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Reliability analysis of strip footing under rainfall using KL-FORM
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Abstract.

Spatial variability is an inherent uncertainty of soil properties. Current reliability analyses generally incorporate

random field theory and Monte Carlo simulation (MCS) when dealing with spatial variability, in which the computational
efficiency is a significant challenge. This paper proposes a KL-FORM algorithm to improve the computational efficiency. In the
proposed KL-FORM, Karhunen-Loeve (KL) expansion is used for discretizing random fields, and first-order reliability method
(FORM) is employed for reliability analysis. The KL expansion and FORM can be used in conjunction, through adopting
independent standard normal variables in the discretization of KL expansion as the basic variables in the FORM. To illustrate
the effectiveness of this KL-FORM, it is applied to a case study of a strip footing in spatially variable unsaturated soil under
rainfall, in which the bearing capacity of the footing is computed by numerical simulation. This case study shows that the KL-
FORM is accurate and efficient. The parametric analyses suggest that ignoring the spatial variability of the soil may lead to an

underestimation of the reliability index of the footing.
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1. Introduction

Many footings have been built in unsaturated soils.
Rainfall infiltration will affect the distribution of matric
suction and bearing capacity of unsaturated soils (Qi et al.
2019). Knowledge pertaining to variation of the stability of
a footing with time is essential for accurate assessment and
design of a footing. Spatial variabilities of soil parameters
also affect the stability of a footing. In recent years,
influences of the spatial variabilities of soil properties on
the performance of geotechnical systems, such as
foundations and slopes (Cho and Park 2010, Cheon and
Gilbert 2014, Gong et al. 2016, Lombardi et al. 2017), have
received considerable attention.

Spatial ~ variability is also known as spatial
autocorrelation, which means that soil properties at one
point are correlated to those at nearby points. An effective
tool for describing the spatial variability of soil parameters
is random field theory, in which the spatial variability or
autocorrelation is often expressed by the autocorrelation
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function (ACF) (Vanmarcke 1977, Moshtaghin 2016, Fei et
al. 2019). An ACF models the reduction in autocorrelation
with the distance between two points and this reduction can
be characterized by the autocorrelation distance (ACD).
When the spatial variabilities of soil parameters are
considered within the reliability analysis of geotechnical
systems, numerical simulations such as the finite element
method (FEM) or finite difference method (FDM) are often
required to compute the value of the performance function,
due to the fact that different values of the soil properties can
be much easily assigned to different locations at the study
site within the numerical simulation. In the context of the
random FEM or FDM, a continuous random field is usually
discretized into discrete random variables at different spatial
points before they are mapped onto finite element or finite
difference grids as input parameters to the numerical
modeling.

Many methods have been proposed for the discretization
of random fields, and they can be classified into three main
categories: point discretization methods (e.g., the midpoint
and nodal point method) (Stefanou 2009), average-type
discretization methods (e.g., the local average and weighted
integral methods) (Deodatis 1991, Vanmarcke and Grigoriu
1983), and series expansion methods (e.g., the Karhunen-
Loeve (KL) and wavelet expansion methods) (Montoya et
al. 2019, Sudret and Kiureghian 2000). Among these
methods, the KL expansion method is quite suitable for
discretizing  cross-correlated  non-Gaussian  random
variables; as an outcome, the KL expansion is widely
applied for probabilistic analysis in geotechnical systems
with spatially variable soils (Phoon et al. 2005, Schueller
and Jensen 2008).

After a random field is discretized into a sequence of
random variables at different discrete points, MCS is

ISSN: 2005-307X (Print), 2092-6219 (Online)



