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Abstract. In the present study, the free vibration of bidirectional functionally graded (FG) beams resting on variable elastic
foundation are comprehensively investigated. The beam’s behavior is modeled using 2D displacement field that contain
undetermined integral terms and involves a reduced unknown functions. The material properties of the FG beam are assumed to
be graded in both the thickness and longitudinal directions according to a power law. The beams are considered simply
supported and resting on variable elastic foundation. The differential equation system governing the free vibration behavior of
bidirectional beams is derived based on the Hamilton principle. The problem is then solved using the Navier solution for a
simply supported beam. The accuracy of the used model can be noticed by comparing it with other solutions available in the
literature where a good conformance was obtained. A detailed parametric study is conducted to explore the influences of
material composition and variable elastic parameters on the vibration characteristics of the beams. The results reveal that the
grading indexes in one or both directions as well as the parameters of the elastic foundation strongly impact the fundamental
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frequencies.
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1. Introduction

Functionally graded materials (FGM) are advanced
composite materials with heterogeneous, fine structures.
The mechanical properties of these materials vary smoothly
and continuously from one direction to other.  This
characteristic is obtained by gradually varying the volume
fraction of the constituent materials, which are generally
ceramics and metals. This advantage, compared to
traditional composite materials, avoids problems of
delamination, stress concentrations and residual stresses and
therefore helps to maintain the integrity of the structure at a
desirable level.

Over the past few decades, conventional unidirectional
FGMs in which the gradual variation of material exists in
only one direction have already been widely reported (Hadji
and Avcar 2021, Bachir Bouiadjra et al. 2020, Kar and
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Panda, 2020, Avcar 2019, Nematiand Mahmoodabadi,
2019, Bachiri et al. 2018,Selmi 2020, Vinyas 2020,
Melaibari et al. 2020, Madenci and Giilcii 2020, Hadji
2020, Shahmohammadi ef al. 2020, Cuong-Le et al. 2020,
Ahmed et al. 2019,Madenci 2019, Ramteke et al. 2019,
Rahmani et al. 2019, Attia 2017, Benferhat et al. 2016,
Akbas 2015).

Also, for traditional composite structures, many studies
have been carried out so far (Madenci et al. 2020 a-c,
Madenci and Oziitok 2020, Oziitok and Madenci 2017,
Madenci and Oziitok 2017).

Since FGMs have been specifically designed to work in
severe thermal environments, such as advanced aerospace
crafts and shuttles, the temperature or stress distribution
could be in two or even three directions. Therefore,
conventional FGM may not be useful in the design of such
structures as the conventional FGM has a variation of
material properties in only one direction (Lu and Chen
2020). Accordingly, understanding the behavior of bi-
directional FG beams becomes an important task.

Simgek (2015) studied the free and forced vibration of
bi-directional functionally graded (BDFG) beam subjected
to a moving load. He used the Timoshenko beam theory as
well as Euler beam theory to derive the equations of
motion. Different boundary conditions were studied. In
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another work, Simsek (2016) investigated the buckling of a
two-dimensional functionally graded materials (2D-FGMs)
beams with different boundary conditions. Using various
beams theories, Karamanli (2017a) analyzed the elastostatic
behavior of BDFG beam subjected to various sets of
boundary conditions. Pydah and Sabale (2017) employed
the Euler-Bernoulli theory to study the flexure of BDFG
circular beams. Rajasekaran and Khaniki (2018) analyzed
the dynamic behavior of cracked BDFG Euler-Bernoulli
beam. Bhattacharya and Das (2019) presented an improved
mathematical model based on Timoshenko beam theory and
modified couple stress theory to investigate the free
vibration BDFG tapered rotating micro-beam. Wang et al
(2016) presented an analytical solution based on Euler—
Bernoulli beam theory for free vibration of BDFG beam.
Hao and Wei (2016) presented an exact solution for the
dynamic characteristic of a BDFG Timoshenko beam. To
obtain this solution, the authors combined the state space
method with the dynamic stiffness method. Shafiei et al.
(2017) analyzed the vibration behavior of 2D-FG porous
nano and micro Timoshenko beam using the Eringen’s
nonlocal elasticity and modified couple stress theory.
Several boundary conditions were studied.

