail: tranvinhloc@tdtu.edu.vn

Copyright © 2021 Techno-Press, Ltd.
http://www.techno-press.org/?journal=gae&subpage=7

element modelling (DEM) due to direct simulation of each
particle in the bulk solid while finite element methods
(FEM) are seldom in use.

Actually, experimental measurements at the laboratory
or the project sites are common and easiest. However, this
method strongly depends on experiment setup and
instrumentations as well. In some cases, the measurement
devices, i.e., strain gauges and pressure cells, could affect
the desired results. Furthermore, another obvious limitation
comes from having to implement a lot of experiment tests to
provide complete and sufficient experimental data, resulting
in time consumption and highly economical costs (Eltaher
et al. 2021). Therefore, theoretical solutions are adopted to
double-check the stress field in the sand pile by many
researchers within additional postulates. For examples,
Terzaghi (1943) assumed the sand pile is divided into two
separated regions behaving solely either elastic or fully
plastic. Wittmer et al. (1996) proposed an assumption of
fixed principal axes (FPA), whereby the direction of the
major compressive stress is fixed under an angle bounded
by gravity direction and the angle of repose. Later, through
a new model, so-called Oriented Stress Linearity (OSL),
Wittmer et al. (1997) considered the arching effect in the
sand piles as an inclined inter-particle force propagation.
Meanwhile, Matuttis and Schinner (1999) adopted a linear
superposition of granular cones to evaluate the pressure
distribution under granular wedges. Angelillo ef al. (2016)
supplied the analytical solutions for the prismatic sand pile
under itself gravity in which the granular material is
modeled as a continuum governed by the Mohr-Coulomb
yield condition. Moreover, some recent works have been
done with a viscoelastic assumption (Abdelrahman et al.
2021, Alnujaie et al. 2021, Esen et al. 2021), in which the
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soil foundation is modeled as the viscoelastic dampers. On
the other hand, Booker (1969) and Nguyen et al. (2019)
figured out the local minimum pressure in planar and
conical sand piles under the a priori condition of passive
stress state, in which the material is assumed to be on the
verge of incipient failure everywhere. By another way,
DEM can directly simulate each particle of bulk solids in
different shapes, including spherical and also non-spherical
(Matuttis 1998, Zhou et al. 2014, Horabik et al. 2017).
Although DEM can produce consistent results with the
experimental tests, it requires an extremely computational
cost since the number of particles is huge, for instance, in
an assembly of 50.000 spherical particles (Horabik et al.
2017) or up to 10° particles (Savage 1998). This
disadvantage requests alternative approaches that could
reduce computing resources while maintaining the
numerical performance. Among the promising methods,
finite element method (FEM) is a predominant option.
Some FEM studies have successfully described the pressure
dip underneath the apex at the base of granular materials
relying on some complicated elastoplastic models, for
instance, the Drucker—Prager model (Modaressi et al.
1999), Mohr-Coulomb model (Jeong and Moore 2010).
Furthermore, Ai et al (2013) adopted the isotropic
constitutive laws with two elastic and three elastic-plastic
models. Whilst, Bi (2017) also concluded that the Rayleigh-
Ritz method associated with generalized Hooke’s law can
capture the stress field in the granular soil heaps. Using a
similar assumption, Nguyen et al. (2018) investigated the
stress distribution in the planar sand pile by using
isogeometric analysis. All three above numerical solutions
are confirmed that the linear elastic continuum theory is
feasible to study the problems of granular mechanics.
Furthermore, an advantage numerical method, namely
numerical manifold method (NMM) (Yang et al. 2016) has
recently developed and been considered as an effective
computational tool for geotechnical engineering related to
landslide problems (Yang et al. 2019 and Yang et al. 2021)
and fracture problems (Yang et al. 2018 and Wu et al. 2020)
as well.

In this present paper, we extended Nguyen er al
(2018)’s work by adopting the assumption of elastic
continuum theory incorporating to large deformation
isogeometric finite element approach. Hence, effect of base
deflection on the sand piles behavior is investigated with
some aspects and limitations:

* Firstly, we simplify a real three-dimensional sand pile
to the two-dimensional geometry including planar and
conical sand heaps, then derive the governing formulations
based on an assumption of elastic continuum theory for the
granular sand heap. The formulation takes into account the
von Karman strain tensor for geometrical nonlinearity. In
many instances, assumptions of linearity lead to reasonable
idealization. However, in certain circumstances, e.g., beam
(Almitani et al. 2020, Esen et al. 2020, Bashiri et al. 2021),
plate (Tran et al. 2015) and shell (Li et al. 2018) structures,
these assumptions deviate from the real response of
structures. But it is still a big question whether how large
deformation does affect the geotechnical problems, e.g., the
sand heaps.