168 Suozhu Fei, Xiaohui Tan, Wenping Gong, Xiaole Dong, Fusheng Zha and Long Xu

usually used for the stochastic simulation of system
response of geotechnical systems (Cho and Park 2010, Le e?
al. 2015, Liu et al. 2017, Gong et al. 2018, Al-Bittar et al.
2018, Mouyeaux et al. 2018). Although MCS is simple and
easy to apply, it is computationally inefficient when the
system response is calculated through numerical simulation.
This is because a huge number of numerical simulations are
required for obtaining the reliability index or failure
probability of a geotechnical system. To overcome this
shortcoming, Subset Simulation (SS) is employed to
perform the reliability analysis for geo-structures with
spatially various soils. SS is an advanced Monte Carlo
Simulation which can improve the efficiency of generating
failure samples in MCS. (Santoso et al. 2011, Jiang and
Huang 2016, Liu et al. 2017). However, it still requires
several thousand calls of the deterministic numerical
simulation (Li et al. 2016, Jiang and Huang 2016). Another
approach for the reliability analysis considering soil’s
spatial variability is probabilistic collocation method (Li et
al. 2009, Jiang et al. 2014), in which the system response is
expressed by polynomial chaos expansions (PCEs), and the
coefficients in the PCEs are determined by solving the
equations for a set of carefully selected collocation points.
Similar to SS method, the probabilistic collocation method
still requires at least several thousand calls of the
deterministic numerical simulation for obtaining the
reliability index accurately (Jiang et al. 2014). Ji et al
(2018) presented a simplified Hasofer-Lind-Rackwitz-
Fiessler iterative algorithm for FORM, and applied this
FORM algorithm in the reliability analysis of earth slope
with spatially variable soils. In their case study, the point
discretization method and the autocorrelated slices method
were combined to model the spatial variation of soil
properties along a specific slip surface. However, if a
numerical method is required for the calculation of the
performance function, this FORM algorithm is hard to
handle the analysis situation where too many random
variables are involved.

To improve computational efficiency when analyzing
the spatial variability in geotechnical engineering, a KL-
FORM algorithm will be developed in this study. In this
new KL-FORM algorithm, the KL is adopted for the
discretization of random fields and the FORM is employed
to perform reliability analysis. The application process,
accuracy and efficiency of the proposed method will be
illustrated through the reliability analysis of a strip footing
with spatially variable unsaturated soil properties under
rainfall infiltration. Benefiting from the computational
efficiency of the proposed method, parametric analyses can
be easily performed, which can enable the detail
investigation of the factors that influence the time-variant
reliability index of the footing under rainfall. The proposed
method is introduced in Section 2, followed by a case study
of a strip foundation and discussions in Section 3. They are
followed with the summary and concluding remarks in
Section 4.

2. Methodology

2.1 Discretization of random field using KL expansion

2.1.1 Theory of random field

Spatial variability of soil properties can be described
using random field theory. In a random field, the value of a
variable at one point is correlated to the values at nearby
points. The spatial variability or autocorrelation of soil
properties can be represented by an ACF, which models the
reduction in autocorrelation with the distance between two
points. Several ACFs have been presented to characterize
the spatial variability of soil properties; among which, the
squared exponential function (SQX) is widely used (Jha and
Ching 2013, Rackwitz 2000):

p(xl’ Xz) = EXp|:—(| X11 - X21 |/Lh)2 _(| X12 _Xzz |/Lv)2:| (1)

Another commonly used ACF is the single exponential
function (SNX), which is expressed as follows:

X, %) =XP(=| Xy =Xy |/ Ly =] X, = Xy, |/Lv) (2)

where p is the autocorrelation coefficient between two
points (x;and x2); x;1 and x;; are the coordinate components
of points x; along the horizontal and vertical directions,
respectively; and Ly and L, are autocorrelation distances
(ACDs) along the horizontal and vertical directions,
respectively.

The soil properties between any two spatial points vary
due to the spatial variability of soils. A smaller ACD value
indicates that the soil properties vary greatly in space,
whereas a larger ACD value indicates that the soil
properties are strongly correlated within a large range
(Stefanou 2009). In the traditional probabilistic or reliability
analysis using random variable method, soil properties in a
soil layer are considered to be the same, implying that the
ACD is infinite large and all soil property values are
perfectly correlated.

2.1.2 KL expansion method

The KL expansion method can be used for simulation of
both homogeneous and non-homogeneous stochastic fields.
It is a special case of the orthogonal series expansion
method where the orthogonal functions are the
eigenfunctions of a Fredholm integral equation of the
second kind with the autocovariance function as kernel
(Cho and Park 2010, Stefanou 2009, Phoon et al. 2004,
Zhang and Ellingwood 1994). Denote the cross-correlation
coefficient matrix of N random fields in the original random
space as Rx (the size of Rx is NxN). If the ith (i =1, ..., N)
random field is a normal random field, the discrete value at
point x can be expressed as follows (Cho and Park 2010,
Phoon et al. 2002, Sachdeva et al. 2007):

n n M
Hi(X) = py, + 0y B2 (X) = sy + 0 D25 1,000 (3)
j=1
In addition, if the ith random field is a lognormal
random field, the expression for the discrete value at point x
is as follows:

H (%) = exp( gy, +o.nx,HF(x>):exp[u.nx‘ +o.nx,§\/2 f,(x)(r:ﬂ),.] (4)

where HP(x) is the discrete standard normal random field
and is independent of the mean (ux;) and standard deviation
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(ox/) of random field X;; Hi(x) is the final discrete result
whose value is affected by the values of ux; and ox;; tinxi
and oy are the mean and the standard deviation of the
logarithm of random field Xi; M is the number of series
expansion terms; A; (j=1, 2, ..., M) is the jth largest value of
eigenvalues and fj(x) is the jth eigenfunction of the ACF
p(x1, x2); & is a matrix of standard normal random variables
of size M x N; L is a lower triangular matrix that is a
Cholesky decomposition of cross-correlation matrix Ry in
dependent normal space, and Ry can be computed from the
cross-correlation matrix Rx in the original random space
(Cho and Park 2010, Tan et al. 2017); and LT means the
transposition of matrix L. The product of matrix ¢ and
matrix LT can be denoted as matrix y (i.e., y = L), which is
a random matrix that considers the cross-correlation of N
random fields.

2.1.3 Estimation of discrete error

The number of series expansion terms (M) in Egs. (3)
and (4) should theoretically be infinite large. To reduce the
computation effort of random field discretization, M is
generally assumed to be a small value. This simplification
results in a discrete error of the KL expansion method. For
the selection of a proper value of M, the discrete error must
be estimated (Li ef al. 2009, Sachdeva ef al. 2007, Laloy et
al. 2013). As suggested by Sudret and Kiureghian (2000),
the mean value of point-wise discrete errors can be used to
indicate the global accuracy of the discretization. The
formula for the mean discrete error (&q) is as follows:

&, =Ni2€(xj):Nii(l_zﬁﬁfiz(xi)j ®)

e J=1 e =1 i=1

where ¢(x;) is the point-wise discrete error at point x;; and
N, is the number of discrete points. After the mean discrete
error is estimated using Eq. (5), the optimal number of
expansion terms (M) can be selected by comparing &4 with a
predefined allowable discrete error (e40). The number of
series expansion terms with g4 closest to but smaller than &40
is selected as the optimal value of the number of expansion
terms.

2.1.4 Main steps of the KL expansion method

As a whole, the KL expansion method for discretizing
random fields can be divided into three parts.

Part 1: Calculate the eigenvalue (1), eigenfunction (f{x)),
discrete error, and number of series expansion terms. The
autocorrelation of soil properties is considered in the
calculation of the values of A and fix). The detail
computation formulas of 1 and f{x) can refer to Sudret and
Kiureghian (2000), Phoon ef al. (2005), Sachdeva et al.
(2007), and Cho and Park (2010).

Part 2: Generate the matrixes ¢ and y. The matrix & in
Eq. (3) or Eq. (4) is composed of N columns of independent
standard normal variables, and each standard normal
variable is composed of M random values. The matrix y =
ELT can reflect the cross-correlation of N random fields
because the matrix L is a decomposition of the cross-
correlation matrix Ry. If there is no cross-correlation
between N random fields, matrixes & and y are equal.

Part 3: Calculate the discrete standard normal random

field (H°(x)) and the final discrete random field (Hi(x))
using Eq. (3) or (4).

Note that the generation of matrix & in Part 2 does not
depend on the results of Part 1. The value of matrix & can be
generated randomly or in a specific way. If the KL
expansion method is a subprogram of another program,
matrix ¢ can be considered as an input variable whose value
is computed in the main program. Inspired by this idea, a
KL-FORM is proposed for the reliability analysis of
geotechnical systems with spatially variable soils.

2.2 Reliability analysis using KL-FORM

A key step in the KL expansion method is the generation
of the random matrix & with consideration that & is
composed of N columns of independent standard normal
variables. Matrix ¢ can be generated randomly. Therefore,
MCS is widely used for reliability analysis after a random
field is discretized by the KL expansion (Cho and Park
2010). Although MCS is easy to realize, it needs huge
computation efforts. This might hinder the application of
random field theory in engineering applications.

To improve the computational efficiency, we propose a
KL-FORM for the reliability analysis with spatially variable
soil properties. In the KL-FORM algorithm, the KL
expansion is adopted for discretizing random fields, and the
FORM is employed for reliability analysis. After the KL
expansion, N random fields can be discretized into a
sequence of discrete values that are controlled by the
random matrix & of size M x N, or alternatively, by n = M X
N standard normal variables (see Egs. (3) or (4)). By
considering these standard normal variables as basic
variables (i.e., X = [Xi, X2, ..., Xu]), the traditional FORM
can be adopted to carry out reliability analysis. Because the
number of series expansion terms M is usually small (Li ef
al. 2009, Sachdeva et al. 2007), the value of n for N random
fields is also small. Therefore, the KL-FORM algorithm
with a limited number of random variables is
computationally efficient. The flowchart of the proposed
KL-FORM algorithm is summarized in Fig. 1.

