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Vibration of multilayered functionally graded deep beams under thermal load
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Abstract.  Since the functionally graded materials (FGMs) are used extensively as thermal barriers in many of applications.
Therefore, the current article focuses on studying and presenting dynamic responses of multilayer functionally graded (FG) deep
beams placed in a thermal environment that is not addressed elsewhere. The material properties of each layer are proposed to be
temperature-dependent and vary continuously through the height direction based on the Power-Law function. The deep layered
beam is exposed to harmonic sinusoidal load and temperature rising. In the modelling of the multilayered FG deep beam, the
two-dimensional (2D) plane stress continuum model is used. Equations of motion of deep composite beam with the associated
boundary conditions are presented. In the frame of finite element method (FEM), the 2D twelve-node plane element is exploited
to discretize the space domain through the length-thickness plane of the beam. In the solution of the dynamic problem,
Newmark average acceleration method is used to solve the time domain incrementally. The developed procedure is verified and
compared, and an excellent agreement is observed. In numerical examples, effects of graduation parameter, geometrical
dimension and stacking sequence of layers on the time response of deep multilayer FG beams are investigated with temperature

effects.
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1. Introduction

During 1984 in Japan, through the space-plane project, a
new class of composite material known as functionally
graded material (FGM) was invented and exploited as a
thermal  barrier, Alshorbagy (2011). FGMs are
nonhomogeneous materials whose properties are altered in
a particular direction according to some laws so that their
properties can better meet the designers’ needs, Hamed et
al. (2020a). FGMs have earned significant importance in
extremely high-temperature environments such as nuclear
reactors, gas turbine, chemical plants, experimental
thermonuclear reactor and the semiconductor industry,
Ueda and Mizusawa (2020). FGMs have been used in many
other applications such as aerospace, optics, biomedical,
automotive, micro/nano-electro-mechanical system
(MEMS/NEMS) and atomic force microscopes (AFMs),
Eltaher et al. (2013a&D).