* Secondly, finite element modelling based on
isogeometric analysis (IGA) proposed by Hughes et al.
(2005) is adopted for discretizing the above problems.
Herein, the present method has an advantage in exactly
describing the profile of base deflection in form of a
parabolic equation. Besides some salient features of IGA
exhibits some bottleneck in local refinement (Nguyen et al.
2015). Interestingly, this drawback is naturally overcome by
using T-spline functions (Nguyen-Thanh et al. 2011) or
combining with meshfree collocation method (Nguyen-
Thanh et al. 2019; Nguyen-Thanh et al. 2020). This
enhanced method is promising to provide an effective
computational tool for some complex geometry or stress
concentrated problems e.g. embankments, dams (Savage
1998). In this study, the geometry nevertheless is still
simple as a triangular due to the real shape of the cross-
section of the sand piles. Therefore, this work is expected to
supply the numerical results for double-checking some
simple benchmarks before extending to complicated cases.

* Thirdly, the effect of the base deflection on the stress
dip and the arch formation in the sand piles is investigated.
As proposed in Wittmer et al. (1997), the shape of the arch
can be revealed as the rotation of the force chain which
could be alike to the trajectory of the most compressive
principal stress in a continuous medium (Peters et al. 2005).
The conjugate relationship between the stress dip and the
force chain in planar sand piles has been successfully
demonstrated by Oron and Herrmann (1998) using an exact
calculation of the force networks. On the other hand, Handy
(1985) successfully drawn the shape of soil arching action
by showing the path of minor principal stress of soil behind
the retaining wall. In the sand piles, although the stress dip
has been found, the shape of the arching effect has not been
comprehensively determined.

* Finally, we analyze the characteristic of the local stress
dip caused by the base deflection in the sand piles then
unify the concept of the arching effect between geotechnical
perspective proposed by Terzaghi (1943) and granular
physics proposed by Wittmer et al. (1997). Indeed, Terzaghi
(1943) stated that the arching effect is a transfer of pressure
from a yielding mass of soil onto adjoining stationary parts;
whereas, Wittmer ef al. (1997) considered the arching effect
in the sand piles resting on a rigid base as inclined inter-
particle force propagation. To that end, the formation of
arch action is visually manifest following Peter ef al
(2005)’s suggestion by revealing the stress dip and the
trajectory of the most compressive principal stress as well.

2. Physical problem
2.1 Geometry and boundary condition

In this study, axisymmetric conical and symmetric
planar sand piles are simultaneously considered. The sand
piles have the height of 2=1m and are stabilized under the
repose angle ¢=30°. A rectangular coordinate is imposed on
the sand piles in which the origin is located at the center of
the bottom of the sand piles, the abscissa axis (x)
horizontally points toward the right-hand side of the piles
while the ordinate axis (y) points upward in the
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Fig. 1 Geometry and stress components of sand piles
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Fig. 2 Parabolic shape of the base deflection

gravitational direction. In addition to the three rectangular
stress components (Oxx, Oyy, and 7y) using for the planar
sand pile, the conical sand pile can be modelled in two
dimensions by considering an additional circumferential
stress component (ove). The sign convention of stress is
adopted from soil mechanics in which the compressive
stress is positive. The geometry and stress components of
planar and conical sand piles are shown in Fig. 1(a) and Fig.
1(b), respectively.

Herein, angle between the direction of the major
principal stress and the positive horizontal axis, denoted as
w which is calculated as follows

2z,
Oy — Oy

tan(2y) = (1)

The base deflection is imposed under concave parabolic
curvature as shown in Fig. 2.

2.2 Theoretical formulation

Let consider, in general, a three-dimensional solid
defined in a domain the static equilibrium equation can be
written in partial differential form as

o;; T =01in Q with i,j=1,2,3 Q)

Note that the subscript commas is the partial differential

meanwhile b; is the body force and oj is the internal stress

which is revealed in term of strain g; following the
constitutive equation as

3)

where Cji is the elasticity tensor of material and can be

simplified to be suitable to two-dimensional elastic

problems as shown in Fig. 1 ((A2) and (A3) in Appendix).
The in-plane strains are associated with in-plane

O = Cijklgkl

displacement fields u=[u, v]T according to the Green strain
assumption as

4)

where the linear and nonlinear strain components are
defined respectively as

€=¢g +¢gy, , where a=U,V

u,x
SL = v,y (5)
Uyy +V,x

1
e ==Aa

2 in which
a, 0 u (6)

A,=| 0 a,| and a={ ’X}

a, a, %y
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In which the Greek symbol « denotes the
displacement variables as mentioned in Eq. (4).