Fariborz and Batra (2019) studied the free vibration of
circular BDFG beams by the mean of a shear deformation
theory that incorporates through-the-thickness logarithmic
variation of the circumferential displacement. Tran and
Nguyen (2018) employed a new third-order shear
deformation theory (TSDT) to analyze the free vibration of
BDFG beams in thermal environment.

By employing the general nonlocal theory (GNT) in
conjunction with Reddy’s third order shear deformation
beam theory, Faroughi ef al. (2020) studies the wave
propagation of BDFG porous rotating nano-beam. Rahmani
et al. (2020) used the general nonlocal theory to analyze the
vibrational behavior of BDFG rotating imperfect
nonobeam.

Karamanli (2017b) studied the static behavior of BDFG
sandwich beams subjected to various sets of boundary
conditions by the mean of a quasi 3D shear deformation
theory and Symmetric Smoothed Particle Hydrodynamics
(SSPH) method. Tang and Ding (2019) have modeled the
nonlinear hygro-thermal dynamics of a BDFG beam with
coupled transverse and longitudinal displacements. Li et al.
(2018) implemented meshless Total Lagrangian (TL)
method to investigate the bending behavior of the BDFG
beam structures.

In many important applications, the elastic foundation is
the soil. This foundation effect greatly the behavior of the
beam by changing its load bearing capacity and its natural
frequencies.

During the last years, studies of structures resting on
elastic foundation have attracted much attention from
researchers and several hypotheses models have been
introduced (Chami et al. 2020, Boulal et al. 2020, Jalaei and
Civalek 2019). But most of this studies deal with structures
on eclastic foundations with constant moduli. However,
those who treat FG structures resting on variable elastic
foundation are really limited. We cite as an example the
works of (Eisenberger and Clastornik 1987, Zhou 1993,
Pradhan and Murmu 2009, Sobhy 2015, Ali Rachedi et al.

2020, Merzoug et al. 2020).

Based on the extensive review of the previous studies,
and as far as the authors are aware, there is no study on free
vibration behavior of BDFG beam resting on variable
elastic foundation. The present work attempts to bridge this
research gap.

For this purpose, the novelty of this work is to
investigate the effect of the inclusion of a variable elastic
foundation on the dynamic characteristics of a BDFG beam
by using a 2D shear deformation theory that contain
undetermined integral terms to reduce the number of
unknown’s functions. The material properties of FG beam
vary along both thickness and axial directions according to
a power law. The elastic foundation is modeled as a variable
two-parameter Winkler—Pasternak foundation. Equations of
motion are derived from the principle of wvirtual
displacements. Analytical solutions for the free vibration
behavior are obtained based on Fourier series that satisfy
the Navier method. A parametric analysis is led to assess the
effect of the variable elastic foundation, FG power index,
span-to-depth and others parameters on the natural
frequencies of BDFG beam on variable elastic foundation.

2. Theoretical developments

As shown in Fig.1, we consider a bi-directional FG
beam model with length L, thickness hand width b. The
beam is assumed to rest on a variable elastic foundation.

The Cartesian coordinate system (x, z) in the figure is

introduced such that the x axis is on the mid-plane, and the
z axis is perpendicular to the mid-plane, and it directs
upward.

The beam material is assumed to consist of two
ceramics (referred to as ceramicl and ceramic2) and two
metals (referred to as metall and metal2) whose volume
fraction varies in both the thickness and longitudinal
directions as (Tran and Nguyen 2018)

oI {8
h 2 L
1))
h 2 L
R0
h 2 L
-G
h 2 L

where n. and n, are the grading indexes, which dictate the
variation of the constituent materials in the thickness and
longitudinal directions, respectively.

In Fig. 2, the variation of the volume fraction of ceramic
1 and ceramic 2 in both directions is represented for two
values of grading indexes 7. and n,.

P is the effective material properties (such as the elastic

(1)



Investigating of free vibration behavior of bidirectional FG beams resting on variable elastic foundation 385

‘ L,b,h
ceramic | ceramic 2 |
h

metal 2 Cross-section
‘¥
N

% y Shearlayerk,

"

metal

\
Linear layer k,

Fig. 1 Geometry and coordinates of BDFG beam resting
on variable elastic foundation

modulus and mass density, etc.) which is determined using
the Voigt model as follows (Tran and Nguyen 2018)

P=V,P, +V,P,+V. P_+V P @)

m2° m2

where Pci, P, Pm, and P, denote respectively the
properties of the ceramicl, ceramic2, metal 1 and metal2.
Substituting Eq. (1) into Eq. (2), one gets (Tran and Nguyen
2018)

z 1\ x )™
P(X’”:{(P“‘Pm)(h+z) *Pmlﬂl‘m }
z 1\" x \™
{(P“‘Pm)(fzj *P“}(J

We note that, In Eq. (3) if n.=0 , we will have a
unidirectional FG beam with ceramic2 and metal2.
Moreover, if n=0 , we will have an axially unidirectional
FG beams made from ceramicl and ceramic2.

