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1. Introduction 
 

Cavity expansion theory has been widely used in the 

interpretation of the cone penetration tests (Vesic 1972, 

Mayne 1991, Salgado et al. 1997, Pournaghiazar et al. 

2012, Diao et al. 2015), pressuremeter tests (Carter et al. 

1986, Cudmani Osinov 2001) and pile installation effects 

(Randolph 2003, Rezania et al. 2017, Wang et al. 2020, Liu 

et al. 2020), as these fundamental geotechnical problems 

can be idealized and simplified as cylindrical or spherical 

cavity expansion problems with proper assumptions. 

Recently, the cavity expansion theory is further extended to 

cavity contraction areas and applied to predict the ground 

responses induced by tunneling (Hoek 2001, Vrakas and 

Anagnostou, 2015, Liang et al. 2016, Chen et al. 2019a, 

Zou et al. 2019, Liang 2020) and the stability of wellbore in 

engineering (Charlez and Roatesi 1999, Zhang et al. 2010, 

Zhou et al. 2021). 

Over the past few decades, great research efforts have 

been devoted to developing new solution techniques and 

reproducing more realistic soil behavior during cavity 

expansion. The soil models involved in cavity theory evolve 

from the early-stage elastic-perfectly models (Carter et al. 

1986, Yu et al. 1991, Lukic et al. 2014, Zou et al. 2017) to 

the critical-state models (Collins et al. 1992, Silvestri and 

Abou-Samra 2012, Chen and Abousleiman 2012, 2013,  
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Yang et al. 2021a). Recently, more advanced anisotropic 

soil models and three-dimensional soil models are adopted 

to model the anisotropic property (Dafalias 1986, 

Sivasithamparam and Castro 2018, 2020, Li and Zou 2019, 

Li et al. 2021) and three-dimensional strength property 

(Chen et al. 2019b, Yang et al. 2020, Li et al. 2019) of soils 

during expansion. However, all the mentioned formulations 

above are still within the framework of saturated soils, 

which only have the mechanical response and no change in 

the degree of saturation during the expansion process. In 

addition, most soils, especially the clayey ones, are usually 

unsaturated in the natural state and it is well-known that the 

mechanical behavior of the unsaturated soil is coupled with 

hydraulic behavior. Therefore, a rational solution for cavity 

expansion in unsaturated soil should consider the mutual 

influences of the hydraulic and mechanical quantities, 

which makes it quite challenging to derive an analytical 

solution for the cavity expansion problem. Although several 

elastoplastic solutions for cavity expansion in unsaturated 

soil (Russell and Khalili 2006, Yang and Russel 2015) have 

emerged recently, they can only be regarded as approximate 

solutions due to the simplification made to mean stress and 

deviator stress and the ignorance of vertical stress. Besides, 

the unified bounding surface plasticity model employed 

only involves one constitutive stress, which is obviously not 

sufficient for simulating coupled behavior of unsaturated 

soils. 

This paper derives a rigorous solution for drained 

spherical cavity expansion problem in unsaturated soil. The 

mechanical response is modeled by the soil model proposed 

by Sun et al. (2008) and the hydraulic response is modeled 

by a specific volume-dependent soil-water characteristic 

curve (SWCC), which are coupled subtly through the 

specific volume. The proposed rigorous solution presents a 

theoretical basis for the interpretation of in-situ soil tests in 
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unsaturated soils and also presents a generic analytical 

framework for cavity expansion in unsaturated soils, which 

can be applied to other coupled hydro-mechanical 

elastoplastic constitutive models for unsaturated soils, such 

as the fully coupled models of Wheeler et al. (2003), Sheng 

et al. (2008), after a slight modification. 
 

 

2. Definition of the problem 
 

The first complete formulation of elastoplastic 

constitutive for unsaturated soil was proposed by Alonso et 

al. (1990). This model, which is later referred to the 

Barcelona basic model (BBM), remains one of the 

fundamental and classical models of unsaturated soil. 

However, the BBM employed the net stress as one of the 

constitutive stresses while preference is given to the average 

stress or Bishop stress and suction in recent coupled 

constitutive models of unsaturated soil as they are more 

convenient to be implemented in the finite element code 

and could automatically recover to saturated soil models. 

