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1. Introduction 
 

For construction of a structure on very thick saturated 

clay layers results into excess pore water pressure 

dissipation over long period of time. To accelerate the 

process of consolidation, vertical sand drains or 

prefabricated vertical drains (PVDs) can be installed at 

predetermined locations so that the water can drain out from 

the clay layer under superimposed load. Such observations 

were reported by Das (1985) and Smith and Smith (1998). 

Yoshikuni and Nakanodo (1974) included the effects of 

smear and well resistance for radial consolidation under 

static loading condition.  

Such theories were continued to be studied and 

improved by many researchers like Indraratna and Redana 

(2000), Walker and Indraratna (2006), Lu et al. (2011) and 

Zhang et al. (2019). These authors proposed radial 

consolidation models for static load incorporating 

parametric variations like variable discharge capacity, equal  

                                           

Corresponding author, Professor 

E-mail: sramendu@gmail.com 
aAssistant Professor 

E-mail: monideepapaul@gmail.com 
bAssistant Professor 

E-mail: bakshi.kaustav@gmail.com, 

Kaustav.bakshi@iiti.ac.in 

 

 

strain with resistance.   
The cohesive soil deposit below different civil 

engineering applications like highway, railway and runway 
embankments, ocean banks is subjected to rapid long-term 
cyclic loading [Yasuhara et al. (1995) and Samang et al. 
(2005)]. The consolidation theories developed for static 
loads predicted settlement for such soil deposit and the 
results differ significantly from the field measurements 
which indicate the requirement of consolidation studies 
under cyclic loads [Wilson and Elgohary (1974)]. The 
previous studies from Conte and Troncone (2006) and Ma 
et al. (2020) adopted low frequency cyclic loads but those 
were limited to one-dimensional consolidation along 
vertical direction only. Tang and Onitsuka (2000), Conte 
and Troncone (2009), Hsu and Liu (2013), Yazdani and 
Toufigh (2012), Deng et al. (2013), Kelly (2014), Amiri et 
al. (2018) studied consolidation through radial drainage by 
PVDs under linear time dependent loading considering well 
resistance and smear action. Zhu and Yin (2001), Leo 
(2004), Walker and Indraratna (2009) reported 
consolidation of soil along vertical and horizontal drainage 
under ramp load. Attya and Indraratna (2007), Indraratna et 
al. (2009, 2010 and 2016), Ni et al.  (2014) conducted 
experimental investigation on cohesive soil and studied the 
pattern of pore water pressure generation under high 
frequency cyclic loading. Bai and Shi (2017) also reported 
experimental studies on consolidation behavior of saturated 
clay due to thermal loading cycles and observed significant 
volume reduction due to a series of heating – cooling 
cycles.   
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Abstract.  The excess pore pressure increases under undrained cyclic loading which cause decrease in effective stress followed 

by possible failure in the soft soil. With the inclusion of vertical drains radial drainage allows quick dissipation of excess 

pressure during cyclic loading and thereby failure of foundation soil may be avoided. The present study aims for analytical 

closed-form investigation on soft cohesive deposit under radial flow consolidation through vertical drains with no smear when 

subjected to long-term rapid cyclic loading. The mathematical formulation of pore pressure including degree of consolidation 

under cyclic loading is developed by using Green’s functions technique. Results obtained from the proposed formulation are in 

good agreement when compared with published field data which confirms its correctness to predict consolidation under cyclic 

loading. Once the proposed model is validated, it is applied to investigate the effect of vertical drains on variation of pore 

pressure ratio with number of loading cycles. The findings indicate that the pore water pressure generates slowly at the 

outermost boundaries of the vertical drains for initial number of loading cycles. The magnitude of pore water pressure 
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The nonlinear theory proposed by Davis and Raymond 

(1965) led to a consolidation model based on void ratio and 

effective stress (e-log σ´) which were adopted by many 

researchers. The model assumed the coefficient of 

consolidation as constant and it was noted that the 

compressibility and permeability tend to decrease with 

increasing effective stress for static load. Conte and 

Troncone (2007) proposed an expression for consolidation 

settlement as per Lancellotta (1995) based on Davis and 

Raymond (1965)’s assumption. It is highlighted that the 

excess pore pressure and degree of settlement with time 

factor differed from predicted results using linear theory 

when the external load was time dependent. Lekha et al. 

(1998), Li et al. (2018) reported a nonlinear theory based on 

effective stress / void ratio / permeability variations for 

radial consolidation of clayey soils under time dependent 

loading. These theoretical models considered cyclic loads as 

sinusoidal, haversine, ramp which are not the appropriate 

representation of the actual field condition. Hyodo et al. 