2.1 Kinematics

The displacement field of the conventional HSDT is
given by:

u(x,y,z,t) =u,(x,y,0)— Z@w +f(z)¢ (x,y,1) (4a)
w(x, y,z,t)=w,(x,,1) (4b)

where uo; wo, ¢, are three unknown displacements of the
mid-plane of the beam, f{z) denotes shape function
representing the variation of the transverse shear strains and
stresses within the thickness. By considering that

= J.Q(X, y)dx , the displacement field of the present
model can be expressed in a simpler form as:

u(x, ¥,z,0) =t (x, y,1) —z% +k f(z)j@(x,y, Hdx  (5a)

w(xayszar)zwo(x:yaf) (Sb)

In this work, the present higher-order shear deformation

plate theory is obtained by setting

1 _df ()
f(z)= 52(4 a j 9(2) = » (6)

The kinematic relations can be obtained as follows:
0 b
& =&+ + 1K {r,}=9@{r} @

where

X kle

o°w,
ou kf - X
R SR I

o) _Ji a9l
g, =&l + 7k’ + f (2)k? {7XZ}‘{k1A 6x} (8b)

The integrals used in the above equations shall be
resolved by a Navier type method and can be given as
follows:

00
oX

where the coefficient A is expressed according to the

j& dx=A'"—

type of solution used, in this case via Navier. Therefore, A
and k; are expressed as follows:

.1
A'=—— Kk =d’ )
o

B

where a defined in expression (25).
For elastic and isotropic FGMs,
relations can be expressed as:

oy | _ C, O &,
z-xz - 0 CSS gx (10)

where (0y, 7:) and (er, 7)) are the stress and strain
components, respectively. Using the material properties
defined in Eq. (1), stiffness coefficients, Cj, can be given as

E(x,2)
C,=E(x,2),Cy= 20+v)

The beam is assumed to rest on two-parameter elastic
foundation model, which consists of closely spaced springs
interconnected through a shear layer made of
incompressible vertical elements, which deform only by
transverse shear. The response equation of this foundation is
given:

the constitutive

(11)

R(X, ¥) = K(X)W(X, y) +G V2W(X, y) (12)

where R is the density of the reaction force of elastic
foundation, K is Winkler parameter depended on x only. It
is assumed to be linear, parabolic or sinusoidal (Sobhy
2015, Ali Rachedi et al. 2020, Merzoug et al. 2020, Pradhan
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and Murmu 2009):
X .
1+&6— Linear
+§L
J— 3 2
K(x):*]ll_rj1 1+§(ij Parabolic (13)
1+.§sin(ﬂ%j Sinusoidal

in which J; is a constant and ¢ is a varied parameter. G is
the shear layer foundation stiffness V2 is the Laplace
operator in x, and w is the deflection of the beam. Note that,
if &=0, the elastic foundation becomes Pasternak foundation
and if the shear layer foundation stiffness is neglected, the
Pasternak foundation becomes the Winkler foundation.

2.2 Equations of motion

Hamilton’s principle is herein utilized to determine the
equations of motion:

0=[(5U +5V -5K)dt (14)
0

where oU is the variation of strain energy; oV is the
variation of potential energy of the foundation; and 0K is
the variation of kinetic energy.