By being similar to those of plane strain, an
axisymmetric solid mathematically behaves also in two
dimensions, in which # and v are displacements along the
radial and axial coordinates as displayed in Fig. 1b,
respectively. However, unlike the plane strain problem, in

the axisymmetric situation, the strain in the circumferential
direction is certainly non-zero, i.e. &, #0 . Thus, the
strain vector in Eq. (4) is expanded from three to four terms
as £€={&' &,} which is defined as

A 8L SZL O u2
= 7
& {u/x}Jr{O }Jr{g,‘jL} where &y, = o ™

As seen in Eq. (7), once X —»00, the circumferential

stress becomes zero (&, =0). Consequently, the plane

strain situation can be retrieved. Therefore, the formulation
of the axisymmetric problem is merely presented without
loss generality.

Then, the virtual work equation for a continuum is
expressed according to total Lagrange coordinate as

jv &'6dV = jv Ssu'bdV + _[Q Su' f.dQ (8)

where V is the undeformed volume and while b and f; are
the body forces and the surface tractions applied over the
area (2, respectively.

3. Method of geometrically non-linear isogeometric
analysis

In this section, the method of isogeometric analysis and
its manipulations for the geometrically nonlinear planar and
conical sand piles are briefly introduced.

3.1 Basic function

Be a specific case of the finite element method — using
the Lagrange basic function - the isogeometric analysis
(IGA) utilizes the spline functions (e.g., B-Spline, NURBS,
T-Spline, ...) as the shape functions. They are defined
recursively by using the Cox—de Boor algorithm (Piegl and
Tiller 1995) as follows

Givpa —
N p — p -1 I e . >1
(5) §|+p 7§i (5) §|+p+1 §|+1 H (5) p
. )
_ 0 _ 1if &<é<éy,
at P=0. N'(&)= {O otherwise

were, knot value £ eR"i=12,...,m+p belongs to an

open knot vector Eg ={§1,§2,---,§m+p+1} , which is a non-

decreasing sequence of parameter values. Meanwhile, p and
m are the polynomial order and number of the basis

functions, respectively. Through a pair of knot vectors Eg

- . . . . .
and =, , bivariate B-splines basis functions are generated

according to tensor product scheme given as below

NS (£) =N (E)M] () (10)

3.2 Isogeometric finite element formulation

In similarity to the finite element method, the
isogeometric analysis also invokes the isoparametric
concept. However, unlike the finite element method, IGA
utilizes the same basis function from the geometric
description to approximate the unknown displacement
fields.

=> N, (&M, (11)

where d, =[u, VA]T denotes a vector of nodal degrees of
freedom associated with the control point P4 By
substituting Eq. (11) into Eq. (7), the strain can be rewritten
in term of the strain matrices ((A4) and (AS) in Appendix)
as

—Z(BL =B, + ;BSALjdA (12)

By substituting Eq. (12) into Eq. (8), the system of
linear static equation is obtained as follows

Kd=F (13)
where the global stiffness matrix K is given by
K=2z] (B +B)+B)") C(B" +0.5B" +05B}")xdQ (14)
and F is load vector

Fu=27[ INbxdQ+ [ IN,f,dO (15)

In which, I is the identity matrix. As seen in Egs. (14)
and (15), the volume integral is changed to surface integral
in calculating the global stiffness matrix and the force
vector by multiplying with a term 27X because of the
axisymmetric situation. The multiplied term is replaced by
1 in the case of the plane strain.

3.3 Inhomogeneous boundary condition enforcement

Unlike the homogeneous boundary conditions (BCs),
the displacement gets a non-zero value in the
inhomogeneous Dirichlet boundary conditions, for example,
the base deflection at the bottom of the sand piles displayed
in Fig. 2. By imitating Eq. (11), the prescribed deflection
can be exactly described through the basic function and the
control variables, v4 at the bottom control net as:

V(%) =D N, (X )V, (16)

Due to the lack of the Kronecker delta property of the
basis function, value v4 does not usually represent a
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Fig. 3 Physical mesh and boundary conditions of the sand piles

physical nodal displacement as in traditional FEM,
especially for the control points located outside the actual
domain. As a result, we cannot impose directly the values
getting from the base deflection profile for them. Therefore,
it is necessary to employ a special technique to estimate the
control variables. Some techniques, e.g., the Lagrange
multiplier method, the penalty method, the augmented
Lagrange method, Nitsche’s method are available in an
overview in the context of the meshless method (Nguyen et
al. 2008). In this work, a least square minimization
technique in what follows De Luycker et al. (2011) is
adopted to impose the general inhomogeneous Dirichlet
boundary conditions in IGA approximation. The basic idea
of this treatment is to minimize the following quantity:

J:%ZWUQ—W&HZ (17)

where V(x.) is the displacement value at a collocation
point xc staying on the essential boundaries.