(1988) first reported a consolidation model under long-term 

cyclic loading and solved it numerically based on 

Terzaghi’s basic consolidation theory. Paul and Sahu 

(2012), Paul et al. (2019) reported an analytical solution for 

one dimensional consolidation based on nonlinear theory 

proposed by Davis and Raymond (1965). However, there is 

no research report published on analytical solution of radial 

consolidation with vertical drains for long-term cyclic 

loading. Hence, the present paper aims to fill the void in the 

literature. The proposed study is expected to be helpful to 

the practicing civil engineers to predict consolidation 

behavior of foundation soil under long-term cyclic loads.   

The present paper focuses on a generalized nonlinear 

radial consolidation model with no smear associated with 

undrained pore pressure generation model [Paul et al. 

(2015)] under long-term rapid cyclic loading. The proposed 

model incorporates the effects of confining pressure and in-

situ stress directly. The effects of cyclic stress ratio (CSR), 

frequency of loading and plasticity index of soil are 

considered in this proposed model in an indirect manner. 

The solution estimates the model parameters more 

realistically as those values adopted here are from 

laboratory test results available in literature. The proposed 

model is expected to help the practicing engineers to predict 

settlements behavior of foundation soil during radial 

consolidation with vertical drains under long-term cyclic 

loading. 
 

 

2. Framework of the model 
 

Ni (2012) reported that the excess pore pressure 

generation for soil deposit under cyclic loading is slower 

when subjected to radial drainage compared to the 

undrained condition. Therefore, the excess pore water 

pressure generation under cyclic loading is the combined 

effect of undrained excess pore pressure generation and 

subsequent dissipation across the drainage boundary. Based 

on this concept, a radial consolidation model for no smear 

and no well resistance under cyclic loading is presented 

here.  

The axisymmetric soil cylinder (Fig. 1) depicts de as the  

 

Fig. 1 Axisymmetric cylindrical soil sample 

 

 

Fig. 2 Flow through soil element 
 

 

diameter of influence zone, a as the equivalent radius of the 

well (in case of PVD) and l as the thickness of 

consolidating soil layer. To derive the continuity equation in 

cylindrical coordinates a soil element shown in Fig. 2 is 

considered.  

The volume of the differential soil element is 

 (1) 

Mass of soil element is, dvρM    

Assuming that the water enters across the inner 

circumferential face ABCD has velocity vr and density ρ. 

Therefore, the rate of mass (qr) entering the soil element 

through ABCD is given as the following: 

qr = ρvr × r × dθ × dz (2) 

The rate of mass leaving the control volume through 

EFGH is given below,  

 

(3) 

Now, the following equation can be written maintaining 

the continuity of flow. 

dzdθdrrdv 
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Fluid entering through ABCD = (fluid accumulated or 

dissipated) + (Fluid leaving through EFGH) 

The rate of accumulation or dissipation of fluid for the 

control volume =
t

M




, 

 

(4) 

The dr2 in Eq. (4) can be neglected for being very small 

quantity.  

Eq. (4) can be written as the following:  

 
(5) 

Hence, final form of continuity equation in cylindrical 

coordinate system is given below, 

∂M

∂t
+

1

r
× ρvr × dv + (

∂(ρvr)

∂r
) × dv = 0 (6) 

 

2.1 Mathematical formulation  
 

For normally consolidated soil the void ratio (e) is 

related to effective vertical stress (σ΄) as the following:    

e = e0 − Cc
′ × log10

σ′

σ0
     (7) 

where, e0 is the initial void ratio corresponding to stress σ0΄, 

and Cc' is compression or re-compression index of the soil 

depending upon the nature of loading.  

Differentiating void ratio (e) with respect to effective 

stress (σ΄) the coefficient of volume change mv (Lambe and 

Whitman, 1969) is found as the following: 

mv =
0.434 × Cc

′

(1 + e) × σ′
 (8) 

The variation of (1 + e) with time is quite less than the 

effective stress (σ΄) during consolidation. Hence, (1 + e) is 

considered as constant for any load increment. Following 

Davis and Raymond’s (1965) assumption Eq. (8) can be 

written as it is shown below, 

mvr =
A0

𝝈′   (9) 

where, the constant A0 is given as the following: 

A0 =
0.434 × Cc

′

(1 + e)
 (10) 

For normally consolidated soils the coefficient of radial 

consolidation is cvr = kh / (mvr×γw). Moreover, the rate of 

decrease in horizontal permeability (kh) is proportional to 

the rate of decrease of compressibility in radial direction 

(mvr). Thus, cvr can be taken as constant. 

From Darcy’s law 

vr = khi =
kh

γw
⋅

∂u

∂r
   (11) 

where, u is the pore water pressure. 