Therefore, the coupled hydromechanical model for 

unsaturated soils developed by Sun et al. (2008) is 

employed in this study to represent the elastoplastic 

mechanical behavior of the unsaturated soil during cavity 

expansion. Two constitutive stress components, the average 

soil skeleton stress tensor 𝜎𝑖𝑗
′ , also called the Bishop’s 

stress, and the suction s are defined, respectively, as follows 

𝜎𝑖𝑗
′ = 𝜎𝑖𝑗 − [𝑆r𝑢w + (1 − 𝑆r)𝑢a]𝛿𝑖𝑗 (1) 

𝑠 = 𝑢a − 𝑢w (2) 

where 𝑢a  and 𝑢w  are the pore-air and pore water 

pressure, respectively; 𝜎𝑖𝑗 is the total stress tensor; 𝑆r is 

the degree of saturation; 𝛿𝑖𝑗 is the Kronecker’s delta. 

In both elastic and plastic regions around the cavity, the 

equilibrium equation of a given soil particle located at r in 

the spherical coordinate system as shown in Fig. 1 can be 

expressed in terms of the total stresses as 

d𝜎r

d𝑟
+ 2

𝜎r − 𝜎θ

𝑟
 (3) 

where 𝜎r and 𝜎θ are total stress in radial and tangential 

directions, respectively. 
 

 

 

Fig. 1 Schematic representation of a spherical cavity 

expansion in unsaturated soils 

Assuming the pore-air pressure remains constant and 

equals to the atmospheric pressure 𝑝at during the cavity 

expansion process, the equilibrium equation of an arbitrary 

material point can be alternatively expressed in terms of the 

average skeleton stresses as follows: 

d𝜎r
′

d𝑟
− 𝑆r

d𝑠

d𝑟
− 𝑠

d𝑆r

d𝑟
+ 2

𝜎r
′ − 𝜎θ

′

𝑟
 (4) 

where 𝜎r
′ and 𝜎θ

′  are average skeleton stress in radial and 

tangential directions, respectively; and d( )/d𝑟 denotes 

the differentiation of mechanical quantity with respect to 

position, which is a Eulerian description. 

The SWCC defines the hydraulic behavior of 

unsaturated soil. The main drying and main wetting curves 

of the SWCC can be expressed by the incremental form, 

respectively, as follows (Sun et al. 2008) 

D𝑆r = −𝜆seD𝑣 − 𝜆sr

D𝑠

𝑠
 (5) 

D𝑆r = −𝜆seD𝑣 − 𝜅sr

D𝑠

𝑠
 (6) 

where 𝜆se is the slope of the 𝑆r-𝑒 curve under constant 

suction; 𝑣  is the specific volume; 𝜆sr  and 𝜅sr  are the 

slopes of the main drying (or wetting) curve and the 

scanning curve, respectively; D( )  denotes the 

differentiation of mechanical quantity of a given soil 

particle which is a Lagrangian description. 

The LC yield function along with the associated flow 

rule defines the mechanical behavior of unsaturated soil, 

which is given by 

𝑓 = 𝑞2 + 𝑀2𝑝′(𝑝′ − 𝑝y
′ ) (7) 

where 𝑀 is the slope of the critical state line in 𝑝′ − 𝑞 

plane; 𝑝′ = 𝜎𝑖𝑗
′ 𝛿𝑖𝑗/3 is the mean stress; 𝑞 = √3𝑠𝑖𝑗𝑠𝑖𝑗/2 

is the deviatoric stress; 𝑠𝑖𝑗 = 𝜎𝑖𝑗
′ − 𝑝′𝛿𝑖𝑗 is the deviatoric 

stress tensor; 𝑝y
′  is the yield stress for unsaturated soil with 

suction 𝑠 , which can be related to the yield stress for 

saturated soil 𝑝0y
′  as  

𝑝y
′ = 𝑝n

′ (
𝑝0y

′

𝑝n
′

)

𝜆(0)−𝜅
𝜆(𝑠)−𝜅

 (8) 

in which 𝑝n
′  is a reference stress; 𝜅  is the slope of 

unloading line for unsaturated soil; 𝜆(0) and 𝜆(s) are the 

slopes of the normal compression lines of saturated soil and 

unsaturated soil with suction s in the 𝑒 − ln𝑝′ plane. The 

𝜆(s) can be related to 𝜆(0) as follows Alonso et al. (1990) 

𝜆(𝑠) = 𝜆(0)[(1 − 𝑏)𝑒−𝑐𝑠 + 𝑏] (9) 

where 𝑒  is the void ratio; 𝑏  and 𝑐  are two material 

parameters. 

According to the associated flow rule, the plastic strain 

increment tensor D𝜀𝑖𝑗
p

 induced by loading can be 

determined from the LC yield function as 

D𝜀𝑖𝑗
p

= Λ
𝜕𝑓

𝜕𝜎𝑖𝑗
′  (10) 

The scalar multiplier Λ can be determined from the 

r0 r
O
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plastic consistency condition as shown in Appendix. 
 