Yang et al. (2008) studied analytically free and forced
vibrations of inhomogeneous open edge cracks beams
subjected to an axial compressive force. Simsek and
Kocatiirk (2009) and Simsek (2010) investigated free
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vibration characteristics and dynamic behaviors of FG
simply supported beams under a concentrated moving
harmonic load. Assie et al. (2011) developed an efficient
numerical algorithm to investigate the dynamic transient
response of orthotropic viscoelastic composite laminates
under step-pulse and sin-pulse forces. Sedighi et al. (2012)
presented six different analytical approaches to investigate
and solve the governing equation of nonlinear vibration of
cantilever beams. Hemmatnezhad et al. (2013) exploited
finite element formulation to study large-amplitude free
vibrations of FG beams. Sedighi (2014) and Sedighi et al.
(2015) studied dynamic pull-in instability of vibrating
electrically actuated microbeams based on the strain
gradient elasticity theory. Gan et al. (2015) presented a
finite element procedure for dynamic analysis of non-
uniform Timoshenko beams made of axially FGM under
multiple moving point loads. Sedighi and Bozorgmehri
(2016) explored the dynamic instability of doubly clamped
cylindrical nanowires in the presence of Casimir attraction
and surface effects by using the modified couple stress
theory. Hosseini and Rahmani (2016) studied free vibration
of shallow and deep curved FG nanobeam via a nonlocal
Timoshenko curved beam model. Akbas (2016, 2017a)
exploited modified couple stress theory to investigate the
dynamic response of simply supported viscoelastic
nanobeams resting on Winkler-Pasternak elastic foundation
and excited by a transverse triangular impulse force. Akbasg
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(2017) investigated the effects of temperature rising on
porous FGM deep beams’ free vibration. Akbas (2018a&b)
modified his previous model to include the crack effect on
the dynamic response of nanobeams’ viscoelastic
behaviours. Akbas (2018c) investigated free and forced
vibration of a bi-material composite beam. Albino et al.
(2018) studied nonlinear dynamic behaviors of risers
manufactured with FGMs and modelled by 3D beam
element. Dinh Duc et al. (2018) predicted nonlinear
dynamic response of FG porous plates resting on elastic
foundation and subjected to thermal and mechanical loads.
Akbag (2019a) studied the nonlinear FG cantilever
beam’s under non-uniform hygrothermal effect and
exploited the finite element method and Newton-Raphson
method with incremental displacement to solve the
proposed model. Akbag (2019b) analyzed forced vibration
of deep sandwich beams made of sandwich FGM including
porosity effects. Abdalrahmaan et al. (2019) and Almitani et
al. (2019) developed a unified mathematical model to
investigate free and forced vibration responses of perforated
thin and thick beams. Hamed et al. (2019) studied FG
porous nanobeams bending behaviours with four types of
porosity using nonlocal elasticity theory. Rajasekaran and
Khaniki (2019) studied size-dependent forced vibration of
non-uniform bi-directional FG beams embedded in an
elastic environment and carrying a moving harmonic mass.
Ebrahimi et al. (2019) investigated the frequency response
of curved embedded  magneto-electro-viscoelastic
functionally graded nano-beams. Mohamed et al. (2019)
and Emam et al. (2019) studied analytically post-buckling
of imperfect nanobeam using classical Euler beam theory.
Berghouti et al. (2019) studied the dynamic behavior of FG
porous nano-beams based on nonlocal n®-order shear
deformation theory. Tsiptsis and Sapountzaki (2019)
presented the generalized warping and distortional problem
of straight or horizontally curved composite beams of
arbitrary cross-section, loading and boundary conditions.
Ahmadi and Foroutan (2019) presented the effect of the
multi vibration absorbers on the nonlinear FG beam under
periodic load with various boundary conditions. Rahman et
al. (2019) investigated forced nonlinear vibration of Euler-
Bernoulli beam resting on a nonlinear elastic foundation by
using a modified multi-level residue harmonic balance
method. Almitani et al. (2020), Eltaher and Abdelrahmaan
(2020) and Abdelrahmaan et al. (2020a) presented the
surface energy effects on bending and buckling of
perforated nanobeam. Eltaher et al. (2020a) presented a
static stability analysis of unified composite beams under
varying axial loads. Eltaher and Mohamed (2020) and
Hamed ef al. (2020b) investigated the sandwich composite
beam’s buckling under varying axial loads with and without
elastic foundations. Akbas et al. (2020a, b) presented a
comprehensive model to investigate FG porous thick
beam’s vibration response under the dynamic sine pulse
load, including the damping effect and viscoelastic support.
Hamidi et al. (2020) investigated forced axial vibration of
micro and nanobeam under axial harmonic moving and
constant distributed forces via nonlocal strain gradient
theory. Abo-bakr et al. (2020, 2021a, b) exploited multi-
objective shape optimization to get the optimum weight of

FG microbeam under static and dynamic stability effects. In
the nonlocal strain gradient framework, She (2020)
investigated the wave propagation of FG reinforced
polymeric composite nanoplates. She et al. (2021) studied
the forced vibration response of curved reinforced
microbeams using the modified strain gradient theory.
Alnujaie et al. (2021) studied forced vibration of a
functionally graded porous beam resting on a viscoelastic
foundation. Assie et al. (2021) investigate the dynamic
responses of thick Timoshenko perforated beams under a
moving load using Ritz method.

Based on the usage of the thermal barrier and thermal
protector as the main objective of FGM. Therefore, many
researchers have considered the existence of the instability
and dynamic behaviors of FG structures during service life
where temperature variations exist. Lee and Erdogan (1994)
explained residual and thermal stresses in FGM and
laminated thermal barrier coatings. Xiang and Yang (2008)
studied free and forced vibrations of sandwich FG beam of
variable thickness under thermally induced initial stresses
within the framework of Timoshenko beam theory.
Doroushi et al. (2011) investigated free and forced vibration
characteristics of a FG beam under thermo-electro-
mechanical loads using the higher-order shear deformation
beam theory. Malekzadeh and Monajjemzadeh (2013)
investigated linear and nonlinear dynamic responses of FG
plates in a thermal environment under moving load
including the effects of initial thermal stresses and elastic
foundations. Zenkour and Abouelregal (2014) investigated
the effect of two temperatures on FG nanobeams subjected
to sinusoidal pulse heating sources using Laplace
transformation domain. Barka et al. (2016) examined
sandwich plates’ post-buckling behaviour with FG face
sheets under uniform temperature rise loading based on
sinusoidal shear deformation theory. Emam and Eltaher
(2016) presented influences of temperature variation and
moisture absorption on the buckling and post-buckling of
composite beams in hydrothermal environments. Wang and
Wu (2016) studied the dynamic response of an axially FG
beam under a thermal environment and subjected to a
moving harmonic load within frameworks of classical and
Timoshenko beam theories.