Putting Eq. (11) in Eq. (6)         

∂M

∂t
+

1

r
× ρ × (

kh

γw

⋅
∂u

∂r
) × dv + (

∂

∂r
) × (

kh

γw

⋅
∂u

∂r
) × ρ × dv = 0 (12) 

Again, 

cvr =
kh

A0

σ′ γw

 (13) 

∂M

∂t
+

1

r
× ρ × (mvrcvr ⋅

∂u

∂r
) × dv + (

∂

∂r
)

× (mvrcvr ⋅
∂u

∂r
) × ρ × dv = 0 

(14) 

Applying Eq. (13) into Eq. (14), we get the following: 

∂M

∂t
= −[

1

r
⋅
1

σ′
(
∂u

∂r
) +

1

σ′
⋅
∂2u

∂r2
−

1

σ′2
(
∂u

∂r
⋅
∂σ′

∂r
)] ρ × dv × A0cvr (15) 

The volumetric strain developed within the soil element 

is achieved by neglecting secondary compression or creep. 

It is shown as follows: 

f =
e−e0

1+e0
   (16) 

f =
Cc

1 + e0

log10 (
σ′

σ′
0

) (17) 

It is taken up here that the rate of water lost per unit 

volume is equal to the rate of volume decrease per unit 

volume within a small element of soil.  

𝜕M = ∂f × dv × ρ (18) 

Here ∂f  depicts the total volume strain, dv is the 

volume of soil element and ρ is the density of water, 

Differentiating Eq. (18) with respect to time t, we get 

the following: 

 

(19) 

Differentiating f with respect to time t, 

∂f

 ∂t
=

Cc

1 + e0

0.434

σ′
(
∂σ′

∂t
) × dv × ρ (20) 

Assuming (1+e0) is equal to (1+e), we get the following: 

∂f

∂t
=

A0

σ′
⋅ (

∂σ′

∂t
) × dv × ρ (21) 

−[
1

r
⋅
1

σ′
(
∂u

∂r
) +

1

σ′
⋅
∂2u

∂r2
−

1

σ′2
(
∂u

∂r
⋅
∂σ′

∂r
)] ρ × dv

× A0cvr =
A0

σ′
⋅ (

∂σ′

∂t
) × dv × ρ 

(22) 

− [
1

r
⋅
1

σ′ (
∂u

∂r
) +

1

σ′ ⋅
∂2u

∂r2 −
1

σ′2
(
∂u

∂r
⋅
∂σ′

∂r
)] cvr =

1

σ′ ⋅ (
∂σ′

∂t
) (23) 

The long term cyclic loading considered in the present 

analysis is presented in Fig. 3. 

 

  0dz×dθrdrρv
r

dz×dθdrrρv
r

1

t

M
rr 


















M f
dv ρ

t t

 
  

 

335



 

Monideepa Paul, Kaustav Bakshi and Ramendu Bikas Sahu 

 

Fig. 3 Variation of loading with time relationship 

 

 

Fig. 4 A schematic diagram of undrained and partially 

drained behavior of soil under cyclic loading 

 

 

From Terzaghi’s principle of effective stress under 

cyclic loading condition, σ´ can be written as, 

 
(24) 

σ΄0: Initial effective vertical stress in clay layer; 

σcy: Amplitude of the cyclic deviator stress developed in 

consolidating clay layer;  

u: Pore water pressure  

The Eq. (24) for effective stress seems to be valid for 

low frequency cyclic loading such as oil tank, silos etc. 

However, the rapid high frequency load noted during wave 

propagation, high speed vehicular movement, the prediction 

of cyclic deviator stress is difficult both analytically and 

experimentally. On the other hand, the undrained pore 

pressure for cyclic loading can be predicted using the 

formulations reported by Paul et al. (2015) as a function of 

cyclic deviator stresses, number of cyclic loading, and 

plasticity of soil. Hyodo et al. (1988) found that a soil mass 

under to cyclic load with partially drained condition shows 

the pore water pressure first rises and then dissipates with 

time (Fig.4).  

Fig. 4 shows that pore water pressure follows the path 

AB for an arbitrary time interval, t to (t +Δt) where Δt is 

time increment. The pore water pressure generation and 

dissipation during Δt is Δug and Δud, respectively. The 

resulting volumetric strain is Δεv. In case of long-term 

cyclic loading condition, the deformation is coupled with 

generation and dissipation of excess pore water pressure in 

the cohesive deposits.  

Hence, it is appropriate to replace the cyclic deviator 

stress shown in Eq. (24) by the term generated pore 

pressure for soil under undrained condition. The 

corresponding expression for effective stress as proposed by 

Paul et al. (2019) as given below has been used in the 

present study.  