In Fig. 1, the left column of the flow chart represents the
main steps of the traditional FORM. The calculation of the
reliability index (f) is an iterative process. The initial value
(xo) for the design point x" is usually set as the mean value
of variable X, which corresponds to an initial value of = 0.
After setting the value of the design point x" for the kth
iteration, the value of the performance function (Z) and the
gradient of the performance function with respect to the
basic variable X (i.e., 0Z/0X) at the design point needs to be
calculated. Then, the new reliability index and design point
for the kth iteration can be obtained. If the absolute value of
the difference between the reliability indices of the two
consecutive iterative computations is less than a predefined
tolerance ¢p, the iterative computation stops; otherwise, the
iterative computation continues. Any existing computer
programs or software using the FORM can be adopted as
the left side in Fig. 1 for the calculation of the reliability
index. Interested readers are suggested to refer Tan and
Wang (2009), Ji and Kodikara (2015) and Ji ef al. (2018) for
details of the FORM algorithm.
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Fig. 1 Flow chart of the KL-FORM algorithm

As shown in Fig. 1, the main task of the FORM is to
calculate the value of performance function (Z) and its
gradient 0Z/0X at design point x*. When the performance
function is implicit, numerical simulations are required for
computing the value of Z, and a numerical differentiation
method such as central difference method (CDM) is needed
for computing the gradient 0Z/0X. The equation used to
calculate 0Z/0X; using the CDM at design point x" is as
follows (Duncan 2000):

0Z  Z(X e X0 X+ O Ko %) =20 e X0 X = O X %)
x 20, (6)
Note that one sample point (xi", ..., xi1", X", xi1”, ...,
x,") is needed for the calculation of Z, and two sample
points ((x1", ..., Xi1', X/ +oxi, Xit1', ..., X, ) and (x17, ..., xXi-1,
Xi—0xi, X1, ..., X,')) are needed for the calculation of

0Z/0X;(i = 1, 2, ..., n). Therefore, the calculation of Z and
0Z/0X for each iteration of the KL-FORM  algorithm
requires 2n+1 sample points.

The right column of the flow chart in Fig. 1 shows the
process for calculating the performance function (Z) and its
gradient with respect to basic variable (0Z/0X) at design
point x". It is composed of four steps.

Step 1: Compute Ny = 2n+1 = 2MN+1 sample points
around the design point x* according to Eq. (6), and rewrite
each sample point as a realization of the random matrix &
For example, if the number of random fields is N = 2, then,
the number of random variables is n = M x N = 2M, and the
design point is (x1", ..., Xy, Xme1'» ..., xau). The
corresponding relationship between the sample point x"and
the random matrix & is

X X
X =X e Xy s Xy oo Ko 1= E=| 10 @)

XM XZM

Step 2: Compute N; realizations for each random field
corresponding to each realization of the matrix & This step
is not required in the traditional FORM, and it is a special
step for the KL-FORM algorithm. In this step, the
discretization of each random field at the Ny, = 2MN+1
sample points needs the calling of a subprogram of random
discretization using the KL expansion. Considering the N
groups of random matrixes & generated in Step 1 as the
input variables of the subprogram of the KL expansion
method, N, groups of discrete random fields can be
computed.

Step 3: Calculate values of the implicit performance
function at N sample points. A subprogram of numerical
simulation is required for the calculation of values of the
implicit performance function in this step. Any standalone
deterministic numerical packages can be adopted to
calculate the performance function. The N; numerical
simulations make this the most time-consuming step in the
KL-FORM algorithm.

Step 4: Calculate the gradient of performance function
with respect to the basic variable (6Z/0X) at design point x".
After values of the performance function at N; sample
points have been calculated, the value of 0Z/0X can be
easily obtained using Eq. (6).