Ghadiri et al. (2017) studied the vibration of a rotary FG
plate considering thermal and Coriolis effects. Mirjavadi et
al. (2017) illustrated the thermo-mechanical vibration
behavior of two dimensional functionally graded porous
nanobeam according to the power-law function. Attia et al.
(2018) and Eltaher et al. (2018) analyzed the thermoelastic
crack pipe manufactured by FGM and conveyed natural gas
using the finite element method. Karami ef al. (2018)
exploited nonlocal higher-order shear deformation beam
theory to study thermal buckling of porous FG nanobeam
integrated with piezoelectric sensor and actuator. Soliman e?
al. (2018) studied nonlinear transient analysis of FG pipe
subjected to internal pressure and unsteady temperature.
Arioui et al. (2018) presented thermal buckling of FGM
beams with parabolic thickness variation and temperature-
dependent materials. Chen et al. (2018) investigated
thermo-elastic vibration behaviors of FGM beams with
general boundary conditions by using a higher-order shear
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Fig. 1 A simply supported multilayered functionally graded deep beam under thermomechanical loading.

deformation beam theory. Salah et al. (2019) presented the
influence of thermal load on buckling of ceramic-metal
FGM sandwich plates using a 2D integral plate model.
Ganczarski and Szubartowski (2019) demonstrated
conditions of stress-free deformation of anisotropic FGM
interface under thermal loading. Abdulrazzaq et al. (2020)
studied thermal buckling of nonlocal clamped FG plate
exponentially according to a secant function. Ebrahimi et al.
(2020) developed an analytical formulation and solution
process for buckling porous magneto-electro-elastic FG
beam analysis via different thermal loadings and various
boundary conditions. Esen et al. (2021) studied a vibration
of FG cracked beam in microsize under the thermal and
magnetic environments.

According to previous works and reviews, the dynamic
response of multilayer FG deep beams with material-
temperature dependent properties has not been studied
elsewhere. Thus, the current article tries to fill this gap and
investigates this topic in detail. 2D plane stress constitutive
model models the deep FG beam. Finite element model and
Newmark time integration are exploited to solve the
mathematical model. The rest of the article is arranged as
following: - constitutive equations, problem formulation,
and numerical procedure are presented in Section 2. Section
3 is devoted to validation and parametric studies to illustrate
influences of graduation parameter, geometrical dimension
and stacking sequence of layers on the time response of
deep multilayer FG beams are investigated with
temperature effects. Section 4 presents the main remarks
and highlighted points.

2. Problem formulation
2.1 Functionally graded material model

Consider a supported multilayered functionally graded
deep beam with five functionally graded layers subjected to
thermomechanical loading, as shown in Fig.1. The beam
has a span length, L, thickness, ¢, and depth /4. A Perfect
bond is assumed between layers. Additionally, the
functionally graded layers have the same thickness and are
located symmetrically according to the mid-plane axis.
Each layer has graduation material properties, P, (i.e.,
Elasticity modulus E, Poisson’s ratio v, thermal expansion

Table 1 The coefficients of temperature 7 for Zirconia
(Reddy and Chin 1998)

The material properties Py Py P P> P3

Thermal expansion
coefficient a(1/K)

Young’s modulus £ (Pa) 244.27x10° 0 -1.371x103 1.214x10° -3.681x10"°

12.766x10°¢ 0 -1.491x10 1.0006x10° -6.778x10!