 
(25) 

where, ug is generated pore water pressure which is a 

function of number of cycles, frequency and magnitude of 

cyclic load expressed as cyclic stress ratio [CSR= σcyc /σ´vc], 

confining pressure and plasticity index of soil. The cyclic 

stress ratio is defined by the ratio between the cyclic 

deviator stress, σcyc, to the initial effective overburden, σ´vc. 

The ug is expressed as shown below, 

ug

σ′
vc

= f(CSR, N, σ′
vc, Ip) 

Differentiating the above equation with respect to r and 

t, we get the following;  

∂σ′

∂r
= −

∂u

∂r
 (26) 

and 

∂σ′

∂t
=

∂ug

∂t
−

∂u

∂t
 (27) 

(
∂ug

∂t
−

∂u

∂t
) = − [

1

r
⋅ (

∂u

∂r
) +⋅

∂2u

∂r2
+

1

σ′
(
∂u

∂r
)

2

] cvr (28) 

Eq. (28) is the governing nonlinear equation for radial 

consolidation. As this equation is a function of r and t only, 

it does not account the changes of pore pressure with depth 

during consolidation.  

Let us consider the following, 

w = ln(
σ′

σ′
f

) = ln (
σ′

(σ′
0 + ug)

) (29) 

σ′
f is final effective pressure =(σ′

0 + ug)  

Differentiating Eq. (29) with respected to the radial 

distance r, we get the following:  

∂w

∂r
= −

1

σ′
⋅ (

∂u

∂r
) (30) 

∂2w

∂r2
= −

1

σ′
(
∂2u

∂r2
+

1

σ′
(
∂u

∂r
)

2

) (31) 

Differentiating Eq. (29) with respected to time t, 

∂w

∂t
=

1

σ′
⋅ (

∂σ′

∂t
) (32) 

ucy   0

uug  0
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Substituting Eqs. (30), (31), and (32) into Eq. (28) leads 

to a simple differential equation in terms of ‘w’ which is 

shown as the following, 

cvr (
∂2w

∂r2
+

1

r
⋅
∂w

∂r
) = (

∂w

∂t
) + R(t) (33) 

where 

R(t) =
1

(σ′
0 + ug)

×
∂ug

∂t
=

1

(𝜎′
0 + 𝑢𝑔)

×
∂ug

∂N

∂N

∂t
 (34) 

and   (
∂N

∂t
) =

1

t0
 

Here, R(t) = Source term of generated pore water 

pressure which is time dependent 

N = Number of cycles 

t0 = Time period of the cyclic loading 

 

 

3. Initial and boundary conditions 
 

The initial and boundary conditions used to solve Eq. 

(33) are as follows: 

For t = 0 and a ≤ r ≤ b; u = 0 or w = 0 (35) 

For t > 0 and r = a; u = 0 or w = 0 (36) 

For t > 0 and r = b; 
∂u

∂r
= 0 or  

∂w

∂r
= 0 (37) 

 

3.1 A procedure for evaluation excess pore water 
pressure 

 

For low amplitude cyclic loading, the excess pore water 

pressure under undrained condition initially increases at a 

certain rate and becomes asymptotic after certain number of 

cycles. Seed and Idriss (1971) and De Alba et al. (1976) 

conducted a number of undrained tests and proposed 

expressions of excess pore water pressure for potentially 

liquefiable sand deposits as a function of cyclic stress ratio. 

Van Eekelen and Potts (1978) and Matsui et al. (1980) 

reported a hyperbolic pattern of pore water pressure 

variation under cyclic loading. The authors considered the 

effects of plasticity index, over consolidation ratio (OCR) 

and other factors. A hyperbolic relation between the 

normalized excess pore pressures and number of cycles 

under cyclic shear strain was reported by Ohara and 

Matsuda (1988), Hyodo et al. (1988), Ansal and Erken 

(1989), Prakasha and Chandrasekaran (2005). These authors 

proposed models of undrained pore pressure under cyclic 

loading considering nature of soil, rate of loading, effective 

confining pressure, cyclic deviator stress, frequency and 

plasticity index. A generalized hyperbolic pattern was 

introduced by Paul et al. (2015) to obtain pore water 

pressure for varying load cycles, magnitude of cyclic 

deviator stress in terms ‘CSR’ and plasticity index related to 

soil consistency of cohesive deposits.  

ug

σ′
0

= (
N

(A + B × N)
) (

1 + 2k0

3
) (38) 

 

Fig. 5 A typical undrained pore water pressure generation 

model of soil 
 

 

∵ σ′
vc = (

1 + 2k0

3
) × σ′

0 

where, N is the number of load cycle and A and B are stress 

dependent coefficients. 

 

σ ´vc = effective confining pressure 

σ´0 = initial effective vertical stress 

Here k0 is the ratio of initial effective horizontal to 

vertical stresses. 