It should be mentioned that although the left side of the
flow chart for the KL-FORM algorithm in Fig. 1 is the same
as the traditional FORM algorithm, the basic variable X has
different meanings in this new method. In the traditional
FORM, X is a random vector that is composed of N random
variables, and each random variable has its own
probabilistic distribution and statistics. In the proposed KL-
FORM algorithm, the basic variable X is composed of n =
M x N independent standard normal variables, where M is
the number of series expansion terms, and N is the number
of random fields. Although there is no correlation among
the n components of random variable X in the proposed KL-
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Fig. 2 Numerical model of a strip footing and the distribution of initial suction in the subsoil

Table 1 Parameters of unsaturated soil

Description Parameters Value Description Parameters Value

van
c¢'(kPa) 50.0 Genuchten ay(kPa) 14.6
parameter

Effective cohesion

van
Effective angle of friction  ¢'(°)  25.0 Genuchten ny 1.26
parameter
van
E (MPa) 25.7 Genuchten my 0.21
parameter
Saturated
Poisson’s radio u 0.29 hydraulic k;(mm/d) 60
conductivity

Elastic modulus

FORM algorithm, both the cross-correlation of different
random fields and the autocorrelation of each random field
can be considered in the process of random discretization.

3. lllustrative example—a strip footing under rainfall
infiltration

3.1 Parameters setting

A shallow strip footing with width B = 2 m is located on
the surface of an unsaturated soil (Fig. 2). A rainfall
intensity (I, = 60 mm/d) acts on the surface of the
unsaturated soil for three days. The depth of the
groundwater level is A, = 10 m. A constant pressure of Q =
400 kPa is acting at the bottom of the footing, and the
allowable settlement is s, = 50 mm.

The mechanical parameters (effective cohesion ¢' and
effective angle of friction ¢'), deformation parameters

Table 2 Iterative process using the KL-FORM algorithm for
the basic computation condition

Number of Reliability Runtime

No. sample points Coordinates of design points index )
0 0 0,0,0,0,0,0,0,0 0 0
o DTIBUEINIR e
TSN L
s 5 EmlsIm T o
4 17 1.36, ill'ﬁsl’,%'%‘;’,%:%% L7 976 1825
s ¢ PeESONIE Ty

(elastic module £ and Poisson’s ratio u), and hydraulic
parameters  (curve-fitting parameters of soil-water
characteristic curve using van Genuchten model (Fredlund
and Houston 2009, van Genuchten 1980, Le ef al. 2015),

i.e., ay, ny, my, and k) for the unsaturated soil are listed in
Table 1. Like Cho and Park (2010), the two shear strength
parameters (¢' and ¢') are considered as stationary normal
random fields, while the other parameters are regarded as
constants. The coefficients of variation (COVs) of ¢' and ¢'
are 0.3 and 0.2, respectively. The spatial variability of these
two soil parameters is represented by the squared
exponential ACF (Eq. (1)). Several authors have reported
that the horizontal ACD is much larger than the vertical
ACD (Cho and Park 2010, Gui et al. 2000, Ahmed 2009). It
is widely considered that the vertical ACD (L.) usually
focuses on a small range of 0.5-4 m, while the horizontal
ACD (Ly) can vary within a very large range (Cho and Park
2010, Ahmed 2009, Phoon and Kulhawy 1999).
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Fig. 3 Discretization of random fields
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Fig. 4 Relationship between pressure and settlement of the center at the bottom of the footing after (a) Ist iteration, (b) 2nd
iteration and (c) 5th iteration (The pressure corresponds to the settlement s, = 50 mm represents the bearing capacity

estimated from each p-s curve)

Accordingly, a horizontal ACD of Ly = 30 m and vertical
ACD of Ly= 3 m is considered as the basic computation
condition. Furthermore, four more values of horizontal
ACDs (Lhn= 6, 9, 12, and 15 m) and one more value of
vertical ACD (L,= 1 m) are considered for investigating the
influence of ACDs on the reliability index of the footing.

3.2 Numerical model and performance function

To estimate the bearing capacity of the strip footing, a
plain strain numerical model was set up. The width and
height of this numerical model were set to be 5B (10 m) and
3B (6 m), respectively (Fig. 2(a)). The side length of each
discrete element is 0.5 m. The horizontal displacements of
nodes on both sides of the numerical model were
constrained, and both the horizontal and vertical
displacements of nodes at the bottom of this numerical
model were constrained. The two vertical sides of this
model were impermeable. The initial suction (%)) in the
unsaturated soil was proportional to the vertical distance
between the research point and the water level (e.g., as
shown in Fig. 2(b), the initial suction at the top of the
numerical model is pyhw= 98 kPa, where yy = 9.8 kN/m? is
the unit weigh of water. By applying a uniform vertical load
at the bottom of a footing through numerical simulation, a
relationship between load (p) and settlement (s) of the

midpoint at the bottom of the footing can be obtained. Then,
the bearing capacity (R) can be computed according to this
p-s relationship for a given allowable settlement s, (Fig.
2(c)) (Roberts and Misra 2009, Dithinde ef al. 2011, Tan et
al. 2017).