3.4 Solution procedure

From Eq. (13), it can be seen that the stiffness matrix,
K, has a nonlinear relation with the unknown displacement
vector d because B is a function of the displacement field.
Thus, to solve the system of the nonlinear equation Eq. (13)
we adopted the Newton-Raphson method. Herein, we
would like to briefly present the solution procedure. For
more details, one can refer to Tran et al. (2016), Tran and
Niiranen (2020).

Firstly, the governing equation can be rewritten in form
of a residual force, which should be zero at the equilibrium
state

¢(d)=K(d)d—F =0 (18)

However, at the initial state, the displacement vector
commonly gives an unbalance residual force, means
¢(d)#0. Thus, Eq. (18) is solved iteratively, in which the

displacement is updated by an incremental displacement Ad
until the displacement error between two consecutive
iterations reduces below a desired error tolerance, e.g.,

0.1%. The incremental displacement Ad is given through
the following system of a linear algebraic equation related
to the tangent stiffness (A6) as

K,Ad=-¢ (19)

4. Results and discussion
4.1 Input parameters of the elastic model

The physical mesh of planar and conical sand piles with
the height of 1m and the angle of repose ¢=30° is shown in
Fig. 3. The boundary condition at the bottom of the sand
piles is fully rough. As consequence, the restrain at the
bottom is assigned as a hinge. Regarding the material
properties, the value of Young’s modulus of loose sand used
in a small scale of physical models are chosen in a range of
10%-10* kPa (Girijavallabhan and Reese 1968), for an
example, Young’s modulus £=2000 kPa and Poisson’s ratio
£=0.3 (Ai et al. 2013).

4.2 Verification and validation

Firstly, we consider the planar sand pile relying on the
assumption of linear continuum elasticity with a rigid base
condition for a convergence study. By using two numerical
methods of traditional FEM and IGA with their meshes
fully plotted in Fig. 4. The maximum vertical stress is
occurred at the base and tabulated in Table 1. As seen, both
methods well converge to the experimental value of 0.838
from work of Lee and Herington (1971). Interestingly, IGA
is faster convergence than FEM with a requirement of 216
cubic elements to achieve 3% error as compared to asking
9600 quadrilateral elements by traditional FEM.
Consequently, with a nearly same level of accuracy, IGA
requires fewer computing resources. However, for the
sake of fairly comparison as considering the same number
of elements in use, IGA surely takes much time
consumption than FEM due to generating more degree of
freedoms and looping more the Gauss points during
numerical integration by Gaussian quadrature (Hughes et al.
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X

Fig. 4 Fully meshes of 6x3 elements by using the numerical methods: (upper) traditional FEM and (lower) IGA

Table 1 Convergence study and comparison of the
efficiency between FEM and IGA

Table 2 Discrepancy between the total weight and resultant
force on the base of sand piles

No. of

24 216 600 1176 2400 5400 9600
Elements

oy/h 0.6772 0.7748 0.7928 0.8000 0.8052 0.8091 0.8110
FEM DoF 72 500 1312 2508 5022 11132 19642
time (s) 0.68 091 149 184 341 958 2843

oy/h  0.7974 0.8103 0.8128 0.8139 0.8147 0.8153 0.8156
IGA DoF 132 648 1548 2832 5478 11808 20538
time (s) 1.51 421 433 816 19.06 60.87 153.90

Normalized stresses with yh
1.0
——— ayy/yh: Present solution

- - = —oyylyhiLee and Henrington (1971)
7,y/7M: Present solution
= = =glyh: Lee and Henrington (1971)

0.8

0.6
0.4
0.2
0 §§§§§
0 0.5 1.0 15 2.0
x/h

Fig. 5 Comparison of normalized vertical stress with
experimental results of (Lee and Herington 1971) for a
perfectly rough rigid base with ¢$=30°

2005). As noted, to gain the computational cost in Table 1,
both programs are compiled in a desktop PC with Intel(R)
Core (TM) i7-7600U CPU @2.80 GHz and RAM of 16.0
GB.