 

3. Elastic analysis 
 

The stress distributions and the radial 

displacement of an arbitrary soil particle in the elastic 

region can be easily given as (Yang et al. 2021b) 

𝜎r
′ = 𝑝0

′ + (𝑝p
′ −𝑝0

′ ) (
𝑟p

𝑟
)

3

 (11) 

𝜎θ
′ = 𝑝0

′ −
1

2
(𝑝p

′ −𝑝0
′ ) (

𝑟p

𝑟
)

3

 (12) 

𝑈r =
(1 + 𝜇)(𝜎rp

′ − 𝜎h0
′ )

2𝐸
(

𝑟p

𝑟
)

3

 (13) 

where 𝜎rp
′ , 𝑟p and 𝑝p

′  are the radial average skeleton 

stress, the radius of the plastic region and mean stress 

at the elastic-plastic boundary, respectively; 𝑝0
′  is the 

in situ mean stress; 𝜎h0
′  is the in situ horizontal 

average skeleton stress; 𝐸 denotes elastic modulus, 

which can be expressed as a function of the mean 

stress 𝑝′ and the specific volume 𝑣 as 

𝐸 =
3(1 − 2𝜇)𝑣𝑝′

𝜅
 (14) 

where 𝜇 denotes Poisson’s ratio. 

The suction keeps unchanged in the elastic 

region, which gives 

𝑠 = 𝑠0 (15) 

where 𝑠0 is the in situ suction. The volumetric strain 

increment D𝜀v  vanishes everywhere in the elastic 

region, i.e.,  

D𝜀v =
3(1 − 2𝜇)

𝐸
D𝑝′ (16) 

On the other hand, the volumetric strain increment 

can be expressed by the specific volume by  

D𝜀v = −
D𝑣

𝑣
 (17) 

Combining Eqs. (5), (6), (16) and (17), the degree 

of saturation can be given as 

𝑆r = 𝑆r0 (18) 

 (18) 

where 𝑆r0 is the initial value of degree of saturation. 
 

 

4. Plastic analysis 
 

The total principal strain increments, D𝜀r and  D𝜀θ of 

an arbitrary material particle in the plastic region can be 

decomposed into elastic component and plastic component 

as 

D𝜀r = D𝜀r
e + D𝜀r

p
 (19) 

D𝜀θ = D𝜀θ
e + D𝜀θ

p
 (20) 

where D𝜀r
e and D𝜀θ

e denote the two principle elastic strain 

increments in radial and circumferential directions, which 

can be easily calculated by Hooke’s law; D𝜀r
p
 and D𝜀θ

p
 

are the two principal plastic strain increments in radial and 

circumferential directions.  

Based on the associated flow rule given by Eq. (10) and 

the yield function of Eq. (7), the principal plastic strain 

increments can be expressed as  

D𝜀r
p

= 𝐴𝐴r(𝐴rD𝜎r
′ + 2𝐴θD𝜎θ

′ + 𝐴sD𝑠) (21) 

D𝜀θ
p

= 𝐴𝐴θ(𝐴rD𝜎r
′ + 2𝐴θD𝜎θ

′ + 𝐴sD𝑠) (22) 

where 

𝐴 =
𝜆(𝑆) − 𝜅

𝑀2𝑝′2𝑝0y
′ 𝑣(𝑀2 − 𝜂2)

(
𝑝0y

′

𝑝n
′

)

−
𝜆(0)−𝜆(𝑠)

𝜆(𝑠)−𝜅

 (23) 

𝐴r =
1

3
(𝑀2 − 𝜂2)𝑝′ + 3(𝜎r

′ − 𝑝′) (24) 

𝐴θ =
1

3
(𝑀2 − 𝜂2)𝑝′ + 3(𝜎θ

′ − 𝑝′) (25) 

𝐴s =
𝑝′2(𝑀2 + 𝜂2)𝜆(0)[𝜆(0) − 𝜅]𝑐(1 − 𝑏)𝑒−𝑐𝑠

[𝜆(𝑠) − 𝜅]2 ln (
𝑝n

′

𝑝0y
′ ) (26) 

𝜂 =
𝑞

𝑝′
 (27) 

From Eqs. (7)-(9), 𝑝0y
′  can be expressed as a function 

of the current stress state as 

𝑝0y
′ = 𝑝n

′ (
𝑀2 + 𝜂2

𝑀2

𝑝′

𝑝n
′
)

𝜆(0)[(1−𝑏)𝑒−𝑐𝑠+𝑏]−𝜅
𝜆(0)−𝜅

 (28) 