For the shallow strip foundation under rainfall
infiltration shown in Fig. 2, the performance function (2)
required in reliability analysis can be expressed as follows:

Z=g(X)=R(X)-Q (®)

where R(X) is the bearing capacity estimated from the
numerical simulation; and Q is the load acting at the bottom
of the footing. Both g(X) and R(X) are functions of basic
variable X. In this example, X represents the two random
fields of shear strength parameters (¢' and ¢"). Therefore, N
= 2 in this example. After random discretization using the
KL expansion method, the two random fields can be
discretized into n = M x N = 2M standard normal variables,
and these variables (X = [Xi, Xo, ... Xy, Xarr1, ..., Xom]) are
the basic variables in the traditional FORM algorithm.

The seepage and deformation process under rainfall
infiltration was simulated using the finite difference code
FLAC (Itasca 2006). A FISH (the built-in programming
language of FLAC) function was written for automatically
performing the above numerical simulation. As shown in
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the right column of Fig. 1, the inputs to the FISH function
are the realizations of each random field, and the outputs of
the FISH function are the values of the performance
function, which will be described in Section 3.3. The main
code of the KL-FORM algorithm was written in MATLAB.

3.3 Iterative computation for the reliability index at the
end of rainfall

According to Eq. (5), the discrete error (&)
corresponding to different number of series expansion terms
(M) can be estimated for the numerical model of the
footing. For the basic computation condition of Ly= 30 m
and Ly= 3 m, the computed & for M = 2, 3, 4, and 5 is
23.16%, 11.11%, 1.60% and 1.17%, respectively. Note that
&4 decreases quickly as M increases. When M = 4, the value
of &4 is very small and could be ignored. Therefore, the
optimal value of the number of expansion terms is taken as
M=4.

The iterative process for the reliability index of the strip
footing at the end of the rainfall for the basic computation
condition (i.e., Ly=30 m and L,= 3 m) is listed in Table 2.
After five iterative computations, the design points become
closer and closer, and the reliability indices tend to be
stable. The reliability index for this strip footing at the end
of rainfall is § = 2.76.

As mentioned in Section 2.2, when the number of
expansion terms is M = 4 and the number of random fields
is N = 2, the number of discrete random variables is n = MN

= 8, and the sample points needed in each iteration of the
KL-FORM algorithm is Ny = 2n+1 = 17. Then, for each
sample point, the two random fields of ¢' and ¢' should be
discretized for the computation of the performance function
and the gradient of the performance function with respect to
basic parameters. For example, the discrete random fields
for ¢' and ¢' for the design point of the last iterative
computation are shown in Fig. 3, in which the color from
dark to light specifies small to large values. After the two
random fields of ¢' and ¢' were discretized for the Ny= 17
sample points, numerical analysis was carried out to
calculate the values of Z and 0Z/0X;(i = 1, 2, ..., 8). The 17
p—s curves for the 1st, 2nd, and 5th iterations of the KL-
FORM algorithm, as computed by the numerical analyses,
are shown in Fig. 4. This shows that the 17 p—s curves for
the 1st iteration in Fig. 4(a) are relatively scattered
compared with those of Figs. 4(b) and 4(c). With the
increase of the iterative number, the 17 p—s curves become
closer and closer. The p—s curves of the 3rd and 4th
iterations are similar to those of the 5th iteration, so the
formers are not shown in Fig. 4.

As listed in Table 2, 85 sample points are required for
the iterative computations of reliability indices. This implies
that only 85 discretization of random fields and numerical
simulations are required to obtain a stable reliability index
using the KL-FORM algorithm. The runtimes on a
computer with a Core i7 CPU @ 3.60 GHz and 24.0 GB of
RAM for each iteration are shown in the rightmost column
in Table 2. The total runtime is 91.08 seconds to calculate
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Fig. 7 Relationship between the reliability index and the number of series expansion terms for different ACDs

Table 3 Optimal value of the number of series expansion
terms (M) for different ACDs

Ly (m) 6 9 12 15 30
M for Li=3 m 6 5 4 4 4
M for L~=1m 16 12 11 10 10

Table 4 Total number of numerical simulations (nt) for
different ACDs

Ly (m) 6 9 12 15 30
nt for L=3 m 125 105 8 85 85
nt for L=1 m 325 245 225 205 205

the reliability index for the basic computation condition.