The variation of strain energy of the plate is given by

ou =IJ[GX5 £ +7,0 7, | dxdz

(15)
= [N, 087 + M5k} + M;oks +Q,, 075, |dx
X
where the stress resultants N, M and Q are defined by
h/2
(N M2 M3)= [ (12,f)o,dz
-h/2 ,
(16)
h/2
and (sz): J- g(‘[xz)dz
—h/2
The variation of potential energy of the foundation
X

The variation of kinetic energy of the plate can be
expressed as

K = [[[udu +w w ] p(z) ixdz
Do _OOW, oW, . .
='[{|O[u0§u0+w0c3w0]—ll{uO ax0+ax05u°}

X

o, oW, 05 W, (18)
67 oX

+J KA u0@+%§
ox 0O

200 050 PN 05 6 @955W0ﬂ
—t dx

K,(kKAY 22 ) kA
2(1)66 PR oax o ox o ox

where  dot-superscript ~ convention  indicates  the

differentiation with respect to the time variable t; p(2) is
the mass density given by Eq. (3); and (Z;, Ji, K;) are mass
inertias expressed by

t
ozj(au +OV -5 K)dt (192)
0

hi2

(ST Ks)= [ (Foz . ) )z (19b)
—h/2
By substituting Eqgs. (15), (17) and (18) into Eq. (14),
the following can be derived:

[ [aN a‘“o vy —}iaoabc 0 (20)
X ax
2 b .. .
oM, a*:‘; —Iy¥,—1, %uz 6;0
[ . Sv e =0 (20b)
* J?.klA QJFR
2 5 5
BT HI R e
o’
i 200
j WA K (k) ek =0 (20¢)
Nl
Sk A'—

Substituting Eq. (8) into Eq. (10) and the subsequent
results into Egs. (16), the stress resultants are obtained in
terms of strains as following compact form:

N A B B [&
M)t=| B D D°|{k} (21a)
M B° D° H°| |k

where

{All7 Bll’ Dll’ Bll’ Dll’ H }

hfc:ll(l,z,zz,f (2).z f(2).f%(2)pz (210)

-h/2

h/2

Au=], Cu 0’ (2)dz 2lc)

Introducing Eq. (21) into Eq. (20), the equations of
motion can be expressed in terms of displacements (uo, wo,
0) and the appropriate equations take the form:

Alld 11u 0 + d 1A11d lu 0
-d,B,d,w,+B’k,A'd,,,0

J‘ 1 151 17 I0 11 1“ 111 ) 5U0dx :0 (223_)
+d,Bk,A'd, 010, +1,dw,

-JA'kd,0

- Bndmw 0

X
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Fig. 2 Variation of volume fractions of ceramics in both direction (a) n,=n.=1/2 and (b) ny=n.=2

Blldllluo +dllBlld1u0 - Dlldllllvv 0
J‘ _dllDlldll\N 0 + klA IDlsldllllH d
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X
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2.3 Analytical solution for simply-supported FG plates

In this paragraph, the Navier solution for simply
supported beams will be used to solve the problem. The
following boundary conditions are imposed at the edges:

& X X X (23)
atx =0,L
The following representation for the displacement

quantities, that satisfy the above boundary conditions, is
appropriate in the case of our problem

U, e oX (x)
Uy " OX
Wy =2 W™ X (x) (24)
6] ™ X&' X (x)

For simply supported boundary conditions
X (x)=sin(ax) (25)

where o is the frequency of free vibration of the plate,
Vi = —1 the imaginary unit.
With

a=mrxla (26)
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Substituting Eq. (24) into Eq. (23), the following
problem is obtained:

a;, a, a; Um 0
Ay By Ay YW, =40 27
a3 4y Ay X 0
where
A d,..X +dA.d, X
aﬂ_J‘ 119111 2 1M1 1de
Lt d X @
[-B..d,,.X —d,B,d..X
alZZJ‘ 1411 2 1P1Y 1de
s —1d X o
813=I klA'Bflde +k,A 'dlelan X

v +k,A I X @
a :J‘_Blldllllx +dllBlldllX
2 4d X 0
-D,d,,;,X —d,;D,d, X +10X &
ay = j , — — X dx
o 18X @ =K (X)X +Gd X 28)
klA 'Dlsldllllx + klA 'dllDlSldllx
| +k,A 'L X @ +35X o

X dx

X dx

_klA IBlsldnnx - klA 'd118151d11x
kA" Jd X o

J‘ k1A 'Df1d1111x +k1A Id11D1s1d11X X dx
kAN X 0 401X @

X dx

£
=
1l

3 S—

i 1 2 S 1 2 S

_(klA ) H11d1111X _(klA ) d11H11d11X

~2k A'Rd, X +ASd X +dAsdX  Xdx
(KA KX 02 +KX 0

o
@
I

3 S—

3. Numerical results and discussion

In this section, numerical investigations are carried out
to check the accuracy of the present model and to study the
effects of grading indexes, side-to-thickness ratio and the
variable elastic foundation parameter on the natural
frequencies of BDFG beams.