For the spherical cavity expansion problems, the strain 

increment components and stress increment components 

can be related to each other, which would simplify the 

problem and provide the essential conditions to get an 

analytical solution for the problem considered. The 

constitutive matrix for spherical cavity expansion problem 

can be given as follows 

[
D𝜎r

′

D𝜎θ
′

D𝑠

] = [

𝐵11/𝛥 𝐵12/𝛥 𝐵13/𝛥1

𝐵21/𝛥 𝐵22/𝛥 𝐵23/𝛥1

0 0 𝐵33

] [

D𝜀r

D𝜀θ

D𝑆r + 𝜆seD𝑣
] (29) 

where  

𝐵11 = 𝐸(2𝐸𝐴𝐴θ
2 + 1 − 𝜇) (30) 

𝐵12 = 2𝐸(𝜇 − 𝐸𝐴𝐴r𝐴θ) (31) 

𝐵13 = 𝐴𝐴s𝐸[(1 − 𝜇)𝐴r + 2𝜇𝐴θ] (32) 

𝐵22 = 𝐸(𝐸𝐴𝐴r
2 + 1) (33) 
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𝐵23 = 𝐸𝐴𝐴s(𝐴θ + 𝜇𝐴r) (34) 

𝐵33 = −
𝑠

𝛽
 (35) 

𝛥 = 𝐸𝐴(𝐴r
2 − 𝜇𝐴r

2 + 4𝜇𝐴r𝐴θ + 2𝐴θ
2) + 1 − 𝜇 − 2𝜇2 (36) 

𝛥1 =
𝛽

𝑠
[𝐸𝐴(𝐴r

2 − 𝜇𝐴r
2 + 2𝐴θ

2 + 4𝜇𝐴r𝐴θ) + 1 − 𝜇 − 2𝜇2] (37) 

To make constitutive matrix solvable, the strain 

increments can be related to the specific volume through an 

auxiliary variable 𝜉(= 𝑈r/𝑟)  proposed by Chen and 

Abousleiman (2013) as follows 

D𝜀θ = −
D𝜉

1 − 𝜉
 (38) 

D𝜀r = D𝜀v − 2D𝜀θ = −
D𝑣

𝑣
+

2D𝜉

1 − 𝜉
 (39) 

The drained condition for unsaturated soils means the 

suction s  of soil keeps constant during loading, which 

usually corresponds to an extremely slow cone penetration 

test or pressuremeter test. The constant suction condition 

can be mathematically expressed as 

D𝑠 = 0 (40) 

Since the suction keeps as a constant in the cavity 

expansion process, the mechanical and hydraulic responses 

can be decoupled and considered separately for the problem 

considered. Hence, the mechanical responses can be 

determined solely from the mechanical components, and the 

hydraulic responses can then be determined by the specific 

volume calculated from the mechanical components. Based 

on Eq. (29), the decoupled constitutive matrix for the 

mechanical behavior of the soil around the cavity can be 

written as 

[
D𝜎r

′

D𝜎θ
′] = [

𝐵11/𝛥 𝐵12/𝛥
𝐵21/𝛥 𝐵22/𝛥

] [
D𝜀r

D𝜀θ
] (41) 

Note that the form of the constitutive matrix above is 

similar to that for drained expansion of a spherical cavity 

presented by Li et al. (2017), but it contains the effects of 

suction, since the 𝐵ij and 𝛥  are explicit functions of 

suction s, the two stress variables σr
′ , σθ

′  and the specific 

volume 𝑣. To fully formulate the problem, it also needs to 

make use of the equilibrium equation as there are 

essentially three basic unknown variables σr
′ , σθ

′  and 𝑣 in 

Eq. (41). Due to radial position 𝑟 is related to auxiliary 

variable 𝜉, the equilibrium equation Eq. (4), under constant 

suction condition, can be written as 

D𝜎r
′

D𝜉

d𝜉

d𝑟
+ 𝑠𝜆se

D𝑣

D𝜉

d𝜉

d𝑟
+

2(𝜎r
′ − 𝜎θ

′ )

𝑟
= 0 (42) 

Following the similar procedure of Chen and 

Abousleiman (2013), the derivative of auxiliary variable 𝜉 

with respect to radial position 𝑟 can be expressed as 

d𝜉

d𝑟
= −

𝑈r

𝑟2 +
1

𝑟

d𝑈r

d𝑟
=

1

𝑟
{1 − [

𝑣

𝑣0

(1 − 𝜉)]
−2

− 𝜉} (43) 

Substituting Eq. (43) into Eq. (42), the equilibrium 

equation can be transformed from Eulerian description to 

Lagrangian description as 

(
D𝜎r

′

D𝜉
+ 𝑠𝜆se

D𝑣

D𝜉
)