Poisson’s ratio v 0.2887 0 1.133x10* 0 0
Mass density p (kg/m®) 5700 0 0 0 0
Coefficient of thermal -, ;05 | 5764104 6.648x10% 0

conductivity k (W/mK)

Table 2 The coefficients of temperature 7 for Aluminum
Oxide (Reddy and Chin 1998)

The material properties Py Py P P> P3

Thermal expansion

-4
coefficient a(1/K) 1.838x10 0 0

6.8269x107¢ 0

Young’s modulus £ (Pa) 349.55x10° 0 -3.853x10*4.027x107 _1'673“0-
Poisson’s ratio v 0.26 0 0 0 0
Mass density p (kg/m®) 2700 0 0 0 0
Coefficient of thermal 1, he7 11236 6227x10° 0 0

conductivity k (W/mK)

coefficient a, thermal conductivity & and mass density p)
graded along the thickness direction according to the
Power-Law function, Attia et al. (2018); Attia and
Abdelrahman (2018)

n

z 1
P(2,T) = AP(2,T) [E + E] +Py(zT),

and AP(z,T) (1a)
= PT(ZrT)_PB(ZrT)

where n refers to the material graduation exponent, T is the
absolute temperature. The subscripts B and T refer to the
bottom and top sides of the functionally graded layer,
respectively.

On the other hand, the temperature dependency of the
material properties is described by the following nonlinear
function, Touloukian (1966):

P(T)=P0(P_lT_1+1+P1T+P2T2+P3T3) (lb)

in which the absolute temperature, 7= To+AT, where Tj is
the reference room temperature and A7 is the temperature
change. The polynomial coefficients, P.i, Po, Pi, P> and P3
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indicate the temperature parameters. Throughout the
analysis of all cases in this study, the FGM deep beam is
considered to be made of Zirconia and Aluminum. The
material temperature-dependent coefficients for Zirconia
and Aluminum are presented in Table 1 and 2, Reddy and
Chin (1998).

2.2 Thermal effect

Assuming that the deep beam is subjected to the
temperature effect. The temperature rise AT= AT(z) is
governed by the heat transfer equation of, Akbas (2017b)

{ ()dAT(z)} 0 @

in which k(z) is the thermal conductivity coefficient that is
temperature-independent, by integrating Eq. (2) using
boundary conditions AT(h/2)= ATr and AT(-h/2)= ATs,
the following expression can be obtained, Reddy and Chin
(1998):

h/2
1

AT (z) = AT, +(AT, —AT,) j @dz

k@™ @

2.3 Kinematic and constitutive relations

The beam span to thickness ratio is selected to be small.
The 2D plane stress continuum model could be employed to
describe the multilayered FG deep beam thermomechanical
behaviour. Based on the 2D plane stress assumption, the
kinematic strain-displacement relations are given by

EXX
Abdelrahman and Elshafei (2020) [%} =
yxZ

W @

Rle o gl
FloRle o

where u, w are respectively the displacements in x and z
directions. &,, and &,, are the normal in-plane strains
components, and ¥,, is the shear in-plane strain. The
constitutive relations for the temperature -dependent FG
layer can be written as Reddy and Chin (1998)

Oxx Exx — (Z(Z, T)AT(Z)
{o—zzi = &z —a(z, T)AT(2) ¢ (5)
TXZ

yxZ
where the stiffness can be described as functions of
elasticity and Poisson’s ratio as following:

Ci1(2,T) C(2,T) 0
Ci2(z,T) Cpi(2T) 0
0 0 Cs55(z,T)

E(z,T) E@T)
Ca(aT) = Cpp(2, 1) = s+ Caa(@) = 7 s
C () v(z,T)E(2,T) (6)
12 T 1-[w(En)?

2.4 Governing differential equation of motion

Consider the domain of the deep multilayerd beam
refered to as Q bounded by the boundary I'. The Cartesian
coordinates xT = [x,z]”7 are used to describe infinitesimal
deformation. The dynamic equilibrium requires, Wanga and
Qin (2008)

Gij,j + bi = p(Z, T)U in .Q, (7)

where o0y ; denotes the components of Cauchy stress
tensor and b; is the components of body force per unit
volume. The associated kinematic and kinematic boundary

conditions are given by
u; = ﬁi on FD,and ti = aijnj = El' on Ff (8)

where #; is the prescribed the displacements on T, and ¢;
is the given tractions on [;. I';, and Iy are complementary
parts of the boundary I'. n; represents the direction cosines
of the unit outward normal to the boundary.