Next, to validate the present model based on the
geometrically non-linear continuum elasticity, the obtained
results are compared to other available solutions of the
planar and conical sand piles. For the planar problem, Fig. 5

Geometries Alh (%) 0 1 2
Weight (kN) 21.58 21.58 21.58
Planar sand pile  Resultant force (kN)  21.50 21.54 21.62
Error (%) 0.37 0.21 0.20
Weight (kN) 39.14 39.14 39.14
Conical sand pile Resultant force (kN)  38.81 38.95 39.29
Error (%) 0.86 0.51 0.36

shows an excellent agreement of the wvertical stress
distributed at the bottom of the sand pile between the
present model and the experimental works done by Lee and
Herington (1971), Trollope and Burman (1980). Herein, due
to symmetric geometry, the result is just plotted at the right
half. Meanwhile, a comparison of the stress profiles with
the numerical results by Ai et al. (2013) for the conical sand
pile is revealed in Fig. 6. As seen, although utilizing the
linear elastic continuum model, the present model predicts
nearly identical vertical stress and slightly smaller shear
stress as compared to that of Ai et al. (2013) using linear
elastic with Mohr-Coulomb plasticity (LEMC) and linear
elastic with Drucker—Prager plasticity (LEDP).

Furthermore, the weight balance condition is also
checked to validate the numerical model. In essence, the
vertical reaction force at the base must be balanced by the
total weight of the sand pile. To facilitate the verification,
the dry unit weight of sand is selected as y=12.46 kN/m?>.
The result of the comparison is shown in Table 2. As seen,
the discrepancies between the resultant forces and the
weight of sand pile are less than 0.9% for all cases.

4.3 Stress distribution in planar and conical sand piles
resting on a rigid base

As shown in Fig. 7, the vertical and horizontal stresses
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Fig. 6 Comparison of stress distribution in the sand piles resting on a rigid base with other numerical models (Ai ef al. 2013)
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Fig. 7 Rectangular stress components in sand pile with rigid base
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Fig. 8 Trajectories of the principal stresses o1/yh and o3/yh in the planar sand pile with A/A=0
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Fig. 9 Trajectories of the principal stresses o1/7h and o3/sh in the conical sand pile with A/A=0

at the bottom of the sand piles exhibit a humped profile, in
which their largest values occur at the centerline underneath

the apex of the sand piles. It should be noted that the
horizontal stress is proportional to the vertical stress
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(a) Symmetric planar sand pile
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(b) Axisymmetric conical sand pile

Fig. 10 Vertical stress redistribution concerning the magnitude of base deflection in the sand piles
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Fig. 11 Horizontal stress redistribution concerning the magnitude of base deflection in the sand piles
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Fig. 12 Shear stress redistribution with respect to the magnitude of base deflection in the sand piles

through a coefficient in term of Poisson’s ratio as K,=g4/(1-
4). Meanwhile, the shear stress is zero at the center and the
conners and gains the largest value at a certain point around
the bottom edge middle. The shear stress represents the
friction force at the bottom which plays a role in stabilizing
the sand pile under its gravity.

Furthermore, the trajectories of the principal stresses of
the planar and conical sand piles are plotted in Fig. 8 and
Fig. 9, respectively. In which, the black arrow denotes the
major principal stress which is the largest compression

while the blue one stands for the minor one. Obviously, the
connected path of the major principal stress demonstrates an
arch-line structure. This means its direction is horizontal at
the centerline and then gradually tilts diagonally toward the
base. These trajectories of the principal stress are alike to
those appeared in Parry’s work (Parry 1954) but different
from studies of Booker 1969 and Nguyen et al. 2019
relying the fully plastic analysis where the trajectory path is
plotted as a vertical line at the centerline, although the
rectangular stresses are the same. Because in the plastic
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Fig. 13 Trajectories of the principal stresses o1/7h and o3/yh in the symmetric planar sand pile with A/A=1%
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Fig. 14 Trajectories of the principal stresses o1/7h and o3/sh in the axisymmetric conical sand pile with A/h=1%

model, the sand piles with rigid base stay in an active stress
state (Marais 1969, Nguyen et al. 2019).