1

𝑟
{1 − [

𝑣

𝑣0

(1 − 𝜉)]
−2

− 𝜉} +
2(𝜎r

′ − 𝜎θ
′)

𝑟
= 0 (44) 

Now, the problem of drained expansion of a spherical 

cavity in unsaturated soils can be finally formulated as a 

system of three first-order differential equations by 

combining Eqs. (41) and (44) as 

D𝑣

D𝜉
= [

2(𝜎r
′ − 𝜎θ

′)

1 − 𝑣0 𝑣⁄ (1 − 𝜉)2⁄ − 𝜉
+

𝐵12 − 2𝐵11

𝛥(𝜉 − 1)
]

𝛥𝑣

𝐵11 − 𝑠𝜆se𝛥𝑣
 (45) 

D𝜎r
′

D𝜉
= −

𝐵11

𝛥𝑣

D𝑣

D𝜉
+

𝐵12 − 2𝐵11

𝛥(𝜉 − 1)
 (46) 

D𝜎θ
′

D𝜉
= −

𝐵21

𝛥𝑣

D𝑣

D𝜉
+

𝐵22 − 2𝐵21

𝛥(𝜉 − 1)
 (47) 

The above governing differential equations are valid for 

any material point currently in the annulus plastic area 𝑎 ≤
𝑟 ≤ 𝑟p and can be readily solved as an initial value problem 

if the initial values of the basic variables are known. After 

obtaining the specific volume from Eq. (45), the degree of 

saturation 𝑆r in the plastic region can be easily determined 

from Eq. (5). Integrating Eq. (5) with attention of d𝑠 = 0 

gives 

𝑆r = 𝑆rp − 𝜆se(𝑣 − 𝑣0) (48) 

where 𝑆rp denotes the degree of saturation at the elastic-

plastic boundary. 

 

 

5. Initial conditions 
 

The initial conditions of the investigated problem should 

be the values of basic variables at the elastic-plastic 

boundary, which should satisfy both the solutions to elastic 

region and plastic region. Hence, the specific volume 𝑣p, 

the suction 𝑠p and the degree of saturation 𝑆rp at elastic-

plastic boundary can be easily given, respectively, as 

𝑣p = 𝑣0 (49) 

𝑠p = 𝑠0 (50) 

𝑆rp = 𝑆r0 (51) 

where 𝑣0 is the initial value of specific volume. The value 

of two stress components at elastic-plastic boundary can be 

determined according to the continuity condition at the 

elastic-plastic boundary as follows 

𝜎rp
′ = 𝜎h0

′ +
2

3
𝑞p (52) 

𝜎θp
′ = 𝜎h0

′ −
1

3
𝑞p  (53) 

where 𝑞p is the deviatoric stress of the material particle 

that yields, which can be associated with the 
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overconsolidation ratio, 𝑅us as  

𝑞p = 𝑀𝑝0
′ √𝑅us − 1 (54) 

The initial condition of the auxiliary variable, 𝜉p, can 

be obtained as 

𝜉p = (
𝑈r

𝑟
)

𝑟=𝑟𝑝

=
(𝜎rp − 𝜎h0)(1 + 𝜇)

2𝐸
 (55) 

Up to now, all the values of the basic unknowns at 

elastic-plastic boundary have been already determined. 

However, it should be noted that all the results are now 

expressed as functions of the auxiliary variable 𝜉 rather 

than the original position 𝑟 . Hence, the relationship 

between the radial coordinate 𝑟 and the auxiliary variable 

𝜉 can be transformed as  

𝑟

𝑎
= exp (∫

𝑣(1 − 𝜉)2

𝑣(1 − 𝜉)3 − 𝑣0

d𝜉
𝜉

𝜉𝑎

) (56) 

where 𝜉a = 1 − 𝑎/𝑎0 is the auxiliary variable at the cavity 

wall and 𝜉a > 𝜉 > 𝜉𝑝. 
 
 

6. Results and discussions 
 

In this part, the proposed solution is first validated by 

comparing the cavity expansion responses with those from 

the rigorous solution of Li et al. (2017) developed for fully 

drained expansion of a spherical cavity in saturated soils. 

Subsequently, the results, including the distributions of the 

mechanical and hydraulic parameters, the expansion 

response curves as well as the stress paths of a typical 

element at the cavity wall, will be shown. Also, those 

results with suction to be zero are included to investigate 

the effects of coupled hydromechanical behavior on the 

cavity expansion process. The parameters used in the 

parametric study are summarized in Table 1, which were 

first summarized and extended by Chen et al. (2020) from 

Alonso et al. (1990) and Sun et al. (2008) to give the results 

with the best performance. 