3. Finite element formulation

Based on Hamilton’s procedure, the
equilibrium equation can be depicted as,

dynamic

J,8e7adQ ~ [ [BI"{(o"}d — [, 8U"[b - pU]  dQ — ©)
JL6UTP()dT =0

where (2 is the occupied domain of the body, I' is the
boundary domain, b is the body force, and U is the
generalized virtual displacement. This equation can be
represented in terms of displacement field and stiffness
coefficients as follows, Gupta and Talha (2015):

f [Cu(Z T) dw 06w

+Cp2(2T) 3z 07

du ow 66u 65w
+Cu(z, T)[a H

+ p(z, T)iddu + p(z, T)waé'w] dA
- f LB {0t} dA (10)

A
—ft [bx5u+bzéw]dA—fP(t)6w dr=o
T

A

in which b, and b, are the body force components in x
and z direction; respectively, ii and W are the acceleration
components, ¢ is the beam thickness. The finite element
method is adpted as an efficient numerical tool to solve the
considered problem, Chakraborty et al. (2003). The Twelve-
node 2D-plane element model, as illustrated in Fig. 2,
Pantuso et al. (2000).

zZ

4, 6 | 8 12

T
3 11

L; X

2t 10

L —
1% -9

.

Fig. 2 Twelve-node 2D plane element
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where L, and L, are element lengths in X and Z directions,
respectively. The displacement vector for Twelve-node
plane element is expressed as:

{d} = [2]{d,} (11a)
3] =19, 9, ...0,,] (11b)

where {d,} indicates the node displacement vector.
{dy=[u1 u2 . . . U wy W wi]T (12)

where {d,} is the node displacement vector and its
components are u; and w; are the displacement components
for i node. The displacement of any generic element can be
represented by its nodal values and corresponding functions
as,

U= (W0 + U0y + uzBs + usBy + usBs + ueBs + u; 9
+ ug@s + ugBy + uy0010

+ U1 D11 + U12D12) (13a)
w = (w101 + wy0; + w33 + wuBy + wsBs + webe
+ W7®7 + Wg@g + Wg@g
+ Wio@10 + W11011 (13b)

+ wy2012)

where @; is the nonlinear interpolation shape functions,
which can be represeanted as follows;

0ot (1 2)() (1 22)< 10+9(4x2
=\t - Tz
32 L L. zL" s 9 (1 ZX) (1 421>(1 62)
47 =5\1-—)(1-—=)(1-—
_)) al UL
b= 9 (1 ZX) 1 4z* (1+6Z) 0, = 1 (1 ZX)(1+ZZ) 1049 4XZ+42Z
2732 Ly L’ L, 732 Ly L, L L2
0. = 9 (1 ZZ) 1 4x? (1 6)() o = 9 (1 ZZ) 1 4x? (1 GX)
STV L/ T L)V L, s =5\ L)V L

z

g = 9 (1 ZZ) 1 4X? (1 GX)

s =\t T\ T
ZL" 0 = 9 (1+2X) 1 47?2 (1 62)

+£)) 0= L2 L,

0 _9(1 ZX) 1 477 (1 62) o _1(1 ZX)(1 ZZ) 1049 4X? 477
u=m It L7 L T ACR Y ACR LX2+L,2

Substituting Eqgs. (4), (11)-(14) into Eq. (10), the
dynamic equilibrium equation is rewritten as follows;

f {64, Y (IBI"[C1[B{d,} + p(2) (D] [B1{5d})dA
A

(15)
- f (64, Y[ P(t)dr — t f {Sdn}T[(D]T{Z’(} dA =0
r A i
where
2 9
ax C11(z,T) Ci(2T) 0
(B1={0 |2l [c]= Icnm) Co(zT) 0 (16)
2 9 0 0 Cs35(2,T)
aY  9X

After regulation of Eq. (11a), the dynamic equilibrium
equation written as follows:

[K1{dy} + [M{dn} = {F} (17

where [K], [M], {F} and {d,} are the stiffness matrix,
mass matrix, load vector and displacement vector,
respectively.