3.4 Computational accuracy and efficiency of the KL-
FORM

To validate the computational accuracy and efficiency of
the KL-FORM, the direct MCS is used for the reliability
analysis of the strip footing. Under the basic computation
condition, the relationship between the reliability index for
this strip footing at the end of rainfall and the number of
simulations using the KL-MCS is presented in Fig. 5. This
indicates that the reliability index of the KL-MCS varies
around the reliability index of the KL-FORM after more
than 2,000 MCSs, and the -Ns curve has not yet stabilized
after 5,000 simulations. It can be reasonably inferred that
the number of simulations required for the KL-MCS to
reach a stable value of the reliability index is very large
compared to that of the KL-FORM. This comparison means
that the proposed KL-FORM is not only accurate but also
computationally efficient.

To further validate the computational accuracy and
efficiency of the KL-FORM, the discrete error and the
reliability index at the end of rainfall for the strip
foundation were computed for different number of series
expansion terms and different ACDs. The e4-M relationship
for different ACDs are shown in Fig. 6, and the
corresponding 5-M relationship are shown in Fig. 7.

Fig. 6 shows that the discrete error decreases quickly as
the number of series expansion terms increases, and the
discrete error increases as the vertical ACD decreases.

Based on each curve in Fig. 6, the number of series
expansion terms with a discrete error closest to but smaller
than eq0 = 5% is selected as the optimal value of the number
of expansion terms, which are listed in Table 3 for different
ACDs.

The optimal value of the number of expansion terms can
be further verified by the f—M relationship shown in Fig. 7.
For the case of L, = 3 m (Fig. 7(a)), all curves vary greatly
when M < 4, and these curves become stable with the
increase of M. The optimal values of M for L, =6, 9, 12, 15,
and 30 m are 6, 5, 4, 4, and 4, respectively. These optimal
values of M are the same as those listed in Table 3, which
are obtained by the e4-M relationship shown in Fig. 6(a).
Similar corresponding relationship can be found from Fig.
6(b), Fig. 7(b), and Table 3 for L, = 1 m. The consistency
demonstrates that the selection of the optimal value of
expansion terms based on the e¢-M relationship is
reasonable.

It should be mentioned that the $-M relationship shown
in Fig. 7 is only used for demonstrating the computational
accuracy of the proposed KL-FORM. It’s not needed for the
selection of the optimal value of expansion terms because
the calculation of reliability index involves numerical
simulations, which are much more time-consuming than the
calculation of the discrete error. The selection of the optimal
value of expansion terms can be easily and quickly
determined by the g4-M relationship.

Similar to the iterative process listed in Table 2, our
computation shows that the reliability index converges after
five iterations for all ACDs for the case study of the strip
footing. Then, the total number of numerical simulations
(n7) in each reliability analysis using the KL-FORM
algorithm is 5Ns = SQ2MN+1) = 5(4M+1). Based on the
optimal values of expansion terms for different ACDs listed
in Table 3, the value of nr for different ACDs can be
calculated and they are listed in Table 4. This shows that the
number of simulations required in the KL-FORM increases
with the decrease of ACDs. The largest number of
numerical simulations is 325, which corresponds to the
small ACDs of Ly = 6 m and Ly = 1 m. This number of
numerical simulations is still far less than those required by
the MCS. The numbers of simulations listed in Table 4 are
also very small even compared with the advanced MCS
method of subset simulation and probabilistic collocation
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Fig. 8 Relationship between reliability index and seepage time for different ACDs

method because these methods need at least several
thousands of simulations (Li et al. 2009, Santoso et al.
2011, Ahmed and Soubra 2014, Jiang et al. 2014,
Papaioannou et al. 2015, Jiang and Huang 2016, Li et al
2016, Liu et al. 2017).

3.5 Influence of the ACD on the reliability index

Benefiting from the computational accuracy and
efficiency of the KL-FORM, we can easily and quickly
perform multiple reliability analyses under different
conditions. Fig. 8 shows the reliability index (f) versus
seepage time (7) relationship for different ACDs. All curves
in Fig. 8 reflect a similar relationship between the reliability
index and seepage time. The reliability index decreases with
seepage time for the first three days and then gradually
increases with seepage time. This occurs because during the
first three days of rainfall, the suction of the unsaturated soil
is reduced due to the infiltration of rainfall, which
consequently results in the decrease of shear strength of the
unsaturated soil. This decreases the stability of the footing.
After the rainfall ceases, some water in the underlying soil
of the footing flows downward and the suction in the
unsaturated soil recovers gradually. This leads to the slight
increase of the reliability index of the footing. These curves
also indicate that a stable footing may become unstable due
to rainfall, and the stopping time of rainfall is the most
dangerous time for a footing to be built in unsaturated soil
under rainfall. Engineers should consider this situation
when assessing the stability of a footing.