 
6.1 Validation 
 

To validate the proposed solution, zero suction is 

applied to the proposed solution and zero hydrostatic water 

pressure is applied to the solution of Li et al. (2017). Figs. 
 
 

Table 1 Soil parameters adopted for different cases used in 

analysis 

Rus σh0: kPa σv0: kPa p0: kPa q0: kPa K0 p'a: kPa p'y0: kPa p0y: kPa 

1 120 120 120 0 1 132 132 46.8 

1.2 120 120 120 0 1 132 158.4 52.2 

3 120 120 120 0 1 132 396 90.4 

5 120 120 120 0 1 132 660 122.7 

M=1.2, c = 0.65, b = 0.125, λ(0) = 0.15, λse = 0.21, k = 0.6, 

pat = 100 kPa, κs = 0.008, β = 0.12, v0 = 2.1, κ = 0.03, μ = 

0.3, p'n = 10 kPa, s0 = 100 kPa, Sr0 = 0.6, w0 = 24.09%, Gs = 

2.74 

 
(a) 

 
(b) 

 
(c) 

Fig. 2 Comparisons of (a) stress trajectory in 𝑝′ − 𝑞 

plane, (b) distributions of stress components and specific 

volume and (c) expansion-pressure curves with solution 

without considering suction 

 
 
2(a)-2(c) compare the stress trajectory of a soil particle at 

the cavity wall during cavity expansion, the distributions of 

the stress components and specific volume at the instance 

𝑎/𝑎0 = 2 as well as the expansion-pressure curves 

generated from the proposed solution with those from the 

rigorous solution of Li et al. (2017) without considering the 

hydrostatic water pressure. Note that the proposed drained 

solution become identical to the results of Li et al. (2017)  
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(a) (b) 

  
(c) (d) 

Fig. 3 Distributions of normalized stress components and specific volume around cavity: (a) 𝑅us = 1, (b) 𝑅us = 1.2, (c) 

𝑅us = 3 and (d) 𝑅us = 5 

  
(a) (b) 

  
(c) (d) 

Fig. 4 Distributions of normalized suction and degree of saturation around cavity: (a) 𝑅us = 1, (b) 𝑅us = 1.2, (c) 𝑅us = 3 

and (d) 𝑅us = 5 
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when suction approaches zero. It can be seen from Figs. 

2(a)-2(c) that the proposed solution perfectly reduces to the 

rigorous solution of Li et al. (2017) when the suction equals 

to zero, which sufficiently demonstrates the validity of the 

proposed solution for the drained case. 
 

6.2 Distributions of mechanical and hydraulic 
parameters 

 

Figs. 3(a)-3(d) show the distributions of the radial and 

tangential stresses σr
′ , σθ

′ , and the specific volume 𝑣 

around the cavity with different values of 𝑅us when the 

expansion ratio 𝑎/𝑎0 equals to 2. All the stress parameters 

in Fig. 3 are normalized by dividing the initial mean stress 

𝑝0 and the radial location 𝑟 is normalized by the initial 

cavity radius 𝑎0, so do the other figures. Also the results 

with zero suction, included in those figures, are presented to 

investigate the effects of suction on the expansion 

responses. Although the distributions of the stress and 

specific volume around the cavity in unsaturated soils show 

similar patterns to those without suction, it can be observed 

that the principal stresses predicted by the present solution 

are higher than those without suction, which indicates that  

 

 
suction exerts permanent enhancement on the strength and 
stiffness of the unsaturated soils during cavity expansion. It 
is also not hard to find that the magnitude of stress 
components at the cavity wall increases with 𝑅us, but the 
specific volume is insensitive to 𝑅us.  Moreover, the 
discrepancy between the results with and without suction is 
narrowed to a certain degree as 𝑅us increases. 

Fig. 4 plots the distributions of the hydraulic parameters 

(i.e., the normalized suction 𝑠/𝑝0  and the degree of 

saturation 𝑆r) around the cavity with different 𝑅us when 

the expansion ratio 𝑎/𝑎0 is equal to 2. It is understandable 

that the suction maintains constant around the cavity for all 

cases, while the degree of saturation of the soil near the 

cavity is larger than soil at infinity. In addition, the degree 

of saturation changes less significantly in soil with suction. 

This can be well explained by Eq. (5) that the degree of 

saturation depends on the specific volume and the 

reciprocal of suction. However, the overconsolidation ratio 

seems to have a very limited effect on the distribution of the 

degree of saturation under drained conditions. This is 

because the change of the degree of saturation primarily 

depends on the change of the specific volume under drained 

condition, which is insensitive to the overconsolidation ratio  

  
(a) (b) 

  
(c) (d) 

Fig. 5 Stress paths of a soil particle at cavity wall in 𝑝′ − 𝑞  plane: (a) 𝑅us = 1, (b) 𝑅us = 1.2, (c) 𝑅us = 3 and (d) 

𝑅us = 5 
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and barely changes under the drained condition with high 

suction. 