The expansions of finite
represented as

M] =t [,p(I@]"[@]dA, [K] =t [,[BI"[C][B]dA (18a)

element matrices are

(F} = ¢ [,[B"[{0}™"] dA + [ {6d, )" (@1 P(t)dT +

¢S, toa7101 (¥} as (15

with {o}t" is the thermal stress vecor which is given by

C11(z,T) C2(zT) 0 a(z, AT (z)
{0} =Cr2(2,T) Cpa(2,T) 0 {a(z,T)AT(Z)} (18¢)

0 0 C33(Z, T) 0

The dynamic point load P(t) is assumed to be
sinusoidal harmonic in time domain as following.
(t) = Pysin(£2)
Harmonic

0<tKo (19)

where, P, is the amplitude of the dynamic load and €2 is
the frequency of the dynamic load. In the solution of Eq.
(17), implicit Newmark average acceleration (a =
0.5 and B = 0.25) method is used in the time domain. In
this procedure, the dynamic problem is transferred to
system of static problem in each step as following

[K]{dn}j+1 = {(F(©)} (20)
in which

[K] = [K] + ao[M] and {F(£)}
={F(O}jn
+ 1) (ol + a{d), +arfd,) G

and constant coefficients can be evaluated by

an = 1 a 1 a_l—Zﬂ
O_BAL‘Z, 1 — 2 = B s

After evaluating {d, };;; atatime t;,; =t; + At , the
acceleration and velocity vectors can be evaluated by

{d.n}j_H = ao({dn}j+1 - {dn}j) - al{dn}j - az{dn}j (23a)

(22)

{d},,, = {da}, +aalda}, +au{da},,,  @3b)

where a; = (1 — a)At, and a, = aAt.

4. Numerical results

In this section, effects of temperature, graduation
parameter, geometrical and stacking sequence of layers on
the time response of multilayered FGM deep beams. The
beams considered in numerical examples are made of
Zirconia and aluminium oxide. The FGM layer’s bottom
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Fig. 3 Comparison study: Time responses of the fully Aluminium Oxide beam for L/h=4, P;=1000 kN, Q=2 rad/s, AT=100 K
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Fig. 4 Time responses of thick FG multi-layered deep beam in stacking sequence 1 with different n parameters for L/h=2

for (a) AT=100 K, (b) AT=300 K and (c) AT=600 K

surface is Zirconia; the top surface material of the FG layer
is aluminium. The FGM deep beam dimensions are
considered as follows: #=0.1 m, 2= 0.1 m, nd the length of
beam varied according to aspect ratios and the length of
beam varied according to aspect ratios L/h=2 and 4 in the
numerical process. The temperature unit is used as Kelvin
(K). The height of each layer is equal to the other. In
numerical examples, the initial temperature is assumed to
be Ty=300 K. The five-point Gauss rule is used for the
calculation of the integration. In the analysis, four different
stacking sequences of layers are considered. The stacking
sequences of layers used are stacking sequence 1: five
FGM layers, stacking sequence 2: FGM-AL-AL -FGM-
FGM, stacking sequence 3: AL —AL- FGM-Zirconia-
Zirconia layers and stacking sequence 4: FGM —AL -
FGM- Zirconia - FGM.

4.1 Verification of the proposed methodology

In order to check and verify the validity of the

developed methodology, a comparison study is performed.
In the comparison study, the maximum vertical
displacements of a fully Aluminum Oxide beam are
obtained and compared with ANSYS Workbench 14
program, Thompson and Thompson (2017) for L/h=4,
Py=1000 KN AT=100 K, Q=2 rad/s in Fig. 3. It is seen from
Fig. 3, that the results of this study are approximately
identical with results of ANSYS Workbench 14 program .