The abovementioned expression is used to compute the 

pore water pressure under undrained condition. 

Fig. 5 shows the functional relation between the pore 

pressure ratio and the number of cycles. The coefficient A is 

the inverse of the tangent to the curve drawn between pore 

pressure generation and number of load cycle at ug/σ΄vc = 0. 

The coefficient B is the inverse of the maximum pore 

pressure ratio.  
 

 

4. Solution procedure 
 

The mathematical formulation of this problem is given 

in Eq. (33) 

(
∂2w

∂r2 +
1

r
⋅
∂w

∂r
) −

1

cvr
R(t) =

1

cvr
(
∂w

∂t
) 

This differential equation can be solved by Green’s 

functions [Carslaw and Jaeger (1959)]. To determine the 

appropriate Green’s function, the homogeneous version of 

this mathematical formulation is given by, 

(
∂2ψ

∂r2
+

1

r
⋅
∂ψ

∂r
) =

1

cvr

(
∂ψ

∂t
) (39) 

For t = 0,  ψ = F(r) = 0 in the region at,   a ≤ r ≤ b (40) 

For t > 0,  at r = a ,     ψ= 0 (41) 

For t > 0, at r = b,     
∂ψ

𝜕r
= 0 (42) 

0 h 0
σ σk  
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Separating the variables, it can be shown that the 

solution for the time variable function is(exp−Cvrβm
2
t), the 

space variable function  rR m ,0   is the solution of the 

Eigen value problem which is written as the following: 

∂2R0

∂r2
+

1

r
⋅
∂R0

∂r
+ βm

2R0 = 0 (43) 

For t > 0, at r = a, R0= 0 (44) 

For t > 0, at r = b, 
𝜕R0

𝜕𝑟
= 0 (45) 

The complete solution for ψ (r, t) is written as, 

ψ(r, t) = ∑ cmexp−cvrβm
2tR0(βm, r)

∞

m=1

 (46) 

The application of the initial condition to Eq. (40) leads 

to the following: 

F(r) = ∑ cm × R0(βm, r)∞
m=1   in   (a < r < b) (47) 

This is an expansion of an arbitrary function F(r) 

defined within the interval (a < r < b) in terms of the Eigen-

functions R0(βm, r) of the eigenvalue problem shown in 

Eqs. (43)-(45). The unknown coefficient cm is readily 

determined by utilizing the orthogonal Eigen-function. The 

solution can be written as,    

ψ(r, t) = ∑{
exp−cvrβm

2t

N(βm)
R0(βm, r)}

∞

m=1

∫ r′ ×

r′=b

r′=a

R0(βm, r′)

× F(r′)dr′ 

(48) 

where the Eigen-functions R0(βm, r), Eigen values (βm) 

and the norms, 
1

N(βm)
  

R0(βm, r) = J0(βmr)Y′
0(βmb) − J′0(βmb)Y0(βmr) (49) 

where, J0 and Y0 are known as the Bessel functions of the 

first and second kinds with order zero [Abramowitz and 

Stegun (1965)]. In general, the Bessel functions of integer 

order are the two linearly independent solutions of Bessel’s 

equation  

where the norms,    
1

N(βm)
=

π2

2
⋅

βm
2J0

2(βma)

[1−(
1

βmb
)
2
J0

2(βma)−J′0
2
(βma)

 
(50) 

and the Eigen values (βm) are the negative roots of the 

following transcendental equation 

J0(βma)Y′
0(βmb) − J′0(βmb)Y0(βma) = 0 (51) 

The solution of the problem stated in Eqs. (39)-(42) in 

terms of Green’s function is given following Eqs. (48)-(51). 

ψ(r, t) = ∫ r′G(r, t|r′, τ|)

r′=b

r′=a τ=0

F(r′)dr′ (52) 

where r´ is the Sturm- Liouville weight function. A 

comparison of Eqs. (48) and (52) leads to the following: 

G(r, t|r′, τ|)τ=0 =
π2

2
⋅ ∑

βm
2J′0

2(βma) × exp−Cvrβm
2t

[1 − (
1

βmb
)

2

J0
2(βma) − J′

0
2(βma)

∞

m=1

× R0(βm, r) × R0(βm, r′) 

(53) 

The desired Green’s function is obtained by replacing t 

by (t - τ) in Eq. (53) 

G(r, t|r′, τ|) =
π2

2
⋅ ∑

βm
2J′0

2(βma) × exp−Cvrβm
2(t−τ)

[1 − (
1

βmb
)

2

J0
2(βma) − J′

0
2(βma)

∞

m=1

× R0(βm, r) × R0(βm, r′) 

(54) 