As a first example, the non-dimensional frequencies of
unidirectional transverse beams (n. = 0) of the present
solution are compared with those obtained by Chaabane et
al. (2019), the higher order shear deformation theory of
Ould Larbi et al. (2013) and the Timoshenko beam theory
(TBT) of Simsek (2010). For this example, the FG beam is
taken to be made of aluminum and alumina with the

Table 1 Non-dimensional frequencies @ of unidirectional
transverse FG beams (7n,=0)

Power-law index nz
0 0.5 1 2 5 10
5.1575 4.4137 3.9926 3.6278 3.4019 3.2820

L/h Sources

Present

Chaabane et al.

5.1633 4.4180 3.9963 3.6303 3.4004 3.2846

S (2019)
Ouldégrlt;‘)et a5 1500 44108 3.9905 3.6263 34001 32812
TBTZ(()SIg;l$6k 51527 44111 3.9904 3.6264 3.4012 3.2816

Present  5.4654 4.6543 42074 3.8376 3.6492 3.5394

Chaabane et al.

(2019) 3.8378 3.6491 3.5395

5.4657 4.6545 4.2076

20 -
Ouldégrlt;‘)et U 54603 46511 42051 3.8361 3.6484 3.5389
TBTZ(()SIE;‘Sek 54603 46511 42051 3.8361 3.6485 3.5390

following material properties:
Ceramic (Alumina, Al;O3): Ec = 380 GPa, v = 0.3, p. =

3960 kg/m® .
Metal (Aluminium, Al): En, = 70 GPa, v = 0.3, p, =
2707 kg/m®
The following dimensionless form is used to compute the
, — ol® |p
fi W 0= =
requencies @ : @ =——,[=

From the table 1, it can be seen that the results obtained
by the proposed model are in good agreement with those
found in the literature for slender and short FG-beams.

Another validation can be seen in Table 2, the non-
dimensional frequencies @ of simply supported BDFG
beam without elastic foundation in the reference
temperature (A7 = 0) computed with the present solution
are compared with those of Nguyen ef al. (2017) and Tran
and Nguyen (2018).

In the following, unless otherwise specified, a BDFG
beam with an aspect ratio L/A=20 composed of alumina
(AL,O3) as ceramic 1, zirconia (ZrO2) as ceramic 2,
stainless steel (SUS304) as metal 1 and aluminum (Al) as
metal 2 is used. The material properties are the following:

E., =390GPa, E_, = 200GPa,
p., =3960Kg /m?®, p, =5700Kg /m*
E,,=210GPa, E,, = 70GPa,

Py =1800Kg /m?®, p, =2702Kg /m®

For all materials, v=0.3.The frequencies of the BDFG
beam in Table 2 are in the following dimensionless form:

o= oL’ /@
h E..

As expected, a good agreement can be observed
between the present results and the available results. As can
be seen from this table, the maximum difference between
the results of the present solution and those of Tran and
Nguyen (2018) not more than 7.31% for a BDFG beams
and it is of the order of 0% in the case of an unidirectional
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Table 2 Comparison of non-dimensional frequencies @ of simply supported BDFG beam without elastic foundation