 

6.3 Stress paths  
 

To investigate the development of the stress state of a 

soil element and the evolution of the yield surface during 

the expansion process, Figs. 5 and 6 depict the stress paths 

of a typical soil element at the cavity wall and the 

evolutions of the yield surface for cases with different Rus 

in 𝑝′ − 𝑞 plane and 𝑝′ − 𝑠 plane, respectively. In those 

figures, points O, Y, and F denote the original, yield and 

final state of the investigated soil particle and those with 

prime mean the hydromechanical state of the solution 

without suction. For 𝑅us = 1 , the stress path moves 

directly to the critical state line (CSL) and terminates at 

point F. For other OCRs, the stress paths move vertically to 

the initial yield surface at first and then turn up and right to 

the critical state line. It is noteworthy that the stress paths of 

moderately consolidated soil (𝑅us = 3,5 ) seem to have 

crossed the CSL. This phenomenon indicates that the 

moderately consolidated soil shrinks at first and then 

dilates. 

Since the suction keeps unchanged for the drained case,  

 

 

the projections of stress trajectories and the 𝑝y
′  paths are 

horizontal straight lines and some portion of the projection 

overlaps the 𝑝y
′  path in 𝑝′ − s  plane. For clarity, the 

projections of skeleton stress trajectories are therefore not 

plotted in Fig. 6. It can be observed from Fig. 6 that apart 

from the 𝑝y
′  path for 𝑅us = 3,5, all the 𝑝y

′  paths move 

horizontally from point O(𝑝y0
′ , 𝑠0)  towards point 

𝐹(𝑝yf
′ , 𝑠f)  as the suction keeps unchanged during the 

drained expansion processes. However, the py
′  path for 

moderately consolidated soils (𝑅us =  3,5) firstly move 

horizontally left after yielding and then turn right towards 

point B(𝑝y
′ , s). The above observations again indicate that 

the LC yield surfaces of the normally consolidated and 

slightly overconsolidated soils expand while the LC yield 

surfaces of the moderately consolidated soils contract then 

expand in the three dimensional 𝑝′-𝑞-𝑠 stress space during 

the drained expansion processes. 
 

6.4 Expansion process 
 

The normalized expanding pressure 𝜎a/𝑝0, the degree 

of saturation 𝑆r for a soil element at the cavity wall as well 

as the normalized elastic-plastic radius 𝑟p/𝑎 are plotted  

  
(a) (b) 

  
(c) (d) 

Fig. 6 𝑝y
′  paths and projections of skeleton stress path in 𝑝′ − s plane: (a) 𝑅us = 1, (b) 𝑅us = 1.2, (c) 𝑅us = 3 and (d) 

𝑅us = 5 
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Fig. 7 Variations of the expanding pressure with 

normalized cavity radius 

 

 

Fig. 8 Variations of degree of saturation at cavity wall 

with normalized cavity radius 

 

 

Fig. 9 Variations of the expanding pressure with 

normalized cavity radius 

 

 

against the normalized cavity radius 𝑎/𝑎0 for cases with 

different 𝑅us in Fig. 7, Fig. 8, and Fig. 9, respectively. As 

shown in the three figures, all the expansion curves increase 

dramatically at the initial stage of expansion (𝑎/𝑎0 < 2), 

and then gradually approach to constant values. As 

overconsolidation ratio increases, the expanding pressure 

increases significantly. Therefore, a larger plastic zone is 

formed around the cavity. However, the overconsolidation 

ratio appears to have minor impacts on the degree of 

saturation of unsaturated soils due to the existence of 

suction as explained in Eq. (5). For comparison, the results 

without suction are also included to explore the coupled 

hydromechanical effects on the expansion response. It is 

clearly shown that the expanding pressure and the radius of 

the elastic-plastic boundary are smaller for soils without 

suction since the suction stress acts as an enhancement to 

soil structure. As a contrast, the degree of saturation varies 

significantly with the overconsolidation ratio in soils 

without suction, which illustrates the predominant 

difference between the unsaturated soils and saturated soils. 

 

 

7. Conclusions 
 

This paper presents a rigorous semi-analytical solution 

to drained spherical cavity expansion in unsaturated soils. 