Then the solution of the above non-homogeneous 

problem in terms of this Green’s function is given below, 

ω(r, t) = ∫ r′G(r, t|r′, τ|)

r′=b

r′=a τ=0

F(r′)dr′

− ∫dτ × ∫ r′G(r, t|r′, τ|)

r′=b

r′=a τ=0

R(t)dr′

t

τ=0

 

(55) 

Introducing the foregoing Green’s function into Eq. (55) 

the solution becomes the following:       

w(r, t) = −
π2

2
⋅ ∑

[
 
 
 βm

2J′0
2(βma) × exp−cvrβm

2t

[1 − (
1

βmb
)
2

J0
2(βma) − J′0

2(βma)
]
 
 
 

∞

m=1

× R0(βm, r)

× ∫ exp−cvrβm
2τ

t

τ=0

⋅ R(τ)dτ ∫ r′ × R0(βm, r′)

r′=b

r′=a

dr 

(56) 

where  t = 0 ; ψ= F(r′)= 0 

R(t) =
A

t0 {A2 + 2AB (
τ
t0

) + (B ⋅
τ
t0

)
2

+ A(
τ
t0

) + B(
τ
t0

)
2

}
 

(57) 

and,         

π2

2
× ∑

[
 
 
 βm

2J′0
2(βma) × exp−Cvrβm

2t

[1 − (
1

βmb
)

2

J0
2(βma) − J′0

2(βma)
]
 
 
 

∞

m=1

× R0(βm, r) = Q (58) 

Now applying Eq. (58) into Eq. (56), we get  

w(r, t) = −Q ∫ exp−cvrβm
2τ

t

τ=0

⋅ R(τ)dτ ∫ r′ × R0(βm, r′)

r′=b

r′=a

dr′ (59) 

 

(60) 
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The Puiseux series of Ei (z) is given by Havil (2003)  

Ei(z) = γ + lnz + z +
1

4
z2 +

1

18
z3 +

1

96
z4 +

1

600
z5. . . . .. (61) 

Here γ = Euler- Mascheroni constant = 5.7721  

From Eqs. (29), (48) and (60) the expression for pore 

water pressure in non-dimensional form is given below. 

u

 σ′
vc

= (1 − e∑ w(r,t)α
m=1 ) (s +

N

A + B × N
) (62) 

where, 

 s =
1

K
=

3

(1+2k0)
 (63) 

 

4.1 Degree of consolidation  
 

Up =
(σ′−σ′

0)

(σ′
f−σ′

0)
=

(ug−u)

ug
  (64) 

The average degree of consolidation defined by 

effective stress Upav for the entire layer of the soil can be 

expressed as the following: 

Upav = 1 −
(s +

N
A + B × N

) × 2

(b2 − a2) × (
N

A + B × N
)

× ∫(1 − exp∑ w(r,t)α
m=1 )r × dr

b

a

 

(65) 

The degree of consolidation defined by settlement, Us at 

depth z can be expressed as 

Us =
log

σ′

σ′
0

log
σ′

σ′
f

=
ln (

σ′
0 + ug − u

σ′
0

)

ln (
σ′

0 + ug

σ′
0

)

 (66) 

Now integrating the above equation, the average degree 

of consolidation defined by settlement “Usav” for the entire 

layer of the soil can be express as   

Usav =
2

(a2 − b2)
× lnNσ × ∫ln(

σ′
0 + ug − u

σ′
0

) × r × dr

b

a

 (67) 

where,   lnNσ = ln (1 +
ug

σ′
0
× K) 

The Eqs. (65) and (67) can be solved numerically using 

Simpson’s one-third rule. 

 

 

5. Model verification 
 

5.1 Pore water pressure with number of cycles 
 

For validation of the proposed analytical model the 

predicted pore pressure are compared with results of large 

scale partially drained dynamic tri-axial tests conducted on 

300mm diameter by 600mm high reconstituted kaolin soil 

samples reported by Ni (2012). Vertical and radial pressure 

in the tri-axial chamber were maintained as 40 kPa and 24 

kPa respectively which appeared to simulate soil at a depth  

 

Fig. 6 Soil sample diagram along with pore pressure 

transducers (all units are in mm) 

 

Table 1 Laboratory test data of drained cyclic loading [Ni 

(2012)] 

Specimen 
Ip 

(%) 

Cyclic stress ratio 

(CSR) 

Frequency, (Fz) 

(Hz) 

D01 28 0.4 1.0 

D04 28 0.8 0.1 

 
 

of about 4-5 m below ground level. During the tests PVD 

vertical drain at the center of the soil sample was used to 

allow radial drainage of water during consolidation under 

cyclic loading. Miniature pore pressure transducers were 

fixed in kaolin soil at different pre-defined positions to 

measure pore pressure developed during cyclic loading. A 

schematic diagram for the sample showing the position of 

vertical radial drains and pore pressure transducers are 

shown in Fig. 6. The relevant parameters for soil, cyclic 

load and vertical drains adopted in this analysis are 

furnished in Table 1.  