This outcome of the elastic model on the characteristic
of force chain, however, is reasonable. Indeed, the humped
profile of the vertical stress is achieved at the bottom of the
sand piles but the maximum magnitude is considerably
smaller than the hydrostatic one yh around 20% and 30%
for planar and conical problems, respectively. In essence,
the stress relaxation caused by the downward sloping
surface of the sand piles might be partially ascribed to the
stress reduction. Apart from this, the occurrence of arch
formation played the main role in the stress reduction.
The shape of the trajectory of the most compressive
principal stress shown in Fig. 8 and Fig. 9 is explained as
the mass of the sand piles above the central vicinity has
slightly transferred to the adjoining parts under an arch-like
shape. The arch occurrence is sustained by the shear stress
mobilization at the base of sand pile whereby the shear
stress is largest at the abutment of the arch. This force chain
elaborately elucidates the concept of arching effect in the
sand pile prosed by (Wittmer et al. 1997). There is no
yielding part in these sand piles, but the whole sand piles
stated in the stationary condition. Hence, the definition of
the arching effect stated by Terzaghi (1943) is difficult to
explain the load transfer mechanism in static sand piles.

4.4 Characterization of the rotation of force

propagation in the planar and conical sand piles due to
base deflection

As imposing the base deflection as shown in Fig. 2 with

a value of A/h=1% and 2%, the axial stresses at the bottom
edge are redistributed as observed in Fig. 10 and Fig. 11.
Indeed, the stress drops immediately from a humped profile
once A/h=0 to a concave curvature profile with a local
minimum at the middle when the base deflects.
Furthermore, the stress dip is proportional to the magnitude
of the basal subsidence. This feature signifies that the mass
of sand in the central vicinity has been transferred to the
adjoining regions, causing redistribution of the vertical and
horizontal stresses with a local minimum at the centerline.
Nonetheless, the characteristic of stress drops between such
two problems: planar and conical sand piles is distinct.
Under the same basal subsidence, the stress drop value in
the conical problem is more pronounced (approximately
twice) than that of the planar sand pile. It explains why the
arching effect takes place more intensively in the conical
sand pile as observation in the sand piles resting on the rigid
base in which the stress dip is induced by the shape of
particles (Liu et al. 2017).

In an opposite manner of the normal stresses, the shear
stress is redistributed as shown in Fig. 12 with increase in
magnitude according to increase in the basal subsidence. In
other words, a pronounced stress dip accompanied by
substantial shear stress mobilization in the sand piles is
found once the base deflects. The conjugate relationship
between vertical stress dip and shear stress mobilization is a
salient feature of arching formation (Michalowski and Park
2004). It can be concluded that the arching effect has been
promoted in the sand piles by imposing the base deflection;
nonetheless, they are unable to characterize the formation of
the arching effect. Therefore, the path of the major principal
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Fig. 17 Comparison of stress redistribution in sand piles between non-linear elastic solution and incipient failure

everywhere solution

stress has to be taken into account.

Apart from the path of the major principal stresses in the
sand piles resting on the rigid base shown in Figs. 8 and 9,
the path of the major principal stresses in the sand piles
with the basal subsidence of A/h=1% and A/h=2% are
substantially changed as shown in Figs. 13-14 and Figs. 15-
16 for planar and conical sand piles, respectively. It looks
like the path is rotated more from that of the rigid base. This
rotational trait of principal stress could be explained
mathematically by determining the angle between the
direction of the major principal stress and the positive
horizontal axis in Eq. (1). In essence, its magnitude is
directly proportional to the shear stress and inversely
proportional with the subtraction between axial stresses. As

seen in Fig. 10 and 11, the ratio of horizontal and vertical
stresses is independent on the base deflection while the
shear stress is very sensitive to basal subsidence as shown
in Fig. 12. Therefore, the magnitude of the angle of the
major principal stress increases according to increase in the
magnitude of the base deflection. As a result, the path of the
major principal stress becomes steeper and steeper. This
explanation could elucidate the definition of the arching
effect proposed by Wittmer et al. 1997. According to
Wittmer et al. (1997)’s paper, the mass transfer from one
region to other regions results in the inclined force
propagation which could be interpreted as the arching
effect. The inclination of the force propagation is induced
by the shear stress mobilization as above discussion. Hence,
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Fig. 19 Trajectories of principal stresses oi/7h and o3/7h in planar sand piles with the angle of repose ¢=30° using the

elastic solution

irrespective of a different definition of arching effect from
Terzaghi (1943) to Wittmer et al. (1997), the kernel features
of arching are still preserved.

The trajectories of the principal stresses conjugated to
the vertical stress dip in the planar sand pile with the
continuum elastic assumption are similar to that of the exact
force network calculation proposed by Oron and Herrmann
(1998). This point again confirms the feasibility of using the
continuum elastic model in studying the arching effect of
the granular sand piles.