Fig. 8 also shows that a larger ACD corresponds to a
smaller reliability index. For example, the curves in both
Fig. 8(a) and Fig. 8(b) drops with the increase of horizontal
ACD; and for the same seepage time and horizontal ACD,
the reliability indices in Fig. 8(a) are smaller than their
corresponding values in Fig. 8(b). The largest difference
appears between the curves of L= 6 m and L, = 9 m in both
Fig. 8(a) and Fig. 8(b). The difference between two adjacent
curves becomes smaller when the horizontal ACD
increases. For the case of L, = 1 m, the f—¢ curves with L, =
12 m and 15 m almost overlap (Fig. 8(b)), which indicates
that the reliability index has become stable with the increase
of Ly. This phenomenon indicates that the horizontal ACD
has a relatively large influence on the reliability index of the
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Fig. 10 Relationship between reliability index and
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footing when the horizontal ACD is relatively small. Not
considering the spatial variability of soils (which means
considering the ACD to be infinite) will lead to an
underestimation of the reliability index of the footing. This
will lead to a conservative design of a footing.

Because the horizontal ACD (L) has a relatively large
influence on the reliability index of the footing when Ly, is
small, the sampling distance for measuring the Ly should be
carefully designed for field test. In general, the measured
ACD is larger than the distance between two adjacent
sampling points (Firouzianbandpey et al. 2014). Therefore,
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the sampling points should be dense enough in the
horizontal direction. Otherwise, the horizontal ACD will be
overestimated, which will lead to an underestimation of the
reliability index of the footing.

3.6 Influence of ACF on the reliability index

To investigate the influence of ACF to the reliability
index of the footing, the SNX (see Eq. (2)) is considered as
the ACF for the basic computation condition of Ly=30 m
and L,=3 m. Fig. 9 shows the relationship between the
discrete error and the number of series expansion terms for
the SQX and SNX. The horizontal line represents the
allowable discrete error (gq0) of 5%. It is apparent that the
discrete error corresponding to SNX is much larger than
those of SNX. The optimal number of series expansion
terms for the SQX is M=16, while the optimal number of
series expansion terms for the SQX is M=4. The
computation using the KL-FORM show that the total
number of numerical simulations in the KL-FORM is 365
for the SNX. This number is larger than the corresponding
value of 85 for the SQX, but it is still much less than those
of the MCS, which needs at least several thousands of
numerical simulations to obtain a stable value of reliability
index.

The relationship between the reliability index (f) and
seepage time (¢) for the two ACFs of SQX and SNX are
shown in Fig. 10. The shapes of these two lines are similar.
This indicates that the proposed KL-FORM can be correctly
used for different types of ACF. Under the same
computational condition, the reliability index of the SNX is
larger than those of the SQX, which represents that using
the SNX as the ACF will result in overestimating of the
reliability index of the footing.

4. Conclusions

The effect of spatial variability of soil parameters on the
stability of a strip footing was studied using random field
theory. A squared exponential ACF is used to describe the
spatial variability of soil parameters. A KL-FORM is
proposed to carry out the reliability analysis with
consideration of the spatial variability of soil parameters. In
the KL-FORM algorithm, the KL expansion is used to
discretize random fields, and the FORM is adopted to
perform the reliability analysis. By considering the
corresponding relationship between the design point x* in
the FORM and the random matrix & in the KL expansion,
the discretization of random fields and the reliability
analysis can be combined to compute the reliability index of
footings. Any existing computer programs or software using
the FORM can be adopted for the calculation of the
reliability index, and any standalone deterministic
numerical packages can be adopted to calculate the
performance function. Therefore, the KL-FORM is easy to
implement.

The case study that considers the spatial variabilities of
soil parameters demonstrates that the proposed KL-FORM
is computationally accurate and efficient. The results of the
KL-FORM show that the reliability index decreases with
the increase of ACD. Not considering the spatial variability
of soils (e.g., the traditional random variable method that
considers the ACD to be infinite) will lead to an

underestimation of the reliability index of the footing. For
the strip footing under rainfall, the most unstable situation is
at the end of rainfall.

Although the case study in this work is a strip footing,
the proposed KL-FORM can be easily applied to other
geotechnical problems such as reliability analysis of slopes.
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