Parameters for radial consolidation (PVDs): 

 Equivalent radius of PVD (a) = 16.55 mm 

 Radius of influence zone (b)= 150 mm 

 Coefficient of consolidation in a horizontal 

direction (cvr) = 9.46 m2/year 

The normalized pore pressure ratio predicted for the 

partially drained cyclic load tests with PVDs are given in 

Figs. 7 and 8 respectively. ‘E’ refers to the experimental and 

‘P’ to the proposed predicted results. The transducers were 

provided at a distance of 60 mm and 130 mm from the 

center line of the sample (Fig. 6). Figs. 7 and 8 show that 

for transducer at a distance 130 mm the recorded results are 

in close agreement to the predicted values. However in Fig. 

7, the predicted data recorded at 60 mm distance shows that 

the pore pressure ratio dissipates rapidly due to the 

availability of drainage at closer vicinity. For the transducer 

at 130mm from the center of the cell, magnitude of pore 

water pressure is comparatively higher due to greater length 

of drainage path. Further, the trends of predicted pore 

pressure do not match with the experimental results for the 

transducer located at 60mm from the vertical drain. This 

deviation may be attributed to no smear condition of the 

proposed model. Fig. 8 shows that the sample failed after 

3000 cycles when the critical pore pressure is 0.68 at cyclic 

shear stress of 0.8 and frequency 0.1 at a distance of 130 

mm from the PVD drain for experimental and proposed  
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Fig. 7 Variation of pore pressure ratio with number of 

cycles for Fz 1.0 Hz  [Data source: Ni (2012)] 

 

 

Fig. 8 Variation of pore pressure ratio with number of 

cycles for Fz 0.1 Hz [Data source: Ni (2012)] 

 

 

Fig. 9 Variation of pore pressure ratio with relative radial 

distance for different number of cycles for Fz 0.1 Hz [Data 

source: Ni (2012)] 

 

 

results. Thus the frequency of cyclic load affects the pore 

water accumulation in soil sample as its magnitude 

increased with the reduction in Fz from 1.0 Hz to 0.1 Hz 

which is clearly visible in Figs. 7 and 8 and the predicted  

 
Fig. 10 Average degree of consolidation defined by 

effective stress and pore water pressure with time factor 

for CSR= 0.4, Ip = 28 and Fz = 1.0 Hz [Data source: Ni 

(2012)] 

 

 
Fig. 11 Average degree of consolidation defined by 

effective stress and pore water pressure with time factor 

for CSR = 0.4, Ip = 28 and Fz = 1.0 and 2.0 Hz [Data 

source: Ni (2012)] 
 

 

pore pressure are in good agreement with the measured 

values.  

Further, Fig. 9 shows the pore pressure distribution 

measured along the radial distance which varies from center 

of PVDs to outer diameter of sample for CSR = 0.8 and Fz = 

0.1 Hz. Generated undrained pore pressure dissipates 

through the PVDs under cyclic loading. The figure shows 

that when the number of cycles are less (N = 10, 100), the 

magnitude of pore water pressure generation is very slow 

followed by rapid subsequent dissipation near the inner 

boundary. For higher cycles (N ≥ 500) the pore pressure 

accumulates near the outer boundary and dissipates through 

the vertical drains inserted at the center of the specimen. 

Maximum pore pressure at outer periphery (r/rw =1) is 

achieved for 5000 cycles. It is interesting to note that for 

greater number of cycles (N = 10000) the pore pressure 

declined at the outer edges.  
 

5.2 Average degree of consolidation 
 

Figs. 10 and 11 depict the average degree of  

340



 

An analytical model for radial consolidation prediction under cyclic loading  

 

 

consolidation in terms of both effective stress (Up(cyc), %) 

and settlement (Us(cyc), %) with time factors (Th(cyc)= cvrt/d2) 

for frequencies 1.0Hz and 2.0Hz , CSR= 0.4, Ip=28 under 

long term cyclic loading. These figures show that Us(cyc) for 

different frequencies are lesser than that of Up(cyc) and both 

Up(cyc) and Us(cyc) attain identical values at Th(cyc)=  0.0025.  

 

 

6. Design example 
 

The proposed radial consolidation model can be used to 

predict consolidation settlement of cohesive deposits under 

long-term cyclic load. Here, a case study from Ni (2012) on 

deformation behavior of soil of an existing railway track at 

Sandgate in Australia has been used to determine the 

settlement of soil using the proposed formulation and are 

also compared with the reported field data.   