The arch formation defined in this study obeys the
definition proposed by Wittmer et al. (1997), nonetheless,
the demonstration of the arch formation is different. In
Wittmer et al. (1997)’s theoretical solution, the direction of
the major principal stress is assumed to be constant and
fixed. Consequently, the stress dip was found to
demonstrate the formulation of the arching effect. By
contrast, in the present solution, the stress profiles and the
direction of principal stresses are come out simultaneously
after numerically solving the governing equations. The
arch-like structure in the path of the major principal stress
and the stress dip was observed spontaneously to reveal the
formation of arch action due to the base deflection. Hence,
the physical mechanism responsible for the arching has
been sufficiently determined.

4.5 Comparison with incipient failure everywhere
(IFE) solution

The load transfer mechanism in the sand piles achieved

by the elastic solution is compared with the IFE solution.
The IFE solution in the planar and conical sand piles have
been elaborately solved by Booker (1969) and Nguyen et al.
(2019), respectively. The numerical frameworks of the IFE
solution proposed by (Nguyen et al. 2019) are inherited
herein to reproduce the stress profiles at the base of the sand
piles. Note that the magnitude of the base deflection in the
elastic model is selected to achieve the same value of
minimum pressure at the centerline with the IFE solution.

The present stress profiles in the sand piles resting on
the rigid base are similar to the IFE solution under alleged
active condition (Savage 1998). However, once the base
deflects the stress state in the sand piles is analogous to the
IFE solution under the passive condition (Booker 1969). A
comparison between such two solutions shown in Fig. 17
confirms a good agreement of obtained vertical stress by the
continuum elastic model and the IFE solution under the
active condition. Whereas, the discrepancy of the vertical
stress distribution between the elastic model with base
deflection and the IFE solution under passive condition is
significant. The elastic solution demonstrates a gradual
change of the vertical stress profile while the IFE solution
exhibits an abrupt change on the line of stress discontinuity.
For obvious difference between two solutions, the
trajectories of the principal stresses for the stress profile are
plotted in Figs. 18 and 19 and Figs. 20 and 21 for the planar
and conical sand piles, respectively.

As seen the connected path of the most compressive
principal stress in both solutions is displayed as an arch-like
structure. It can be concluded that both solutions have
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elastic solution

successfully characterized the formation of arch action in
the sand piles. However, there are some differences between
them in tracking the trajectory of the most compressive
principal stress. Firstly, the connected path stemmed from
the IFE solution exhibited an abrupt change in direction.
The change takes place on the line of stress discontinuity.
The hyperbolic governing equations are established based
on the assumption that everywhere in sand piles is on the
verge of incipient failure obeying the Mohr-Coulomb
criterion in association with the self-similarity assumption.
Therefore, the basal boundary condition is not important
and eliminated in the governing equations. The solution of
IFE is achieved by repeatedly estimating the location of the
line of stress discontinuity and matching the solution from
the traction-free surface to the centerline by integrating the
governing equations until achieving the direction of major
principal stress is exactly horizontal (Nguyen ef al. 2019).
On the contrary, in the present model, the basal boundary
condition is directly taken effect into the elliptic governing
equations to solve for stress and strain in the sand piles.
Moreover, the direction of the major principal stress on the
traction-free slope is also different. In particularly, in the
elastic solution, the direction of the major principal stress is
exactly coincident with the traction-free slopes; whereas,
that of the IFE solution seems to be rotated from the slope
surface at an angle of (n/4-¢/2). In granular mechanics, the
slope surface of a sand heap made of dry cohesionless sand
inclined at a repose angle is also a slip-line. Thus, the
direction of the major principal stress is rotated from the

slope to the angle of (n/4-¢/2) as elaborately explained
by Nguyen and Pipatpongsa (2020). Physically, granular
media of constant bulk unit weight is modelled as a
continuous media locked together by friction, with the slip
condition occurring in a thin layer above stable slopes.
Hence, the shear stress induced by the slip plane could
rotate the axis of the major principal stress neighboring to
the sliding slope from the direction parallel to the free
surface. Being similar to the FPA solution in which, the
direction of the major principal stress is presumably decided
to establish the hyperbolic governing equation, the IFE
solution also take the alleged passive condition whereby the
direction of principal stress is determined at the centerline.
Hence, such theoretical solutions might be encountered
difficulty in seeking mechanistic justification (Savage
1998). Thus, by revealing the stress dip and visualizing the
arch-like structure of the connected trajectory of major
principal stress in sand pile subjected to base deflection, this
study tries to sufficiently determine the physical mechanism
responsible for the arching.