4.2 Parametric studies

Through this section, time responses of multilayered FG
deep beam under sinusoidal harmonic load and the uniform
temperature rising are investigated for frequency 2 =2
rad/s, the amplitude of the dynamic load P, = 1000 KN
with 4 stacking sequences and different distribution
parameters (n=0, 0.5, 1, and 2) at specific temperature
value.

In order to investigate the effect of temperature, stacking
sequences and graduation on the dynamic response of
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Fig. 6 Time responses of thick FG multi-layered deep beam in stacking sequence 2 with different n parameters for L/h=2 for

(a) AT=100 K, (b) AT=300 K and (c) AT=600 K

multilayer FGM deep beam, the dynamical midpoint
deflections are presented in Figs. 4-11 for at L/h=2 and
L/h=4 in the time history. The results of Stacking sequence
1, Stacking sequence 2, Stacking sequence 3 and Stacking
sequence 4 are presented in Figs. 4 and 5, 6 and 7, 8 and 9
and 10-11, respectively. The midpoint deflections are
selected to present the dynamic behaviors, because it has
the maximum deflections relative to the other points in the

domain. As shown in Figs. 4 and 5 for stacking sequence 1,
by increasing the gradation index, the deflection is
increased due to the softening of the material. However, the
time period or frequency is remaining constant because the
response of the structure is a steady-state response, and no
initial conditions are considered. By increasing the
temperature of the environment, the amplitude of response
of the beam is increased relatively. That due to the reduction
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of elasticity of the graded material since its properties are
temperature-dependent. It is also noted that, by increasing
the temperature, the effect of gradation on the deflection is
increased significantly.

By comparing Figs. 4 and 5 and Figs. 6 and 7, it is noted
that same observations predicated in stacking sequence 1
are noticed for stacking sequence 2 as shown in Figs. 5.
However, in the case of stacking sequence 3 as presented in

Figs. 8 and 9, influences of gradation index and temperature
become negligible, that because two layers are purely
ceramics and its mechanical properties are not affected by
temperature change. In addition, the structure has 4
isotropic layers and only one FG layer. Tthus the gradation
index becomes insignificant on the dynamic response of the
structure. For stacking sequences 4 shown in Figs 10 and
11, three layers from five are composed of FGMs. Thus, it
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Is found that the dynamic behavior is dependent on
gradation index and temperature as noted for stacking
sequences 1 and 2 presented in Figs. 4 and 5 and 6 and 7,
respectively.

It is seen from all graphs; the increasing temperature
yields to change the dynamic responses significantly.
Increasing slenderness ratio tends to increase the response

amplitude and may generate a steady-state oscillation
response. The effects of the temperature on the dynamic
responses vary for different stacking sequences. This
situation is observed in the results of stacking sequence 2
and stacking sequence 4. In stacking sequences 2 and 4, the
temperature distribution along height direction more vary
because of different layer properties. So, the thermal
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expansion coefficients change at the layer surfaces
discontinuously. As a result of this situation, the bending
curvature due to thermal effects more occurs in the stacking
sequences 2 and 4.

5. Conclusions

In the framework of two-dimensional thermoelasticity, a
dynamic finite element model is developed to study and
analyze the thermodynamic response of a multilayered
functionally graded deep beam with material temperature
dependent under thermomechanical loading. The
differential equation of motion and the associated boundary
conditions are presented. The dynamic finite element
equations are developed. Newmark’s implicit technique is
adopted to investigate the dynamic time response. The
developed procedure is verified through a comparision
study with ANSYS benchmark problem and an excellent
agreement is observed. Parametric studies are conducted to
investigate the effect of temperature, material distribution,
and stacking sequence on FG multilayered deep beams’
thermodynamic response. The following concluding
remarks are revealed:

e The effects of the temperature on the dynamic
response vary for different stacking sequences.

e The temperature rising and graduation parameter
significantly affects the dynamic deflections, especially for
stacking sequences 2 and 4. However, in stacking sequence
3, the graduation parameter has an insignificant effect on
vibration amplitude.

* Increasing both slenderness ratio and temperature
tends to increase the dynamic response amplitude.

* The dynamic response of deep multilayered beams is
siginficantly affected by higher values of temperature rise.
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