 

6.1 Problem  
 

The Sandgate Rail Grade Separation Project located at 

Sandgate (near Wollongong) was subjected to a cyclic 

deviator stress of 50 to 100 kPa and load frequency of 5 to 

10 Hz due to approach speed of 100 km/h for freight train. 

The ground water table was located at the ground surface 

and the water content of soil layers was very close to their  

 

 

Fig. 12 Unit cell of radial consolidation with three layer 

formation of soil 
 
 

liquid limits. The subsoil stratification along with in-situ 

soil properties and other input parameters with depths 

varying from 0 to 20 m is presented in Fig. 12 and Table 2. 

The corresponding design axle load (Pd) can then be 

obtained from the Australian standards [AS 1085.14-1997] 

as referred by Ni (2012), 

𝑃𝑑 = (1 + 5.4
V

D
)P𝑠 

Table 2 Case study input parameters* 

Type of soils Sub layer thickness (m) CSR Cc 
σ΄vc 

(kPa) 

Fz 

(Hz) 
e0 

cvr 

(m2/year) 

Ballast and fill 1 1.25 0.91 6.20 5-10 2.26  

Soil 1 

1 1.25 0.92 11.99 

5 - 10 2.26 6 -12 

1 1.25 0.93 17.78 

1 1.25 0.94 23.58 

1 1.25 0.95 29.37 

1 1.25 0.96 35.16 

1 1.10 0.97 40.96 

1 0.95 0.98 46.75 

1 0.90 0.99 52.54 

1 0.65 1.00 58.34 

Soil 2 

1 0.50 1.00 64.03 

5 - 10 2.26 2-4 

1 0.51 1.01 70.54 

1 0.52 1.02 76.74 

1 0.53 1.03 82.95 

1 0.54 1.04 89.15 

1 0.55 1.05 95.36 

1 0.56 1.06 101.56 

1 0.57 1.07 107.76 

1 0.50 1.08 113.97 

1 0.59 1.09 120.17 

Unit weight varies from 14 - 16 kN/m3 

Undrained shear strength varies from 10 - 40 kPa 

Over consolidation ratio varies from 1 - 1.2 

*(Original data from Indraratna et al. (2010) 
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Fig. 13 Comparison of settlement under traffic loading 

with field data of Ni (2012) 
 

 

where, V = 40 km/h is train speed, D = 860 mm is the 

diameter of the wheel, and Ps = 25 tons is the axle load.  

The PVDs were installed at 2 m apart to effectively 

accelerate the dissipation of excess pore pressure due to the 

train load and enhance the stability of the newly constructed 

rail track. The PVDs were 8 m long, as the train load likely 

to be restricted to a depth of 5 - 8 m. Mebra (MD 88) 

vertical drains (100 mm × 4 mm) were installed to 

accelerate the consolidation of soil deposits. 

 Radius of influence = b = 0.564 × SD = 1.128 m 

(Square pattern) 

 Equivalent diameter = d𝑒 = 0.5w + 0.7t  (Long 

and Covo, 1994) = 0.0264 m 

 Equivalent radius = a = 0.0132 m 

 Coefficient of radial consolidation = cvr = 12 

m2/year 

 Degree of consolidation = U= 1-(1-Uz)(1-Ur),  

here [Uz = 0] 

The predicted settlement of the constructed rail track 

with time is furnished in Fig. 12 and compared with 

measured settlement and predicted values reported by Ni 

(2012). The figure indicates that the proposed generalized 

solution show very good accuracy in reproducing the 

traffic-load-induced settlement of the railway track. 
 

 

7. Conclusions 
 

This paper proposed a closed-form analytical solution to 

predict one dimensional consolidation under cyclic load 

using separation of variables and Green’s functions 

techniques. The conclusions drawn from this study are as 

follows:  

• The generation of excess pore pressure coupled with 

subsequent dissipation in soil deposits has been derived by 

using a modified non-linear axisymmetric radial 

consolidation expression based on Davis and Raymond’s 

(1965) basic assumption and undrained pore pressure 

generation model proposed by Paul et al. (2015).  

• It is observed that pore pressure accumulation 

increases initially followed by dissipation at higher number 

of loading cycles through vertical drains. However at outer 

boundaries the pore pressure generates slowly during initial 

phase of load application reaches maximum at substantially 

higher number of cycles.  

• The effect of frequency of cyclic loading is significant 

from the early stages of consolidation. The higher 

frequencies cause reduction in excess pore water pressure 

accumulation in the soil.  

• The application of the proposed analytical model to the 

real life problems establishes its efficiency in predicting 

deformation behavior using model output when compared 

with experimental data and case study outputs. This 

proposed model is therefore a useful and practical tool for 

predicting soil behavior during radial consolidation under 

cyclic loading. 
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