4.6 The effect of geometrical non-linearity on the
stress dip in sand piles

The vertical stress dip in the planar and conical piles
obtained from the linear elasticity and geometrically non-
linear elasticity are compared. Interestingly, two models
produce an insignificant discrepancy until the maximum
base deflection (A/%) underneath the apex, illustrated in Fig.
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Fig. 23 Discrepancy in stress redistribution in sand piles between linear and non-linear elasticity with A/A=5%

22, is over 5% as shown in Fig. 23.

Once the magnitude of base deflection exceeds that
amount, the difference in stress redistribution stemmed
from such two models are significant. Without considering
the effect of geometrical non-linearity, the base deflection
will produce a more pronounced stress dip.

5. Conclusions

The geometrically non-linear isogeometric analysis has
been successfully applied in both planar and conical sand
piles. Some traits of the load transfer mechanism in the sand
piles under the base deflection are summarized as follows:

e The base deflection initiates the stress dip and
consequently promotes the shear stress mobilization at the
base of the sand piles. The amount of stress dip at the
centerline and the shear stress mobilization is directly
proportional to the magnitude of the base deflection.

» With the same input data, e.g., height, angle of repose,
amount of base deflection, the stress redistribution in the
conical sand pile is more sensitive to the base deflection
than that of planar one.

» Without stress dip in the case of the rigid base, a weak
arch action is proved to appear in the sand piles at the initial
condition of the rigid base by showing an arch-like structure
in the trajectory of the most compressive principal stress.

Thereafter, direction of the most compressive principal
stress starts rotating right after imposing the base deflection.
Its rotation has intensified the arch action in the sand piles,
resulting a pronounced stress dip as well as significant shear
stress mobilization at the base. Hence, the concept of arch
action, proposed by Wittmer et al. (1997), has been
elaborately elucidated in this study by visually
demonstrating the inclination of force chain in the sand
piles corresponding to the magnitude of base deflection.
Thus, the physical mechanism responsible for the arching
has been elaborately determined and the concept of the
arching effect is elaborately elucidated.

* Irrespective of the different definition of the arching
effect proposed by Terzaghi (1943) and Wittmer et al.
(1997), the kernel feature of soil arching in the sand piles is
preserved by showing the significant shear stress
mobilization accounting for the stress dip in the central
vicinity.

* The present results, e.g., the stresses profiles are in
good agreement with the available experimental data.
Furthermore, the vertical stress profiles at the base of the
sand piles are satisfied with the weight balance condition.
The validation and verification conclude the reasonability
of utilizing IGA in numerical modelling of the sand pile
problems.

» The discrepancy in the results of stress redistribution
stemmed from the linear and geometrically non-linear
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analysis is insignificant until the magnitude of base
deflection is over 5%. As observed, the non-linear analysis
gains a milder stress dip as compared to the linear one.
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Appendix

From the rectangular stress components in the sand
piles, the principal stresses are given by

2
o, = T ;ny +\/(GX* ;ij +(Txy)2

(AT)

Herein, o1 is the major principal stress while o3 is the
minor one. Since the stresses are commonly compressive in
the sand pile problems, the major principal stress is always
the most compressive principal stress.

In particular, for the planar sand pile, the constitutive
equation can be simplified as

O E 1_/'1 H 0 Exx
ot u 1-p 0 et (A2)
Ty (L+ )(2-24) 0 0 05-u||7y

in which E is Young’s modulus, g is Poisson’s ratio.
Meanwhile for the axisymmetric conical sand pile, it can be
transformed as

O,y 1- u u 0 4 Exx
Oyl _ E uo l-p 0 u &y
r, [ (Q+p)(t-2u) O 0 05-u O ||y, (A3)
G U H 0 1-ullg,
The strain matrices are given by
' 0
0 N A ulO
BL — Ay | BNL: an B , BNL:_ A4
A NA,y NA,x “ 0 “ ‘ X2 B()A ( )
N,/x O
in which
B _ 5au N Ax 5av N AXx
o 5au N Ay 5av N Ax and (AS)

B, =[N, 0]

The tangent stiffness matrix, Ky, is obtained from
derivative of the residual force with respect to nodal vector
as follows

a(p Ta& 6BT A NL
K, =22 -2 B" 2+ P 5 |xda=K" +K®
T od ”i[ od od ° (A6)

where KM K¢ are the nonlinear and geometric stiffness
matrices, respectively

K" =2z[ (B"+B"+B})") C(B* +B! +B)")xd2 (A7)

Ke = 2’49((82 )’ N,BZ+(B, ) %ngxdﬁ (A8)
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in which the stresses matrix Ny is arranged from in-plane
stress obtained from Eq. (11) as follows

(A9)