The mechanical behavior and hydraulic behavior are 

modeled by the unsaturated soil model proposed by Sun et 

al. (2008) and coupled through the specific volume. By 

taking advantage of the stress-strain relationship and the 

SWCC, the elastoplastic constitutive matrix, and the 

governing equation for the problem considered is 

developed. With the aid of an auxiliary variable, the 

governing equation can be readily solved as an initial value 

problem. Special attention is paid to investigate the impacts 

of suction and coupled hydromechanical behavior on the 

expansion response in the parametric study. Results show 

that the suction enhances the stiffness and strength of the 

unsaturated soils and consequently results in a larger 

expanding pressure for expansion and a larger plastic 

region. The proposed solution constitutes a theoretical basis 

for rigorous modeling of the cavity expansion problems in 

unsaturated soils and can be used to interpret the 

pressuremeter tests and pile installation effects in 

unsaturated soils. 
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Appendix 
 

According to the plastic consistency condition, the total 

differential of the yield function 𝑓 can be given as: 

D𝑓 =
𝜕𝑓

𝜕𝑝′ D𝑝′ +
𝜕𝑓

𝜕𝑞
D𝑞 +

𝜕𝑓

𝜕𝑝y
′ D𝑝y

′ = 0 (A1) 

Due to 𝑝𝑦
′  is function of 𝑠 and 𝑝0𝑦

′ , Eq. (A1) can be 

further expressed as:  

D𝑓 =
𝜕𝑓

𝜕𝑝′ D𝑝′ +
𝜕𝑓

𝜕𝑞
D𝑞 +

𝜕𝑓

𝜕𝑝y
′ (

𝜕𝑝y
′

𝜕𝑠
D𝑠 +

𝜕𝑝y
′

𝜕𝑝0y
′ D𝑝0y

′ ) = 0 (A2) 

The increment of 𝑝0𝑦
′  can be related to the increment of 

plastic volume strain D𝜀v
p
 based on the hardening law as: 

D𝑝0y
′ = 𝑝0y

′
𝑣

𝜆(0) − 𝜅
D𝜀v

p
 (A3) 

Based on the associated flow law, Eq. (A3) can be 

further expressed: 

D𝑝0y
′ = 𝑝0y

′
𝑣

𝜆(0) − 𝜅
𝛬

𝜕𝑓

𝜕𝑝′
 (A3) 

Substituting Eq. (A3) into Eq. (A2) can give the 

expression of scalar multiplier 𝛬 as: 

𝛬 = −

𝜕𝑓
𝜕𝑝′ D𝑝′ +

𝜕𝑓
𝜕𝑞

D𝑞 +
𝜕𝑓
𝜕𝑝y

′

𝜕𝑝y
′

𝜕𝑠
D𝑠

𝜕𝑓
𝜕𝑝y

′  
𝜕𝑝y

′

𝜕𝑝0y
′ 𝑝0y

′ 𝑣
𝜆(0) − 𝜅

𝜕𝑓
𝜕𝑝′

= −

𝜕𝑓
𝜕𝜎𝑖𝑗

′ D𝜎𝑖𝑗
′ +

𝜕𝑓
𝜕𝑝y

′

𝜕𝑝y
′

𝜕𝑠
D𝑠

𝜕𝑓
𝜕𝑝y

′  
𝜕𝑝y

′

𝜕𝑝0y
′ 𝑝0y

′ 𝑣
𝜆(0) − 𝜅

𝜕𝑓
𝜕𝑝′

 

(A4) 

where 

𝜕𝑓

𝜕𝑝′ = (𝑀2 − 𝜂2)𝑝′ (A5) 

𝜕𝑓

𝜕𝑞
= 2𝑞 (A6) 

𝜕𝑓

𝜕𝑝y
′ = −𝑀2𝑝′ (A7) 

𝜕𝑝y
′

𝜕𝑠
=

𝜆(0)[𝜆(0) − 𝜅](𝑀2 + 𝜂2)𝑝′𝑐(1 − 𝑏)𝑒−𝑐𝑠

𝑀2[𝜆(𝑠) − 𝜅]2
ln (

𝑝0y
′

𝑝n
′ ) (A8) 

𝜕𝑝y
′

𝜕𝑝0y
′ =

𝜆(0) − 𝜅

𝜆(𝑠) − 𝜅
(

𝑝0y
′

𝑝n
′ )

𝜆(0)−𝜆(𝑠)
𝜆(𝑠)−𝜅

 (A9) 

D𝑝′ =
1

3
𝛿𝑖𝑗D𝜎𝑖𝑗

′  (A10) 

D𝑞 =
3(𝜎𝑖𝑗

′ − 𝑝′𝛿𝑖𝑗)

2𝑞
D𝜎𝑖𝑗

′  (A11) 

𝜂 =
𝑞

𝑝′ (A12) 
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