o Sources c n.=1/3 n=1/2 n=>5/6 n=1 n=4/3 n=23/2 n=2
Nguyen et al. (2017) 33018  3.7429 3.9148 4.1968 43139 45118 4.5956 4.8005
Tranand Nguyen 5 3018 37498 3.9146 4.1966 43137 45116 45954 4.8003
=0 (2018)
Present 33018 3.5766 3.7793 41773 43562 4.6653 4.7965 51115
diff % 0.00 -4.44 -3.46 -0.46 0.99 341 438 6.48
Nguyen et al. 2017)  3.1542  3.5050 3.6305 3.8252 3.9022 4.0277 4.0792 4.2009
Tranand Nguyen 5 | 5,5 3.5050 3.6305 3.8251 3.9022 4.0276 4.0791 42008
ne13 (2018)
Present 31543 3.3285 3.4880 3.8011 3.9389 4.1705 42661 4.4881
diff % 0.00 -5.04 -3.93 -0.63 0.94 3.55 4.58 6.84
Nguyen et al. (2017)  3.1068  3.3285 3.5397 3.7087 3.7745 3.8805 3.9236 4.0245
Tranand Nguyen 5 1059 3 4985 3.5397 3.7087 3.7745 3.8805 3.9235 4.0244
n=1/2 (2018)
Present 31070 3.2481 3.3948 3.6837 3.8101 4.0210 4.1073 43058
diff % 0.00 -5.26 -4.09 0.67 0.94 3.62 4.69 6.99
Neuyen efal. 2017) 3.0504  3.3296 3.4206 3.5548 3.6059 3.6569 37194 3.7847
Tranand Nguyen 5 555 33794 3.4206 3.5547 3.6058 3.6869 37193 3.7946
=506 (2018)
Present 30507  3.1431 32721 3.5287 3.6403 3.8247 3.8993 4.0687
diff % 0.01 -5.60 -4.34 -0.73 0.96 3.74 4.84 722
Neuyen e al. 2017) 3.0359  3.2984 3.3819 3.5035 3.5495 3.6219 3.6508 37177
Tran and Nguyen 5 359 3.2983 3.3818 3.5034 3.5493 3.6217 3.6507 3.7175
e 1 (2018)
Present 30362 3.1095 32319 34771 3.5835 3.7588 3.8295 3.9892
diff % 0.01 572 -4.43 -0.75 0.96 3.79 4.90 731
50 1 a4
nz= 42 ;
--Nx= F---ny=1
45
Ca 40 4

T T T T T T
0,00 0,25 0,50 0,75 1,00 1,25 1,50 1,75 2,00

Ny Nz

(2)

T T T T
0,00 025 0,50 0.75 1,00 1,25 1,50 175 2,00
nz Ny

(b)

Fig. 3 Variation of the of non-dimensional frequencies @ versus the grading indexes of FG beam without elastic

foundation L/h=10

transverse FG beams (n,=0).

The slight difference between the results of the present
study and those of Nguyen et al. (2017) and Tran and
Nguyen (2018) for the BDFG beams may be resulted from
the different beam theory and the solution used herein to
solve the problem with the previously references.

In effect, in the present work we have used a 2D HSDT
and the Navier solution for simply supported beams to
determine the frequencies. Nguyen et al. (2017) employed
finite element formulation based on Timoshenko beam
theory and Tran and Nguyen (2018) used the third-order
shear deformation theory and the finite element formulation

based on the shear rotation.

Fig. 3(a) and 2(b) shows the wvariation of the
dimensionless frequency as a function of the volume
fractions in the two directions n, and n.. Two cases are
studied:

-Fig. (a), n.=0 with variation of n, (Solid line), n,=0 with
variation of 7. (Dash line)

-Fig. (b), and n~1 with variation of n, and n=1 with
variation of .

Various information can be obtained from these figures:

- For Fig. (a), both variations start from the same point.
This is logical because it corresponds to the case of the
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Fig. 4 Variation of the of non-dimensional frequencies @ versus elastic foundation parameters L/A=10, & = 0 (a) j»=1000

and (b) j; =1000

Table 3 Effect of elastic foundation parameter’s and aspect ratio L/4 on the non-dimensional frequencies @ (n,=n.= 1,

¢=0)
L/h
Jusj2
5 10 15 20 25 30 50
0,0 3.3853 3.5404 3.5722 3.5835 3.5888 3.5917 3.5960
1000,0 4.3477 4.4866 4.5155 4.5259 4.5307 4.5334 4.5372
1000,1000 9.6063 9.7514 9.7820 9.7930 9.7982 9.8010 9.8052
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Fig. 5 Variation of the non-dimensional frequencies @ of BDFG beam against elastic foundation parameters j; for three
values of the parabolic parameter and for three cases of variable elastic foundation (a) Linear, (b) Parabolic, (c) Sinusoidal
(L/h =10, ny=n.= 1, jo=1000)

the increase of n, causes the increase of the frequency,
therefore a reduction of the period. This case corresponds to

isotropic beam n,=n.=0.
- In this figure too, in the case where n,=0 (Solid Line),
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Fig. 7 Effect of aspect ratio L/h on the non-dimensional frequencies @ j»=0, & =10(linear) (a) ny=n.= 0 and (b) n, =n.=1

a rigid axially unidirectional FG beams. In contrast to the
second case where n,=0 with variation of 7., a decrease of
frequency is observed.

- The same remark is observed in figure (b). For n~=1
with variation of n, (axially unidirectional FG beams), the
frequencies increase. The opposite is observed for the
second case.

- In figure (b), the two curves intersect at the point
n=n=1. At this point, we have an FG beam where the
variation of the volume fraction is the same in both
directions.

Fig. 4 shows the effect of the elastic foundation
parameters on the dimensionless frequency for three types
of FG beams.

- A transversely unidirectional FG beam (n.=1 and
1n,=0),

- An axially unidirectional FG beam (n.~=0 and n,=1),

- ABDFG beam (n.=1 and n,=1).

In this figure we can see that the increase in the values
of the two parameters of the elastic foundation (Winkler and
Pasternak) leads to an increase in frequency. This can be
explained by the fact that the incorporation of an elastic
foundation increases the rigidity of the beam, thus reducing
its period and consequently increasing its frequency.

In Fig. 4(a), the transversely unidirectional FG beam
gives the highest frequencies, the BDFG beam gives the
lowest frequencies and the axially unidirectional beam is in

between.

In Fig. 4(b), the curves are quite close and the frequency
difference between the three beams is not very large.

Table 3 lists the non-dimensional frequencies @ of
BDFG beam for various values of the aspect ratio L/A and
three cases of elastic foundation parameters. The table
shows a significant influence of the elastic foundation on
the fundamental frequency of the beam. Indeed, the
inclusion of an elastic foundation contributes to the increase
of the stiffness of the beam and consequently increases its
frequencies. However, the values of the L/h ratio, which
give an indication of the slenderness of the beam, have very
little influence on the frequencies.

The variation of non-dimensional frequencies @ of
BDFG beam with the elastic foundation parameter J1 is
depicted in Fig. 5 for various values of the parabolic
parameter ¢ and for three cases of elastic support (linear,
parabolic and sinusoidal). As can be seen from this figure,
increasing the values of the parabolic parameter leads to an
increase in frequencies. In addition, between the three
supports used, the use of a sinusoidal foundation generates
an increase in frequencies.

The effect of the nature of the wvariable elastic
foundation on the non-dimensional frequencies @ of
BDFG beam is plotted in figure 6.As has been motioned
before, the use of a sinusoidal foundation leads to an
increase in frequencies.
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Fig. 7 shows the effect of the L/h ratio on the non-
dimensional frequenciesfor two cases (a) an isotropic beam
and (b) a BDFG beam. As can be clearly seen in this figure,
the frequencies increase with the increase of the foundation
parameter J; but remain insensitive to the L/ ratio.

4. Conclusions

In this research, the free vibration analysis of BDFG
beam resting on variable elastic foundation has been
presented. The material properties of the beams are
assumed to vary in both the thickness and longitudinal
directions. A 2D theory is used to evaluate the natural
frequency of BDFG beam on variable elastic foundation.
The equations of motion have been derived from
Hamilton’s principle and they were solved by Navier
solution for simply supported beam. The obtained results
were compared with the available solutions in literature and
show a good agreement. A detailed parametric study is
presented to discuss the significant impacts of different
parameters on the dynamic behavior of BDFG beam resting
on variable elastic foundation.

According to the results of the study, the followings can
be drawn:

- For the case of rigid axially unidirectional FG beams
“nz”=0), the increase of “nx” causes the increase of the
frequency, therefore a reduction of the period.

- Otherwise (“nx=0), with variation of nz, a decrease of
frequency is observed.

- The increase in the values of the two parameters of the
elastic foundation (Winkler and Pasternak) leads to an
increase in frequency.

- For a FG beam on elastic foundation, the transversely
unidirectional FG beam gives the highest frequencies, the
BDFG beam gives the lowest frequencies and the axially
unidirectional beam is in between.

- The increasing in the values of the parabolic parameter
leads to an increase in frequencies. In addition, between the
three supports used (Linear, Parabolic and Sinusoidal), the
use of a sinusoidal foundation generates an increase in
frequencies.

- The frequencies increase with the increase of the
foundation parameter J1 but remain insensitive to the L/h
ratio.

Although this document deals with the analysis of free
vibration, the extension of this study is also envisaged by
considering other types of materials and other models with
shear deformation effect (Civalek et al. 2021, Si Tayeb et
al. 2020, Panjehpour et al. 2018, Timesli 2020, Al-Basyouni
et al. 2020, Al-Osta 2019, Kiani 2019, Yaghoobi and Taheri
2020, Demir and Civalek 2017).
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